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Abstract

This paper designs tests for conditional moment inequality models that take ad-

vantage of prior knowledge of a value of the conditioning variable that gives the most

informative bounds. Selection models provide a prototypical example, but the setting

applies to other models as well. The tests use this prior knowledge to gain power while

being adaptive to other aspects of the data generating process. The test statistics

proposed in this paper and the derivations of their asymptotic distributions draw a

connection between this problem and the design of multistage experiments and the

distributional law of the iterated logarithm of Darling and Erdos (1956).

1 Introduction

This paper considers inference in models defined by conditional moment inequalities. The

purpose of this paper is to propose tests that take advantage of a researcher’s prior beliefs

about which values of the conditioning variable give the most information about the pa-

rameter of interest. This paper proposes tests that use this knowledge to achieve power

∗email: timothy.armstrong@yale.edu. Part of this paper was written with support from a fellowship from
the endowment in memory of B.F. Haley and E.S. Shaw through the Stanford Institute for Economic Policy
Research.
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improvements relative to tests that do not use this knowledge, while being adaptive to other

aspects of the data generating process, such as smoothness conditions, for which the re-

searcher may not wish to impose assumptions. The tests have the correct size even if the

researcher is incorrect about the most informative value of the conditioning variable, and

can be extended to have good power properties in these cases as well.

A prominent example where this setting arises is inference on the bounds proposed by

Manski (1990) in settings with unobserved treatment groups with an instrument for selection.

If selection into a treatment group is increasing (decreasing) in the instrument, the most

informative value of the instrument for the distribution of the outcome variable for that

group will typically be the upper (lower) endpoint of the support of the instrument. In

many situations, a researcher will want a test that has more power when these monotonicity

conditions hold regardless of the shape of the density of the instrument and the selection

probability conditional on the instrument.

Formally, we are interested in inference in a conditional moment inequality model defined

by

E(m(Wi, θ)|Xi) ≥ 0 a.s. (1)

This inequality defines the identified set

Θ0 ≡ {θ|E(m(Wi, θ)|Xi) ≥ 0 a.s.}.

The problem is to test the null hypothesis θ ∈ Θ0 that has as much power as possible

when the test is evaluated at alternative values θ 6∈ Θ0. This paper designs tests that take

advantage of prior knowledge of a particular value x0 such that, for θ 6∈ Θ0, the set of values

of the conditioning variable

{x|E(m(Wi, θ)|Xi = x) < 0}

where the inequality is violated contains x0. Typically, this set will shrink toward x0 as θ

approaches Θ0. How much this set expands around x0 for a given value of θ 6∈ Θ0 will depend

on the shape of the data generating process. The tests in this paper are flexible enough to

be adaptive to the shape of the data generating process while still using knowledge of x0 to

gain power.

The tests proposed in this paper are based on extensions of the law of the iterated log-
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arithm (LIL) and draw a connection between the class of problems considered here and the

design of multistage experiments. The analogy involves ordering the observations by distance

of Xi from x0, and thinking of the corresponding sequence of observations of the outcome

m(Wi, θ) as a sequence of observations in a multistage experiment in which a hypothesis

test is performed when each new observation is added. Each stage of this experiment corre-

sponds to a nearest neighbor estimator that includes one more neighboring observation than

the previous one. The test statistics in this paper take the maximum of nearest neighbor

estimators with different numbers of observations. Choosing a critical value for this test

statistic corresponds to choosing critical values for tests at each stage of the experiment that

control the probability of falsely rejecting the null at any stage of the experiment.

The law of the iterated logarithm is the natural tool for this problem, since it describes

the sequential behavior of sample means. The LIL gives a sequence of values that the sample

mean will eventually not exceed. The asymptotic distribution of one of the statistics proposed

in this paper follows from an argument involving the Darling-Erdos theorem (Darling and

Erdos, 1956), a stronger version of the law of the iterated logarithm that gives a limiting

distribution, rather than just a bound, for the maximum of these sample means. While the

LIL is commonly used in the literature on multistage hypothesis testing, the need to entertain

a potentially infinite number of hypotheses, which is not present in the problem considered

here, prevents the use of the Darling-Erdos theorem in many of the problems studied in

that literature. This leads to conservative procedures based on consistency results, which

contrast with the tests of the present paper which use a distributional result to propose tests

that are not conservative.

By arguments similar to those in Armstrong (2011b), the tests proposed in this paper

will achieve, up to a log log n term, the same power as tests that use prior knowledge of both

the smoothness of the data generating process and x0. The tests in Armstrong (2011b),

which do not use prior knowledge of x0 or smoothness of the data generating process, come

within log n, rather than log log n, of the rate for detecting local alternatives that could be

achieved with prior knowledge of both x0 and smoothness conditions. In this sense, the

tests proposed in this paper are adaptive and agnostic about the smoothness of the data

generating process, while using knowledge of the most informative value of the conditioning

variable to gain power. It is also possible to combine these tests to get the optimal rate for

local alternatives if the researcher is correct about both x0 and the smoothness of the data

generating process, while achieving it up to a log log n term if the researcher is correct about

x0 but not the smoothness conditions, and up to a log n term if the researcher is correct
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about neither.

The literature on inference in conditional moment inequalities is relatively recent. While

several methods have been proposed, the tests in this paper are the first to use informa-

tion about the most informative value of the conditioning variable to gain power. Papers

that treat this problem include Armstrong (2011a), Armstrong (2011b), Armstrong (2012),

Andrews and Shi (2009), Chetverikov (2012), Chernozhukov, Lee, and Rosen (2009), Kim

(2008), Khan and Tamer (2009), Lee, Song, and Whang (2011), Menzel (2008) and Pono-

mareva (2010). The tests proposed in the present paper are more powerful than those

proposed in these papers when the researcher has correct prior knowledge of the most infor-

mative value of the conditioning variable, and can be extended to have good power properties

when this information is incorrect.

The literature on the related problem of inference with finitely many unconditional mo-

ment inequalities is somewhat more developed. Articles include Andrews, Berry, and Jia

(2004), Andrews and Jia (2008), Andrews and Guggenberger (2009), Andrews and Soares

(2010), Chernozhukov, Hong, and Tamer (2007), Romano and Shaikh (2010), Romano and

Shaikh (2008), Bugni (2010), Beresteanu and Molinari (2008), Moon and Schorfheide (2009),

Imbens and Manski (2004) and Stoye (2009).

The rest of the paper is organized as follows ...

I use the following notation throughout the rest of the paper. Inequalities on vectors are

taken as holding for each element. ∧ and ∨ denote elementwise minimum and maximum

respectively. Define ‖t‖− ≡ ‖t ∧ 0‖ for any norm ‖ · ‖. Define Ln = log(n ∨ e).

2 Test Statistics

We are interested in testing (1) for a given parameter value θ. To simplify notation, I use

the notation

Yi = m(Wi, θ)

when it is clear which parameter value is being tested. To simplify exposition, this paper

treats the case where Yi is a scalar and the researcher has in mind a single value x0 of

the conditioning variable where the conditional inequality is most informative. The results

apply immediately to cases where Yi is multivariate and the researcher wishes to consider

multiple values of the conditioning variable using Bonforroni bounds. The resulting tests

will be conservative in these cases, but this will not result in a first order loss in power.
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Alternatively, the results could be extended to these cases more directly.

The test statistics in this paper are formed by ordering the observations by distance from

the contact point x0. Typically, Xi takes values in R
dX , and the Euclidean distance is a

natural metric, but any metric can be used. If x0 is −∞ (∞) and Xi is one dimensional, we

can place the observations in ascending (descending) order. With this ordering, define Xk:n

to be the value of Xi with the kth least distance to x0, and let Yk:n be the corresponding value

of Yi. Let σ2
k,n = var(Yk:n|Xk:n), and let v2k,n = 1

k

∑k
i=1 σ

2
i,n. Define v̂2k,n = 1

k−1

∑k
i=1(Yi:n −

(1/k)
∑k

j=1 Yj:n)
2.

Let kn be a sequence such that kn → ∞ and kn/n → 0. Define the test statistic

Tn = Tn(θ) = max
kn≤k≤n

∣

∣

∣

∣

∣

∑k
i=1 Yi:n

v̂k,n
√
k

∣

∣

∣

∣

∣

−

. (2)

This statistic achieves good power under different smoothness conditions by considering a

large number of “bandwidth” parameters, similar to the test statistics of Armstrong (2011b).

In contrast to those test statistics, the statistic defined in (2) restricts attention to regions of

the covariate near x0. Theorem (1) below shows that this leads to the critical value that is of

order
√

(log log n)/n rather than
√

(log n)/n. By arguments similar to those in Armstrong

(2011b), this will lead to a log n term being replaced by a log log n term in the scalings for

local power calculations, so that the tests will be more powerful.

The statistic in (2) treats all bandwidths equally. If the researcher has reason to believe

that a particular bandwidth parameter k∗
n is close to optimal, but still wants good power

when it is not, the statistic

T ′
n = T ′

n(θ) = max
kn≤k≤n

∣

∣

∣

∣

∣

∑k
i=1 Yi:n

√

2k log log[(k/k∗
n) ∨ (k∗

n/k) ∨ C]

∣

∣

∣

∣

∣

−

(3)

can be used. Here, C is a tuning parameter that controls where the nearest neighbor estimate

is dampened. For larger values of C, the statistic will be dampened only for very small or

very large values of k, allowing the researcher to put less weight on values of k near k∗
n. This

statistic will have more power when k∗
n is close to the optimal number of observations in the

nearest neighbor estimator, and will achieve the same rate for detecting local alternatives as

the statistic in (2) when it is not.

The log log function in (3) is not arbitrary, and the test will not have the desired prop-

erties of being adaptive to the smoothness of the data generating process if another slowly
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increasing function is used. The log log dampening comes from applications of the law of the

iterated logarithm, and is the correct dampening factor to have the statistic give as much

weight to the small number of values of k near k∗
n as the large number of values of k that are

much smaller or much larger. Under this dampening function, the critical value that controls

the probability falsely rejecting using any of the values of k far away from k∗
n is of the same

order of magnitude as the one that controls the probability of falsely rejecting using only

the value k∗
n.

3 Critical Values

This section derives the asymptotic distributions of these test statistics under “least favor-

able” data generating processes and values of θ for which the null hypothesis holds and the

inequality in (1) binds on the entire support of Xi. These results give feasible critical values

for these test statistics.

3.1 Asymptotic Distribution of Tn

The following theorem gives the asymptotic distribution of Tn, and gives a formula for feasible

critical values.

Theorem 1. Suppose that the data are iid, E(Y 4
i |Xi = x) is bounded uniformly in x, v2k,n

is bounded from below away from zero, kn/n → 0 and kn ≥ (LLn)3+δ for some δ > 0. Let

a(v) = (2LLv)1/2 and b(v) = 2LLv+(LLLv)/2− [L(4π)]/2. Then, if the null hypothesis (1)

holds,

lim inf
n→∞

P (a((v̂n,nn)/(v̂kn,nkn))Tn − b((v̂n,nn)/(v̂kn,nkn)) ≤ t) ≥ exp(− exp(−t)).

The asymptotic distribution comes from an application of the Darling-Erdos theorem,

which gives a distributional version of the law of large numbers. To understand why this

result is useful, it helps to consider the connection to repeated experiments. Consider a

setup with repeated samples of new independent observations. Each time an observation

is obtained, a researcher recomputes the sample mean, adding the new observation, and

compares it to some critical value. The law of the iterated logarithm gives a sequence of

critical values that controls the probability that the researcher will make a false conclusion

about the mean at any stage of the experiment.
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A key insight here is that bandwidth selection in irregularly identified models has the

same structure. One can order the observations in terms of the distance of the covariate

Xi from the “thin set” at which the model is identified. Then, one can use the first k

observations to estimate the conditional mean of Yi at this point. If the direction of the bias

is known, adding the k+1st observation will provide a valid test, and so on. Controlling the

familywise error rate of these tests over different values of k is essentially the same problem

as controlling the probability of making a false conclusion at any stage of an experiment as

new data becomes available.

3.2 Simulated Critical Values

While Theorem 1 provides a simple way of computing critical values that requires little

computation time, the finite sample accuracy of these critical values can likely be improved

by approximating the distribution of the statistic more directly. The critical values proposed

below can be computed by simulating from a particular pivotal distribution, so they need

only be computed and tabulated once for any given sample size n and truncation value kn.

The resulting critical values can be applied to any data set with n observations and where

kn is chosen as the tuning parameter.

To compute these critical values, let

Y ∗
1 , . . . , Y

∗
n

be iid standard normal variables. Define

T ∗
n ≡ max

k̂n≤k≤n

∣

∣

∣

∣

∣

∑k
i=1 Y

∗
i√

k

∣

∣

∣

∣

∣

where k̂n ≡ ⌊knv̂kn:n/v̂n:n⌋. The critical value ckn,n,1−α defined as the 1 − α quantile of T ∗
n

provides an asymptotically level α test of the null hypotheses (1).

Theorem 2. Under the conditions of Theorem 1, if the null hypothesis (1) holds, then

lim sup
n→∞

P
(

Tn > ckn,n,1−α

)

≤ α.

3.3 Asymptotic Distribution of T ′
n

The following theorem gives the asymptotic distribution of the dampened test statistic T ′
n.
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Theorem 3. Suppose that the conditions of Theorem 1 hold and that v(x) ≡ var(Yi|d(Xi, x0) ≤
x) is continuous in x with maximum v. Then, letting B be a standard Brownian motion,

lim inf
n

P (T ′
n ≤ t) ≥ P

(

sup
s∈R+

v(0)B(s)
√

2sLL[s ∨ (1/s) ∨ C]
∨ v ≤ t

)

for all t such that the expression on the right hand side is continuous at t.

This distribution can be estimated by simulating from a Brownian motion and using

estimates of v(0) and v.

The proof of Theorem 3 combines convergence to a Brownian motion of the local process

of values of k for which k/k∗
n is bounded away from zero and infinity, along with law of

the iterated logarithm results for small and large values of k. The expression that the test

statistic maximizes behaves like a tight random process near k∗
n, and fluctuates wildly for

k such that k/k∗
n is near zero or infinity. The log log function increases at exactly the right

rate so that this process fluctuates between fixed, finite constants. A function that increased

more quickly (say, the log function) would make this process approach zero, leading to a loss

in power. A function that increased more slowly (say, the log log log function) would lead to

a process that would fluctuate between −∞ and ∞.

4 Conclusion

This paper proposes tests for conditional moment inequality models that use prior knowledge

of a point where the inequality is violated under alternative parameter values. Inference on

the bounds in selection models proposed by Manski (1990) provide a prototypical example of

this problem. The tests take advantage of prior knowledge typically involving monotonicity

conditions, while being adaptive to other aspects of the shape and smoothness of the data

generating process. The test statistics and the derivations of their asymptotic distributions

draw a connection between certain well known problems in econometrics, such as inference

with a selected sample, and the design of repeated experiments and the law of the iterated

logarithm.

Appendix: Proofs

The proofs of these results use the following auxiliary lemmas.
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Lemma 1. Suppose that

lim inf
n

P (a(cn)Tn + b(cn) ≤ t) ≥ exp(− exp(t))

for some sequence cn → ∞ and statistic Tn, where the functions a and b are defined as in

Theorem 1. Then, for any c′n and dn such that

[LL(cn)]
1/2[(LLc′n)

1/2 − (LLcn)
1/2]

p→ 0, (4)

and

[LL(cn)]
3/2dn

p→ 0, (5)

we will have

lim inf
n

P (a(c′n)Tn(1 + dn) + b(c′n) ≤ t) ≥ exp(− exp(t)).

Proof. It suffices to show that

b(c′n)− b(cn)
p→ 0

and that

a(c′n)Tn(1 + dn)− a(cn)Tn
p→ 0.

The first of these statements follows immediately from (4). The expression in the second is

the sum of

[a(c′n)− a(cn)]Tn

and

a(c′n)Tndn.

The conditions of the lemma imply that Tn ≤ 3(LLcn)
1/2 and a(c′n) ≤ 2a(cn) with probability
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approaching one, so that we need only show that

[a(c′n)− a(cn)] · 3(LLcn)1/2
p→ 0

and

a(cn) · 3(LLcn)1/2dn → 0.

These follow immediately from (4) and (5).

The following auxiliary lemma will be applied to variance estimates and stopping times

in the Skorohod embedding conditional on X1, . . . , Xn.

Lemma 2. Let Z1, . . . , Zn be independent with mean zero and variances σ1, . . . , σn bounded

from above by some σ2 < ∞. For any ε > 0, and sequence ci such that c2i /i
2 is summable,

we have

P

(

max
k≤j≤n

∣

∣

∣

∣

∣

cj
j

j
∑

i=1

Zi

∣

∣

∣

∣

∣

≥ ε

)

< ε

for k larger than some constant that depends only on σ, ε and the sequence ci.

Proof. The proof follows a version of a SLLN proved on p.114 of Rao (1973). By the Hajek-

Renyi inequality (see p.114 of Rao, 1973),

P

(

max
k≤j≤n

∣

∣

∣

∣

∣

cj
j

j
∑

i=1

Zi

∣

∣

∣

∣

∣

≥ ε

)

≤ 1

ε2

(

c2k
k2

k
∑

i=1

σ2
i +

n
∑

i=k+1

c2iσ
2
i

i2

)

≤ σ2

ε2

(

c2k
k

+
n
∑

i=k+1

c2i
i2

)

.

The second term can be made arbitrarily small by making k large by summability of c2i /i
2.

The first term must also go to zero as k → ∞ since otherwise c2i /i
2 would eventually be

greater than a constant times 1/i, making it not summable. Thus, by picking k larger than

a constant that depends only on σ and the sequence ci, the right hand side can be made

arbitrarily small as claimed.

We are now ready for the proofs of the main results.
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Proof of Theorem 1. Let W(t) be a Brownian motion. Let {τk,n}nk=1 be a sequence of stop-

ping times constructed using a Skorohod embedding such that

E[τk,n − τk−1,n|Xk:n] = σ2
k,n

for each k (here we define τ0,k = 0). Then

S̃k,n
d
= W(τk,n)

where S̃k,n ≡∑k
i=1[Yi:n − E(Yi:n|Xi:n)]. It follows from Chebyshev’s inequality that

|τn,n/n− vn,n| ≤ an/
√
n

and

|τkn,n/kn − vkn,n| ≤ an/
√

kn

with probability approaching one for an increasing slowly. From this it follows that, let-

ting T̃n be defined as Tn, but with v̂k,n replaced by vk,n, and defining a′n = a(n[(vn,n +

an/
√
n)]/[kn(vkn,n − an

√

kn)]) and b′n = b(n[(vn,n + an/
√
n)]/[kn(vkn,n − an

√

kn)]),

P (a′nT̃n − b′n ≤ t)

≥ P (a′n max
kn≤k≤n

|W(τk,n)/
√
τk,n|−

√

τk,n/(kvk,n)− b′n ≤ t)

≥ P (a′n| inf
n(vkn,n−an/

√
kn)≤s≤n(vn,n+an/

√
n)
W(s)/

√
s|−
√

τk,n/(kvk,n)− b′n ≤ t) + o(1)

= P (a′n| inf
1≤s≤n(vn,n+an/

√
n)/[n(vkn,n−an/

√
kn)]

W(s)/
√
s|−
√

τk,n/(kvk,n)− b′n ≤ t) + o(1)

where the last equality follows by invariance properties of Brownian motion.

This will converge to exp(− exp(−t)) by the Darling-Erdos theorem for Brownian motion

(see Einmahl and Mason, 1989; Darling and Erdos, 1956) along with Lemma 1 as long as

(LL(n/kn))
3 max
kn≤k≤n

∣

∣

∣

∣

τk,n − kvk,n
knvk,n

∣

∣

∣

∣

p→ 0.

This will follow from applying Lemma 2 conditional on the Xis with ci a slowly increasing

sequence such that ckn/[LL(n/kn)]
3 → ∞, and the conditions of the theorem guarantee that
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such a sequence exists.

To get the result with a′n replaced with a((nvn,n)/(kvkn,kn)) and b′n replaced by b((nvn,n)/(kvkn,kn)),

some calculations along with Lemma 1 show that it suffices to have

[LL(n/kn)]
3/2(an/

√

kn) → 0,

which will hold as long as kn/(LLn)
3 → ∞. To get the result with v̂k,n, it suffices to show

that

(LLn)3/2 max
kn≤k≤n

|v̂k,n − vk,n|
p→ 0.

This will hold by applying Lemma 2 conditional on the Xis with ci any increasing sequence

such that ckn/(LLn)
3/2 → ∞. We can apply this lemma with ci = i1−δ if k1−δ

n /(LLn)3/2 →
∞, for which it is sufficient to have kn ≥ (LLn)3/[2(1−δ/2)].

Proof of Theorem 3. Let W(t) be a Brownian motion. Let {τk,n}nk=1 be a sequence of stop-

ping times constructed using a Skorohod embedding such that

E[τk,n − τk−1,n|Xk:n] = σ2
k,n

for each k (here we define τ0,k = 0). Then

S̃k,n
d
= W(τk,n).

Let B(t) = W(t · k∗
n)/
√

k∗
n so that B is a Brownian motion as well.

We need to bound the minimum of

S̃k,n
√

2k log log[(k/k∗
n) ∨ (k∗

n/k) ∨ C]

over kn ≤ k ≤ k∗
n/K and k∗

nK ≤ k ≤ n for K some large constant. This quantity is equal in
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distribution to

=
W(τk,n)

√

2k log log[(k/k∗
n) ∨ (k∗

n/k) ∨ C]
=

√

k∗
nB(τk,n/k

∗
n)

√

2k log log[(k/k∗
n) ∨ (k∗

n/k) ∨ C]

=
B(τk,n/k

∗
n)

√

2(τk,n/k∗
n) log log[(τk,n/k

∗
n) ∨ (k∗

n/τk,n) ∨ C]

√

(τk,n/k∗
n) log log[(τk,n/k

∗
n) ∨ (k∗

n/τk,n) ∨ C]
√

(k/k∗
n) log log[(k/k

∗
n) ∨ (k∗

n/k) ∨ C]
.

(6)

To deal with this quantity, we apply a law of large numbers for triangular arrays of

independent but not identically distributed random variables (conditional on the Xis) to the

stopping time differences τk,n − τk−1,n:

sup
k≥kn

∣

∣

∣

∣

∣

τk,n −
∑k

i=1 σ
2
i,n

k

∣

∣

∣

∣

∣

p→ 0. (7)

This holds by Lemma 2 applied to the stopping times conditional on the Xis. By (7), for

any ε > 0, we will have, for large enough n, |τk,n/k−v2k,n| ≤ ε for all kn ≤ k with probability

at least 1− ε. On this event, the second term in (6) will be bounded from above by

√

(v2k,n + ε) log log[((v2k,n + ε)k/k∗
n) ∨ (k∗

n/[k(v
2
k,n + ε))] ∨ C]

√

log log[(k/k∗
n) ∨ (k∗

n/k) ∨ C]
.

This is less than vk,n + 2ε for kn ≤ k ≤ k∗
n/K and k∗

n/K ≤ k ≤ n for K large enough since

log log t is a slowly varying function. By a similar lower bound, this shows that, for any

ε > 0, the second term in (6) will be between vk,n − ε and vk,n + ε for kn ≤ k ≤ k∗
n/K and

k∗
n/K ≤ k ≤ n with probability at least 1− ε for large enough n and K

Let τn(K) = τ⌊Kk∗n⌋,n. For any ε > 0, the second term in (6) will be less than v(0) + ε

for all kn ≤ k < k∗
nK for large enough n and less than v for all k ≥ kn, and τ(K) will be

greater than (σ − ε)K with probability at least 1 − ε for large enough n. Here, σ > 0 is a

lower bound for var(Y |Xi). On this event, the minimum over kn ≤ k < k∗
nK will be greater

than or equal to

inf
t≤τn(K)/k∗n

(v(0) + ε)B(t)
√

2t log log[t ∨ (1/t) ∨ C]
. (8)
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The minimum over k∗
nK ≤ k ≤ n will be greater than

inf
t≥(σ−ε)K

(v + ε)B(t)
√

2t log log[t ∨ (1/t) ∨ C]
(9)

on this event, and, if K is chosen large enough, this will be less than v+2ε with probability

at least 1− ε for large enough n.

This shows that

lim inf
n

P (T ′
n ≤ t) ≥ P

(

sup
s∈R+

v(0)B(s)
√

2sLL[s ∨ (1/s) ∨ C]
∨ v ≤ t− ε

)

− ε

for any ε > 0. Taking ε to zero completes the proof.
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