An Efficiency Rationale for Bundling of Public Goods*

Hanming Fang! Peter Norman?

First Version: October 2002
This Version: April 2003

Abstract
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and increases the probability of public good provision. All these result are related to the idea
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1 Introduction

Many excludable public goods are provided in bundles. An obvious example is cable TV.
Technologically, the local cable company could easily allow customers to choose whatever channels
they are willing to pay for without constraints. However, with the exception of some premium
channels and some pay-per-view programs, the basic pricing scheme usually consists of a limited
number of available packages. Another striking example is access to electronic libraries. Here, the
typical contractual arrangement is a site license that allows access to every journal in the electronic
library. While it is often possible to download articles on a pay-per-download basis, this is usually
very expensive and contracts that gives access to a subset of journals in the electronic library are
rare.

A third example, which was the initial motivation for this paper, is the casual observation that
governmental services are provided in bundles. For example, every resident in a municipality, as
long as he or she pays the property taxes, is entitled to a bundle of public services provided by
the local government including policing, highway maintenance, fire fighting, public schools etc..
Clearly some of the public services in the bundle are of no value at all for many residents. Why,
then, cannot residents only subscribe to their desired local public services?

Motivated by the above observations, this paper studies the role of bundling in the efficient
provision of (excludable) public goods. We ask a simple question: is there an efficiency rationale
to provide unrelated public goods in bundles rather than separately; and if so, why? We show that
the social surplus maximizing mechanism will always be characterized by some degree of bundling.
Thus, while “pure bundling” is not necessarily the optimal solution, there is a straightforward
argument in favor of joint provision of multiple public goods.

We consider an environment with two excludable public goods and a numeraire private good.
Each consumer in the economy is characterized by a valuation for each of the public goods. The
valuation for consuming both public goods is assumed to be the sum of the valuations for the
individual goods. This assumption rules out bundling arising from complementarities in the utility
function. Similarly, the cost of provision of each good is independent of whether or not the other
good is provided. That is, there are no synergies on the cost side.

These separability assumptions on valuations and costs imply that the informationally uncon-

strained efficient provision rule is as follows: a public good should be provided if and only if its

The term “excludable public goods” refers to a good which is fully non-rival, but where it is possible to costlessly

exclude any consumer from usage.



sum of valuations exceeds its provision cost. Thus, under perfect information, there is no role for
bundling in provision; moreover, no agent will be excluded from using a public good if it is provided.

In this paper we depart from the perfect information assumption and assume that preferences
are private information to the individuals. The provision mechanism must therefore be constructed
so that truthful revelation of preferences is consistent with equilibrium. Moreover, we allow agents
to freely choose whether to participate in the mechanism, and require the provision mechanism to
be self-financing. Finally, we assume that the preference parameters are stochastically independent
across individuals. Under these restrictions, the (non-bundling) perfect information social optimum
can no longer be implemented.?

Ruling out trivial cases, use exclusions are always active in the constrained efficient mechanism.
Indeed, if the economy is large, use exclusions is essentially the only instrument that can be used
to make consumers willing to contribute a non-negligible amount to the public goods. In the
case of a single public good the constrained optimal mechanism is well approximated by standard
third-degree price discrimination: for each agent the designer sets a fixed user fee and the agent is
included if and only if she is willing to pay the fee. If all agents are ex ante identical, all agents
face the same user fee and the mechanism reduces to average cost pricing.

This characterization of the provision problem for a single good generates a simple intuition for
the usefulness of bundling. For simplicity, assume that goods are symmetric and that valuations
are drawn from the same distribution for all agents. The best mechanism that does not use the
bundling option is approximately a fixed user fee, and the fixed user fee is the same for both goods.

The crucial observation is that the average valuation for the “bundled good” is less dispersed
than the distribution of valuations for each good. If the user fee is below the expected valuation,
this suggests that fewer consumers are excluded from usage if the goods are sold only as a bundle
at a price given by the sum of the user fees. Counter examples to both steps of this reasoning are
easy to generate, but for log-concave symmetric distributions with non negative support, we show
that bundling leads to fewer exclusions.

However, there is an equally intuitive downside to bundling. While fewer agents are excluded,
the reduced dispersion of valuations also implies that the average valuation conditional on being ex-

cluded is higher under bundling than under separate provision. Thus whether or not pure bundling

2All these restrictions are essential to the analysis. Removing either the voluntary participation or the self-
financing constraint makes it possible to construct pivot-mechanisms that implement the first-best. If we remove the
independence assumption and allow correlation in valuations, an adaption of the analysis in Cremer and McLean [5]

can be used to implement the efficient outcome.



dominates separate provision depends on parameters.

It is interesting to note that the welfare comparison between pure bundling and separate pro-
vision is non-monotonic in the cost of provision. When the cost is sufficiently low, the welfare gain
from fewer exclusions in the bundled mechanism necessarily dominates, so bundling is superior to
separate provision mechanisms. On the other hand, when the cost is high enough, it is possible
that the public goods can be provided if the goods are bundled, but not under the best mecha-
nism with separate provision, again implying that pure bundling dominates separate provision. For
intermediate costs, there may be a range where separate provision is better.

Characterizing the best mechanism under either separate provision or pure bundling is relatively
straightforward since these problems are both one-dimensional. The full design problem, however,
is truly multi-dimensional and this paper does not solve that problem in general. What we do
however, is to solve for the optimal provision mechanism in a special case where the valuation for
each good is binary. We then find that there is a strong element of bundling in the optimal solution
in the sense that types that have a low valuation for both goods always get lower priority than
“mixed” types get for their low valuation good.

There is a considerable literature on bundling of private goods. Adams and Yellen [1], McAfee,
McMillan and Whinston [7] showed that a multiproduct monopolistic producer may have incentive
to bundle commodities to maximize revenue; Nalebuff [10] showed that in oligopolistic setting,
commodity bundling may be used as an entry deterrent. While there are many similarities at the
technical level, there are significant qualitative differences between the private and public goods
cases. In particular, any bundling in the private goods case is necessarily inefficient, albeit revenue
enhancing: a profit maximizing seller with monopoly power may want to bundle two commodities,
but marginal cost pricing is always more efficient.?

The remainder of the paper is structured as follows. Section 2 presents the general model;
Section 3 compares at a general level the optimal separate provision mechanisms and the pure
bundle mechanism; Section 4 presents a special binary valuation example of our general model;
Section 5 characterizes the optimal mechanism for our binary valuations example and compares our
characterization with existing results in the literature; finally, Section 6 concludes. Most technical

proofs are collected in the appendix.

3Unless there are significant fixed costs, but these fixed costs can then be viewed as a public good.



2 The Model

The objective of the paper is to understand whether there is an efficiency rationale for bundling
in the provision of collective goods. To do this, we imagine a fictitious social planner who seeks
maximize social surplus in an environment with multiple excludable public goods. There are two
important reasons for allowing use exclusions. Firstly, it allows use to consider large economies
without making the provision problem “impossible”. Secondly, it allows for a more intuitive form
of bundling since different consumers can consume different bundles when exclusions are possible.

The environment is set up so ex post efficiency requires that a good is provided if and only
if the sum of valuations for that good exceeds the cost of provision for that good. Any role for
bundling therefore comes from the constraints facing the planner. The constraints we impose are
all standard. Preferences are assumed to be private information, so any implementable mechanism
must be incentive compatible. Moreover, the mechanism must be self-financing, and agents are free
to opt out of the mechanism.

All these constraints are noncontroversial if thinking about the design problem as characterizing
the efficiency frontier of what may be achieved in a private market bargaining agreement, but in
particular the voluntary participation constraints may seem questionable if interpreting the goods
as government provided. One defense in this context is that the participation constraint is a reduced
form of an environment where agents may vote with their feet (ignoring that the reservation utility
then should be endogenous).

There are two excludable public goods, labeled by 7 = 1,2; and n agents, indexed by i € Z =
{1,...,n}. In order to obtain a tractable characterization we will focus on asymptotic results as the
number of agents n goes to infinity. Provision of either public good is a binary decision and the
cost of providing good j is denoted C7 (n). Note that the assumption that the cost of provision
is independent of the number of users implies that the goods are fully non-rival. The rationale
for indexing costs by the size of the economy is to avoid to make the problem trivial in a large
economy. In other words, we will assume that there exists ¢/ > 0 such that lim, .., C? (n) /n =
¢/ > 0,5 = 1,2. The most useful way to think about this assumption is as a normalization of the
per capita costs of provision.

Agent 4’s valuation from good j is denoted by 9{ . Valuations are independently and identically

distributed across agents.* Agent i’s valuations of public goods (6},6?) are drawn from a joint

“More specific distributional assumptions will be made later when solving the model. We will momentarily work

with general distributions because the setup is easier to understand and the exposition of some intermediate results



distribution F. The marginal distribution of good j’s valuation is denoted by F7 and the conditionals
will be denoted by F'(-|%) and F2(-|8}) respectively. The set of possible realizations of (8},6?) is
denoted ©; = O! x ©2, where ©7 is the set of possible values for 9{ . For brevity, we write 0; =
(01,6%) € ©;, 0 = (01,...,0,) € I;cz0; = O, 0_; = (01,..,0i1,0i11,...,0,) € Upen (yOr = O,
and ¢/ = <9j s 0%) € [@j ]n ,j = 1,2. By independence, F' is the prior distribution over agent i’s
valuations @; perceived by the mechanism designer as well as other agents when the revelation game
is played. With some abuse of notation, we write F (0) = l;ez ' (0;) and F (0—;) = [yer\; F (0k)
as the joint distribution of 6 and 6_; respectively.

Write Ig as the dummy variable taking value 1 when agent ¢ consumes good j and 0 otherwise,

and ¢; as the quantity of private goods (or the transfer of “money”) that i sacrifices to consume

the goods (if at all). Then the utility for agent i of type (6;,6?) is
1;0; + 1707 — t;. (1)

A number of restrictions are imposed with this formulation. Besides the additive separability
between “money” and the public good, it also rules out complementarities between the two public

goods, and assumes that agents are risk neutral.

2.1 General Mechanisms

In general, the outcome of any mechanism must specify the following: (1). whether or not
public good j should be provided, for j = 1,2; (2). if public good j is provided, which agents
should be allowed access to it, for j = 1,2; (3). how the costs of public good provision should be

shared among the agents. The set of feasible pure outcomes is thus

A= {0,1} x{0,1} x  {0,1}"x{0,1}" x _R™ . (2)
o . . L . “taxes”
provision/no provision inclusion/no inclusion
for goods 1 and 2 for good 1 and 2 for all agents

By the revelation principle, we will, without loss of generality, restrict our attention to direct
mechanisms for which truth-telling is a Bayesian Nash equilibrium. A pure direct mechanism is
simply a map from © to A. Following Aumann [2], we represent a randomized mechanism as a
measurable mapping g : © x X — A, where X = [0,1]; and = € X is the outcome of a fictitious

lottery. Without loss of generality, x is assumed uniformly distributed and independent of 6.°

is clearer.
5Because A is finite, there is no technical reason to deviate from the “natural” representation of a randomized

mechanism as a map from © to the set of probability distributions over A. The representation is chosen only because



A conceptual advantage of representing random mechanisms in analogy with Aumanns’ way
of representing mixed strategies is that we can decompose any mechanism in a useful way. We
denote a mechanism by M and observe that we may think of a mechanism as a 5—tuple M =

(C17 (27 wla w27 7—) Where?

¢ O@x X —{0,1} for j =1,2
W O x X —{0,1}" forj=1,2 (3)
T : ©—R"

We refer to ¢ as the provision rule for good j, and interpret Ex¢? (6,2) as the probability of
provision given announcements 6. The rule w’/ = (w{, w%) is referred to as the inclusion rules
for good j, and Exw] (9 x) is interpreted as the probability that agent i gets access to good j when
announcements are #, conditional on good j being provided. Finally, 7 = (71,...,7,) is referred
to as the cost-sharing rules, where 7; (), if positive, is the transfer from agent i to the social
planner when announcements are 6. In general, transfers could of course also be randomized, but
since agents are risk neutral with respect to transfers, there are no gains from randomizing over
transfers. The pure transfer rule in (3) is therefore without loss of generality.

Denote by E_; the expectation operator with respect to (f_;, ) conditional on i's valuation
;. Agent i's conditional expected payoff when the announcements are [ given her true valuations

0; = (61,02) is

1771
i | D 0,2l (0, 2)0] — 7i(0) Vi €T,0; € O;. (4)
7j=12
Incentive compatibility, that is, the requirement that truth-telling is a Bayesian Nash equilibrium

in the revelation game induced by M, requires

Z CJ 9 :L' 9 ZL‘)9] *7-1(9) > E—i Z Cj(/e\iae—ia ) (9179—17 )9 (9179—1)

j=1,2 j=1,2
Vi € I,0€0,0; <0, (5)

Balanced-budget constraint requires that the taxes collected should be sufficient to finance the

it generates more convenient notation than either the “natural” representation or a representation following the

“distributional approach” of Milgrom and Weber [8]).



provision cost. We impose the ex ante balanced-budget constraint:5

E ZT )= > ¢ 0,2)C7 (n) ] >0. (6)

§=1,2
Finally, we impose voluntary participation or individual rationality constraint. When deciding
whether to participate in the mechanism, agents know their own valuations, but do not know
the realizations of other agents’ valuations and the outcome of the fictitious lottery x. That is,

individual rationality is imposed at the interim stage as

Ei | Y J0,2)w]0,2)0] —7:i(0)| 20, Vielb;c0; (7)
j=1,2
A mechanism is incentive feasible if it satisfies (5), (6) and (7). A mechanism is constrained efficient

if it is incentive feasible and maximizes the expected social surplus

> EC(0.2) |y w](0,0)8] =G (n)] . (8)

j=12 i€T

As a comparison benchmark, the perfect information ex post efficient rule is as follows: public
good j is provided if and only if } ;7 9{ > (Y (n), and if it is provided, no agents should be excluded
from its usage. It is well understood that, with more than two agents, such rule is implementable
only in trivial cases: either no public good should be provided in all situations, or the public good
can be financed by charging the lowest possible valuation. In any other cases we can apply Mailath
and Postlewaite’s [6] adaptation of the fundamental bargaining inefficiency result from Myerson

and Satterthwaite [9] to conclude that ex post efficiency is impossible to achieve.

2.2 Simple Anonymous Mechanisms

To characterize the constrained efficient mechanism, we need to maximize (8) subject to con-
straints (5), (6) and (7). We first exploit the facts that all control variables enter linearly in
both the constraints and the objective function and that the problem is symmetric to reduce the

dimensionality of the problem.

5The ex ante balanced-budget constraint is literally relevant only when the designer can access fair insurance
market against budget deficits. However, standard arguments (see Mailath and Postlewaite [6] and Cramton et al [4])
show that, for any allocation implementable with transfers satisfying the ex ante balanced-budget constraint, there
exists a transfer rule that satisfies the ex post balanced-budget constraint (i.e. resource feasibility is guaranteed for

every realization of #) that implements the same allocation.



Consider a simplified class of mechanisms with a generic element M = (p!, p?, n',7%,t) where

P O —10,1] for j=1,2,
W o ©;—10,1] for j=1,2, (9)
t . 6; —R.

Here p? is the provision rule, 7’ is the inclusion rule and ¢ is the transfer rule. Relative to (3), a
number of restrictions are built into the specification in (9): first, the inclusion and transfer rules
are the same for all agents; second, conditional on the realization of 6, the provision probabilities
p* (0),p* (0) are stochastically independent of the inclusion probabilities {n' (6;),n? (ei)}izl,...n;
and third, the inclusion and transfer rules for any agent ¢ are independent of the realization of 6_;.
A mechanism as specified in (9) is called a simple mechanism. Furthermore, a simple mechanism
is anonymous if p? (§) = p? (#') for j = 1,2 and every 0,6’ € © where ¢ is a permutation of §. The
index of an agent is completely irrelevant in anonymous simple mechanisms.

We now use the symmetry of the problem and the linearity in the payoffs to show that it suffices

for the social planner to focus on simple anonymous mechanisms.

Proposition 1 For any incentive feasible mechanism M of the form (3), there exists an anony-
mous simple incentive feasible mechanism M of the form (9) that generates the same value of the

planner’s objective function.

Consequently, we consider in the remainder of this paper only simple anonymous mechanisms
of the form (9). The proof of Proposition 1 uses tedious but straightforward arguments and it is
relegated to the appendix. The intuition for why we can, with no loss of generality, only consider
the simple anonymous mechanisms is simple. First, because of the risk neutrality, all agents care
only about their expected probability of consuming each public good and the expected transfer;
thus nothing is gained by making transfers and inclusion probabilities functions of §_; or by making
inclusion and provision rules conditionally dependent. Second, all agents may be treated symmetri-
cally (i.e., 7/ and t is the same for all agents) since from any asymmetric mechanism, we can create
new asymmetric mechanisms that generates the same surplus by permuting the roles of the agents.
But then, if we randomize over all n! permuted asymmetric mechanisms, we obtain an incentive

feasible symmetric mechanism that generates the same surplus.”

"The exact argument has to be slightly modified because the inclusion probabilities and provision probabilities

are potentially correlated since they both depend on 6; € ©;.



It can also be shown that, if the provision costs C7 (n) and conditional valuation distributions

FJ of the two public goods are identical, then the two goods may also be treated symmetrically:

Proposition 2 Suppose that ©' = 0% F'(-|6?) = F2(-10Y) for any 0*,0> € ©' = ©2 and C* (n) =
C? (n). Then, given any simple anonymous incentive feasible mechanism M , there exists an incen-

tive feasible mechanism M that generates the same social surplus with the property that p* (91, 92) =
p? (92,91) for all 0 € © and n*(0},02) = n?(02,0}) for all 6; € ©;.

The idea of the proof is similar to that of Proposition 1. From any mechanism, one can
reverse the roles of the goods and construct another mechanism that generates the same surplus. A

symmetric mechanism can then be constructed by averaging the initial and the reversed mechanism.

3 Pure Bundle Versus Separate Provision Mechanisms

In this section, we compare two extreme mechanisms: in the pure bundle mechanism, agents
can access either both or none of the public goods; and in the separate provision mechanism, the
provision of the two goods are separately considered. This comparison provides useful intuition
for the optimal mechanism in the binary valuation example we will study in Section 4. Note
that, under both separate provision and pure bundle mechanisms, the designer faces a single-
dimensional problem; this allows us to compare these two extremes by appealing to known results

about provision of a single excludable public good.

3.1 Constrained Optimal Separate Provision Mechanism

In a separate provision mechanism, the mechanism designer deals with the mechanism design
problem for one public good as if the other good did not exist. It is best to imagine two separate
mechanism designers respectively in charge of the provision of the two goods, with the common
knowledge that the two designers do not share information obtained from the agents. Specifically,
a separate provision mechanism for good j is a mechanism where: (1). the provision and inclusion
probability for j depends only on valuation announcements for j; (2). the financing of j is separate
from that of the other good.

Since Proposition 1 holds also for a single public good, we only need to focus on simple anony-
mous mechanisms. The optimal separate provision mechanism is a special case of the general
characterization in Norman [11] (see his Proposition 2 and 3). The asymptotic result as n — oo is

as follows:



Let F7 denote the marginal distribution over 9{ and assume that the virtual valuation 0{ —

[1 — FJ (0{)} /fj(Qf) is strictly increasing. Let
P, = argmaxp [1 — F/(p)] . (10)
pEBI

Then: (1). if pl, [1 — FJ (ﬁm)} > limy, o0 C7 (n) /n, then the ex ante probability of provision under
the optimal mechanism converges to 1 as n — oo; (2). if p, [1 — FJ (p]m)} < limy, 00 C7 (n) /n, then
the ex ante probability of provision in any feasible mechanism converges to zero as n — 00.® The
term p]m has a natural interpretation as the price that a profit maximizing monopolistic provider
would charge for access if the good is provided for sure. The basic intuition for the result is as
follows: as n — oo, the average probability of being pivotal goes to zero ; thus it becomes impossible
to price discriminate between agents with the same inclusion probability. Under the assumption
that virtual valuations are increasing, the best inclusion rule is a threshold rule where agents are
included if an only if their valuations are above the threshold. Hence, all agents above the threshold
must be charged with the same price. Norman [11] also shows (in his Proposition 4 and Lemma 3)
that average cost pricing is asymptotically optimal whenever the provision probability under the
optimal mechanism converges to unity, where the notion of “asymptotic optimality” is that the
difference in per capita surplus between the best average cost pricing mechanism and the optimal
mechanism can be made arbitrarily small as n is sufficiently large. Average cost pricing in this

context is simply to find the smallest p*/ such that C7 (n) /n = p* [1 — FI(p*7)].

3.2 Example 1: Pure Bundle versus Separate Provision Mechanisms with In-

dependent Uniform Valuation Distributions

We now provide an example to illustrate the basic ideas. Assume that 6; and 6? are both
uniformly distributed on [0, 1] and stochastically independent; and C7 (n) = cn for j = 1,2 where
c<1/4.

Under these parametric assumptions, the “monopoly price” defined in (10) is pfn = 1/2; and
o [1 — FJ (pﬁn)} = 1/4 > c¢. Thus, Norman [11]’s results discussed in Section 3.1 imply that,

under the separate provision mechanisms, it is asymptotically optimal to provide both goods with

8More generally, when the valuation of different agents are drawn from different distributions (as in Norman [11]),

the monopoly prices will be individual-specific.
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Figure 1: Bundling vs. Non-Bundling with Uniform Valuations.

probability 1 and charge a user fee equal to the average cost:’
—1/=—c (11)

Note that p/* < 1/2 = pjm, which is simply that a social planner sets a lower price than a profit
maximizing monopolist.

Now suppose that the mechanism designer continues to provide both goods with probability
one, but only offers the bundle at a user fee of p'* 4+ p?*.10 That is, agents have to decide whether
they are willing to pay p'* 4+ p?* for both goods and do not the option to subscribe to one good only.
Write 2 = 0 + 67 as agent i’s the valuation of bundle, and f and F? as its density function and
cumulative probability function respectively. Note that 0? has a triangular distribution on support
[0,2], thus f? is
00 ifeb <1

ren=q "
) 200 ifo? > 1.

Figure 1 plots p.d.f of the average valuation, 6?/2, and the single good valuation 9{ Under both

the separate provision mechanism and the proposed bundle mechanism, the utility loss compared

9That is, p*? is the smallest solution to ¢ = p’ [1 — F9 (pj)] =pi(1—p).
10This particular bundled mechanism is suboptimal, but allows a more straighforward comparisson with the best

mechanism with separate provision than the best pure bundling mechanism.
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to the first best is the surplus loss due to exclusions. Under the separate provision mechanism, the
measure of agents excluded from good j is represented by the rectangular area between 0 and p/*
below the uniform density, namely F7 (p*j ); and under the proposed bundle mechanism, it is given
by the triangular area between 0 and p’* below the density of 92’ /2, namely F? (2p7 *)

Since p’* < 1/2, we have that F°(2p/*) = 2 [p7*]2

there are always fewer exclusions for either good under the proposed bundle mechanism. Equally

< p*. Thus an immediate result is that

transparent from Figure 1 is that the expected (per-good) valuation conditional on exclusion is
higher in the bundling mechanism.' This results in a trade-off where the net gain or loss from
bundling depends on p?*, which in turn is determined by the cost c. The total expected surplus loss
due to exclusions may be calculated as

ot
2/ olaol = [p7*]

0
under the separate provision mechanism and
3

2p7* 8 []ﬂ*]
b\2 19b __
| @yae ==

under the proposed bundle mechanism. Therefore, the total expected surplus loss due to exclusion
is smaller under the proposed bundle mechanism if and only if p/* < 3/8, which, from Eq. (11),
would be the case if ¢ < 15/64. Thus, if ¢ < 15/64, the proposed bundle mechanism dominates the
separate provision mechanisms from the social planner’s view point; if 15/64 < ¢ < 1/4, then the
proposed bundle mechanism is dominated.

As already mentioned, the proposed bundle mechanism is not the best mechanism with bundling.
The reason is that, since there is fewer exclusions when bundling at price 2p’*, there is a budget
surplus. The mechanism can therefore be improved upon by lowering the access charge. However,
as ¢ approaches 1/4 this positive effect becomes negligible, whereas the loss arising from the relative
increase in the expected valuation conditional on being excluded increases as ¢ increases. Hence,
there is a range of costs where the optimal separate provision mechanism dominates the optimal

pure bundle mechanism.

El

1 (Clearly, the expected valuation conditional on being excluded is % in the case with separate provision. In the

case with bundling we calculate it as

JE 00t 4

S eagt 3

VES

Hence, the expected valuation for either good conditional on being excluded is %pj *.
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3.3 Symmetric Log-Concave Densities

While welfare comparisons are ambiguous in general, the example in Section 77 suggests that
bundling tends to result in fewer exclusions than separate provision and thus increase mechanism
designer’s revenue (which in our model has welfare consequences due to the break-even constraint).
Not surprisingly, this is not true for arbitrary distributions. However, in this section we will
demonstrate that the logic from the uniform example can at least be extended to the class of
symmetric log-concave densities with non-negative support.

We first show that a profit maximizing monopolist will charge a price at which more than half

of its customers are included in expectation.

Lemma 1 Suppose that f is log-concave and symmetric with support [0,0], where § > 0. Let
0= (0+06) /2= EQg, and py, = argmax, p[l — F(p)]. Then pp, < 6. Moreover, if either f(6) >
1/ (E—Q) or 8 >0, then pp, < 0.

Notice that the only case covered in Lemma 1 where p,,, = 0 is when f is uniform with support
[0,6] .

Next, we state a result about convolutions of log-concave random variables due to Proschan [12].
Roughly speaking, the result is that if a random variable is generated by taking an average of two
draws from a symmetric log-concave distribution, then the distribution of the average is more
“peaked” than the underlying distribution of the two draws in the sense that the probability of a

given size deviation from the mean is smaller for the average than for the underlying distribution.'?

Lemma 2 (Proschan [12]) Let f be a symmetric log-concave density and let x1 and x2 be inde-
pendently distributed with density f. Denote the support by [x,T] and the mode by T = (x + ) /2.
Furthermore, let Fy denote the cumulative of (x1 + x2) /2. Then, for any x < t < T we have that

Fat) < F(t).

Now suppose that 9{, J € {1,2} has a symmetric log-concave density with support [0, 0]. We

can use Proschan’s theorem to obtain:

Proposition 3 Suppose f7 is symmetric, log-concave, has a non-negative support. and indepen-

dent from each other. Then

1. Bundling at price 2py, gives at least as high revenues as selling each good at price pp,.

12YWe are grateful to Rustam Ibragimov for the reference of Proschan’s results.
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2. If pm < 5, then there is a strict gain in revenue from bundling.

Proof. The expected revenue from bundling at price 2p,, is

0 + 62
2

2p P [0} + 62 > 2p,,] = 2py,, Pr L> pm} = 2pm [1 — Fa(pm)] -

The result is then immediate from Lemma 2 and Lemma 1. ]

Proposition 3 is on revenue maximization for a monopolistic provider. But, Norman [11] show
that whether an excludable public good can be provided asymptotically (as n — oo) in the optimal
mechanism is completely determined by whether or not a profit maximizing monopolist can break
even. Thus, if we assume that C7 (n) = en for j € {1,2}, and let p/. = argmaxp[l — Fa (p)], then

an immediate corollary of Proposition 3 is as follows:!3

Corollary 1 Suppose that p, < 0. Then, for any c satisfying pm [1 — F(pm)] < ¢ < p3 [1 — FA(p{%)],

1. the ex ante probability of provision converges to zero for both goods in any separate provision

mechanism,

2. the ex ante probability of provision converges to one in the optimal pure bundle mechanism.

To give a concrete example, note that for the uniform [0, 1] example in the previous section,
if ¢ > 1/4, we know from Norman [11] that the probability of provision converges to zero in the
optimal separate provision mechanism. However, if the two public goods are provided in a bundle,
then pi = 1/v6 and pj [1 — Fa(pih)] = 2/ (3V6) ~ 0.272.14 Thus for any c € (1/4,2/ (3V6)),
the public goods can be provided with probability one in the optimal pure bundle mechanism.

To summarize our discussion in this section, pure bundle mechanism may generate higher ex-
pected social surplus than the optimal separate provision mechanisms. First of all, bundle mech-
anisms exclude fewer consumers under some technical conditions (symmetric log-concavity of the
density function is a sufficient condition). Sometimes fewer exclusion arises together with a lower
expectation of the valuation conditional on exclusion, such as in the uniform example when c is
sufficiently low. In these situations, the proposed (albeit suboptimal) bundle mechanism clearly
dominates the optimal separate provision mechanisms. In other situations, however, the expecta-

tion of the valuation conditional on exclusion may be higher under the proposed bundle mechanism.

13Note, by definition, pi [1—Fa (pﬁ)} >pm [l —Fa(pm)] > pm[1— F (pm)]-
YFor p < 1/2,Fa (p) = F® (2p) = 2p?. Hence the solution to maxp|[l — Fa (p)] = p (1 — 2p2) is given by pA =
1/\/6 ~ 0.408, and the maximum value is 2/ (3\/6) ~ 0.272.
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Then the welfare comparison of the bundle and separate provision mechanisms depend on the trade-
off between probability of exclusion and the conditional valuation given exclusion. Intuitively, the
higher is the provision cost, the closer the average cost price is to the mean of the distribution, and
the more likely that the surplus loss per excluded agent outweighs the gains from fewer exclusion.
For this reason, bundling is advantageous for relatively low costs. It is also important to point
out that, fewer exclusion (at the sum of separate provision prices) under the bundle mechanism
implies a higher revenue, thus it is possible that public goods that could not be provided under the
separate provision mechanisms would be provided with probability one using a bundle mechanism.
This means that pure bundle mechanism also improves welfare when costs are moderately high.
Therefore, the capability of pure bundle mechanism to improve welfare can be non-monotonic in
the provision cost c.

The basic intuition for the result that pure bundle mechanism may dominate the optimal sepa-
rate provision mechanism is that the average valuation of two independent random variables is less
dispersed around its mean than the individual random variable. We qualified the above intuition
with some technical conditions of symmetric log-concavity.

We close the discussion in this section with an example to demonstrate the necessity of such
technical conditions. Suppose that, with probability a € (0,1), 9{ is uniform [0,2] and with
probability 1 — a, 9{ takes value 1 for sure. This distribution satisfies all conditions in Proposition
3 except for log-concavity. The CDF of 9{ is
07 for 67 <1

F(¢?) = 2 o
—a)+ %67 6 >1

(1
The CDF of (911 + 9?) /2 is discontinuous at 1, and the probability that it takes exact value of 1
(its mean) is (1 — a)?, smaller than the probability that 9{ takes on value 1 which is 1 — a. Write
FA as the CDF of the average. Since the jump at the discontinuity is smaller for the average and
the density is symmetric we conclude that there exists e > 0 such that F4(y) > F(y) for any
y € (1 — e, 1). Thus it is possible that, if the two goods are bundled at a price in this interval, there
would be more exclusions with bundling than under separate provision. Also note that since there

is a range of values for y that work we may smooth the example with a continuous CDF.

3.4 Example 2: Bundling of a Large Number of Independent Goods

In the previous subsection, we presented a sufficient technical condition for the bundle mech-

anism to dominate the optimal separate provision mechanisms. An alternative approach is to
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consider a large number of public goods. Intuitively, when there are a large number of goods with
independent valuations, by the law of large number, the average valuation can be made arbitrarily
close to the mean and thus less dispersed around the mean than the valuation distribution of any
signal good.

Suppose there are an infinite sequence of “potential public goods” indexed by j = 1,2, ... Let 0?
denote agent #’s valuation for good j, and assume that for each 7, 0? is identically and independently
distributed across agents and for each ¢, 0? is stochastically independent across goods. Finally,
assume that there exist finite numbers p and o2 such that EQg < p and Vang < o2 for all j.19
For this subsection, we will not impose symmetry in either costs or valuation distributions, thus
Proposition 2 will not be used.

The ex post efficient rule is to provide good j if and only if Y " , 0? > (7 (n) and exclude
nobody from usage. What is the provision probability for good j under the ex post efficient rule?
We consider two cases of public goods. First, if EHg > limy, 00 C7 (n) /n = ¢, then there exists N
such that C7 (n) < nc? + n(EQi — /) /2 for every n > N. Applying Chebyshev’s inequality, we have

n ' . [ n ' j j
Pr [Zeg < ¢ (n)] < Pr|Y ¢ < @
i=1 i=1

noo . o
=Pr [Z@i —nE# < —%] (12)
i=1

B 4Var (Zl 95) 4o

n(EQi —d) <
n2(E9g —cf)? n2(Eﬁg - cj)2.

< Pr 5

>

zn: 6] — nE6? <

i=1

Hence, for every € > 0 we can find some N’ such that the probability that the ex post efficient rule
provides good j is at least 1 — €. Second, if Eﬁg < ¢/, then a similar argument establishes that the
first best provision probability converges to zero as the number of agents goes to infinity. Since only
the first case is interesting, so we will now assume that there exists 6 > 0 such that EQg —d>6
for all j for the remainder of this section.'®

We now show that when the number of public goods is sufficiently large, bundle mechanisms
can approximate the ex post efficient rule. Let m be the number of public goods and we will study
what happens when m — oco. Let € > 0 and consider an anonymous mechanism where all m public

goods are provided for sure (p? () = 1 for all # € © and all j) and where the inclusion and transfer

15This is guaranteed if there exists an interval [a, b] such that ©7 C [a, b] for every j.

161f EO{ > ¢ for some goods, but the inequality is reverersed for others the analysis still applies as long as there
are sufficiently many goods that should be provided in a large economy according to the ex post efficient rule. Goods
for which the first best probability of provision converges to zero may simply be dropped from the bundle and the

rest of the analysis carries over.
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rules are given by,

. 1 if Y.60 >3 B¢ —
WO) = ! 202 2Bl mem (13)
0 if X, 00 < 3, B0 — em

ZjEQg —em if Zjﬂg > ZjEﬁg —em

o) = . j j
0 if >0, <> ;E0; —em

In words, whether an agent gets access to a good depends only on her announced valuation for
the whole bundle: if her total announced valuations exceeds the threshold } . Eﬁg — em, then she
gets access to the bundle and pays a user fee of Z]‘ E@g — ¢; otherwise she is excluded from the
bundle and pays nothing. Truth-telling is a dominant strategy for this mechanism and participation
constraints are satisfied. Thus we only need to check the budget balance constraint (6).

By the assumption of a uniform upper bound ¢? for the variances of 9} .0 we can use
Chebyshev’s’ inequality to get

. A Var (Z] 95) mo? o?
Pr Z@f — ZEQZ < —em| < 3 < 2,7 = (14)

Since the right hand side converges to zero as m — oo, there exists m < oo for every ¢ > 0 such

that, for every m > m,
Pr ZQ{ — ZE@f < —em| <e. (15)
j=1 j=1

The interpretation of (15) is that the probability that an agent is excluded to consume the bundle
in mechanism (13) can be made arbitrarily small as m is sufficiently large. Thus, for every € > 0,
there exists m such that, for all m > m, the expected user fee collected in the proposed bundle

mechanism, Ent (), satisfies
Ent (0) > n(1—¢) ZE@J—sm . (16)

Since we are considering the case in which there exists N such that for all n > N, ¢V (n) <

n(EQi + ¢7)/2 for every j, we know that, for all m > m,n > N,

Ent (0 i )>n(l—e¢) ZE@g—sm —nZ(E95+cj)/2. (17)
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Let 6 > 0 be the uniform bound of EQg —d (EQ{ — ¢/ > 6 for all j), and p be the uniform bound
of EQg (EQ{ < u for all j), we have

n(l—e) [ Y EW —em | —nd (EO] +)/2

vV

3

3
—
N |

|

[O)
=

+
—

|
Ny
=

Thus if we pick € < ¢/ [2 (1 + u)], inequality (17) implies that when m and n are sufficiently large,
the proposed bundle mechanism satisfies budget balance constraint. Moreover, as inequality (15)
shows, the probability that an agent is excluded can be made arbitrarily small (i.e. approaching the
ex post efficient rule of “never exclude”) when m is sufficiently large. We thus conclude that the
proposed bundle mechanism can approximate arbitrarily well the outcome of the first best efficient
mechanism as m and n are both sufficiently large.

However, under the optimal separate provision mechanism, the problem collapses to a special
case of a model considered in Norman [11], and it is known from his results that the probability
of exclusion is bounded away from zero. The example thus illustrates that bundling the goods
together may improve economic efficiency.

The intuition for the above double infinity (n and m both go to infinity) asymptotic results
is as follows. By selling usage of the goods only as a bundle, the valuations of individual goods
become irrelevant and the mechanism designer only need to provide consumers to reveal the average
valuation of the bundle. But, the distribution over the average valuation collapses into a mass point
as the number of goods in the bundle is taken to infinity, so the informational problem essentially
disappears. Unlike the case with private goods, efficiency is not compromised when all agents are
provided access to the public goods even when their valuations to particular goods may be below

the per capita costs.

4 The Model with Binary Valuations

So far, we have demonstrated the welfare improvement potential of pure bundle mechanism over
optimal separate provision mechanisms under two sets of conditions: (1). there are finite number

of public goods but the valuation distributions are symmetric and log-concave; (2). the number of
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public goods is large. However, the optimal mechanism with multiple public goods may not involve
pure bundling. To characterize the optimal mechanism, we consider a simple discrete version of
our general model for tractability.

Suppose that there are two public goods and the valuation of each public good is a binary random
variable and independent. For tractability, we assume that the two public goods are symmetric in all
respects. More explicitly, the valuation for good j can either be “high” (94 = h) or “low” (04 =1).
Thus the type space for an individual is ©; = {(h,h), (h,1),(l,h), (1)
we will henceforth write 6; = hh instead of (h,h), 6; = hl instead of (

other valuations. In the baseline model we also assume that o = Pr[f} = h] = Pr[#? = h] € (0, 1),

}. For notational brevity

h,1), and analogously for

implying that the probability distribution F' over ©; is:'”

{aQ,a(l—a),oz(l—a),(l—a)Z}.

Finally, we assume that costs are given by C' (n) = C? (n) = cn. The most important simplification
here is that costs are the same for both goods, which together with the symmetry on the demand
side will allow us to restrict attention to symmetric optimal mechanisms. The per capita costs are
also kept constant, which does simplify the notation, but would be easy to relax.

An ex post optimal mechanism is to provide good j if and only if > 7" ; 0{ > (>)C7 (n) = cn. If
h < ¢ “never provide” is thus ex post optimal, which can be trivially implemented. Furthermore,
if [ > ¢ “always provide” is ex post optimal and can be implemented by charging a constant tax
equal to c. We therefore maintain the assumption that [ < ¢ < h in order to keep the problem

interesting.

4.1 Asymptotic Provision Probabilities under the Optimal Separate Provision

Mechanisms

In this section, we establish as a benchmark the asymptotic provision probabilities of the two
public goods when the provision problem for each public good is considered in isolation. As we
argued in Section 3.1, we need only to consider simple anonymous symmetric mechanisms.

To emphasize that the solution depends on the size of the economy we denote a separate

provision mechanism for the provision of good j in an economy of size n by (ph, 7%, ), where

"While independence across agents is absolutely crucial for the analysis, independence across goods is not.
Everything would go though with rather minor modifications with a probability distribution of the form
{a(hh) , ‘7(—27”2, ‘7(—2ml,a(ll)} , where o (m) is the probability of a “mixed type”. That is, as long as the symmetry

is kept we can handle positive or negative correlation between the valuation for the goods rather easily.
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ph{1,...,n} — [0,1] and p}, (m) denotes the probability of provision if m agents announce a high
valuation for good j; 775, € [0,1] is the inclusion probability for type I and t, = (t)(h), th(1)) are the
transfers. In principle it is also possible to exclude agents of type h, but this tightens the downwards
incentive constraint for type h and is an option that will never be used, so we immediately build
that in to the mechanism to simplify notation. Arguments similar to Propositions 2 and 3 in
Norman [11] can be used to get a tight characterization of the asymptotic provision and inclusion

rules under the optimal separate provision mechanisms:
Proposition 4 (Norman [11]) Consider a sequence of economies of size {n} > . Then,
1. if ah < ¢, limy,_,o Ep%, (m) = 0 for any sequence of feasible mechanisms {p%, 7)%, t%};

2. ifah > ¢, limy o0 Epﬁl (m) =1 for any sequence of constrained optimal mechanisms {%7 77%, f%} .

Moreover, the sequence {p%,n%,t%} satisfies:

ah —c
li Jo_
oo ™ = o — 17
ah —c

L.

ah —c ah —c
{1_ah—l]h+ah—l

The formal proof is omitted here, instead we provide an heuristic explanation for the result.
Since the effect on the provision probability from any individual announcement is negligible in a

large economy, the incentive constraint for a type-h agent is roughly that

Ep), (m) h — B, (h) > Ep, (m) i,k — ().

and the participation constraint for the low type dictates that #,(1) = Epl (m)7.l. Because the
incentive constraint for the high type binds in the optimal mechanism, budget balance then requires

that, approximately,

Ep (m)e = atj(h)+ (1 - a)A%(l) a [th() +Ep}, (m)h (1=7,)] + (1 — ) &,(1)
= (1) + aEp), (m) h (1 —7})
= Ep!, (m) Ll + Epl (m) ah (1 —7,) . (18)

18Details available on request from the authors.
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Hence, 7, ~ (ah — ¢) / (ah — 1) follows from (18) since in the limit it is valid to ignore the effects
from being pivotal. Note that, by inspecting (18), if ah < ¢, (since by assumption, [ < ¢ as well),
then limy, o0 E/p\ZL (m) = 0. Otherwise the budget balance constraint must be violated for large n.
On the other hand, if instead ah > ¢, it is feasible to provide for sure (for any n) with the transfers
specified in Proposition 4, and inclusion probability 7, = (ah — ¢) / (ah — 1) . Conditional on this

inclusion probability, the ex post efficient rule is to provide public good j whenever

mh 4 (n —m) 1 > cn,

n—m.__;
il > c.

<— mh+
mn

An application of Chebyshev’s inequality guarantees that

n—m..

n%l) :ozh+(1—oz)ah_cl>ozh>c.

plim (%h + -
Thus, the ex post efficient provision rule conditional on the given inclusion probability converges
towards “always provide”. Hence lim,, E,BZL (m) = 1 in the optimal mechanism. The limits for
the transfers can then be obtained by substituting lim,, Efﬂn (m) = 1 back into the incentive and

participation constraints.

4.2 Example 3: Improvement when Bundling is Allowed

Asymptotically, the optimal separate provision mechanisms characterized in Propositions 4
may not be efficient. First of all, the asymptotic provision probability is zero when ah < ¢ while
efficiency requires that the public good be provided whenever ah + (1 —«a)l > ¢; second, when
ah > ¢, there is still inefficiency due to positive probability of exclusion of low valuation agents,
even though the public good is provided asymptotically with probability 1. Before we characterize
the optimal provision mechanism with bundling, we first provide an example to demonstrate that
improvement can be indeed be achieved via bundling by showing a particular incentive compatible,
balanced-budget voluntary mechanism (that may not necessarily be optimal) can improve upon the
mechanisms without bundling.

Suppose that ah + (1 — «)l > c¢. Consider the following provision mechanism with bundling:
o thh =t =ty = 2¢/ (2a — o?) 1y = 0;

® Npp =MNp =mp =1, =0.

e pl(m)=p*(m)=1forallme {0,1,...,n}, i.e. always provide the public goods.
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Notice that the (ex ante) budget balance constraint holds for any n by construction of the

mechanism since

oPtpp 4+ (1 — @) aty + ol — a)ti, + (1 — @)’ ty

2c
— 2 J— —_ R i p—
= [+(1-a)at+a(l—-a) 5o a7 = 2

It can also be verified that all the incentive compatibility constraints are satisfied for any n if
h+1—2c/ (20— a?) > 0.

Now, suppose that the valuations of each public good satisfies that [ < ¢, and ah < ¢, then by
Proposition 4, we know that the provision probability without bundling converges to zero for each
good. However, if h +1 > 2¢/ (2a — a2) , the mechanism proposed above will provide both public
goods with probability one. It is also easy to show that there exists configurations of [, h, ¢ such

that [ < ¢,ah < cand h+1>2¢/ (2a — a?). We summarize the above discussions as follows:

Claim. Fiz any ¢ > 0, € (0,1). There exists h > | such that the provision probability under
the optimal separate provision mechanisms is zero but they are provided with probability one

under the proposed bundle mechanism.

The range of values of h and [ for any ¢ > 0, and a € (0,1) for which the above-proposed
bundling mechanism outperforms the optimal mechanism without bundling is depicted in Figure 2.
The intuition for the improvement of bundling mechanism is as follows. In the revenue maximizing
mechanism without bundling, only high valuation types are included in the public good provision,
thus a fraction o? of the agents are included in both goods, and a fraction 2a (1 — a) agents are
included on one and only one good, and the remainder agents are excluded from both goods. In
the proposed bundling mechanism, all agents are included in both public goods except that type-li
agents are excluded from both. Thus in the bundling mechanism, more agents contribute since

only (1 — a)2 consumers are excluded, even though the contribution is smaller per agent.

4.3 The Full Design Problem with Binary Valuations

We will now solve the design problem to maximize social surplus (8) subject to the incentive
compatibility constraints in (5), the feasibility constraint (6) and the participation constraints (7).
Appealing to Proposition 1 and 2, we consider only simple anonymous mechanisms that treat

the two public goods symmetrically. For each § € © = {hh, hi,lh,l}", let © = (T, T, Tin, T10)

22



............... ah = c
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Figure 2: The Bundling Mechanism Outperforms Optimal Non-bundling Mechanism in the Shaded Region.

denote the number of agents announcing different types, and let
X, = {.I'E {0,...,n}4 Z.I‘hh—F.I'hl—Fl'lh—i-l‘ll:n}. (19)

be the set of possible values z (0) can take when there are n agents. The anonymity of the mechanism
implies that the provision rule depends only on the number of agents who announce different
valuation combinations. That is, with some abuse of notation, the class of mechanisms we consider

is

M= <{pj?77j}j:1,2 7t> ,J€4{1,2}, (20)

where p/ : X, — [0,1],7/ = (nih,nil,n{h,n{l) € [0,1]* and t = (tun, thr, tin, tu) € R* satisfy
P (@hns Tht, T wu) = P (Thi, Tin, Tht, Ty) (21a)
Mhi = MansThi = Mihs M = MM = ity tht = i (21b)

To ease notation, we define
s (z,n) = <7ﬂlh33hh + ﬁill“hl> h+ (ﬁ{hiﬂm + 7){;%1) [ —cn

as the surplus generated if good j = 1,2 is provided in state x (given truth-telling) if the inclusion

probability is 77.
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Now we provide more details of the constraints that a mechanism m € M must satisfy. First,
we need to be explicit about the probability distribution of the random variable z. For any = =
(Thhs Thi, Tin, Ty1) € Xy, the probability mass of z, denoted by a, (x) is:

i

= e ()™ e (L= @) fa (L ) [CETIR (23)

a, (x) n!

Now we write down the incentive compatibility constraints. In principle, there are a total

of twelve incentive constraints to be satisfied. However, in our environment, types are naturally
ordered as hh being the “highest type”, hl and [h being “middle types” and [l being the “lowest
type”. We therefore conjecture that only downwards incentive constraints are relevant and will
therefore ignore all upwards constraints as well as the constraints between type hl and [h. Once
the solution to the relaxed problem is fully characterized, we will verify that the other omitted
constraints are satisfied. Finally, it is easy to check that if hh is better off announcing her true
type than type hl and hl is better off announcing her true type than [, then there are no incentives
for hh to announce [l. Together with the symmetry of the mechanism (21), we have two distinct

incentive constraints constraints:

20 Y ower,, An—1 (@) p* (Tnn + 1, Zpt, 2o, T) h — thy >
77;1” erXn—l an—1 (z) p' (Thh, T + 1, 2, )b (24a)

+n35, > wex, , an—1(T) P (Thh, Tty i + 1, 2y)h — th,

M >ozex, ; an—1 (x) pH(Thn, Thr + 1, 2i, xu)h
+7711h erxn,l an—1 () pt(Thn, Ty in + L zp)l — ty > (24b)
M Yowex, , n—1 () P (Thh, ot Tin, xu + 1) (B + 1) — ty,

where (24a) states that type-hh agents do not have incentives to mis-report as type hl; and (24b)
states that type-hl agents do not have incentives to mis-report as type Il.

Next, given that all downward incentive constraints and the participation constraint for type
Il are fulfilled it follows by a standard argument that the participation constraints for types hh, hl
and [h are also fulfilled.!® Hence, using symmetry (21), we can write the only relevant participation

constraint as

2y Z an—1 () p"(Thn, Thi, Tin, vy + 1)1 — 1y > 0. (25)
X, 1

19The argument is that, by incentive compatibility, all higher types are better off than pretending to be type 1.
Since the payoff from pretending to be Il is higher than the payoff for a (truth-telling) type ll, interim indivdual

rationality follows for any other type.
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Finally, the budget balance constraint can be simplified considerably due to the simple transfer

schemes and the constant per capita costs. That is,

E Z”(Q)* Y P@c ()] = ZEQ(@)— > Ep () C7 (n)

Jj=12 Jj=12

= n Ozzthh + « (1 — a) [thl + tlh] + (1 — 04)2 tn — Z Ep] (z) c
j=1,2
We may thus express the budget balance constraint (6) in per capita form, using symmetry (21)

and the explicit expression for Ep’ (z), as

Pty +a(l—a) 2ty + (11— )ty —2¢ Y ay (2)p' (z) > 0. (26)
reX,

Using again the symmetry (21), we can thus express the relaxed programming problem as:?

1 1 1 1
Thh + My Tht) b+ T + )l
max 2 Z an () p' (2) (Mhnnn + Nhyn) (mipin + myu) e (27)

1plt n
{ptmtt} ook,

s.t. (24a)-(24b), (25) and (26),

ng, > 0,1 —ng, > 0 for each 0; € ©;, (28)
p' (x) > 0,1 — p! (z) >0 for each 2 € X, (29)

where the social planner’s objective function is written in per capita form.
Lemma 3 There exists at least one optimal solution to (27).

The proof is standard by first compactifying the constraint set and then applying Weierstrass

Theorem.

5 The Optimal Mechanism

It can be shown that Slater’s’ condition for constraint qualification holds, so the Kuhn-Tucker
conditions are necessary for an optimum. Since we know that a solution to (27) exists, these first
order conditions therefore provide a characterization of the optimal mechanism, provided that the

constraints that we ignored when formulating (27) are satisfied at the candidate solution.

20The multiplicative constant 2 in the objective function is redundant, but it aids interpretations by keeping the

units in the objective function and the constraints comparable.
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Constraint Multiplier
IC (24a) Ahh

IC (24b) Anl

IR (25) Au

BB (26) A

15, > 0 Yo,

1—mng >0 Po,

pt(z) =0 7 ()
1-p'(x) 20| ¢(2)

Table 1: Notation of multipliers.

5.1 Relationship Between Multipliers

Taxes enter linearly into all constraints and are not constrained by boundaries. It is therefore
convenient to begin the analysis by taking first order conditions with respect to ty. This allows us
to express the multiplier of any other constraint as a linear scaling of the multiplier of the feasibility
constraint. Table 1 lists our notations for associated multipliers to optimization problem (27).

The first order conditions with respect to t = (tap, tn, ty) are,

(w.r.t. tpp) —Anh + Aa? = 0,
(w.r.t. tp) A+ A+ A2a (1 — ) =0, (30)
(w.r.t. t;) At — A+ A(1— a)2 =0.

We thus immediately conclude:

Lemma 4 In any solution to (27) the multipliers (Aun, Aui, M, A) satisfy: An = o?A A =
(2a — a2) A, and Ny = A.
5.2 Optimal Inclusion Rules

We now characterize the optimal inclusion rules n'. To ease the statement of the result, we

define two linear functions G : [0,1] — R and H : [0,1] — R as

200 — o «

G@) = (1‘@2”@{@(1_@) a(l_a)h}, (31)
Oé*Oé2
H (@) = (1—<I>)2l+<1>{(12a)21—(21a)Q(thl)}
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The result is:

Lemma 5 Let M = (p', p%,n',n?,t) be a symmetric solution to (27) and let ® = A/(1+A),
where A is the associated multiplier on the resource constraint. Also, suppose that E [p7 (x) |91] >0

for all0; € ©; and j = 1,2. Then,

1 .2 .1 .2 1.
L My =M =M =M =1

1 if G(®) >0
2oy =y =y ye0.1  fG@)=0
0 if G (®) < 0;
1 if H(®)>0
S.omp=ny=9q yel0.1] ifH (@) =0
0 if H(®) < 0.

The formal is proof is relegated to the appendix. Here we provide an interpretation of this

result. Note that ® = A/(1+A) €[0,1], and G (®) > 0 if and only if

Term 1 Term 2

(1-®)a(l-a)2l+®[a(2—a)l—a’h] > 0. (32)

for all ®. To understand term 2 in expression (32), consider two candidate inclusion rules. The first
candidate is 7711h = 77;2” = 7711l = 7712l = 0, which states that agent ¢ is given access to good j if and only
if her announced valuation for good j is h. Since high valuation agents are willing to pay h for access
to a good, the expected revenue from such an inclusion rule is at most 2h x a2 +hx2a (1 — a) = 2ah
from each agent. The second candidate inclusion rule is nllh = n%l =1and 7711l = 7712l = 0, which states
that an agent is given access to both goods as long as one of her announced valuation is high. Under
this inclusion rule, all agent types except Il could be charged h + [ for access to both goods. This
results in an expected revenue per agent of at least [0 +2a (1 —a)] (h+1) = a(2—«a) (h+1).

Thus, the marginal revenue effect of increasing 7711h and n%l from 0 to 1 is given by
a2-a)(h+1)—a2h=a(2—a)l—a?h,

which is term 2 in expression (32). Term 1 in expression (32), 2a (1 — «)l, on the other hand,
captures the marginal increase in per capita surplus from increasing 7711h and 77%1 from 0 to 1.

Thus we show that G (®) is essentially a weighted average of the optimality conditions for an

27



unconstrained social planner and a profit maximizing provider, where the weight on term 2 — the
effect on revenue — is higher when the shadow price of revenue, namely, A, is higher.

Clearly, if both term 1 and term 2 are positive, then both the social planner and monopolistic
provider prefers setting n}, = n2; = 1. On the other hand, if term 2 is negative, i.e. if (2 —a)l <

a?h, then some algebra on expression (32) shows that G (®) > 0 if

1—a)2l
0500 = G
Clearly, ®;; > 0 but ®}, < 1 only when a (2 — )l < a?h. That is, when there is a conflict of
interest between the surplus maximizing social planner and a revenue maximizing monopolistic
provider, i, = n2; = 1 will be optimal only when A, or the shadow price of resources is sufficiently
low. To summarize, item 2 of Lemma 5 could be restated as: there exists a critical value ®};, € (0,1)
such that G (®) > 0 if and only if ® < &};.

Analogously, H (®) > 0 if and only if
(1-®)(1—a)?204+ 020 —a(2—a)(h+1)]>0.

The term (1 — a)?20 is the gain in social surplus when n}, and n% are increased from 0 to 1; and
the term 21 — « (2 — ) (h +1) is the revenue effect of such a change. Thus, H (®) is again a
the optimality conditions for an unconstrained social planner and a profit maximizing provider. If
2l—a (2 —a) (h+1) > 0, the H (®) > 0 for sure and 0}, = n% = 1 is optimal. Otherwise, H (®) > 0
if and only if

i (1—a)?2
<P = .
=T 0 @2—a)(h-1)
Note
—t = 1
o 1-a

This implies that type-hl or type-lh agents are always “first in line” to get access to the good
for which they have a low valuation in the following sense: if 77111 = 77[2[ > 0, then we know that
d < @f < @}y, thus nfy, = 12, = 1; symmetrically, if nj, = n?, < 1, then we know ® > &% > &7,

then 77111 = 77121 = 0. We summarize the above discussion as:

Lemma 6 Suppose that E[p’ (x)]0;] > 0 for all 6; € ©; and j = 1,2. Let ® = A/ (1+A). The

optimal inclusion rule satisfies:

1. All agents with a high valuation for good j is included with probability one for using good j if

1t is provided;
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2. If & < @} < Bf |
3. Ifd =0 < &,
4. If ) < ® < @,
5. If @ < @ = @5,

6. If & < @, < @,

then all agents get access to both public goods.
then nj, = n% € [0,1] and 0}, =2, = 1.

then nf, =n% =0 and n}, =n3; = 1.

then nj, = n% =0 and nl, =%, € [0,1]

then ny = njj =1y, = 1y =0

While we have not yet determined the value of A in the optimal mechanism, we have a rather
simple characterization of the optimal inclusions as a function of the still unknown multiplier on

the resource constraint.

5.3 Optimal Provision Rules

Now we analyze the optimal provision rules p? (x). Take the first order condition with respect

to p! (x) in maximization problem (27), we obtain

1 1 h 1 1 1
2a, (ZL‘) (Whhxhh-‘r??hlxhl)n+(771hxzh+77ul‘ll) —c| + >\hh [277’11han_1 (l'hh _ 1’ Thiy Tih, l'll) h]

—Anh [Mh@n—1 (@hh e — 1, e, ©) h — 03801 (Thas a2 — 1, 20) b

+ Xt [Mhyan—1 (This Tht — 1, 2in, ) B+ njan—1 (Tan, Tho, 1w — 1, 20) 1]

—Ant [(Mhan—1 Tk, Thts Tins 2u — 1) (h+ 1] + Mi2njan—1 (Tph, The, in, oy — 1)1
—Aay, (z)2c+ v (2) — ¢ (z) =0,

where we adopt the convention that if xp, = 0, then a,_1 (zpy — 1, zpy, 1p, ) = 0; and so on.

Using the following identities between multinomials,

anl\T) x an T xT

an—1 (Thn — 1, Tty Tin, i) = —:;(2 )—Mn ; an 1 (Thn, T — 1, Tip, Ty) = a(’{(_(l)—# (34)
a(z) = 1 T

an—1 (Thh, Thi, Tin — 1, wy) = a(l(_)a)—#% an—1 (Thh, This Tin, T — 1) = 1) S,

exploiting the relationships between multipliers in Lemma 4, and substituting n}Lh = 77}111 =1 due

to Lemma 5, we can simplify (33) to

9 [(xhh-i-whz)h+(;711h1»‘1h+77111xu)l B C:| (1 ®)

+a?d [2a2 Sh— s wth Ulha(ka)_ﬁ&h} (35)

+a(2—a)® [ﬁ%ﬁih + n}hﬁ%@l — nlll(l_la)z (4 )
+¢2n}l (lja)2 %l - @26 + % — O’
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where ® = A/(1+ A). This condition can be interpreted as a weighted average of surplus (the
term multiplied by 1 — ®) and profit maximization (the terms multiplied by ®).

We can collect terms in (35) and simplify it as

G(@)
pmunpy 4 oz — 9e 4 2t {1 _ gy y o[22, o,
n n n th all-a) a(l—a)

A\

9 (2 —a)ay } } (2)— (=)
yempl ) (1 - )20 + & [ - —(ht)|+7 =0.

;From Lemma 5, we know that nl, = 0 if G (®) < 0 and n}, = 0 if H (®) < 0. Therefore, if we

define
xy, max {0, G (P) } , T max {0,H (®)}

(T @) = Thhy T B
Q' (5.0) = hp4 Ty 4 : . : c. (37)
(36) can be further simplified as
20" <£7Q)> + M =0.
n a, (x)

Lemma 7 Let M = (p',n',t) be an optimal solution to (27) and ® = A/ (1 + A) where A is the

multiplier associated with the constraint (26) at the optimal solution. Then,
1. p' (z) = 1 whenever Q' (xz/n,®) > 0,
2. pt (z) =0 whenever Q! (z/n,®) < 0.

Analogously, given the multiplier A associated with the balanced-budget constraint at the op-
timal solution, the optimal provision rule for good 2 is determined by the value of a function
Q? <£,<I>> = Zhhpy o T I ax {0,G ()} + U ax {0, H(®)} —¢,
n n n n n
such that p? (z) = 1 whenever Q? (z/n,®) > 0 and p? (z) = 0 whenever Q? (z/n,®) < 0.

To summarize, we have characterized the optimal inclusion and provision rules for any given
value of the Lagrange multiplier A associated with the balanced-budget constraint. Such charac-
terization provides some partial information regarding the asymptotic provision probability in the
optimal mechanism with bundling. For example, the above characterization tells us that ah > cis a

sufficient but not necessary condition for the provision probability to converge to one.?! In contrast,

21Recall that in the example in Section 4.2, the proposed bundling mechanism achieves provision with probability

one for cases when ah < c.
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in the model without bundling, ah > ¢ is the necessary and sufficient for asymptotic probability
one provision. To see this, write u = <a2, a(l-—a),a(l—a),(1- a)2> as the asymptotic propor-
tions of agents with different valuation combinations hh, hl,lh, and Il; and write &, = A,/ (1 4+ A,,)
where A,, is the associated multiplier on the resource constraint in the optimal solution when the

number of agents in the economy is n. Note that

lim Q' (Z,@.) = Q" (1.®)
= ah+a(l—a)max{0,G(®)} + (1 —a)’max{0,H (®)} —c (38)

where ® = lim,, 0o ®,. Thus a sufficient condition for Q! (i, ®) > 0 (and hence probability one
provision of public good 1 asymptotically) is ah > ¢. A similar conclusion can be obtained for

public good 2.

5.4 Asymptotic Results

In this section, we provide a full characterization of the asymptotic provision probability in

o 2
an optimal mechanism. We index the mechanisms by the size of the economy by { Oy T, tn} o
j

where p}, : X, — [0,1] is the provision rule for good j, and 1} = (n (Lh) , ) (1)) are the prob-
abilities that type-lh and Il agents are allowed access to good 1 conditional on provision, and
n? = (n,% (hl),n2 (1)) are the probabilities that type-hl and Il agents are allowed access to good 2
conditional on provision; and ¢, is the transfer rule. Note that we have used our result from Lemma

5 that other types are included with probability 1 in any optimal mechanism. Our main result is:

o 2
Proposition 5 Let {p%,, M, tn} - be a sequence of optimal mechanism. Then, the following holds:

1. if max {2ah,a (2 — a) (h+1)} > 2¢, then lim, .o Epl (2) — 1 for j = 1,2;
2. if max {2ah, o (2 — a) (h+1)} < 2¢, then lim, o Epl, (z) — 0 for j =1,2;

3. if a(2—a)(h+1) > 2¢c, then there exists N < oo such that nk (Ih) = n2 (hl) = 1 for every
n > N, nk (1) =n2 () for every n and

lim ny, (1) = lim 2 (1) = nj,

where




Bundling\ Exclusion No Exclusion Exclusion
Epl* — 0 Eplf —0, ifah < ¢
No Bundling (Mailath and Ep%* — 1, ifah >c
Postlewaite [6]) (Norman [11])
Ept’ — 0,
Ep)' — 0 if max{2ah,a(2—a)(h+1)} < 2¢;
Bundling Allowed (Mailath and Epl — 1,
Postlewaite [6]) if max{2ah,a(2—a)(h+1)} > 2c
(This Paper)

Table 2: The Asymptotic Provision Probability under Different Bundling and Exclusion Possibilities.

4. If 2ah > 2¢ > a (2 — ) (h+ 1) ,then there exists N < oo such that 0 (1) = n2 (Il) = 0 for all
n > N and n} (Ih) = n2 (hl) for every n and

lim 7,, (Ih) = lim 73, (hl) = 7,
where

2a2h — 2¢
202h — (2 —a) (h+1)

Mih = €(0,1).

5.5 Summary

In Sections 4 and 5, we studied the optimal bundling mechanism in an environment with n
agents and two public goods. Each agent’s valuations for the public goods are independent and
take values h and [ with probability o and 1 — « respectively. Suppose that the per capita provision
cost of each public good is ¢ € (I, h). Table 2 summarizes our results and the existing results in
the literature with different possibilities of bundling and exclusion. The efficiency rationale for the

bundling in the provision of excludable public goods is clearly demonstrated in large economies.

6 Conclusion

This paper studies the role of bundling in the optimal provision of multiple excludable public
goods in large economies. We show that bundling in the provision of unrelated public goods
can enhance social welfare. For a binary valuation parametric class of examples, we characterize

the optimal mechanism and show that allowing for bundling alleviates the well-known free riding
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problem in large economies and increases the probability of public good provision. All these result
are related to the idea that bundling reduces the variance in the distribution of valuations.

While we solved for the optimal mechanism for the provision of multiple public goods in a very
specific example, the intuition highlighted in this paper that bundling of unrelated public goods
can play an important role in the efficient mechanism is more general. Under reasonable conditions,
bundling decreases the set of agents excluded from the public goods and it allows the mechanism
designer to collect more revenues, which in turn implies that public goods may be more likely
provided.

There are two interesting directions where we can extend this paper. First, can we characterize
the optimal mechanism for the provision of multiple public goods when the valuation distributions
are more general? Second, will a social planner sometimes find it optimal to bundle the provision of

private goods with a public goods to alleviate the free-riding problem in the public good provision?
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A Appendix: Proofs of Main Results

Proof of Proposition 1. Proposition 1 follows from the following two claims:

Claim 1 For any incentive feasible mechanism M of the form (8), there exist an incentive feasible

mechanism

((pj,n{,...,nf;)j:m,tl,....,tn> (A1)

that generates the same social surplus, where p/ : © — [0,1] is the provision rule for good j,
77{ : ©; — [0,1] is the inclusion rule for agent i and good j,and t; : ©; — R is the transfer

rule for agent 1.
Proof. Pick an arbitrary mechanism M = (¢!, (% w!, w?,7) and let k € [0,1]. For j = 1,2 and
i € Z, define the functions p? : © — [0, 1], 7){ :0; —[0,1],t : ©; — R by
. . 1 .
PO = Ex0a)= [ OO
0

B ! (0,2)00(0,2) _ Jo_, Jo @l(0.0)¢ (0.0)dzdF (0_)
](91) = E*icj(e,w) B f@,i f01 Cj(G,w)dxdF(O,i)
b if [y, fy ¢ (0,2) dzdF (0_;) =0

L(0) = B (0) = /@ T (O)dF(0-).

it [y Jy ¢ (0,7)dzdF (0_;) >0

Consider agent i of type 0; € ©; who announces 0, € O,. Suppose f®7i fol ¢ <9l, 0_;, x) dzxdF (0_;) =
0. In this case, we know that E_; [(j(éiﬁ_i,x)wg(éi,0_1',96)} = 0 since wg(éiﬁ_i,x) is bounded

between 0 and 1. Thus agent i’s expected payoff is —t;(6;) = — f®7i T <9l, 9_i) df_; under both the
original and the simple mechanism. In the other case where fe,,- fol ¢ (91, 0_;, 33) dxdF (0_;) > 0,

agent 4’s utility given the mechanism <<p7,7){, ...,n%) Ly ,t1, ...,tn> is
J: b

E_; Z pl (91', 94) n{ <9z> 0; —t; (@)

§=1,2

= Z E,iCj (91-,9,1-,1“)

E_iwg <9i,9_i,$> ¢ <9i,9_i,$>

0, — BE_;r (9 9%)

=12 E_;¢J (91-,9,1-,1“)
- j;z B (0,0-0,2) & (0,05,2) 0~ Boir (01,0
~ B, j_zmwg (01,0-5,2) ¢ (01,0-1,2) 0= 7 (8:,0-4) |
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which is the utility that agent ¢ of type 6; obtains if she announces type 6; under the original
mechanism M = ((1,(2,w1,w2,7). Hence, all incentive and participation constraints continue to

hold when we change from M to the simplified mechanism. Moreover, since

Eoi | Y O)n (00| =E_i | Y ¢ (0,2)w] (0,2)0;| for every 6;,

j=1,2 j=1,2

it follows by integration over ©; and summation over ¢ that

EIN-S 000l 096 =B >3 ¢ (0.2)w] (0,2)0;

(€T j=1,2 i€Z j=1,2
By construction we also have that p’ (f) = Ex¢’ (0,2) for every 6. Thus E [p7 (0) C? (n)] =
E [/ (0,2) C? (n)] , implying that

> B (0) | ul (0:) 0 — €7 (n)] =) E¢(0,2) [ng‘ (0,2)0; — C9 (n)] .

j=1,2 i€ j=1,2 i€
Hence, the original and the simplified mechanisms generate the same social surplus. Finally, ¢; (6;) =
E_;7 (0) implies that >, 7 Et; (6;) = >,z E7(0), thus the balanced-budget constraint is also
unaffected. We conclude that the simplified mechanism constructed in (A1) generates the same

social surplus and satisfies all the constraints if the original mechanism M is incentive feasible. m

Claim 2 For every simplified incentive feasible mechanism of the form (A1), there exists an anony-
mous simple incentive feasible mechanism M of the form (9) that generates the same social

surplus.

Proof. Suppose that a simplified mechanism M = <p7 ,77{, ...,77%) t1, ...,tn> of the form

j=1,2"
(A1) is incentive feasible. For any given 6 € O, let P, () € O denote the k-th permuta-
tion of 0; P(0) = {P1(0),..., Py (0)} the set of all possible permutations; and, for i € Z, let
Pi(0) € ©; denote the agent i's type in permutation P (f); and xi € Z denote the index of
the agent who has i's valuation 6; in permutation Py ().22 For each k € {1,...,n!}, construct

M, = <<p§;,7ﬁ;1, ...,nin>j_1 , e, ...,t;m> from the simplified mechanism M as

ph0) = pP(P(0) Voco, =12,
i (0) = W (0) V€O, j=12i€cT,
k

thi (0)) = (i) V0,€0;,1€T.

k
2270 illustrate, suppose n = 3, (01, 02,03) = ((1,2),(3,2),(2,1)). Consider, for example, purmutation k given by
P (6) =((3,2),(1,2),(2,1)). Then P; (8) = (3,2) and xj, = 2.
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Now let mechanism M = ((ﬁ]ﬁﬁ, ...,ﬁ%)j_m ,fl,...,fn> be

n!
i 1 j .
PO = GO veeo =12

70 = Z'lEM[ﬂi}(:)’T ! VO, €0picT, j=1,2

i (0;) = %Ztki(ei) Vo, €0;icl.

By construction, mechanism M is anonymous since 2’ 0) = > (9') if ' is a permutation of . Now
we argue that ﬁf (0;) is the same for all i € Z. Consider agent i and ', and suppose that 6; = 0. Tt

n!

is to see that, by construction,‘the sets { i [p,ﬂ } 771«@ )}:':1 and {E_Z { (9)} 77/<n (0 )}k.:1
are identical; moreover, E_; [’ ()] = E_; [pj (0)] . Therefore 7] (6;) = 7, (6) for all i,i' € T if
0; = 0. Finally, it is clear that ¢; (6;) = ty (0y) for all i,i’ € T if ; = 0. Thus there exists 77’ (),
such that (57{ (), ()) = (’ﬁj () ,?()) for all i € Z. Therefore mechanism M is of the form (9).
Now we show that M is incentive feasible and maximizes the social planner’s expected surplus.

First, since M and M are identical except for the permutation of the agents, we have, for k =

1,...,n!
> E {p?; 0) [Znii (0:) 0 — CY <n>] } =Y E {pf‘ 0) [an (0:) 0 — ¢V <n>] } (A2)
7j=1,2 €L 7j=12 i€l

Hence,

Sepolgree-co)]
] JZIQE{n'Z”; {2; “EW [mizﬁ o (n)”

L[S B ) ) L ]
= EoE_i{ =S /() , . Y —E|=S g (0)]c(n)
j;‘;; ’ {n'Z ‘ |: w1 B [ﬂi (9)} ]} n'; ’
SPIILRE) SR Wa»ez}—E W
j=1,2 €T L k=1
- Y ye{hS oo} -2 53 dm] oo
j=1,2 i€Z k=1
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- ahyr{ne !Z -}
5o

) (Dm0 <n>] } ,
where the last equality follows from (A2). Hence the social surplus generated by the simple anony-

i€l

mous mechanism M is identical to that by original mechanism M.
Now we show that the constructed mechanism M is incentive feasible. First, since the agents’
valuations are drawn from identical distributions and M}, and M only differ in the index of the

agents, we have Epi (0) =Ep’ (6) and E>"; 7 ti (6;) = EY ;o7 6 (65) for all k. Thus

EY G(0) - Y EF (0)C

icT j=1,2
1 TL
- EY Ztkzz —.Z
€T k=1 ] 12 k=1
= EY ti(6:) - > EJ(O)C
1€T j=1.2

hence the simple mechanism M is budget balanced if the original mechanism M is. Second, we

note that incentive compatibility holds for any permuted mechanism, i.e.,

E_i Y pl0)n]; (0:) 0] —ti(0:) > E_; > pl(0s,0_)nf,;(0:,0_1)07 — tri(0:,0—;)  (A3)

j=1,2 =12
Vi € Z, and 91,/9\1 € 0,.

Hence,

7=1,2
| j !
1N ——zﬂzﬂ T (67) 1<
= E o] Pi(@] [ } 93*5 ti (05)
=12 L' k=1 L E [ﬂ;(e)} " k=1
n!
1
= E E Efzﬂ?c(e)nkz z Z*_Ztkz z
j=12 " k=1
n!
1 .
= 3B S A ) 006 (00
T k=1 J=12
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= j=1,2
n! n!
1 N 1
= E_; E Z%(Qz,eﬂ)?ﬂﬂwi,eﬂ)@z - Ztkz(ezaefz)
=12 k=1 k=1
= > B0 0-7 (8:) 6 - 0B,
7j=1,2

where the inequality follows from (A3). Hence M is incentive compatible. Finally, M also satisfies
the participation constraints hold because, as is clear from the third line in the above calculation,

all the permutation mechanisms satisfy participation constraints. [

Proof of Proposition 2.

Proof. Consider a simple anonymous incentive feasible mechanism M = {ﬁj,ﬁj 7%}]2':1. Let M be
the “mirror image” of M in the sense that the roles of goods 1 and 2 are reversed. Specifically, for

every 0 = (61, 60%) let

/ﬁl (91792) — ~2 (92 91) a11d ~2 (91 92) — ’151 (92’91) ,
n'(0},07) =77(67,6}) and 77(67,67) =7 (67,6}), (A4)

197 1771

£(01,07) = 1(67.0;)-

1771 1771

We now show that mechanism M is also a simple anonymous incentive feasible mechanism that

generates the same social surplus as mechanism M. Notice that
E/p\l (01 92) /\1(91 02)01 _ E’ﬁ? (02 91) ~2(02 91)91
= Jpeiory | Jpeny 2 (6%.6") 7 (67,010}, dF>(6|6})| 17, dF" (6})
= Jprco2)r [ Joreory P (0,0%) 77 (0}, 03)02117_ dF2(0k|9i)} 1 dF(63) (A5)
= fprciory | fireony 7 (07 6%) (01 0030 a7 (0L163) | T, 0F2(6})
= Ep’ (01,92)~2<9%,0%>0%,
where the third equality comes from the fact that labeling of the integrand variables is arbitrary,

and the fourth from the assumption that F(-|v) = F2(:|v). Similarly,

EZ)Q (91 92) ,\2(91 92)92 Efﬁl (91 92) ~1(91 92)91 (AG)
Et(6;,07) = EL(6;,67)

Together, (A5) and (A6) imply that the ex ante utility for each ¢ € 7 is the same under mechanism
M as that under mechanism M. Moreover, since C'! (n) = C?(n) and Ep' (6',6%) = Ep? (6,6%)
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and Eﬁ2 (91, 02) = Eﬁl (91, 02) , the expected provision costs are the same, thus M and M generate

the same social surplus. Since provision costs are the same and Et(6},02) = Et(6},62), M satis-

fies balanced-budget constraint (6). We finally show that M satisfies participation and incentive

compatibility constraints. Calculations similar to that in (A5) show that

E (0/1 01 9/2 92 ) — E—i~2 (9/2 91 9/1 02 )

—19 71 2279

E_ip* (0/'0%,,077,0%,) =E_;p" (07,0%,,0",62,) .

—2 Y%

Write U(6;,0; M ) for the expected utility of type 6; agent from announcing ¢; under mechanism
M. We have

U (01,02,01,0200) =By - 7 (6,0%,,02,0%,) 7 (071, 02) 07 — 6}, 67)
j=1,2
= E_p' (07,0%,,0/',6%,) 7" (07,01) 07 + E_ip” (07,0%,,0;",6%,) ” (677,07") 0] — (67, 6})

—19

— U(02 91 0/2 0/1 M)

79V

Thus participation constraint holds for type 6; = (9l 92) consumer under mechanism M if and
only the participation constraint of type (912, 911) consumder is satisfied under mechanism M. Same
is true for the incentive compatibility constraint. We conclude that M is incentive feasible and
generates the same social surplus as M.

Now construct a new mechanism M where

PO = 1 7 0)+ =7 (6),
W (0:) = ()EM(G)MJ() _ip’ (6)
E_ip’ (0) + E_7’ (0)

1~

L) = FE0)+ 586,

l\.’)l»—t

By construction of mechanim M , mechanism M is symmetric. Arguments similar to those above
show that mechanism M satisfies budget balanced, incentive compatible and participation con-
straints. We now show that mechanism M generates the same social surplus as mechanism M. We

also notice that

Ep! (0)n' (6;,07)0;
~1 1 p2 ~1 1 2 A1

AV 2” o <9>+Ei ) "
_ I T P68 () + 7065 0)
= Fu (B0 0+ gpt 0)) PO O o
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= SEROLE)P (06} + SR (61,6007 (0) 0}

= SEOLO)P (06} + B0 607 (0) 62,

2771 2 2771

where the last equality follows from (A5). Symmetrically
B (0) (61, 69)607 = SEiP (61, 02077 () + i1 (61, 62)7" (0) 1,

thus,
> Epl (0)17 (07,090 = Y Ep (0)7 (01,6707
J=12 J=1,2

Moreover,

_ E B'ﬁl 0+ 27O+ 70+ 17 <9>] ¢ (n)
2
— BY 5 0)C (),
j=1

where the equalities come from (A4) and the assumption that C* (n) = C? (n) . Hence the expected
provison costs are unchanged. Thus, the total expected social surplus generated by mechanism M

is the same as in M. ]

Proof of Lemma 1.
Proof. Pick any 0 < e < (6 — 0)/2. Log-concavity and symmetry implies that

I f(§) = 1nf<%(5> (e+e>> %1 f(’éfe)+%lnf(f9v+e)
= Inf(@—e¢)=Inf(0+e),

thus f(N) > f(6) for all § € [0,0]. Hence, f(6) > 1/ (0 —0), since otherwise, fgf(@) o <

fe d@ = (9) (5 — Q) < 1, a contradiction. We can also check that log-concavity of f implies
that p[l — F(p)] is strictly single-peaked over [g, d]. Now,
1 ~.~ 1 6 1 16+86
Zpl-F 1 () E -
= F ), = 5 —050) < 5= 5t = 5= 5t <0,

thus together with the single peakedness, we know that p[1 — F'(p)] is decreasing in p for all p > 0.
Hence py, < 6. Finally, if f (5) >1/(0—8) or 8 >0, d{p[l — F(p)]} /dp is strictly negative when
evaluated at p = 6. Thus P < 0. [ |
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Proof of Lemma 5.
Proof. [Step 1] Consider first the Kuhn-Tucker optimality conditions with respect to n},. They

are given by
1 ithh 1
2 Z an (x) p (x) + 2\nn Z an—1 () p" (Thn + 1, Thts Tiny, xu) b+ Ypp — Gpp = 0
reX, rx€X, 1

Yinhi = 0, dpn (1 — U}Lh) =0,Yn = 0,0, > 0.

All terms except v, — ¢p, in the first order condition are strictly positive, so v, — épn < 0.
The only possibility for this is that ¢,; > 0, which requires that n,llh = 1 for the complementary
slackness constraint to be fulfilled. n%h = 1 follows from proposition 2.

[Step 2] The first order condition with respect to 7}, reads

T
2 Z ap ( hﬂ — Anh Z an—1 () p' (Thn, on + 1, 20, 20) B (A8)
TEXy Xy 1
+ M Y a1 (@) p (@hhs e + L wim, wu) h+ vh — d = 0.
xeanl

Use the multinomial relationship between a, (z) and a,—1 (x), we obtain
n
ap (v) = e (1 —a)an—1 (Thn T — 1, 2in, 2u) (A9)

holds for any = such that zp; > 1. Hence

Thl
> anl () h= =

TEX,
n Thi
= Z —a (1 —a)an_1 (Thn, Th — 1, 2in, 2) p () A=
T n
rEXn:rp>1
= « (1 — Oé) h Z an—1 ($hh7$hl - 171‘lh7$ll) 101 (:E)
rEXnrp>1
B 1
= a(l—a)h > an1(x)p" (@hn, Tn + 1, zin, 20 - (A10)
reEX,_1

Substituting (A10) into (A8), we obtain the condition

20/ (1 — ) h — Ak + Al + Ay — dpy = 0,

where
T = o
Y wex, , an—1 () pr (Thn, e+ 1 xim, i)’
~1 [y
O =

Y wex, , an—1 () pL (Thn, Th 4+ 1, 2im, 7))
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By hypothesis of the Lemma,
Ep" (@) |0;=hl] = Y an1(x)p" @pnxm + 1,20m,31) > 0.
X, 1
Thus the “rescaled multipliers” are well-defined, weakly positive, and equal to zero if and only if
the “original multiplier” is equal to zero. From Lemma 4, we know that Ay, = oA and Ay =

(Qa — a2) A, where A is the multiplier on the balanced budget constraint. Hence the condition (?7)

can be rewritten as
20 (1 —a)h — a?Ah+ (2 — a)Ah + 7}, —a,ld = 2a(1 —a)h+ 2aAh + 77, —aflll =0.

Since 2a (1 — a) h + 2aAh > 0, we conclude that ELZ > 0. Hence n}, = 1 for all z by the comple-
mentarity slackness condition. By Proposition 2, nfh = 1 follows. Steps 1 and 2 thus proves part
(1) of the lemma.

[Step 3] Consider the optimality conditions for n},. To economize on derivations, we immedi-
ately observe that

Z an_1 () p'(Thn, Thr, oo + 1, 277) = Z an—1(Thn, Thi, Tin — 1, 2)p* (2), (A11)
TEX,_1 TEX 1 xp>1

and write the optimality condition as

23 pex, an (@) p1 () P8l = M D pe v,y 51 @n—1 (T, Tht, Tin — 1, 20) p ()P

(A12)
T Y ge gy >1 An—1(Thi, Thts T — 1, 20) pH (@)l + vy, — ¢y, = 0.
Again using a multinomial relationship that, for z;, > 1,
n
a, (z) = —a (1 — @) ap_1 (Tph, Thi, Tip — 1, 771)
Tih
we have
Tin Tin
doan@pt @t = Y an(@)pt (@)
reX, TEXn T >1
n Tin
= ) 7@(1*61) n—1 (Thns Tht, T — 1,2) p! () =~

X
rEXp X p>1

= a(l—a)l Y an1(@hnzh, i — L za) p(2)
TEX i >1

= a(l—a)lE[p! (z)]0; =Ih].
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Plug this into (A12) and simplify, we obtain

0 = 2a(1—a)l—Mph+ Xl + 7 — o
= 2a(l—a)l—a’hA + (20— o?) AL+ 3y, = i
(2a — a2) a?

a(l—a) a(l—a)

= a(l—a)(1+A){(1—<I>)21+<I> +

%h*ﬁglh
(1+A)a(1—a)}

= a(l—a)(1+A) |[G(D)+

Vin — @lh ]
(I1+A)a(l-a)
where 7}, (z) and alh (z) are respectively 7y, () and ¢y, (z) multiplied by 1/E [p* (z) |0; = k] . We
thus conclude that G (®) > 0 must imply that alh > 0, hence by complementary slackness, i}, = 1.
Symmetrically, G (®) < 0 must imply that 3, > 0, hence n}, = 0. If G (®) = 0, then the value
of both multipliers must be zero, which imposes no restrictions on n}h. Proposition 2 implies that
n?%; =}, which completes the proof of part (2) of the lemma.

[Step 4] Finally, we consider the optimality condition for ;. Using an identity similar to (A11),

we can write the first order condition for nj; as

Ty

2 Z a, (z)p! (z) = — A\ Z an—1(Thn, Tht, Tin, 2 — 1)p' () (h+1)

TEXy iz >1 " rE€EXn iy >1
A\ D a1 (@ Th T, wn — )p (2)2+ vy — ¢y = 0.
rEXp Xy >1
Using a multinomial identity
n 2
an (v) = . (1 =) an—1 (Thh, This Tin, Ty — 1),

we can again rewrite the first order condition as

0 = (1—a)?2+A[2— (2a—a?) (h+D)] +7y — du

_ 2 1 A 2 (200 — 0?)
= (-q) (1+A){1+A2l+1+A 1-a)? (1-a)?

(h+1)

Yy — ¢
+(1—al)lQ(1+A)}

n — ¢
= (1-—a)’(1+A) [H(‘I’H(l_al)lQ(HA)]‘

where 7, and all are respectively vy and ¢, multiplied by 1/E [p! (x)[6; = ll] . Arguing as in the

previous case completes the proof. [
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Proof of Proposition 5.

We proceed with a few useful lemmas. The first lemma says that as n — oo, Q' (%, <I>n) —

Q' (i, ®,,) in probability:

Lemma A1 For any ¢ > 0 there exists N such that Pr (’Ql (%,@n) — Q' (u, @n)’ > e) < € for
everyn > N.

Proof. Fix an arbitrary € > 0. Let Y; (6;; ®,,) be a transformation of the random variable 6; given
by
h—c if 6; € {hh, hi}
Y; (05 ®n) = ¢ max{0,G (®,)} —c if 0; =lh
max {0, H (®,)} — ¢ if 0; =11
Since Y; (6;; ®,,) has bounded support, there exists 02 < oo such that the variance of Y; (0;; ®,,) is
less than o2 for any ®,, € [0,1]. Moreover, {Y (6;; ®,)}"_, is a sequence of i.i.d. random variables

and
Eo,Yi (05;®,,) = ah + a (1 — a) max {0, G (®,)} + (1 — a)? max {0, H (®,,)} — c = Q" (u, ®y,) .

Since for any sequence of realizations {y; (0;; @)},

"y (05;®)  amn Th Zin, xy (T
L = h —h — q)n 7H (I)TL — = o (I)” ’
;_1 - tht— max {0,G (®,)} + — max {0, H (®,)} —c=Q <n )

n n
26)

we can apply Chebyshev’s inequality to obtain

-9

e (£.00) -t

S i) gy g,
i=1

(.

Var[Y; (0;;®,)] o2
< —.
- ne? ~ ne?
Hence, Pr (’Ql (%,CI),L) — Q' (u, @n)’ > e) <eforalln >N =%/ < . |

The second lemma is an application of the Stirling’s Lemma:

Lemma A2 Let Y be a random variable with Binomial (n,p) distribution. For any € > 0 and

p € (0,1) there exists N < oo such that the binomial distribution with parameters p,n satisfies

for everyn > N and y € {0, ...,n}.
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Proof. Fix an arbitrary € > 0. The most probable value for y is the unique integer y* (n) satisfying
np — 1 <y*(n) < np+ 1, and the corresponding probability is

n!

RONETRC A

Pr(y* (n)) =

Let
r!

/ome—Trr+1/2"

By Stirling’s Formula, for every € > 0 there exists R (€) such that |s(r) — 1| < € for all » > R (e) .

s(r) =

Observing that

n!l = s (n) V 27re*”n”+%

y* (n)' = \/_6 y* )y (n)+2 7
-y (] = s (n —y*(n)) \/ﬂe*(”*y (M) [y — y* ()] W+
we obtain
n!
y* (n)![n —y* (n)]!
- s (n) \/%e_"n’”r%
s(y7 () s (n—y* (1) By My ()V" I F By ) [ — gy ()] (D+3
= s (TL) nnJr%
TS s (=5 () amyr (0)” M [ — g ()Y R

Note that for any p € (0,1),lim, o y* (n) = 0o and lim,,_.« [n — y* (n)] = co. Hence, there exists
N < oo such that y* (n) > R (e) and n—y* (n) > R (¢), implying that s (n) < 1+e€, s (y* (n)) > 1—¢,
and s (n —y* (n)) > 1 —e. We can thus bound the probability of y* (n) by.

Pr(y* (n))
n+L
_ S (n) 1’)’L +2 . py*(n) (1 . p)n_y*(n)
s(y*(n)) s (n—y*(n)) \2my* (n)?" (3 [ — y* (n)]" ¥ (W F3
1+ n"ts i e
= ( 6) I — lpy()(l—p) y*(n)
(L= Vamy: () % o~y ()] 3
(L+e) py* ™ (1 —p)"

N2 . *(p)+1 . n—y*(n)+1°
(1 6) \/% |:y T(Ln):|y (n)+3 {nf.q{n(n)} y*(n)+3
Since y* (n) /n = arg max,e(o,1) p "™ (1= p)" "™ | we know that
Y *(n) (1— p)”*y*(n) -1
[y* n T/*(n) [n_y*(n)}n—y*(n) -

n n
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Therefore,

* (1+0 I
) S e T
(1+e€) 1

— 0 asn — oco.

(A= fonr (p=3) (19 3)
Hence, there exists N’ < oo such that

(1+¢) 1

(1= \fonr (p— ) (12— 3)

Implying that Pr(y* (n)) < € for any n > max {N, N’} . Since € was arbitrary the result follows. m

<e.

Now let

ol (6:) =B [ (x) |6 (A13)

be agent ¢’s perceived probability that public good j will be provided when agent ¢ annouces type 6;.
The following lemma shows that as n — oo, agent i’s announcement would not affect the perceived
probability of provision, i.e., the probability of any individual agent being pivotal approaches zero

as n — o0 :

Lemma A3 For every € > 0 there exists N such that ‘pll (0;) — pll(ﬁg)’ < ¢ for every 0;,0 € ©; in

any truth-telling mechanism for any economy where n > N.

Proof. We only prove the result for (6;,6;) = (hh,ll). The proof for other type combinations
proceed step by step in the same way and are left to the reader. Using the now-standard recursive

formula for multinomial probability mass function, we have

pi (hh) = Z an—1 () [p"(xhh + 1, 2ht, Tin, 201)|
X, 1
pi ) = > an 1 () [p" (@hn zht T, T + 1))
weanl

Let p' maximize the difference between p} (hh) and p} (1) and let p} (hh) and p; (I1) be the perceived

provision probabilities when the provision rule is p*. That is,

P, %o, > a1 (@) [p"(@nn + 1,20, i, w0) — pN(@hn, Th T, T + 1)), (A14)
pridn= Y xeanl
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It is clear that the solution to (A14) is given by

5 (2) = 1 if an—1(@pn — 1, Tat, Tins Tu) 2 an—1(Thh, Tho, Ton, Tu — 1) (A15)
0 if ap_1(zpn — 1, 21, i, 2n) < a1 (Thn, This Tin, oy — 1).

Using the explicit formula for a,,—; (z), we can express (A15) as

1 lf mh2h 2 Zy 5
Fa=g e 0 (A16)

0 1 e < m
Fix an arbitrary € > 0 and let m = xp; + 27, < n — 1. Since m is a binomial random variable with
parameters p = 2a (1 — «) and n — 1, we know, by law of large numbers, that there exists N < oo

such that

m €
> — < —
Pr (n 1 2 (1 a) + 6) 9 (A17)

for every n > N. Moreover, conditional on m, xpp is binomially distributed with parameters
p=a?/[1-2a(1—a)] and n — 1 —m. Thus, we know from (A16) that, conditonal on m, there
exists a single value Ty, (m) such that p*(Tpn (M) +1, 2h, 210, o) = 1 and 5 (T (M) , Tt 2in, T +
1) = 0; and for all other realizations the of zyp, the provision proability is unaffected by agent s

announcement. Lemma A2 implies that there exists N’ < co such that

Pr (zpn = Thy (m)|m) < (A18)

N

for all n such that n —1 —m > N'.
Now let n* = max{N,#/_a)_e+1} < 00. Then, N' < (n—1)[1 —2a (1 — ) — €] for all

n > n*. Hence, for all n > n*,

Prin—1—-m<N]=Prm>(n—-1)— N
<Prim>n—-1)—(n—-1)[1-2a(1—a)—¢€] (A19)
=Pr [ > 2a(1-a)+e| <5

where the last equality follows from (A17). Hence, for n > n*, n — 1 —m < N’ with probability of
at least 1 — €/2. Thus, for n > n*,

p; (hh) =77 (1) = Y e, @an—1 (%) [P (xhn + 1, 2h1, Tiny ¥0) — B (Thns Tht, Tin, 2 + 1))

= Y o Pr(m) Pr (@ = Tpn (m)| m)

= Z” 1 NPy (m) Pr (zpn = Tpa (m)| m) + > Pr(m) Pr (apy = Ty (m)| m) (A20)
(m) § + Xy Pr(m)

:%Pr[n—l—mzN’]—I—Pr[n—l—mSN’]Se
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where the second equality follows from the definition of Zpp (m) ; the first inequality follows from
(A18); and the last inequality follows from (A19).
Similarly, let Bl solve

g €arg Xmir[lo 1] Z an—1 () [p"(xhn + 1, 200, 2, ) — 0 (Thhs Tt Ty v +1)], - (A21)
p:n—U, €X), 1

and let B; (hh) and B; (1) be the associated perceived provision probabilities when the provision

rule p'. A solution to (A21) is

1if Zhh < Fl,
o' (@) = o " (-ay (A22)

if Zhh T
0 if g > 1-a)?’

which is just reversing of provision rule p'. Hence, conditional on m, Bl (Thn (M) +1, xpg, 2, xy) =0
and Bl (Tpn (M), xpy, Typ, o + 1) = 1; and for all other values for xjp, agent i's announcement does

not affect the provision probability. It thus immediately follows from out previous calculations that
B; (hh) — B; (i) =— ”231 Pr (m)Pr (zpp = Tpp (m)|m) > —e. (A23)
m=0
It follows from (A20) and (A23) that, for any conceivable provision rule,
—e < p; (hh) = p; (1) < p; (hh) — pj (1) <y (hh) =P (L) < €.

The implication of Lemma A3 is as follows: as n — oo, the perceived provision probability
of public goods are little affected by agent ’s own announcement; thus such perceived provision

probability must be near the ex ante probability of providing the good.

Lemma A4 For every € > 0, there exists N such that, for allmn > N, ‘E,o1 (z) — p} (91)’ < € for

all 6; € ©; in any truth-telling mechanism.

Proof. Fix € > 0 arbitrarily. Let N be such that |pj (6;) — p; (6;)| < € for every n > N, 6;,6; € ©;.
Then
o' (x) — pi (0:)]
— 2ot (hh) + (1 —a) pl (hl) +a (1 — @) p} (1) + (1 — a?) p} (1) — p(65)]
a?[pi (hh) = pi(09)] + a (1 = @) o3 (Rl) — p; (6)]
o (1=a) |pi (h) = pi (0:)] + (1 = )* |} (1) = p; (60:)]

eta(l—a)et+a(l—a)e+(1—a)e=em

IN

IN
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(Proof of Proposition 5). Now we use the above lemmas to prove Proposition 5. We prove
the four parts of the proposition in order.

(PART 1) We first prove part 1. Note from (38), we know that Q' (i, ®,) > ah — c for
any @, € [0,1], hence lim,, .o, Q' (1, ®,) > ah — c. Thus if ah > ¢, part 1 of the proposition
immediately follows from Lemmas 7 and Al. Suppose instead that a (2 — ) (h+1) > 2¢ > 2ah.
Then,

Q' (1, ®,) = ah+a(l—a)max{0,G(P,)} + (1 —a)’max{0,H (®,)} — ¢
> ah—c+a(l—a)G(P,)

- ahc+a(1a){z(1q»n)+q>n[2o‘o‘2z o )hH

201l —a) 2a(l -«
2=l ]

= (1—(I>n)[ah+a(1—a)l—c]+<1>n{ 5
Observe that

a2—a)(l+h) o a(2—a)(l+h)
| = 5 +7(h—l)> 5 :

Hence, Q' (u, ®,) > w —c>0if a(2—a)(h+1) > 2¢, then for all ®, € [0,1], implying
that lim,_ee Q! (1, ®,,) > 0.Thus by Lemmas 7 and Al, lim,_.. Egl () — 1 for j = 1,2. This

ah+a(l—a)

proves part 1.

(PART 2) We now prove part 2. Suppose to the contrary that there exists a (sub) sequence
of optimal incentive compatible, balanced-budget voluntary mechanism with provision rules for
public good 1, p} (), such that lim,, .. Ep. (z) = p > 0. We will now derive a contradiction that
the mechanism can not have a balanced budget.

Now we can use the definition of pf (0;) in (A13) to re-write the incentive compatibility constraint

(24b), after using the characterization of inclusion rule in Lemma 6, as
pi (W) b+ pi (Uh) mpl =t > pi (1) gy (B +0) = tu > pj (1) gy (R = 1), (A24)

where the second inequality comes from the participation constraint (25). Pick an arbitrary e > 0.
Then, by Lemma A4, there exists finite N such that for every n > N; and each 6; € ©;, for j = 1,2,

ol (0;) — Ep} (x)’ <a=—. (A25)

Substituting (A25) into (A24), we obtain that for all n > Ny,
[Epy, (@) + 1] (h+ninl) =t > [Bpy, (2) — ex] my (R = 1),
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which implies that

tw < Epy (x) [h (1 —my) + (mn +mu) 1] + e [+ mgl 4y (h—1)]
< Epn (@) [n(1=m1) + (i + ) 1] + 3hey, (A26)

€

Similarly, incentive constraints (24a) can be rewritten as:
thn < 2p; (Rh) h — [pf (K1) + pi (IR) nj,] B+t

Again, by Lemma A4, there exist No such that for all n > No,

thn < 2[Epp (2)] h—Epp (x) (L+nh) h+tn +e
= Epp () (1—mp) h+tw +e
< Epp(z) (1 —njp) h+Epy () [h (L—nh) + (i + i) ] +e
= Epp () [(2 =y —mip) b+ (i + i) 1] + €. (A27)

Finally, from the participation constraint (25), there exists N3 such that for all n > Nj,
ty < 2Eph (z) niyl + €. (A28)

Now consider two cases:
CASE 1: n},=n% =0and n}, =n2, =n,, € (0,1). In this case, we have t;; = 0 from type-lls

participation constraint. Using (A26)-(?7), we can bound the total expected tax revenue as follows:

oPtpn + (1 — a) (b + ti) + (1 — ) ty
< a®{Epy, () [(2 = ) h+ al] + €} + 20 (1 = @) {Ep,, () (h+ 1yl) + €}
= Ep, (@) {[e? 2= 1) +2a(1—a)] h+ [a® +2a (1 — a)] nul} + €
= Ep, (@) {[e*2=nn) +2a(1—a)]h+a(2—a)n,l}+€

~~

=Z1(Ny,)

Note that
aZl (nm)

. =a(2—a)l—a’h=[a(2—a)(h+1)] - 2ah.

Therefore,
a2—a)(h+1) if2ah<a(2—a)(h+1)
Z(0) =2ah if 2ah > a(2—a)(h+1),
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which implies that
Ptpn + (1 —a) (b + tn) + (1 — @)* ty < Ep,, () max {20h, a (2 —a) (h+ 1)} + €.

Thus if max {2ah, a (2 — a) (h+1)} < 2¢, then the budget balance condition can not be satisfied
when n is sufficiently large.
CASE 2: n}, =n% =mn, € (0,1),n}, =n3, = 1. We can again use (A26)-(??) to bound the total

expected tax revenue as follows:
a2thh +a(l—a)(ty+tpy) +(1— a)2 tu

< o®{Ep, (@) [(1—=n)h+(1+m)l]+e +al—a)2Ep, () {[h(1—mn)+ 1 +n)l]+e}
+(1— ) [2Ep,, (z) il + €]

~~

= Ep, (z) |:oz(2a)(lm)h+o¢(2a)(1+m)l+2(1oz)zml +e€
Z2(my)

Note that Z3 (0) = a(2—a) (h+1) and Zo (1) = 2a(2—a)l+2(1 —a)?1 = 21. Since Zy (n;) is

linear in 7;, we have
Zo () <max{Z3(0),Z2 (1)} = max{a (2 —«)(h+1),2l}.

If max{2ah,a (2 —a)(h+1)} < 2¢, then max{a (2 —«a)(h+1),2l} < 2c since by assumption
l < c. Therefore there exists N’ such that for all n > N’, the budget balance condition will not be
satisfied under any incentive compatible voluntary mechanism.

(PART 3) Suppose to the contrary that there does not exist N such that 1. (Ih) = n2 (hl) =1
for all n > N. Then, taking a subsequence if necessary, we have that n} (Ih) = n2 (hl) < 1 for all
n, which, by Lemma 6, implies that 7% (1I) = 0 for all n in the sequence. The per capita surplus

generated by the optimal mechanism M,, in the n!® economy in the sequence, denoted by S (M,,),

is then
S (M) _ 2Ep} () [(fvhh +xp) b+ (T}}L (Ih) 2y, + nk (11) l‘ll) l— cn]
n n
2E [(@pn 4 ) b+ zinl — p;; (x) cn]

= 2[ah+a(l—a)l] —2Ep) (z)c
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From Part 2, we know Epl (x) — 1 as n — co. Thus each € > 0 there exists N such that
S (M)

n

<2[ah+a(l—a)l—c +e. (A29)

Now we show that M, can be domonated by an alternative mechanism as n — oo. Consider a

o0
sequence of mechanisms {Mn} , where, for each n,
n=1

) = (W)=
a—-—a)h+1]—2c
) a2—a)lh+1]—21
Fo(hh) = T (hl) =T (th) = (L — ) (h 1) + 521
)
)

= U) ==

= 2yl
= 1lforall x € X,

We observe that the participation constraint for type Il holds with equality since
E i > ph (@), (1)1 — tn (1) = 2951 — 20l = 0.
7j=12

The downward incentive constraint for type hl also holds with equality since

E_; [, () 7y, (W) b+ 72 () 7 (hI) L =t (BD)] = h+ 11—ty (Al)
= h+1=[(1—np) (h+1) +ni20 = nj (h+1) = mj2
= B [Pn (@) 7 () b+ By (2) 1, (R) U — £ (RD)| 05 = 11] .

Similarly, the downward incentive constraints and participation constraints for all other types of
agents also hold. Finally, Mn is also budget balanced for all n since, with some albegra, one can

show that

> 1 (0:)— > B (x)en | =0.

€T J=12
Now, the expected per capita surplus generates by Mn is

s (im,)

- = a®2h+2a(1—a)(h+1)+ (1 — )’ g2l — 2¢

= 2[ah+a(l—a)l—d+ (1 —a)nj2

Let € = (1 — )? nyl > 0, we know from (A29) that there exists N < oo such that

s (4h,)

Y

S (M,
S(nMn)§2[ah+a(1a)lc]+6:¥8< -
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which implies that mechanisms M,, could not be optimal for n > N, a contradiction.

Now we have concluded that in the sequence {M,}, n} (Ih) = n2 (hl) = 1 for every n > N.
What is left to show is that 1} (Il) does converge to 7}, in the sequence {M,}. Suppose first that
there exists a subsequence such that n. (II) — 7' < ;- An argument as the one above shows that,
for every € > 0, there exists N < oo such that

S (M)

n

<2 ah+a(1—o¢)l+(1—a)2n’l—c} +e.

Again consider the alternative sequence of mechanisms {Mn} constructed above. Pick ¢ =

(1—a)?(n; — 1)1, we find that

S (M) s

n n

(1—04)2 (77;}—77’)2[—5:(1—@)2(7)}'}—7)/)l>0.

thus again constradicts the optimality of the mechanism M, is better when n is sufficiently large.
Finally, suppose there is a subsequence such that 77% (I1) — 1" > nj;. We now argue that such a

mechanism could not be budget balanced. Let

USSR

Then, since n} (1) + n2 (I1) — 27’ it follows that to satisfy the participation constraint for type Il

for all n there must be some N7 such that
tn (1) <20l + ¢

for all n > Nj. Moreover, there exists No such that 7. (Ih) = n2 (hl) = 1lfor n > Ny. Thus the

incentive constraint that type hl does not imitate type [l reduces to

Pin () b+ p (D) L=t (hD) > i, (10) 1y, (1) b+ iy (L) 17, (1) U — o (10)
= tn (W) < tn () + [pin, (D) = i, (1) 0, (ID)] b+ [ 7, (RD) = iy (1) 177, ()] 1

By Lemma A3, lim, pfn (hl) = limp oo pfn (hl) = limy o0 Ep}, (z) = 1. This, together with the

assumption that lim, . 7} (I1) = 7/, implies that there exists N3 such that
tn (W) < tn () + (1 —17) (h+1) +e.
Similarly, the incentive constraint that type hh does not announce hl implies that
tn (hh) <t (hl) +e.
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Hence, the expected per capita revenue of the mechanism satisfies

o2ty (hh) + 200 (1 — @)ty (Al) + (1 — @) t,, (1)

[0 + 20 (1 — a)] t, (Bl) + a®e + (1 — @) t, (1)

[0 +2a(1—a)] [ta () + (L—7) (h+1) +e] + (1 — a)*t, (II) + o’
tn (1) + [0? + 20 (1 — )] (1 —7) (h+1) + 2ac

| VAN VAN

IA

2l +e+ [@®+2a(l—a)] (L—7) (h+1) +2ae
= n2A+(1-1)a@-a)(h+1)+ec(1+2a).

Since there exists Ny < oo such that E [p, (z) + p2 (z)] ¢ > 2¢ — &, we have

tn (hR) +2a (1 = a) tn (kD) + (1 — @)t (1) = E [py, () + 97, (2)] ¢

: (”_”71) (2—a2—a)(h+1)+2:(1+a)
= (0" =) (2 = a)(h+z))+(’7—”Tz)[a(2—2a)(h+l)—2l]
- _( ny) o (2 oz)(h+l)—2l]<0

2 .

Hence, the mechanism must violate the balanced-budget constraint for n > max { N1, N2, N3, N4}.
We conclude that there can be no subsequence of optimal mechanisms such that 77% (1) =1 #nj,

proving the claim.

(PART 4) This part is proved analagous to Part 3. Suppose to the contrary that in the
sequence of mechanisms {M,}, there exists no N such that n} (I1) = n2 (Il) = 0 for all n > N.
Then there must be a subsequence where 1., (11) = n2 (i) > 0, which from Lemma (6) we know that
nt (Ih) = n2 (hl) = 1 for all n along the subsequence. Hence lim,, .o 0} (Ih) = lim, o n2 (hl) =
1 and limy, oo 7} (1) = limy 0o 2 (1) = 1/ > 0. Let

_2c—a( a)(h+1)

ita 0

We can then use the same calculations as in Part 3 to conclude that there exists N < oo such that

the revenues collected satisfy

oty (hh) + 20 (1 — @)ty (hl) + (1 — a)’t, (1) < W20+ (1 =) a(2—a) (h+1) + (1 +2a)
<a@—-a)h+1)+e(l+20).
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Moreover, there exists Ny such that E [p}, (2) + p2 ()] ¢ > 2¢ — €, hence

2t (hh) + 200 (1 — )ty (W) + (1 — @) t, (1) — E [pil (z) 4 p2 (z)] e

< a-a)(h+1)+e(2+2a)—2c
2c—a2-—a)(h+1)

= 5 <0,

violating the balanced-budget constraint. Establishing that limy, e 75 (1) = limy,—.c0 n2 (hl) = nj,

proceeds along the same lines as those in Part 3. [ |

B Appendix: Proof of Technical Lemmas

Proof of Lemma 2.

Proof. We can, with no loss of generality, assume that the distribution is symmetric around 0. That

is, we can assume x = —%, where T > 0, and let £ = 0. For 0 < A < 1/2 and t € [z,0], we define
~ T (t—(1—\
F(t,A)=PrAz1+(1—X)x2 <{ :/ F (%) f(u)du

where the second inequality uses the symmetry in density, f (u) = f(—u). Taking the derivative

with respect to A we have that

8Fa(f\,/\) % _x_f(t—u; A)u) 1) f (w) du

- 5 /;f(M)(u—ﬂf(u)du—/if(M)(u—t)f(U)dU

-~

= T1 = T2

Using change of variable v =t — u in the first integral, we get

T, = /;f((l_/\)(l;_t)_)\t>(ut)f(ut+t)du
_ /Otﬁf((l))\\)l})\t)l’f(tv)dv

_ /OtJrff(W)vf(vt)dv,

where the last equality uses the symmetry of the density. Now, since t <0, v —t > v. Thus we can

use our notational convention that f (u) =0 if u ¢ [, 7] to rewrite T} as
T (=X v+ X
T :/ f (%) vf (v—t)dv.
0

56



Similarly, use change of variable v = u — t, we have

noo [ (LRI (g

_ /:tf <W) of (v+ 1) do.

Again, note that if ¢ < 0, then for all v > Z,[(1 = A)v—A] /A > (1 —A\)T/\ > T since A < 1/2,
thus f ([(1 = A)v— At] /\) =0 for all v > Z. =Hence we can rewrite T5 as

ng/off(w>vf(v+t)dv.

Hence, B B
A2%:T1+T2:/0 v[fro—t)f(v+t)— frv+t)f(v—1t)dv,
where 7 = (1 — \) /A > 1. Note
frv=t)f(v+t)— fro+t)fv—1t) = t (% flrv—38)f(v+s)]ds
= /t_ [f'(rv—s)f(v4s)—f(rv—s)f (v+s)]ds.

ETg
Consider two cases. In the first case, rv +t > v —t. Since t < 0, this implies that rv —s > v+ s

for any s < —t. Since log-concavity of the density f impies

f(rv—s)
f(rv—s)

f(v+s)
= flv+s)’

thus,
ffro—s)f(v+s)—f(rv—s)f (v+s) <0 forall s € (t,—t)

Hence in this case 75 < 0. In the second case, 7v + ¢ < v —t. Then let s* = (r —1)v/2 < 0. We

can rewrite T3 as
t+2s
Ts :/t [ff(rv—=s)f(v+s)—f(rv—s)f (v+s)]ds
—|—/ [f/(rv—s)f(v—l—s)—f(rv—s)f’(v—i—s)]ds,

t+2s*

o7



where we note that ¢ <t + 2s* < —t under the restriction in this case that rv + ¢ < v — t. But,

/t_ [f’(rv—s)f(v+s)—f(?“v—s)f'(v+s)]ds

+2s*

= —/ {%f(rv—s)f(v—i—s) ds
t+2s*

= flro—t—=28")f(v+t+28)—f(rv+t) f(v—t)

= fro—t—(r=1v)fv+t+(r—1v)—fro+t)f(v—1)

= flo=t)f{t+rv)—f(rv+t)f(v—t)=0.
Hence,
t+2s*
T3:/ [ff(rv—=s)f(v4s)—f(rv—s)f (v+s)]ds.
t
Since s* < —t we have that t + 2s* < s*. Thus some simple calculation shows that rv —s > v + s

for all s < ¢+ 2s5*.23 Hence, again using log-concavity, we have
ffirv—s)f(v+s)<f (v+s)f(rv—s) for any s <t + 2s*.

Thus 75 < 0 in this case as well. We henceforth conclude that for any ¢ < 0,
OF (t,\)
N2 <.
ox  ~
Finally, to show that the inequality is strict, we notice that for ¢ < 0 and v > (T +t) /r we have
that ro—t>7T = f(ro—t)=0

/\2% = /v[f(rv—t)f(v—l—t)—f(rv+t)f(v—t)]dv
0 SOfgrrallv
T+t
S/; v[fro=t)f(v+t)—flrv+t)f(v—1t)]dv

e
= _/@i vf (ro+1t) f(v—t)dv

Since v —t < Tforv < T+tand v+t < T for v < Tt and TH < @ it follows that

7 7

f(rv+1t) f (v—1t) > 0 over the interval [Z- min {Z=L,Z + ¢}] . Since

r

T4 —
Tt <min{$ ,T—I—t} forany r >1land — T <t <0

r

r

231t suffices to show that rv — (t 4 2s*) > v + (t + 2s*) . To see this, note
ro—(t+2s") = ro—[t+(@r—Dv]=v—t

> v+s >v+ (E+2s7).
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it follows that A2F (t, \) /OA < 0. Hence

1 ~ 1 ~
~ 2 OF 2 OF
Fa(t) = F (1,0) +/2 OF WA iy ) +/2 OF LA iy « 1)
0 oA 0 O\
for every —x < t < 0, which completes the proof. [ |

Proof of Lemma 3.
Proof. For each z € X,j = 1,2,0; € ©; we have that p/ (z) € [0,1] ,ngi € [0,1]. Next, we note

that if ¢;; < 0 and all constraints are satisfied, then a deviation where taxes are changed from ¢ to
t" = (thn, thi, tin, 0) and where inclusion and provision rules are unchanged will satisfy all constraints
in the relaxed program (27). Similarly, if all constraints hold and t;;, < —I — h then the deviation
to

t/ = (thhy thl; -1 — h, max (O,tll))

will satisfy all constraints (in the relaxed program). A symmetric argument restricts t5; > —h — [.

Finally, if t,, < —3h — [, then a deviation to
t/ = (—3h — l, max (thb —l — h) , Imax (tlh, —l — h) , Imax (0, tll))

will leave all constraints satisfied. We conclude that there is a lower bound ¢ > —oo such that for
any mechanism where ¢y, < t for some 6;, there exists an alternative mechanism that supports the
same allocation (and therefore generates the same surplus) where tg, > t. Also, if ¢y, > t = 2h for
some 0; then at least one constraint in (27) must be violated. We therefore conclude that there is no
loss in generality to restrict ¢p, to be a number in [z, f] . All constraints and the objective function
are linear in the choice variables and therefore continuous so we conclude that the optimization
problem has a compact feasible set and a continuous objective. It is easy to check that the feasible

set is non-empty, which proves the claim by appeal to the Weierstrass Theorem. [
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