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Preliminary

Abstract

We develop a versatile general equilibrium framework to determine the spatial dis-

tribution of economic activity on (nearly) any surface with (nearly) any geography.

Combining the gravity structure of trade with labor mobility, we provide conditions

for the existence and uniqueness of a spatial economic equilibrium and derive a simple

set of differential equations which govern the relationship between economic activity

and the geography of the surface. We then use the framework to identify the underly-

ing topography of productivities and amenities both in the United States and across

the world. We find that geographic location is an important determinant of the ob-

served spatial distribution of income. Finally, we show how changing the underlying

geography would affect the equilibrium distribution of economic activity.

∗We thank Dave Donaldson, Gordon Hanson, Kiminori Matsuyama, Stephen Redding, Esteban Rossi-
Hansberg, Antonios Stampoulis, and Jonathan Vogel for their helpful suggestions and comments. All errors
are our own.
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1 Introduction

There exists an enormous disparity in economic activity across space. For example, in

the year 2000, the population density at 40º N 74º W (near New York, NY) was 3,210

persons/km2 and the per capita income is $51,389, while at 40º N 74º E (in Kyrgyzstan

near the Chinese border) the population density was 12 persons/km2 and the per capita

income was $974 (Nordhaus and Chen, 2006). Many explanations for this disparity focus

on the characteristics of a location that affect either the productivity or the amenity value

of living there (e.g. climate, natural resources, institutions etc).1 These explanations ignore

the role of geographical location: if local characteristics at 40º N 74º E were identical to

local characteristics at 40º N 74º W such explanations would imply that the two locations

should have the same economic activity. In contrast, the theoretical literature in spatial

economics developed over the past few decades emphasizes that, because trade over space is

costly, geographical location plays an important role by affecting how remote a location is

from economic activity elsewhere.

How much of the observed spatial disparity in economic activity is due to geographic

location? Unfortunately, the simplicity of the spatial structure postulated in theoretical

spatial economic models has restricted their direct applicability to a narrow set of stylized

examples. In this paper, we resolve this tension between theory and data by developing a

new framework that allows us to determine the equilibrium spatial distribution of economic

activity on (nearly) any surface with (nearly) any geography. Using this framework, we

perform quantitative empirical analysis using the observed distribution of economic activity

and the observed geography of the world. We estimate that a substantial fraction of the

spatial variation in incomes across the United States and across the world can be explained

by geographic location alone, although the exact amount depends largely on the strength of

spillovers.

The first part of the paper presents our theoretical framework, which relies on distinct

(but mutually compatible) economic and geographic components. The economic component

combines the gravity structure of international trade with labor mobility to determine the

equilibrium distribution of economic activity on a space with any continuous topography of

exogenous productivity and amenity differences. To incorporate the possibility of productiv-

ity or congestion externalities, we allow for the total productivity and amenity in a location

1The literature examining the factors contributing to the productivity of a location is immense, see e.g.
Sachs (2001), Acemoglu, Johnson, and Robinson (2002).
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to endogenously depend on its population (“spillovers”). Given this setup, we characterize

the conditions for the existence and uniqueness of a spatial economic equilibrium. We also

provide a simple iterative technique for calculating the equilibrium.

The geographic component provides a micro-foundation for bilateral trade costs. We

suppose that there exists a topography of instantaneous trade costs over a surface. The

bilateral trade costs are then equal to the accumulation of these instantaneous trade costs

over the least cost route. We use methods from differential geometry to characterize the

related costs between any two points in space, thereby providing a unique mapping between

the (two-dimensional) topography of trade costs and the (four-dimensional) bilateral trade

costs.

By combining the economic and geographic components, we derive a set of differen-

tial equations that succinctly relate the endogenous economic outcomes (i.e. wages and

population) to the underlying geography of the surface (i.e. the topography of exogenous

amenities, productivity, and trade costs). The differential equations also highlight the role

that spillovers play in determining the equilibrium spatial distribution of economic activity:

spillovers simply determine the overall elasticity of the gradient of population density to

changes in the underlying geography.

The second part of the paper uses the theoretical framework to analyze the real world

distribution of economic activity. We first calculate the bilateral trade costs. To do so,

we assume that the instantaneous trade costs are a function of observable geographic char-

acteristics (e.g. elevation and ruggedness) and then use the “fast marching method” from

computational physics to efficiently compute the lowest trade cost from all locations to

all other locations. Given the trade costs and the observed spatial distribution of wages

and population, we then identify the underlying topography of productivities and amenities

using the structure of the model. This allows us to decompose the observed spatial distribu-

tion of economic activity into its underlying sources: differences in underlying productivity,

amenities, or geographic location. Depending on the strength of spillovers, we estimate that

18.6%-67.9% of the spatial variation in incomes across the United States and 1.4%-49.4%

of the spatial variation in incomes across the world can be explained by geographic location

alone.

Once we have determined the bilateral trade costs and identified the topography of ex-

ogenous productivities and amenities, we can also examine how changes to the geography of

the world would affect the distribution of economic activity. As illustrations, we consider two

counterfactual scenarios. In the first, we remove the highway system in the United States;
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in the second, we create an uninterrupted sea passage from the Indian Ocean to the Atlantic

Ocean via the Red Sea and the Mediterranean Sea. In both cases, we find that changing

the underlying geography of transportation costs has a substantial effect on the equilibrium

distribution of economic activity, although the magnitude of the effect depends again on the

extent of productivity and amenity spillovers.

In addition to allowing for an arbitrary geography, our framework departs from the stan-

dard model of economic geography based on Krugman (1991), and extensively analyzed

by Fujita, Krugman, and Venables (1999), in three ways. First, we dispense with the as-

sumption of a homogeneous freely traded good, and thus nominal wages are allowed to vary

across space. Second, we depart from the tradition of a monopolistic competition structure,

instead using a perfect competition Armington setup with differentiated varieties as in An-

derson (1979) and Anderson and Van Wincoop (2003). Third, rather than taking a stand

on the source of production externalities or congestion externalities, we incorporate such

spillovers by simply assuming that productivity and amenities may depend in part on the lo-

cal population.2 While ad-hoc, this assumption allows us to directly assess how the strength

of spillovers affect the spatial distribution of economic activity. Despite these departures

from the standard spatial framework, we show that for particular strengths of spillovers, our

model becomes isomorphic to a free entry monopolistic competition setup similar to the one

considered by Krugman (1980) and Krugman (1991), and the fixed amenity framework of

Helpman (1998) and Redding and Sturm (2008).

Like Fujita, Krugman, and Venables (1999), this paper provides a theoretical treatment

of the factors determining the spatial distribution of economic activity.3 In this manner, our

work is also related to Matsuyama (1999), who characterizes specialization into industries

and economic activity and how this affected is by the geographical location of countries un-

der a variety of different scenarios.4 However, the primary goal of the paper is to provide

an empirically-implementable framework to study of the role of economic geography (in the

spirit suggested by Duranton (2008)). While there has been much empirical work examin-

2Unlike Rossi-Hansberg (2005), we restrict such spillovers to be local. For the examination of micro-
foundations of spillovers, see for example Lucas and Rossi-Hansberg (2003), Duranton and Puga (2004), and
Rossi-Hansberg and Wright (2007)

3Fabinger (2012) also derives equations governing the relationship between equilibrium economic outcomes
and the geography of a space, although his work is concerned with the strength of income spillovers in a
world arranged along a circle or a sphere.

4Our model can be easily extended to allow for labor mobility within but not between countries. In
this case, we can derive equilibrium expressions for the relationship between internal trade frictions and
the welfare gains from international trade. In this sense, our work is also related to the work of Cosar and
Fajgelbaum (2012), Ramondo, Rodriguez-Clare, and Saborio-Rodriguez (2012) and Redding (2012).
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ing the implication of space for the allocation of agents (Davis and Weinstein 2002, 2008;

Ahlfeldt, Redding, Sturm, and Wolf 2012) and wages (Hanson 2005; Breinlich 2006; Head

and Mayer 2006; Amiti and Cameron 2007), there has been little empirical application of the

extensive body of theoretical research on economic geography (with the notable exceptions

of Redding and Sturm (2008) and Ahlfeldt, Redding, Sturm, and Wolf (2012)).

Finally, our empirical work is related to the recent literature estimating the impact of the

transportation network on economic output. Donaldson (2008) and Cervantes (2012) con-

sider the impact of railroads in India and the US, respectively, when labor is immobile, while

Donaldson and Hornbeck (2012) consider the impact of the railroad network in the US when

labor is mobile. While such transportation networks can be incorporated in our framework,

we can also incorporate trade costs that do not have obvious network representations, for

example geographical features like mountains and oceans.

The remainder of the paper is organized as follows. The next section presents the the-

oretical framework and the third section presents the empirical analysis. The last section

concludes.

2 Theoretical framework

This section describes our theoretical framework. It comprises three subsections. We first

present the economic component of the framework, where we describe the equilibrium dis-

tribution of economic activity in a space with arbitrary trade costs. Next, we present the

geographic component of the framework, where we define and characterize geographic trade

costs that arise from moving goods across a surface. In the last subsection, we combine the

economic and geographic components to generate a set of differential equations governing

the equilibrium distribution of economic activity on a surface with geographic trade costs.

2.1 Economic component

In this subsection, we present the economic component of our framework and characterize

the existence and uniqueness of a spatial equilibrium.

2.1.1 Setup

The world is a continuum of locations i ∈ S, where S is a compact set. Each location i ∈ S
produces a unique differentiated variety of a good. Trade is costly: trade costs are of the
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iceberg form and are described by the function T : S × S → [1,∞), where T (i, j) is the

quantity of a good needed to be shipped from location i in order for a unit of a good to

arrive in location j.

The world is inhabited by a measure L̄ of workers who are freely mobile across locations

and derive utility from the consumption of differentiated varieties and the local amenity.

In particular, we assume workers have identical Constant Elasticity of Substitution (CES)

preferences over the continuum of differentiated varieties, so that the total utility in location

i ∈ S, U (i), can be written as:

U (i) =

(ˆ
s∈S

q (s)
σ−1
σ ds

) σ
σ−1

u (i) ,

where q (i) is the quantity consumed of good ω in location i, σ ∈ (1,+∞) is the elasticity

of substitution between goods ω, and u (i) is the local amenity.5 We denote by P (i) the

consumer price index in location i.

Labor is the only factor of production. Each worker provides a unit of labor inelastically,

for which she is compensated with a wage. A worker in location i produces A (i) units

of a good, where A (i) is the local productivity. Production is assumed to be perfectly

competitive. We define the functions L : S → R+ and w : S → R++ to be the density

of workers and their wage, respectively; these functions fully characterize the equilibrium

spatial distribution of economic activity on S.

In order to allow for the possibility of productivity spillovers or congestion externalities,

both productivity and amenities may depend on the density of workers. In particular,

suppose that productivity in location i can be written as:

A (i) = Ā (i)L (i)α , (1)

where Ā (i) is the (exogenous) component of productivity inherent to location i and α deter-

mines the extent of the productivity spillover. Similarly, assume that the amenity in location

i can be written as:

u (i) = ū (i)L (i)β , (2)

where ū (i) is the (exogenous) utility derived from living in location i inherent to the loca-

tion and β determines the extent of the congestion externality. In Appendix A.2, we show

5While the model attains a non-trivial solution even for σ ∈ (0, 1) we focus on this parameter space to
obtain equilibria where more productive locations attract more workers.
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how particular productivity and amenity spillovers make our framework isomorphic to other

spatial economic models. In particular, if α = 1
σ−1

, our model is isomorphic to a monopo-

listically competitive framework with free entry. Similarly, is α = 1
σ−1

and β = −1−γ
γ

, our

model is isomorphic to the Helpman (1998)-Redding (2012) framework with 1− γ being the

budget share spent on the immobile factor.

We define the geography of S to be the set of functions Ā, ū, and T . S is said to have a

regular geography if Ā, ū, and T are strictly positive, continuous, and bounded.

2.1.2 Gravity

We now determine bilateral trade flows as a function of the geography of the surface, the

wages, and the labor supply. The function X : S × S → R++ describes equilibrium value of

trade flows, i.e. X (i, j) express bilateral trade flows from point i to point j. Using the CES

assumption, and the fact that with perfect competition the final price of the good produced

in location i and sold in location j is equal to the marginal production and shipping cost,
w(i)
A(i)

T (i, j), the value of location j’s imports from location i can be expressed as:

X (i, j) =
T (i, j)1−σ A (i)σ−1w (i)1−σ

P (j)1−σ w (j)L (j) , (3)

where

P (j)1−σ =

ˆ
S

T (s, j)1−σ A (s)σ−1w (s)1−σ ds =
A (j)σ−1w (j)1−σ

λ (j, j)
, (4)

is the CES price index and the relative market share of location i in location j can be defined

as

λ (i, j) ≡ X (i, j)´
S
X (s, j) ds

=
T (i, j)1−σ A (i)σ−1w (i)1−σ

´
S
T (s, j)1−σ A (s)σ−1w (s)1−σ ds

. (5)

Note that for all i ∈ S:

A (i)σ−1w (i)1−σ = λ (i, i)

ˆ
S

T (s, i)1−σ A (s)σ−1w (s)1−σ ds, (6)

where λ (i, i) is the ratio of local goods consumed in location i to the average amount of

goods consumed in location i from any location. Hence, higher values of λ (i, i) indicate that

a location is less open to trade.
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2.1.3 Equilibrium

Given a regular geography with parameters σ, α, and β, we define a spatial equilibrium as

the continuous functions L : S → R+ and w : S → R++ such that: (i) trade is balanced, i.e.

for all i ∈ S:

w (i)L (i) =

ˆ
S

X (i, s) ds,

(ii) utility is equalized, i.e. for all i ∈ S:

w (i)

P (i)
u (i) = W,

where W is a constant; and (iii) the aggregate labor market clears:

ˆ
S

L (s) ds = L̄.

Using equations (3) and (5) to substitute out for trade flows, X (i, s), and the price index,

P (j), we can write the balanced trade condition for all i ∈ S as:

A (i)1−σ L (i)w (i)σ =

ˆ
S

T (i, s)1−σ λ (s, s)A (s)1−σ L (s)w (s)σ ds. (7)

Combining equation (4) with utility equalization implies:

λ (i, i)A (i)1−σ u (i)1−σ = λ (s, s)A (s)1−σ u (s)1−σ = W 1−σ ∀i, s ∈ S. (8)

It is then possible to use equation (8) to modify the balanced trade condition into a system

of linear equations. To see this, substitute equation (8) into the balanced trade equation (7):

L (i)w (i)σ = W 1−σ
ˆ
S

T (i, s)1−σ A (i)σ−1 u (s)σ−1 L (s)w (s)σ ds. (9)

Similarly, substituting (4) into utility equalization yields the following system of linear equa-

tions:

w (i)1−σ = W 1−σ
ˆ
S

T (s, i)1−σ A (s)σ−1 u (i)σ−1w (s)1−σ ds. (10)

When productivity and amenities are exogenous (i.e. α = β = 0 so that A (i) = Ā (i)

and u (i) = ū (i)), equations (9) and (10) are eigenfunctions for L (i)w (i)σ and w (i)1−σ,

respectively. As a result, we have the following theorem:
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Theorem 1 Consider a regular geography with exogenous productivity and amenities. Then:

i) there exists a unique spatial equilibrium; and

ii) this equilibrium can be determined using a simple iterative procedure.

Proof. See Appendix A.1.1.

In addition, when bilateral trade costs are symmetric (i.e. T (i, s) = T (s, i) for all

i, s ∈ S), substituting W 1−σ = λ (i, i)A (i)1−σ u (i)1−σ into both equations (9) and (10)

immediately establishes the following relationship:

L (i) = φA (i)σ−1w (i)1−2σ u (i)1−σ , (11)

where φ is a scalar. As a result, we need only solve the linear system presented in either

equation (9) or (10) and then separately identify wages and labor using equation (11) and

the aggregate labor consistency condition.

When productivity and amenities are subject to spillovers, substituting equations (1) and

(2) where appropriate yields following analogs of equations (9) and (10):

L (i)1−α(σ−1)w (i)σ = W 1−σ
ˆ
S

T (i, s)1−σ Ā (i)σ−1 ū (s) σ−1L (s)1+β(σ−1)w (s)σ ds, (12)

w (i)1−σ L (i)β(1−σ) = W 1−σ
ˆ
S

T (s, i)1−σ Ā (s) σ−1ū (i) σ−1w (s)1−σ L (s)α(σ−1) ds. (13)

Suppose bilateral trade costs are symmetric. Then substituting equations (8), (1) and

(2) into equations (12) and (13) yields the following analog of equation (11):

L (i) =
(
φĀ (i)σ−1w (i)1−2σ ū (i)1−σ) 1

1−(σ−1)(α−β) , (14)

where φ is a scalar. If equation (14) holds, then any functions w (i) and L (i) satisfying

equation (12) will also satisfy (13) (and vice versa).

Suppose equation (14) holds. Then combining equations (14) and (13) yields (after some

algebra):

L (i)γ1 = ū (i)γ2 Ā (i)γ3 W 1−σ
ˆ
S

T (s, i)1−σ Ā (s)γ2 ū (s)γ3 L (s)γ4 ds, (15)
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where:

γ1 = σ̃ (1− (σ − 1) (α− β))− β (σ − 1) ,

γ2 = (1− σ̃) (σ − 1) > 0,

γ3 = σ̃ (σ − 1) > 0,

γ4 = σ̃ (1− (σ − 1) (α− β)) + α (σ − 1) ,

and σ̃ = σ−1
2σ−1

.

Equation (15) is a non-linear integral equation known as a Hammerstein equation of

the second kind (see, e.g. p.807 of Polyanin and Manzhirov, 2008). If equation (15) has a

solution for L (i) and W 1−σ then equilibrium wages can be determined from equation (14)

using the aggregate labor clearing condition to determine the scalar φ. The next theorem

discusses the conditions for existence and uniqueness of such an equilibrium.

Theorem 2 Consider a regular geography with endogenous productivity and amenity func-

tions specified in equations (1) and (2), respectively, and assume that iceberg trade costs are

symmetric and parameters are such that γ4
γ1

= 1+σ(β+α)−β
1−σ(β+α)+α

> −1. Then:

i) there exists a spatial equilibrium satisfying equations (14) and (15),

ii) if −1 < γ4
γ1
≤ 1, this equilibrium is unique and can be determined using a simple

iterative procedure.

Proof. See Appendix A.1.2.

Figure 1 depicts the ranges of α and β that guarantee existence, existence and uniqueness,

and where neither can be determined, for σ = 4.6 Focusing on the range where α ∈ [0, 1] and

β ∈ [−1, 0], we see that when α + β ≤ 0, there is a unique equilibrium satisfying equations

(14), (15) regardless of the economic geography.7 Intuitively, even when the cost of trade is

small, workers will prefer to spread out over the surface because the forces of dispersion due

the congestion externalities outweigh the agglomeration forces from positive productivity

spillovers. When α + β > 0 but is small, there exists an equilibrium but it need not be

unique. When α+β is substantially larger than zero, there may not exist an equilibrium, as

6Note that while equations (14) and (15) imply equations (12) and (13), we have not shown the reverse;
as a result, there may be exist alternative equilibria satisfying equations (12) and (13) but not satisfying
equation (14) even if γ4/γ1 ≤ 1.

7Theorem 1 and Theorem 2(ii) generalize for the case of discrete number of locations, as shown in
Appendix A.1.
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the agglomeration forces are sufficiently large to cause all economic activity to concentrate

in a single location.

2.2 Geographic component

In this subsection, we present the geographic component of our spatial framework. The

geographic component provides a micro-foundation for the bilateral trade cost function by

assuming that bilateral trade costs are the total trade costs incurred traveling from an origin

to a destination on the least cost route.

Suppose that the world is a continuum of locations i ∈ S, where S is a manifold of

dimension n ≤ 2. In what follows, we focus on the cases where S is a finite line, a finite

plane, and a sphere.

Let τ : S → R+ be a continuous function where τ (i) gives the instantaneous (iceberg)

trade cost incurred by crossing point i ∈ S. Let t (i, j) be the solution to the following least

cost path minimization problem:

t (i, j) = min
γ∈Γ(i,j)

ˆ 1

0

τ (γ (t))

∥∥∥∥dγ (t)

dt

∥∥∥∥ dt, (16)

where γ : [0, 1] → S is a path and Γ (i, j) ≡ {γ ∈ C1|γ (0) = i, γ (1) = j} is the set of all

possible continuous and once-differentiable paths that lead from location i to location j. The

notation ‖·‖ stands for the Euclidean norm. If the bilateral trade cost function T is such

that for all i, j ∈ S, T (i, j) = et(i,j), we say that the bilateral trade costs are geographic.8

Note that when bilateral trade costs are geographic, there exists a unique mapping from the

(n-dimensional) instantaneous trade cost function τ to the (n2-dimensional) bilateral trade

costs T .

Equation (16) is a well studied problem that arises in a number of fields, including

fluid mechanics, image processing, and even the study of the formulation of snowflakes. Its

solution is characterized by the following Eikonal (or Hamilton-Jacobi in the viscosity sense)

partial differential equation (see Mantegazza and Mennucci (2003)). For any origin i ∈ S

and destination j ∈ S:

||∇t (i, j) || = τ (j) , (17)

where the gradient is taken with respect to the destination j.

8Note that e
´ b
a
f(x)dx =

∏b
a (1 + f (x)), where

∏b
a denotes a type II product integral.
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Equation (17) implies that the contour curve of bilateral trade costs expands outward at a

rate inversely proportional to the instantaneous trade cost in a direction that is orthogonal to

the slope of the contour curve. Hence, the evolution of the contour of the bilateral trade costs

is equivalent to the propagation of a wave front outward from the origin along the surface

at a speed inversely proportional to the instantaneous trade cost. As a result, beginning

with an arbitrarily small contour around any initial point i ∈ S, one can trace the contour

expansion to determine t (i, j) for all j ∈ S. Figure 2 illustrates the propagation process.

Two properties of geographic trade costs deserve special mention. First, because traveling

over a particular point i ∈ S incurs the same cost regardless of the direction of travel, geo-

graphic trade costs are always symmetric, i.e. for all i, j ∈ S, we have T (i, j) = T (j, i) . Sec-

ond, because the topography of the surface is smooth, nearby locations will face similar trade

costs to all other destinations. Formally, for all s, i, j ∈ S, we have lims→i T (s, j) = T (i, j).

While we believe these are attractive properties for trade costs arising from transporation

costs, they abstract from alternative sources of trade costs, e.g. origin-specific tariffs or

information frictions (see e.g. Allen (2012)).

2.3 Combining the economic and geographic components

In this subsection, we combine the economic and geographic components by considering a

surface S with a regular geography and geographic trade costs. We show that there exists a

simple set of differential equations relating the equilibrium spatial distribution of economic

activity on S to the geography of S.

Taking the gradient of equation (15) with respect to i and substituting in the Eikonal

equation (17) yields the following relationships between the topography of the labor supply

and wages and the underlying geography of productivity, amenities, and trade costs:

C ×∇ lnL (i) = (σ − 1)∇ ln Ā (i) + σ∇ ln ū (i)− (2σ − 1)κ (i) τ (i) , (18)

C ×∇ lnw (i) =− β (σ − 1)∇ ln Ā (i)− (α (1− σ) + 1)∇ ln ū (i) (19)

+ (1− (σ − 1) (α− β))κ (i) τ (i)

where C ≡ 1 − σ (β + α) + α and κ (i) ≡
´
S ∇t(s,i)T (s,i)1−σA(s)σ−1w(s)1−σds´
S ||∇t(s,i)||T (s,i)1−σA(s)σ−1w(s)1−σds

. While succinct,

equations (18) and (19) capture a number of important characteristics of the equilibrium

distribution of economic activity.

First, all else equal, the equilibrium labor supply will increase as the underlying produc-
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tivity and amenity of a location increase. In contrast, the equilibrium wages will decrease

as the underlying productivity increases and may increase or decrease as the amenity of a

location increases, depending on the sign of 1− α (σ − 1).

Second, all else equal, an increase in the remoteness of a location will cause the equilibrium

labor supply to fall. To see this, note that ∇t (s, i) is how a move from i changes the

distance from s and T (s, i)1−σ A (s)σ−1w (s)1−σ is proportional to the relative importance

of goods from s in i’s consumption bundle. As a result, κ (i) captures how changes in the

geographic location affect the average distance from i to all its trading partners, weighted

by the importance of each trading partner. In other words, κ (i) captures the gradient of

the “remoteness” of a location. If moving in a particular geographic location increases the

remoteness, all else equal, the equilibrium labor supply will decrease in that direction, as

the price of the consumption bundle increases due to the rising trade costs. In contrast,

the effect of the remoteness of a location on the equilibrium wages depends on the sign of

1− (σ − 1) (α− β).

Third, while κ (i) captures the gradient of the “remoteness” of a location, κ (i) τ (i) is

equal to the gradient of the log of the price index. To see this, note that without spillovers

(i.e. α = β = 0), equation (19) simplifies to:

∇ lnw (i) = κ (i) τ (i)−∇ ln ū (i) . (20)

From utility equalization, any increase in nominal wages or amenities must be fully offset by

an increase in the price index, i.e. ∇ lnw (i) = ∇ lnP (i)−∇ ln ū (i) . Hence, equation (20)

indicates that κ (i) τ (i) = ∇ lnP (i).

Fourth, the instantaneous trade cost bounds how much the equilibrium labor supply and

wages can change over space. To see this, note that from the triangle inequality, the length

of κ (i) is no greater than one:

0 ≤ ||κ (i) || ≤
´
S
||∇t (s, i)T (s, i)1−σ A (s)σ−1w (s)1−σ ||ds´

S
||∇t (s, i) ||T (s, i)1−σ A (s)σ−1w (s)1−σ ds

= 1,

so that:

0 ≤ || (σ − 1)∇ ln Ā (i) + σ∇ ln ū (i)− C ×∇ lnL (i) || ≤ (2σ − 1) τ (i)
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and

0 ≤ ||C×∇ lnw (i)+β (σ − 1)∇ ln Ā (i)+(α (1− σ) + 1)∇ ln ū (i) || ≤ |1−(σ − 1) (α− β) |τ (i)

Fifth, the productivity and amenity spillovers (i.e. α and β) only affect the topography

of the labor supply by changing its overall elasticity to geographical factors. To see this,

note that α and β only enter the constant C in equation (18), which simply governs the

overall responsiveness of ∇ lnL (i) to ∇ ln Ā (i), ∇ ln ū (i), and κ (i) τ (i). Since equilibrium

exists when C > 0, this immediately implies that increasing the productivity spillovers (i.e.

increasing α) increases the elasticity of the labor supply to changes in geographical factors,

while increasing the congestion externalities (i.e. decreasing β) decreases the elasticity of

the labor supply to changes in geographical factors.

2.4 Analytical example: the line

To obtain an insight into the forces shaping the spatial equilibrium, we present a simple

example of the theoretical framework. Suppose S is the [−1, 1] interval and the instantaneous

trade costs are constant, i.e. τ (i) = τ for all i ∈ S. In this case, the equation 15 can be

rewritten as

f (i) = W 1−σ
ˆ 1

−1

e(1−σ)τ |i−s|g (s) f (s)γ4/γ1 ds (21)

with

g (s) = Ā (s)γ2(1+γ4/γ1) ū (s)γ3(1+γ4/γ1) ,

and

f (i) = L (i)γ1 ū (i)−γ2 Ā (i)−γ3 .

We will focus on the cases where |γ4
γ1
| ≤ 1 so that the equilibrium is unique and the function

g (s) is increasing in Ā (s) and ū (s). By differentiating expression (21) twice, it is easy to

show that it must satisfy a second order differential equation (see example 8.8.16 in Polyanin

and Manzhirov (2008)):

∂2

∂i2
f (i)

f (i)
= (1− σ)2 τ 2 + 2 (1− σ) τW 1−σg (i) f (i)γ4/γ1−1 , (22)
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with the following boundary conditions resulting from the differential equation governing the

equilibrium labor supply (18):

∂ ln f (−1)

∂i
= − (1− σ) τ

∂ ln f (1)

∂i
= − (1− σ) τ.

The differential equation (22) provides an intuitive characterization of the topography of

labor: it describes the rate of change of labor as a function of its current level and the

level of the function g (i). In its simplest form without externalities and with homogeneous

productivities and amenities the right hand size of equation (22) becomes a constant.9 In

this case, there exists an analytical solution for the distribution of labor:

L (i) = k2 cos (ik1)
1
σ̃ ,

where k1 ≡
√∣∣(1− σ)2 τ 2 + 2 (1− σ) τW 1−σ

∣∣ is determined by the boundary conditions and

the constant k2 can be determined by the aggregate labor clearing condition.

Figure 3 depicts the equilibrium labor allocation in this simple case for different values of

the instantaneous trade cost. The greater the instantaneous trade cost, the higher population

density in the regions with better access and lower price index, i.e. the middle of the interval.

The lower the trade costs, the less dispersed the population; in the extreme where τ = 0,

labor is equally allocated across space. With symmetric productivities and amenities, wages

are lower in the middle of the line to compensate for the lower price index.

The specification of the function g (i) determines the rate of change of f (i) and, thus, its

level. Assume, for example, that there are no spillovers, but Ā (i) increases monotonically, so

that g (i) is increases monotonically. As depicted in Figure 4, this differential in productivity

results in the reallocation of labor toward locations with higher productivities. A different

result is obtained if we increase the parameter α that regulates productivity externalities,

but leave productivities homogeneous. As mentioned in the previous subsection, this in-

creases the elasticity of the labor supply to changes in the geography, which increases the

concentration of population in the already highly populated locations. Figure 5 depicts the

9In this simplest form the differential equation resulting from our system is the one also describing a
system of free harmonic oscillations, which, when displaced from its equilibrium position experiences a
restoring force proportional to the displacement. Mechanical examples include the pendulum, springs, and
acoustical systems. Analytical solutions of the more general differential equation can be found for particular
specifications of the function g (i) , see for example Polyanin and Zaitsev (2002) section 8.1.
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population for higher values of α, and the resulting increase in the concentration.

3 The topography of the real world spatial economy

In this section, we use the model developed in Section 2 to analyze the actual topography of

economic activity. In the first subsection, we detail the process by which we bring the model

to the data. In the second section and third sections, we examine the spatial economy of the

United States and the world, respectively.

3.1 Bringing the model to the data

This section describes the procedure we use to bring the model to the data. Suppose for

some surface S we observe for all i ∈ S the population L (i), wages w (i), and a vector

of observable geographic characteristics X (i) that determine the instantaneous trade costs

τ (i).10,11

To calibrate the model to the data, we first assume the bilateral trade costs are geo-

graphic, which allows us to calculate the bilateral trade costs from any i ∈ S to any j ∈ S
given the instantaneous trade cost function τ (i). Given the bilateral costs, we then use the

structure of the model to identify the unobserved (possibly endogenous) productivities A (i)

and amenities u (i). The procedure is just identified: given the estimated A (i) and u (i), the

model exactly matches L (i) and w (i) for all i ∈ S.

Once the model is calibrated, we then ask two questions. First, how much of the observed

spatial variation in economic activity can be explained by geographic location? Second, how

would the equilibrium topography of economic activity change if geography of the surface

were to change?

10Since any data necessarily come in discrete bits, we observe L (i), w (i), and τ (i) for all i ∈ Sg, where Sg

is a mesh grid over the surface S. As a result, we treat L (i), w (i), and τ (i) for all i ∈ Sg as approximations of
the true functions over the surface. This will not affect our estimation, as both the bilateral trade costs based
on the discretized τ (i) and the discretized version of the integral equation (15) governing the equilibrium
labor supply converge to the true functions as the mesh grid becomes increasingly fine (see Kimmel and
Sethian (1998) and Chapters 11.10 and 16.5 of Polyanin and Manzhirov (2008), respectively) .

11In the actual data, there are uninhabitable locations on S (e.g. the ocean). This does not present
a problem for the model, as we can simply consider the subspace S̃ ⊆ S of inhabitable locations when
determining the equilibrium spatial activity, as long as we include the entire surface S when determining the
bilateral trade costs for all i, j ∈ S̃.
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3.1.1 Calculating the bilateral trade costs

We first calculate the bilateral trade cost function. Let X : S → Rd be an observable vector

of d geographical characteristics (e.g. elevation, whether i is on land or water, ruggedness,

etc.). We assume that the instantaneous trade cost can be written as a linear function of

these d observables:

τ (i) = β′X (i) .

For now, we choose the vector β to correspond (roughly) to values in the literature. In

ongoing work, we estimate β using observed trade flows.

Given τ (i), we calculate the bilateral trade cost function T : S × S → R++. We employ

the Fast Marching Method (FMM) algorithm, which calculates the bilateral trade cost by

propagating the cost contour outwards from a particular origin using equation (17). FMM

has proven enormously successful in quickly calculating accurate and precise approximations

of bilateral cost functions on arbitrary manifolds (see Sethian (1996); Kimmel, Kiryati, and

Bruckstein (1996); Kimmel and Sethian (1998)).12 We implement FMM routines in Matlab

developed by Peyre (2009) and Kroon (2009) to calculate the bilateral trade cost function

T (i, j) for all i, j ∈ Sg and j pixels.13 The computation is quick: for a 100×100 pixel surface

(which requires determining the distance between 100 million bilateral pairs), T (i, j) can be

calculated in approximately one minute on a standard personal computer.

3.1.2 Identifying amenities and productivity

Once we have determined the bilateral trade costs, we then separately identify A (i) and

u (i). Identification arises from the distinct role that amenities and productivity play in

the model. Amenities directly affect utility but only affect the balanced trade condition

indirectly through their effect on wages and the labor supply (see equation 7). In contrast,

productivity directly affects the balanced trade condition but only affects utility indirectly

12Other trade papers (e.g. Donaldson (2008)) have calculated the distance function by approximating the
distance with a discrete graph and using Dijkstra’s algorithm. The Dijkstra algorithm, however, is inappro-
priate for approximating distances along a continuous surface as its estimated distances will not converge
to the true distance as the graph approximation of the surface becomes more refined (see Mitchell (1988)).
Fortunately, the FMM provides consistent estimates of the true distance using discrete approximations of
the space while retaining the same operational complexity of Dijkstra’s algorithm (see Mémoli and Sapiro
(2001)). Indeed, the FMM algorithm is equivalent to an extension of the Dijkstra algorithm where the
distance is an appropriately weighted average of several paths traveling through nodes in a gridded network
(see Tsitsiklis (1995)).

13The routine developed by Kroon (2009) is based on the work of Hassouna and Farag (2007) and has
been shown to be more accurate; however, it is not implementable on non-planar surfaces.



The Topography of the Spatial Economy 17

through its effect on wages and the labor supply. As a result, if the equilibrium wages

and labor supply are observed, a comparison of the utility equalization and balanced trade

conditions allows amenities and productivity to be separated.

The intuition is as follows. Consider two locations (a and b) that are arbitrarily near

to each other so that we can assume they have the same trade costs to the rest of the

world. Because they have the same trade costs, two things are true: first, their consumption

bundles will have the same price (i.e. P (a) = P (b)); and second, the difference in the

quantity demanded from any location in the rest of the world will be (log) proportional

to the difference in the two locations productivity, conditional on their relative wages (i.e.
X(a,j)
X(b,j)

= A(a)σ−1w(a)1−σ

A(b)σ−1w(b)1−σ
for all j ∈ S; see equation (3)). From utility equalization, the fact

that they have the same price index implies that the ratio of amenities in the two locations is

inversely proportional to the ratio of nominal wages (i.e. w(a)
w(b)

= u(b)
u(a)

). From market clearing,

the ratio of productivities must be proportional to the ratio of the incomes, conditional on

the wages (i.e.
(
A(a)
A(b)

)σ−1

=
(
L(a)w(a)σ

L(b)w(b)σ

)
; see equation (7)).

More generally, suppose we observe w (i), L (i) , τ (i) for all i ∈ S and the parameters σ,

α, and β are known. Suppose too that the equilibrium we observe is the unique equilibrium.

Then note that regardless of the spillovers governed by the parameters α and β, equations

(10) and (11) hold. Rewriting these two equations to solve for u (i) and A (i) yield:

w (i)1−σ u (i)1−σ =
W 1−σ

φ

ˆ
S

T (s, i)1−σ L (s)w (s)σ u (s)σ−1 ds (23)

and

A (i)σ−1 =
1

φ
L (i)w (i)2σ−1 u (i)σ−1 (24)

Equation (23) is a system of equations relating the amenity in location i to amenities else-

where and depends only on observables; hence, it can be used to solve for the function u (i)

(up to scale). Given amenities, equation (24) can then be used to determine productivities.

Once productivity A (i) and amenities u (i) have been identified, their exogenous com-

ponents can be determined given the strength of spillovers, i.e. Ā (i) = A (i)L (i)−α and

ū (i) = u (i)L (i)−β.
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3.1.3 Determining how much of income variation is due to the geography of

trade costs

Once we have calibrated the trade costs and the productivities and amenities to match the

observed wages and population, we can determine the fraction of the observed variation in

incomes Y (i) ≡ w (i)L (i) that is due to the geographic location of i ∈ S. To do so, note

that combining equation (14) with utility equalization along with some algebra yields the

following expression:

lnY (i) = C + γ1 ln Ā (i) + γ2 ln ū (i) + γ3 lnP (i) , (25)

where C is a scalar, and the coefficients are functions of σ, α, and β. Equation (25) provides

a log linear relationship between the observed income in location i, the exogenous variation

in productivities and amenities required by the model to match the observed variation in

wages and population, and the price index. The price index captures in a single term the

effect of geographic location on the spatial distribution of incomes. To see this, consider two

cases. First, suppose that trade is costless. From equation (4), this implies that the price

index is constant everywhere, so that by equation (25) all spatial variation in income will

be a result of differences in exogenous productivities or amenities. Alternatively, suppose

that there is no heterogeneity across space in exogenous productivities or amenities. From

equation (25), the only spatial variation in income will be due to differences in the price

index, which from equation (4) will arise from differences in the geographic location.

In the actual data, it is likely that both heterogeneity in productivities and amenities and

the topography of trade costs affect the spatial variation of income. To determine the relative

contribution of these effects, we apply a Shapley decomposition (see Shorrocks (2013)) to

equation (25), which decomposes the observed variation in log income into the fraction due

to the first two terms (i.e. γ1 ln Ā (i) + γ2 ln ū (i)) and the fraction due to the last term (i.e.

γ3 lnP (i)). We interpret the fraction of the observed variation in income due to variation

in the price index as the variation in income resulting from variation in geographic location.

There are two caveats that should be mentioned with this approach. First, the relative

contribution of the two terms will depend in part on the chosen parameters α and β governing

productivity and amenity spillovers, respectively. For robustness, we implement the Shapley

decomposition for a wide range of parameters. Second, if the trade cost function τ (i) is mis-

specified, the model may fail to capture the observed differences in income without relying

on exogenous variation in productivity and amenities even if no such exogenous variation is
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necessary. In such an event, the estimated contribution of the price index would be biased

downwards. As a result, the contribution of the price index should be considered a lower

bound for the importance of the geography of trade costs in explaining the differences in

income across space.

3.1.4 Performing counterfactuals

Once bilateral trade costs have been determined from τ (i) and the productivity Ā (i) and

amenities ū (i) have been calibrated to match the observed distributions of wages and pop-

ulation, we perform counterfactual exercises to determine how changing the economic geog-

raphy of trade costs would affect the equilibrium spatial distribution of economic activity.

The procedure for the counterfactual exercises is straightforward. We first specify an alter-

native function τ c (i) that governs the counterfactual trade costs. We then determine the

full set of bilateral trade costs given τ c (i) using the methodology presented in Section 3.1.1.

Finally, we calculate the new equilibrium using equations (14) and (15), taking as given the

calibrated productivity Ā (i) and amenities ū (i).

3.2 The topography of the United States spatial economy

In this section, we examine the spatial economy of the United States. We make two simpli-

fications: first, we abstract from international trade by supposing that workers only inhabit

the continental United States; second, we abstract from the curvature of the earth by sup-

posing that the geography of the United States can be approximated by a plane. We use the

per capita income and population density in the year 2000 at the county-level reported by the

Bureau of Economic Analysis (BEA (2006)) as our measure of wages and labor, respectively.

Figures 6 and 7 depict the resulting spatial distribution of wages and labor.14

We first determine bilateral trade costs. To do so, we assume that τ (i) is a linear function

of the elevation (in meters) of location i, whether there is a river or great lake in location i,

whether there is an interstate highway in location i, and whether location i is in the ocean or

on land. In particular, we normalize the width of the United States (which is approximately

4, 500 kilometers) to one and choose the following coefficients:

τ (i) = 1−0.8×1{ocean(i)}−0.7×1{river(i)}−0.5×1{highway(i)}+0.1× ln elevation(i)

14The resolution is chosen to be 68× 160, which ensures the smallest county is roughly one pixel in size.
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These coefficients imply that traveling 1,000 kilometers has an ad valorem tax equivalent

trade cost of approximately 4.5% via ocean (e0.2× 1
4.5 ), 6.9% via rivers (e0.3× 1

4.5 ), 11.8% via

highways (e0.5× 1
4.5 ), and 24.9% overland (e

1
4.5 ).15 The resulting spatial distribution of τ is

depicted in Figure 8. Given the function τ , we then follow the methodology of Section

3.1.1 to calculate the bilateral costs from every location in the United States to every other

location. The top panel of Figure 9 illustrates as an example the bilateral trade costs from

Princeton, NJ to all other locations in the United States. Trade costs to locations along the

east coast and Gulf of Mexico are low, moderate for the midwest, and increase substantially

moving westward over the Rocky Mountains to the Pacific Northwest.

Given bilateral trade costs, we next follow the methodology of Section 3.1.2 to separately

identify the topography of productivities and amenities. Figure 10 depicts the spatial dis-

tribution of productivities (including both exogenous and endogenous components) across

the United States. Estimated productivities are strongly positively correlated with popu-

lation density with the areas surrounding New York City, Chicago, and the San Francisco

estimated to be the most productive. This is consistent with the presence of positive pro-

ductivity spillovers.

Figure 20 depicts the spatial distribution of amenities (including both exogenous and

endogenous components) across the United States. Amenities are negatively correlated with

population density, suggesting negative congestion externalities. There is much less spatial

variation in amenities than in productivities, which is consistent with the fact that population

density varies much more across space than wages.

How much of the observed spatial distribution in income can be explained by the ge-

ography of trade costs? Following the methodology of Section 3.1.3, Figure 12 reports the

fraction of spatial variation in income that is explained by the spatial distribution in the

price index for a variety of combinations of productivity and externality spillovers. Spatial

variation in the price index explains between 18.6% (α = 0.6, β = −0.2) and 67.9% (α = 0.4,

β = −0.1) of the observed spatial variation in income. With no spillovers (i.e. α = β = 0),

the price index explains 22.2% of the observed spatial variation in income. Hence, a substan-

tial fraction of the spatial variation in incomes across the United States can be explained by

geographic location, although the exact amount depends largely on the strength of spillovers.

Finally, we analyze the equilibrium spatial distribution of economic activity in a coun-

terfactual scenario where the entire United States highway system is removed. Figure 13

illustrates how this counterfactual would increase the instantaneous trade cost function τ ,

15In ongoing work, we are estimating these coefficients from observed trade flows.
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and the bottom panel of Figure 9 gives an example of how the bilateral trade costs from

Princeton, NJ would increase. The trade cost increases would be most substantial for inland

destinations not served by waterways. Figure 24 reports the change in the equilibrium popu-

lation distribution under the assumption that there are no productivity or amenity spillovers.

Without a highway system, the population of the upper Midwest would fall by more that

15%. Conversely, the population along the coastlines would increase, with the population

along the West Coast increasing by more than 20%. Figure 24 reports the change in the

equilibrium population distribution when there do exist productivity and amenity spillovers

(specifically, we assume α = 1
3

and β = −1
3
). While a similar pattern of migration from

the upper Midwest to both coasts is evident, the magnitude of the migration is attenuated,

with the population increasing by no more than 8% in any coastal region and declining by

no more than 10% in any interior region.

3.3 The topography of the global spatial economy

In this section, we examine the spatial economy of entire world. We use the per capita income

and population density in the year 2000 at the latitude-longitude grid level from the G-Econ

database (Nordhaus and Chen (2006)) as our measure of wages and labor, respectively.

Figures 16 and 17 depict the resulting spatial distribution of wages and labor.16

We first determine bilateral trade costs. Like with the United States, we assume that

τ (i) is a linear function of a number of observables of location i. Because there is less data

available at the global level than for the United States, we assume that the trade costs

are solely a function of the elevation (in meters) of location i, the ruggedness of location i

(measured as the standard deviation of elevation within a grid cell), and whether location i

is in the ocean or on land. In particular, we normalize the globe to have a radius of one and

choose the following coefficients:

τ (i) = 1− 0.7× 1{ocean(i)}+ 0.15× ln elevation(i) + 0.15× ln ruggedness (i)

These coefficients imply that traveling 1,000 kilometers has an ad valorem tax equivalent

trade cost of approximately 0.8% via ocean (e0.3× 1000
2π×6378 ) and 2.5% over perfectly flat sea-

16While the G-Econ database reports the per capita income and population density for every terrestrial
latitude/longitude combination, these grids are not of equal size because the latitude/longitude grid becomes
more fine approaching the poles. We construct an evenly sized grid across the sphere (comprising 40, 962
pixels), and use a nearest-neighbor interpolation to match the wage and population data from the G-Econ
database.
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level land (e1× 1000
2π×6378 ) (the radius of the earth is approximately 6, 378 kilometers). The

resulting spatial distribution of τ is depicted in Figure 18. Given the function τ , we then

follow the methodology of Section 3.1.1 to calculate the bilateral costs from every location

on the globe to every other location. The top panel of Figure 23 illustrates as an example

the bilateral trade costs from Princeton, NJ to all other inhabited locations in the world.

Given bilateral trade costs, we next follow the methodology of Section 3.1.2 to separately

identify the topography of productivities and amenities. Figure 19 depicts the spatial distri-

bution of productivities (including both exogenous and endogenous components) across the

world. Estimated productivities within the United States are similar to the previous section,

but the variation in productivities is much larger across countries. North America, Europe,

Australia, and Japan all have high estimated productivities, while Africa, the Caribbean,

and Central Asia have low estimated productivities. Figure 20 depicts the spatial distribu-

tion of amenities (including both exogenous and endogenous components) across the world.

Amenities are strongly inversely correlated with productivities; intuitively, the assumption

of welfare equalization means that the model requires large non-monetary utility benefits

from living in locations like central Africa in order to explain the very low wages there.

Following the methodology of Section 3.1.3, Figure 21 reports the fraction of spatial

variation in income that is explained by the spatial distribution in the price index for a

variety of combinations of productivity and externality spillovers. Spatial variation in the

price index explains between 1.4% (α = 0.6, β = −0.2) and 49.4% (α = 0.3, β = 0) of the

observed spatial variation in income. With no spillovers (i.e. α = β = 0), the price index

explains 6.4% of the observed spatial variation in income. Compared to the United States,

the spatial variation in the price index explains a much lower fraction of the observed spatial

variation in income across the globe. This may be partly due to the fact that there is much

more spatial variation in income to explain or because the assumption of utility equalization

across space is more tenuous. Still, the decomposition suggests that geographic location is

an important factor determining the spatial variation of economic activity.

Finally, we analyze the equilibrium spatial distribution of economic activity in a coun-

terfactual scenario where we build a large waterway connecting the Atlantic Ocean with the

Indian Ocean via the Mediterranean Sea and Red Sea.17 Figure 22 illustrates the new wa-

17Because the resolution of the data is 1 degree latitude by 1 degree longitude, the original instantaneous
trade cost function does not allow for such a waterway, even though in reality such a path exists through the
Suez Canal. Hence, this counterfactual can be interpreted (loosely) as an opening of the Suez Canal (with
the important caveat that the productivities and amenities are biased by the assumption that no such path
exists).
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terway, and the bottom panel of Figure 9 gives an example of how the bilateral trade costs

from Princeton, NJ would decline as a result of the waterway opening. The trade costs from

Princeton would remain unchanged except for destinations in Eastern Africa, Central Asia,

and Oceania where such a waterway would provide a more direct route. Figure 24 reports

the change in the equilibrium population distribution under the assumption that there are no

productivity or amenity spillovers. The opening of the waterway increases the population in

eastern Africa upwards of 600%, with large increases in southern Europe and northern Africa

as well. Figure 25 reports the change in the equilibrium population distribution when there

do exist productivity and amenity spillovers (as in the United States example, we assume

α = 1
3

and β = −1
3
). While the pattern of migration remains the same, the magnitudes are

substantially smaller.

4 Conclusion

We view this paper as taking a number of necessary steps toward the rigorous quantification

of spatial theory. First, we develop a unified general equilibrium approach combining labor

mobility, gravity, and productivity and amenity spillovers. Second, we provide a micro-

foundation of trade costs as the accumulation of instantaneous trade costs over the least

cost route on a surface. Combining the two allows us to determine the equilibrium spatial

distribution of economic activity on (nearly) any surface with (nearly) any geography. As a

result, the framework can be applied directly to the analysis of detailed real world data on

spatial economic activity.

Extensions of this framework have the potential to address questions such as: How would

liberalizing a border redistribute the economic activity within each country? How would re-

moving restrictions on cross-country migration affect the equilibrium distribution of economic

activity? How does civil war in a country affect the distribution of economic activity in its

neighbors?
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“Endogenous Variety and the Gains from Trade,” American Economic Review, Papers

and Proceedings, 98(4), 444–450.

Armington, P. S. (1969): “A Theory of Demand for Products Distinguished by Place of

Production,” International Monetary Fund Staff Papers, 16, 159–178.

BEA (2006): “Income and Employment in the United States, 1993-2001,” National Atlas of

the United States, http://nationalatlas.gov.

Birkhoff, G. (1957): “Extensions of Jentzsch’s theorem,” Transactions of the American

Mathematical Society, 85(1), 219–227.

Breinlich, H. (2006): “The Spatial Economic Structure in the European Union: What

Role for Economic Geography?,” Journal of Economic Geography, 12(6), 593–617.



The Topography of the Spatial Economy 25

Cervantes, F. P. (2012): “Railroads and Economic Growth: A Trade Policy Approach,”

mimeo.

Chaney, T. (2008): “Distorted Gravity: The Intensive and Extensive Margins of Interna-

tional Trade,” American Economic Review, 98(4), 1707–1721.

Cosar, K. A., and P. Fajgelbaum (2012): “Internal Geography, International Trade,

and Regional Outcomes,” mimeo.

Davis, D., and D. Weinstein (2002): “Bones, Bombs, and Break Points: The Geography

of Economic Activity,” American Economic Review, 92(5), 1269–1289.

(2008): “A Search for Multiple Equilibria in Urban Industrial Structure,” Journal

of Regional Science, 48(1), 29–65.

Donaldson, D. (2008): “Railroads of the Raj: Estimating the Economic Impact of Trans-

portation Infrastructure,” Manuscript, London School of Economics.

Donaldson, D., and R. Hornbeck (2012): “Railroads and American Economic Growth:

New Data and Theory,” Discussion paper.

Duranton, G. (2008): “Spatial Economics,” in The New Palgrave Dictionary of Eco-

nomics, ed. by S. N. Durlauf, and L. Blume, vol. 2nd Edition. Palgrave Macmillan.

Duranton, G., and D. Puga (2004): “Microfoundations of urban agglomeration

economies,” in Handbook of Regional and Urban Economics, ed. by J. V. Henderson, and

J. Thisse, vol. 4. North-Hol.

Eaton, J., and S. Kortum (2002): “Technology, Geography and Trade,” Econometrica,

70(5), 1741–1779.

Fabinger, M. (2012): “Trade and Interdependence in a Spatially Complex World,” mimeo,

Penn State.

Fujimoto, T., and U. Krause (1985): “Strong ergodicity for strictly increasing nonlinear

operators,” Linear Algebra and its Applications, 71, 101–112.

Fujita, M., P. Krugman, and A. J. Venables (1999): The Spatial Economy: Cities,

Regions, and International Trade. MIT Press, Boston, Massachussetts.



The Topography of the Spatial Economy 26

Guo, D., and V. Lakshmikantham (1988): Nonlinear Problems in Abstract Cones. Aca-

demic Press.

Hanson, G. H. (2005): “Market Potential, Increasing Returns, and Geographic Concen-

tration,” Journal of International Economics, 67(1), 1–24.

Hassouna, M., and A. Farag (2007): “Multistencils Fast Marching Methods: A Highly

Accurate Solution to the Eikonal Equation on Cartesian Domains,” Pattern Analysis and

Machine Intelligence, IEEE Transactions on, 29(9), 1563–1574.

Head, K., and T. Mayer (2006): “Regional Wage and Employment Responses to Market

Potential in the EU,” Regional Science and Urban Economics, 36(5), 573–595.

Helpman, E. (1998): “The Size of Regions,” Topics in Public Economics. Theoretical and

Applied Analysis, pp. 33–54.

Kimmel, R., N. Kiryati, and A. Bruckstein (1996): “Sub-pixel distance maps and

weighted distance transforms,” Journal of Mathematical Imaging and Vision, 6(2), 223–

233.

Kimmel, R., and J. Sethian (1998): “Computing Geodesic Paths on Manifolds,” Pro-

ceedings of the National Academy of Sciences, 95(15), 8431–8435.

Kroon, D. (2009): “Accurate Fast Marching Toolbox,” Matlab Toolbox available at

http://www.mathworks.com/matlabcentral/fileexchange/24531.

Krugman, P. (1980): “Scale Economies, Product Differentiation, and the Pattern of

Trade,” American Economic Review, 70(5), 950–959.

(1991): “Increasing Returns and Economic Geography,” The Journal of Political

Economy, 99(3), 483–499.

Lucas, R. E., and E. Rossi-Hansberg (2003): “On the Internal Structure of Cities,”

Econometrica, 70(4), 1445–1476.

Mantegazza, C., and A. Mennucci (2003): “Hamilton-Jacobi Equations and Distance

Functions on Riemannian Manifolds,” Applied Mathematics and Optimization, 47(1), 1–

26.



The Topography of the Spatial Economy 27

Matsuyama, K. (1999): “Geography of the World Economy,” CMS-EMS Discussion Paper

1239, Presented as the Fukuzawa Lecture, Far Eastern Econometric Society Meeting at

Singapore.

Melitz, M. J. (2003): “The Impact of Trade on Intra-Industry Reallocations and Aggregate

Industry Productivity,” Econometrica, 71(6), 1695–1725.

Mémoli, F., and G. Sapiro (2001): “Fast Computation of Weighted Distance Functions

and Geodesics on Implicit Hyper-surfaces,” Journal of Computational Physics, 173(2),

730–764.

Mitchell, J. (1988): “An Algorithmic Approach to Some Problems in Terrain Navigation,”

Artificial Intelligence, 37(1), 171–201.

Nordhaus, W., and X. Chen (2006): “Geographically based economic data (G-Econ),”

http://gecon.yale.edu/.

Peyre, G. (2009): “Fast Marching Toolbox,” Matlab Toolbox available at

http://www.mathworks.com/matlabcentral/fileexchange/6110.

Polyanin, A., and A. Manzhirov (2008): Handbook of Integral Equations. Chapman &

Hall/CRC.

Polyanin, A., and V. Zaitsev (2002): Handbook of exact solutions for ordinary differen-

tial equations. Chapman & Hall/CRC.

Ramondo, N., A. Rodriguez-Clare, and M. Saborio-Rodriguez (2012): “Scale Ef-

fects and Productivity Across Countries: Does Country Size Matter?,” mimeo, University

of California, Berkeley.

Redding, S., and D. Sturm (2008): “The Costs of Remoteness: Evidence from German

Division and Reunification,” American Economic Review, 98(5), 1766–1797.

Redding, S. J. (2012): “Goods Trade, Factor Mobility and Welfare,” mimeo.

Rossi-Hansberg, E. (2005): “A Spatial Theory of Trade,” American Economic Review,

95(5), 1464–1491.

Rossi-Hansberg, E., and M. L. J. Wright (2007): “Establishment Size Dynamics in

the Aggregate Economy,” American Economic Review, 97(5), 1639–1666.



The Topography of the Spatial Economy 28

Sachs, J. (2001): “Tropical underdevelopment,” Discussion paper, National Bureau of

Economic Research.

Sethian, J. (1996): “A Fast Marching Level Set Method for Monotonically Advancing

Fronts,” Proceedings of the National Academy of Sciences, 93(4), 1591–1595.

Shorrocks, A. (2013): “Decomposition procedures for distributional analysis: a unified

framework based on the Shapley value,” Journal of Economic Inequality, 11(1), 99–126.

Tsitsiklis, J. (1995): “Efficient Algorithms for Globally Optimal (seerajectories,” Auto-

matic Control, IEEE Transactions on, 40(9), 1528–1538.

Zabreyko, P., A. Koshelev, M. Krasnoselskii, S. Mikhlin, L. Rakovshchik, and

V. Stetsenko (1975): Integral Equations: A Reference Text. Noordhoff International

Publishing Leyden.



The Topography of the Spatial Economy 29

Tables and figures

Figure 1: Equilibria with endogenous amenities and productivity

Notes : This figure shows the regions of values for the productivity externality α and the
amenity externality β for which there exists an equilibrium, a unique equilibrium, and for
which there may not exist an equilibrium. The elasticity of substitutions σ is chosen to equal
4.
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Figure 2: Propagation of geographic trade costs

Notes : This figure shows how the geographic trade costs evolve across a surface. Given a
contour of points on a surface such that the geographic trade cost to location i is equal to a
constant C (the solid line), for an arbitrarily small ε > 0, we can construct the contour line
for bilateral trade costs C + ε (the dashed line) by propagating the initial contour outwards
at a rate inversely proportional to the instantaneous trade cost.
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Figure 3: Economic activity on a line: The effect of trade costs

Notes : This figure shows how the equilibrium distribution of population along a line is
affected by changes in the trade cost. When trade is costless, the population is equal along the
entire line. As trade becomes more costly, the population becomes increasingly concentrated
in the center of the line where the consumption bundle is cheapest.
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Figure 4: Economic activity on a line: The effect of exogenous productivity differences

Notes : This figure depicts how the equilibrium distribution of population along a line is
affected by exogenous differences in productivity across space. With homogeneous produc-
tivities, and positive trade costs, the population is concentrated at the center of the line.
With productivities that are increasingly higher population concentrates in regions to the
right of the center of the line.
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Figure 5: Economic activity on a line: The effect of productivity spillovers

Notes : This figure shows how the equilibrium distribution of population along a line is
affected by varying degrees of productivity spillovers. As the productivity spillovers increase,
the population becomes increasingly concentrated in the center of the line. A non-degenerate
equilibrium can be maintained as long as α (σ − 1) + σβ < 1.
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Figure 6: United States: Population

Notes : This figure shows the distribution of the population (people per square mile) within
the United States. The data are normalized to have a unit mean and are reported in logs.
(Source: BEA (2006)).
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Figure 7: United States: Wages

Notes : This figure shows the distribution of wages (measured as per capita income) within
the United States. The data are normalized to have a unit mean. (Source: BEA (2006)).
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Figure 8: United States: Trade costs

Notes : This figure shows the distribution of trade costs for the United States. The trade
costs are assumed to be a linear function of ocean, rivers, highways, and (log) elevation.
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Figure 9: United States: Trade costs from Princeton

Notes : This figure depicts the trade costs along the optimal routes from Princeton, NJ. The
top panel reports the bilateral trade costs given the geography of trade costs in Figure 8.
The bottom panel reports the increase in the bilateral trade costs as a result of the removal
of the United States highway system (see Figure 13).
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Figure 10: United States: Estimated productivities

Notes : This figure shows the estimated topography of (log) productivity.
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Figure 11: United States: Estimated amenities

Notes : This figure shows the estimated topography of amenities.
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Figure 12: United States: Explaining the spatial variation in income

Notes : This figure shows the fraction of observed spatial variation in income across the
United States that can be explained by the geography of trade costs. For each productivity
spillover α ∈ [0, 1] and amenity spillover β ∈ [−1, 0] (where an equilibrium exists), we
implement a Shapley decomposition of the variance log income into the fraction due to
variation in exogenous productivities and amenities and the fraction due to variation in the
price index, the latter of which is reported in the figure.
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Figure 13: United States counterfactual: Change in trade costs

Notes : This figure shows how the trade costs would change if the U.S. highway system was
removed given the assumed linear function of trade costs.
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Figure 14: United States counterfactual: Change in population (exogenous amenities and
productivity)

Notes : This figure shows the percentage change in the population as a result of the coun-
terfactual change in trade costs. Amenities and productivity are assumed to exogenous (i.e.
they remain unchanged when the distribution of the population changes).
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Figure 15: United States counterfactual: Change in population (endogenous amenities and
productivity)

Notes : This figure shows the percentage change in the population as a result of the coun-
terfactual change in trade costs. Amenities and productivity are assumed to endogenously
respond to changes in the population.
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Figure 16: World: Population

Notes : This figure shows the distribution of the population (people per square mile) for the
entire world in the year 2000. The data are normalized to have a unit mean and are reported
in logs. (Source: G-Econ).
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Figure 17: World: Wages

Notes : This figure shows the distribution of wages (measured as per capita income) for the
entire world. The data are normalized to have a unit mean and are reported in logs. (Source:
G-Econ).
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Figure 18: World: Trade costs

Notes : This figure shows the distribution of trade costs for the entire world. The trade costs
are assumed to be a linear function of ocean, (log) elevation, and (log) ruggedness.
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Figure 19: World: Estimated productivities

Notes : This figure shows the estimated topography of (log) productivity for the entire world.
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Figure 20: World: Estimated amenities

Notes : This figure shows the estimated topography of (log) amenities for the entire world.
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Figure 21: World: Explaining the spatial variation in income

Notes : This figure shows the fraction of observed spatial variation in income across the
world that can be explained by the geography of trade costs. For each productivity spillover
α ∈ [0, 1] and amenity spillover β ∈ [−1, 0] (where an equilibrium exists), we implement
a Shapley decomposition of the variance log income into the fraction due to variation in
exogenous productivities and amenities and the fraction due to variation in the price index,
the latter of which is reported in the figure.
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Figure 22: World counterfactual: Trade costs with a “canal”

Notes : This figure shows the trade costs if an uninterrupted sea passage from the India
Ocean to the Atlantic Ocean via the Red Sea and the Mediterranean Sea was created.
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Figure 23: World counterfactual: Affect of a canal on trade costs from Princeton, NJ

Notes : This figure shows how the trade costs from Princeton, NJ would change if a sea
passage from the India Ocean to the Atlantic Ocean via the Red Sea and the Mediterranean
Sea was created. The top panel shows the initial trade costs and the bottom panel shows
the change in trade costs after the sea passage is created.
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Figure 24: World counterfactual: Change in population (exogenous amenities and produc-
tivity)

Notes : This figure shows the percentage change in the population as a result of the counter-
factual change in trade costs due to the opening of a sea passage from the India Ocean to the
Atlantic Ocean via the Red Sea and the Mediterranean Sea. Amenities and productivity are
assumed to exogenous (i.e. they remain unchanged when the distribution of the population
changes).
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Figure 25: World counterfactual: Change in population (endogenous amenities and produc-
tivity)

Notes : This figure shows the percentage change in the population as a result of the counter-
factual change in trade costs due to the opening of a sea passage from the India Ocean to
the Atlantic Ocean via the Red Sea and the Mediterranean Sea. Amenities and productivity
are assumed to endogenously respond to changes in the population.



The Topography of the Spatial Economy 54

A Appendix

This Appendix is composed of two subsections. In the first, we prove Theorem 1 and Theorem

2 regarding the existence and uniqueness of a spatial equilibrium. In the second, we discuss

the isomorphisms existing between our framework and other spatial economic models.

A.1 Equilibrium Existence and Uniqueness

In this section, we prove the existence and uniqueness of equilibrium, both when amenities

and productivity are exogenous and endogenous to the local labor supply. We show how

the equilibrium can be calculated using an iterative procedure. The proofs rely heavily on

results from the study of integral equations, for which Zabreyko, Koshelev, Krasnoselskii,

Mikhlin, Rakovshchik, and Stetsenko (1975) and Polyanin and Manzhirov (2008) are handy

references. For both proofs below, we consider a surface S with geography defined by ar-

bitrary continuous and strictly positive and bounded functions Ā (i), ū (i), weakly positive

and bounded function τ (i) , and an elasticity of substitution σ > 1. From Section 2.2, given

τ (i), it is possible to construct the bilateral trade cost function T (i, s) ≥ 1.

A.1.1 Proof of Theorem 1

We re-write equation (9) as

g (i) = λ

ˆ
S

K (s, i) g (s) ds, (26)

where g (i) ≡ L (i)w (i)σ in unknown, K (s, i) ≡ T (i, s)1−σ A (i)σ−1 u (s)σ−1 is known, and

λ ≡ W 1−σ is unknown. We can also re-write equation (10) in an identical form:

f (i) = λ

ˆ
S

K (s, i) f (s) ds (27)

where f (i) ≡ w (i)1−σ in unknown, K (s, i) ≡ T (s, i)1−σ u (i)σ−1A (s)σ−1 is known, and

λ ≡ W 1−σ is unknown.

As mentioned in the text, equations (26) and (27) are eigenfunctions. Furthermore, be-

cause in both cases all components are bounded, continuous and strictly positive, each kernel

K (s, i) is also bounded, continuous, and strictly positive. As a result, by a generalization of

Jentzsch’s theorem (see e.g. Theorem 3 of Birkhoff (1957) or p.648 of Polyanin and Manzhi-

rov (2008)), there exists a unique (to-scale) strictly positive function f (i) and constant λ

that solves equation (26).
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Furthermore, the calculation of the equilibrium can be achieved using a straightforward

iterative process known as the method of successive approximation (see p. 649 of Polyanin

and Manzhirov (2008)). We begin with an initial guess of the function f0 (i), e.g. f0 (i) = 1.

Then the n+ 1th iteration can be written as a normalized function of the nth iteration:

fn+1 (i) =

´
S
K (s, i) fn (s) ds´

S

´
S
K (s, i) fn (s) dsdi

(28)

and similar for g (i). In practice, we find that the convergence of equation (28) is rapid.

Once f (i) and g (i) have converged, solving for equilibrium wages and the labor supply is

straightforward, as w (i) = g (i)
1

1−σ and L (i) = L̄ f(i)g(i)
σ
σ−1´

S f(s)g(s)
σ
σ−1 ds

. Note that once convergence

occurs, the normalization identifies W 1−σ, i.e. W 1−σ = L̄/
´
S
f (s) g (s)

σ
σ−1 ds

Discrete case Theorem 1 extends in straightforward manner to the case of a discrete

number of locations. The analogous result to Jentzsch’s theorem for matrices – corresponding

in our case to a discrete number of locations – is the celebrated Perron-Frobenius theorem

(in fact, Jentzsch’s theorem is a generalization of Perron-Frobenius for integral equations).

The matrix operator in this case is ergodic in the sense that an iterative approach as the

one in (28) converges to the true solution. The algorithm in this case is known as power

iteration (or Von Mises iteration).

A.1.2 Proof of Theorem 2

Note first that we can re-write equation (15) as a nonlinear integral equation

λf (i) =

ˆ
S

K (s, i) f (s)
γ4
γ1 ds (29)

where f (i) ≡ L (i)γ1 , λ = W σ−1, and K (s, i) ≡ ū (i)γ2 Ā (i)γ3 T (s, i)1−σ Ā (s)γ2 ū (s)γ3 . Fur-

thermore, from the definition of γ4 and γ1, we have (with some algebra):

γ4

γ1

=
1 + σ (β + α)− β
1− σ (β + α) + α

so that (2σ − 1) (α− β + 2) (α + β) ≤ 0 implies |γ4
γ1
| ≤ 1.

We first prove existence in the case where γ4
γ1
> 1. To do so, we apply Theorem 3.2.7

of Guo and Lakshmikantham (1988) (p.166). This theorem states that if (i) the function

g (x) = x
γ4
γ1 is continuous on an interval 0 ≤ x < δ (for δ > 0), g (0) = 0, g (x) > 0 and (ii)
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there exists an ε ∈ (0, 1) such that K (i, s) ≥ εK (s, t) for all i, s, t ∈ S then for any r ∈ (0, δ)

there exists a nontrivial and non-negative continuous solution f (i) with ||f || = r and λ 6= 0.

Condition i is self evident. To see condition (ii), note that because ū is bounded, we

know that for all i ∈ S, there exists u, U ∈ R such that u ≤ ū (i)γ2 ≤ U . Similarly, because

Ā is bounded, for all i ∈ S there exists a,A ∈ R such that a ≤ Ā (i)γ3 ≤ A. Finally,

because S is compact and τ (i) is bounded, for all i, s ∈ S, there exists a t, T ∈ R such that

t ≤ T (i, s)1−σ ≤ T . (Note that T = 1 and t = eτmaxS̃(1−σ),where τmax is the upper bound

for τ (i) and S̃ ≡ maxi,s∈S ||i− s|| are suitable bounds). As a result, there exists a k,K ∈ R
such that for all i, s ∈ S k ≤ K (s, i) ≤ K, which implies that for any i, s, t ∈ S, there exists

an ε ∈ (0, 1) such that:

K (i, s) ≥ εK (s, t)

(note that ε = k
K

is a suitable ε.) Hence, we can apply Theorem 3.2.7 of Guo and Laksh-

mikantham (1988), choosing r so that the labor clearing constraint L̄ =
´
S
f (i)

1
γ1 di holds

(since L (i) = f (i)
1
γ1 ). We can then use equation (14) to determine wages w (i) (up to scale):

w (i)2σ−1 = Ā (i)σ−1w (i)1−2σ ū (i)1−σ L (i)(σ−1)(α−β)−1 .

We now prove existence and uniqueness when (2σ − 1) (α− β + 2) (α + β) ≤ 0, or equiv-

alently, |γ4
γ1
| ≤ 1. Suppose first that γ4 = γ1 (which would occur if α+β = 0). Then equation

(29) simplifies to the linear integral equation (26) and existence and uniqueness follows from

the proof of Theorem 1.

Suppose instead that |γ4
γ1
| < 1. Then we can immediately apply Theorem 2.19 from

Zabreyko, Koshelev, Krasnoselskii, Mikhlin, Rakovshchik, and Stetsenko (1975) (p.401),

which states that there exists a unique positive solution to equation (29) as long as K (i, s)

is positive and continuous, which is guaranteed by the fact that each of its elements is

positive and continuous. Furthermore, that solution is the uniform limit of the successive

approximations:

fn+1 (i) =

ˆ
S

K (s, i) fn (s)
γ4
γ1 ds.

This means for our case that we can determine the labor supply using the following iterated

approach that combines equation (29) with the labor clearing condition
´
S
L (i) di = L̄:

Ln+1 (i)γ1 = L̄

´
S
ū (i)γ2 Ā (i)γ3 T (s, i)1−σ Ā (s)γ2 ū (s)γ3 Ln (s)γ4 ds´

S

´
S
ū (i)γ2 Ā (i)γ3 T (s, i)1−σ Ā (s)γ2 ū (s)γ3 Ln (s)γ4 dsdi

,
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where L0 (i) = 1. Once we have calculated L (i), wages can be determined (up to scale)

from equation (14). As in the proof of the previous theorem, once convergence occurs, the

normalization identifies W 1−σ.

Discrete case Theorem 2(ii) also extends to the case of a discrete number of locations for

γ4/γ1 ∈ (0, 1]. Fujimoto and Krause (1985) show that any operator T that is strictly increas-

ing and satisfies T (λx) = f (λ)T (x) with f : R+ → R+ such that f (λ) /λ is nonincreasing

and f (0) = 0, then the operator has a unique positive solution and is strongly ergodic. Our

operator in the discrete case is T (f) =
∑
s

K (s, i) f (s)
γ4
γ1 so that for γ4/γ1 ∈ (0, 1] all these

restrictions are satisfied, proving the result.

A.2 Isomorphism of the perfect competition and the monopolistic

competition environments

We study two separate types of isomorphisms of our elementary gravity model with labor

mobility with richer gravity trade models. First, we show that our main setup can be shown

to be isomorphic to the class of gravity trade models considered by Arkolakis, Costinot, and

Rodŕıguez-Clare (2012) if an equilibrium with labor mobility is considered in that setup.

Second, we show that our setup is isomorphic to a new economic geography model as in

Krugman (1991), but when an inelastic supply of housing (amenity) is introduced, as in

Helpman (1998). In all these exercises we consider a surface S with a continuum of locations.

Arkolakis, Costinot, and Rodŕıguez-Clare (2012) consider gravity trade models with ex-

ogenous entry and free entry. Models with exogenous entry include Eaton and Kortum

(2002), Chaney (2008)-Melitz (2003), and of course, the Armington (1969) setup. The grav-

ity trade relationships and the labor market clearing conditions of these models are very

similar. As long as the models have the same bilateral trade costs, the same population, and

the elasticity of trade in these models is set to the same value, their technology parameters

can be adjusted so that they are formally isomorphic. This elasticity of trade parameter

is the Frechet curvature parameter in Eaton and Kortum (2002), the Pareto curvature pa-

rameter in Chaney (2008)-Melitz (2003), and the CES price elasticity in Armington (1969).

Given this formal isomorphism, introducing labor mobility simply extends the isomorphism

to a labor mobility equilibrium, as we have introduced in the main text with exogenous

productivities and amenities.

The isomorphism carries on in the case of models with free entry, but allowances have to

be made in order for a non-degenerate equilibrium to emerge. Models of free entry analyzed
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by Arkolakis, Costinot, and Rodŕıguez-Clare (2012) include Krugman (1980), and the Melitz

(2003) model with Pareto distributed productivities considered by Arkolakis, Demidova,

Klenow, and Rodŕıguez-Clare (2008). The assumption of free entry implies that firms need

to hire f e units of local labor to produce a unique differentiated variety in a location, and

in the resulting equilibrium the number of entrants is proportional to population and in

equilibrium, Ni ∝ Li. When labor is allowed to move, it is straightforward to show that

our setup with production externalities and α = 1/ (σ − 1) is isomorphic to the free entry

models discussed above. Unfortunately, when α = 1
σ−1

and β = 0, the only equilibrium

is a degenerate equilibrium where all production concentrates in one location. For a non-

degenerate equilibrium to arise, the production externality needs to be less strong, which

corresponds to allowing a negative production externality in the Arkolakis, Costinot, and

Rodŕıguez-Clare (2012) setup with free entry, and respectively setting α < 1/ (σ − 1) in our

model.

Finally, a formal isomorphism can be derived with the Helpman (1998)-Redding (2012)

setup. That setup assumes that workers spend a constant share γ of their income on differ-

entiated goods and a share 1 − γ to housing. A preference structure that gives rise to this

is a monotonic transformation of a Cobb-Douglas aggregator with a coefficient one on the

differentiated goods and (1− γ) /γ on housing. The differentiated sector is as in Krugman

(1980) and Krugman (1991) while earnings from land are an income to the people residing

in that location. In equilibrium with labor mobility, a constant share of income is earned

from wages and rents, but workers get an equal share of land. To formally map this model

to our setup we need to set α = 1/ (σ − 1) and also β = − (1− γ) /γ. For the equilibrium

to be unique we require that

α + β ≥ 0 ⇐⇒ 1 + (γ − 1) (σ)

γ (σ − 1)
≥ 0

This condition is discussed as a sufficient condition for the existence mobility equilibrium in

an N-location world, in Redding (2012). In fact, Theorem 2 implies that this condition is

sufficient for a unique labor mobility equilibrium in our setup, while the sufficient conditions

for existence are weaker. It is easy to check the rest of the parts of the isomorphism, i.e.

that the gravity relationship of trade is exactly the same and the trade balance condition

is the same. Notice that similar isomorphisms can be derived if other free entry setups are

considered instead of the Krugman (1980) one.
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