
IDENTIFICATION IN GENERAL TRIANGULAR SYSTEMS

Maximilian Kasy∗

May 28, 2012

This paper discusses identification in continuous triangular systems without re-
strictions on heterogeneity or functional form. In particular, we do not assume sep-
arability of structural functions, restrictions on the dimensionality of unobservables,
or monotonicity in unobservables. We do maintain monotonicity of the first stage re-
lationship in the instrument. We show that under this condition alone, and given rich
enough support of the data, we can achieve point identification of potential outcome
distributions, and in particular of the average structural function. If the support of
the continuous instrument is not large enough potential outcome distributions are
partially identified. If the instrument is discrete identification fails completely.

The setup discussed in this paper covers important cases not covered by existing
approaches such as conditional moment restrictions (c.f. Newey and Powell, 2003)
and control variables (c.f. Imbens and Newey, 2009). It covers, in particular, random
coefficient models, as well as models arising as the reduced form of a system of
structural equations.

Keywords: triangular systems, simultaneous equations, instrumental variables,
identification.

1. INTRODUCTION

A large literature in econometrics studies identification of triangular systems
of the form

Y = g(X,U)

X = h(Z, V )

where it is assumed that Z ⊥ (U, V ). The variable Y is usually called the out-
come variable, X is the treatment and Z is an instrumental variable. U and
V are unobservable. In this paper, we show point identification of the average
structural function and related objects in continuous triangular systems, with-
out restricting functional forms or the dimensionality of unobservables. We do
assume monotonicity of the function h in the instrument Z. Point identifica-
tion further requires that the instrument has rich enough support. Our setup
generalizes those considered in the literature on conditional moment restrictions
(c.f. Newey and Powell, 2003), which restricts heterogeneity in the structural
equation of interest. Our setup generalizes those considered in the literature on
control variables (c.f. Imbens and Newey, 2009), which restricts heterogeneity in
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the first stage relationship. To the best of our knowledge, this paper is the first to
show point identification in continuous triangular systems without restrictions
on heterogeneity. Our results imply validity of the control function approach pro-
posed by Imbens and Newey (2009) in this context, despite failure of conditional
independence. We show, furthermore, that the triangular systems discussed here
arise naturally in the context of simultaneous equations with exclusion restric-
tions, where h describes a “reduced form” relationship.

Identification of triangular systems with unrestricted heterogeneity for binary
(discrete) treatment X and instrument Z is well understood, in particular since
the contributions of Imbens and Angrist (1994) and Manski (2003). Identification
of triangular systems with continuous treatment X is the subject of more recent
contributions to the literature.

There are two main approaches in the literature on triangular systems with
continuous treatment. One strand of the literature assumes an additively sepa-
rable structural relationship of the form Y = g1(X) +U . Under this assumption
the average structural function g1 satisfies the conditional moment restriction
E[Y − g1(X)|Z] = 0 (c.f. Newey and Powell, 2003; Horowitz, 2011). Hahn and
Ridder (2011) show that, absent additivity, the function identified by the condi-
tional moment restriction has no structural interpretation.1 Chernozhukov et al.
(2007) generalize the conditional moment restriction approach to structural equa-
tions monotonic in unobservables. Their approach also relies on the assumption
of one-dimensional heterogeneity U , however.

Another strand of the literature uses control functions (c.f. Newey et al., 1999;
Imbens and Newey, 2009). Imbens and Newey (2009) propose the control function
V ∗ = F (X|Z). They show that conditional independence X ⊥ U |V ∗ holds if h is
monotonic in V , where V is one-dimensional. Kasy (2011) shows that conditional
independence fails in general if V is of higher dimension. It turns out, however,
that the Imbens and Newey (2009) approach does identify the average structural
function under the assumptions maintained in this paper. This is quite surprising
given the failure of conditional independence.

There is, finally, the literature on nonparametric identification in systems of
simultaneous equations, see in particular the important contribution by Matzkin
(2008). This literature requires that the dimensionality of unobserved hetero-
geneity is no larger than the number of endogenous variables. The simultane-

1For a general triangular system, the function g1 identified by the conditional moment
restriction satisfies

E[g1(X)|Z] = E[Y |Z] =

∫
g(h(z, v), u)dP (u, v),

whereas the average structural function g satisfies

E[g(X)|Z] =

∫
g(h(z, v), u)dP (u)dP (v).



GENERAL TRIANGULAR SYSTEMS 3

ous systems considered in the present paper, in contrast, allow for unrestricted
heterogeneity. Blundell and Matzkin (2010) provide conditions under which si-
multaneous systems have a triangular reduced form with one-dimensional het-
erogeneity in the first stage.

The rest of this note is structured as follows. Section 2 introduces the formal
setup analysed in this paper, and discusses the assumptions maintained. Section
3 presents our central positive result, characterizing identification under the as-
sumption of monotonicity of h in Z. Section 4 discusses the relationship of this
identification result to the control function approach. Section 5 shows that the
triangular system we consider arises naturally as reduced form of a system of si-
multaneous equations. Section 6 shows non-identification for the case of discrete
Z. Section 7 interprets partial- and non-identification in our context as arising
from support problems. Section 8 concludes. Appendix A sketches a reweighting
estimator based on the identification result of section 3. Appendix B provides an
illustration in the context of a simple random coefficient model, and appendix
C discusses two examples of simultaneous systems which naturally satisfy the
assumptions maintained in this paper. Appendix D contains all proofs.

2. SETUP

We consider the following setup.

Assumption 1 (Triangular System)

Y = g(X,U)

X = h(Z, V )(1)

where X,Y, Z ∈ R, the unobservables U, V have their support in an arbitrary
space of unrestricted dimensionality, and

(2) Z ⊥ (U, V ).

Assumption 2 (Continuous treatment)
Treatment X is continuously distributed in R conditional on Z. The structural

function g is continuous in x with probability one.

Assumption 3 (First stage monotonic in instrument)
The first stage relationship h is strictly monotonic in Z.

Assumption 4 (Continuous instrument)
The instrument Z is continuously distributed in R, with support [z0, z1]. The first

stage relationship h is continuous in z with probability one, and P (X ≤ x|Z = z)
is continuous in z for all x.



4 MAXIMILIAN KASY

Under these assumptions we can introduce the following potential outcome
notation.2

Definition 1 (Potential outcomes)
We denote

Y x = g(x, U)

Xz = h(z, V )(3)

We define furthermore

(4) Zx =

 h−1(x, V ) if h(z0, V ) ≤ x ≤ h(z1, V )
−∞ if x < h(z0, V )
∞ if h(z1, V ) < x.

The notation Y x and Xz for potential outcomes is standard. The variable
Zx is a slightly different object. It denotes the value of Z which would attain
treatment level x given unobserved heterogeneity V . In equation (4), Zx is well
defined under assumption 3; h−1 is to be understood as the inverse of h given
V . We set Zx to equal ±∞ if there is no z ∈ [z0, z1] that achieves h(z, V ) = x.

The main object of interest in this paper is the average structural function g
(c.f. Blundell and Powell, 2003), where

(5) g(x) := E[Y x] = E[g(x, U)].

Our results discuss, more generally, identification of the (marginal) potential
outcome distribution P (Y x).

Remark: We have not imposed any of the restrictions on heterogeneity com-
mon in the literature. In particular we have not assumed that V can be replaced
by a one-dimensional index, as necessary for achieving conditional independence
using the control function approach (c.f. Imbens and Newey, 2009; Kasy, 2011).
We have not assumed, either, that the structural function of interest is separable
in U , as necessary for the “nonparametric instrumental variable” approach (c.f.
Newey and Powell, 2003; Horowitz, 2011; Hahn and Ridder, 2011). The assump-
tions maintained in this paper thus cover, in particular, the case of a generic
random coefficient model, which is not covered by either the control function or
the conditional moment restriction literature. Appendix B discusses an example
of such a random coefficient model.

2In this paper, “structural functions” and “potential outcomes” are considered to be es-
sentially equivalent notations for random functions, where the arguments are either written
as function arguments or as superscripts. The structural function notation additionally makes
explicit the unobserved heterogeneity, which is left implicit in the potential outcome notation.
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Remark: We are imposing one substantive restriction, monotonicity of h in Z.
This assumption is potentially testable, since it implies monotonicity of F (X|Z)
in Z for all X. I would argue, also, that this assumption is much weaker than
monotonicity of h in U , as required for the control function approach if condi-
tional independence is to be achieved. The latter assumption requires hetero-
geneity to be effectively one-dimensional. The assumption of monotonicity of h
in Z, as maintained here, is similar to the “no defiers” assumption in the discrete
Imbens and Angrist (1994) setup.

The general triangular system model of assumptions 1, 2 and 4 induces a
probability distribution on the space of structural functions mapping Z to X.
A realization h(., V ) from this distribution describes the schedule of potential
treatment levels Xz for a given unit of observation. Without further restrictions,
this is a distribution on the infinite-dimensional space C ([z0, z1]). The assump-
tion that h is monotonic in V implies that the support of this distribution is
restricted to a one-dimensional sub-manifold of C ([z0, z1])! In contrast, the as-
sumption that h is monotonic in z restricts the support of this distribution to a
proper subset of C ([z0, z1]), but it does not restrict it to lie in a subset of lower
dimension.

3. IDENTIFICATION WITH A CONTINUOUS INSTRUMENT

The following theorem presents our central identification result. It shows how
to achieve identification of the distribution of the potential outcome Y x (for a
given x) in three steps.

1. The distribution of Y x given Zx is identified from the distribution of Y
given Z,X.

2. The distribution of Zx is identified from the conditional distribution of X
given Z.

3. Integrating P (Y x|Zx) over the distribution of Zx identifies the uncondi-
tional distribution of Y x.

Point identification requires rich enough support of Z, i.e., the support of Zx

must be a subset of the support of Z.

Theorem 1 (Identification with a continuous instrument)
Under assumptions 1, 2, 3, and 4

(6) P (Y x ≤ y|Zx = z) = P (Y ≤ y|X = x, Z = z)

and

(7) FZx(z) := P (Zx ≤ z) = P (X ≥ x|Z = z) = 1− FX|Z(x|z).

Let px := P (Zx ∈ [z0, z1]) = FZx(z1)− FZx(z0). If px = 1, then

(8) P (Y x ≤ y) =

∫ z1

z0

P (Y ≤ y|X = x, Z = z)dFZx(z).
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If the distribution of Zx is absolutely continuous relative to the distribution of
Z, we can define the weighting function

(9) w(x, z) := dFZx(z)/dF (z|x).

For this definition of w we get

P (Y x ≤ y) = E[1(Y ≤ y) · w(X,Z)|X = x], and

g(x) = E[Y x] = E[Y · w(X,Z)|X = x].(10)

If px < 1 then we can bound the distribution of Y x by

(11) P (Y x ≤ y) ∈
∫ z1

z0

P (Y ≤ y|X = x, Z = z)dFZx(z) + [0, 1− px],

where these bounds are sharp.

The proof of this theorem, and of all further results, can be found in appendix
D.

Remark: Theorem 1 shows identification of the marginal distribution of Y x.
It does not show identification of the joint distribution of (Y x1 , Y x2) for any
x1, x2. In particular, it does not identify the distribution of the functions g(., U).
This is not surprising - even in the case of exogenous X (i.e., X ⊥ U) we can
only identify the marginal distributions of Y x if heterogeneity is left unrestricted.

Remark: If Z and Zx are continuously distributed, we can differentiate their
distribution functions, so that we can rewrite the weight function w as

(12) w(x, z) = −
∂
∂zF (x|z)
∂
∂zF (z|x)

.

Theorem 1 shows that the weight w effectively “exogenizes” X, i.e., reweighting
the distribution of (X,Y ) by w implies that for the reweighted distribution X ⊥
U . We can thus run mean regressions or quantile regressions for the reweighted
distribution and get unbiased estimates. Appendix A briefly discusses estimation
based on this idea.

4. THE RELATIONSHIP TO CONTROL FUNCTIONS

Imbens and Newey (2009) propose to identify the average structural function
g(x) using a control function V ∗ which satisfies X ⊥ U |V ∗. In particular, they
consider

(13) g̃(x) =

∫ 1

0

m(x, v)dv
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where

(14) m(x, v) := E[Y |X = x, V ∗ = v]

and V ∗ = F (X|Z). This definition of V ∗ implies that V ∗ ∼ U [0, 1], so that
equation (13) integrates over the marginal distribution of V ∗. Imbens (2007)
noted that conditional independence of X and U given V ∗ does not hold in
the case of a random coefficient first stage. In Kasy (2011) it was shown more
generally that conditional independence cannot be achieved if dim(V ) > 1.

The following theorem shows that the control function approach is nonetheless
justified in the setup considered in the present paper, since it is equivalent to
the reweighting given by equation (10) in theorem 1.3 The support requirement
for point identification of g̃(x) is that V ∗ has full support given X = x. This is
equivalent to the requirement that px = 1 in theorem 1.

Theorem 2 (Validity of the control function approach)
Under assumptions 1, 2, 3, and 4, if F (X|Z) is differentiable in X and Z, and

if V ∗ = F (X|Z) has full support given X = x, then

(15) P (Y x ≤ y) =

∫ 1

0

P (Y ≤ y|X = x, V ∗ = v)dv,

even though in general

P (Y x ≤ y|V ∗ = v) 6= P (Y x ≤ y|X = x, V ∗ = v).

In particular, g̃(x) = g(x), where g̃(x) is defined as in equation (13) and g(x) =
E[Y x] .

Remark: This result is quite remarkable. The motivation for control functions
in Imbens and Newey (2009) is based on conditional independence X ⊥ U |V ∗,
which implies P (Y x ≤ y|V ∗ = v) = P (Y x ≤ y|X = x, V ∗ = v). This in turn
implies that equation (15) holds. In general, however, conditional independence
cannot be achieved. Theorem 2 implies that we can nonetheless achieve indepen-
dence of X and Y x by conditioning on the control function V ∗ and averaging
over its marginal distribution. Equation (15) does hold, even though its usual
justification - conditional independence - does not hold. Appendix 4 illustrates
this point in the context of a random coefficient model.

5. TRIANGULAR SYSTEMS AS REDUCED FORM OF SIMULTANEOUS EQUATIONS

So far, we have taken the triangular system setup as given. In this section,
we show that it arises as the reduced form of a system of structural equations
without restrictions on functional form or heterogeneity.

3In a working paper version of (Hahn and Ridder, 2011), a related result was shown which
implies that the ASF is identified using the control function approach, as long as it is point
identified. Their proof proceeds by constructing an observationally equivalent triangular system
with one-dimensional first stage heterogeneity, given any continuous distribution of (Y,X,Z).
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Assumption 5 (System of simultaneous equations)
1. (Observables) We observe the joint distribution of (X,Y, Z), where X,Y, Z ∈

R.
2. (Equilibrium conditions) X and Y satisfy the system of simultaneous equa-

tions

(16) g(Y,X,Z, U) = 0,

where g is an R2 valued function. The unobservable U has its support in
an arbitrary space of unrestricted dimensionality.

3. (Uniqueness) For all z and u, there is a unique solution (y, x) to the equi-
librium conditions. For all x and u, there is a unique solution (y, z).

4. (Exclusion restriction) g1, the first component of g, is constant in Z.
5. (Randomization) Z is statistically independent of U .

Remark: The setup given by assumption 5 is similar to the one considered by
Matzkin (2008), with the important distinction that we allow for heterogeneity U
of unrestricted dimensionality. Matzkin (2008) assumes that dim(U) = dim(g).
We only discuss the case of two endogenous variables, however, whereas Matzkin
(2008) considers systems of arbitrary dimension. Appendix C discusses two ex-
amples which naturally satisfy assumption 5.

Definition 2 (Potential outcomes and reduced form)
Under assumption 5, define (Y x, Zx) as solution to the system of equations

(17) g(Y x, x, Zx, U) = 0,

and (Y z, Xz) as solution to the system of equations

(18) g(Y z, Xz, z, U) = 0.

Define the corresponding functions

g(x, U) := Y x,(19)

h(z, U) := Xz.(20)

Remark: The random variables (Y x, Zx) and (Y z, Xz) are well defined by
the assumption of uniqueness. The exclusion restriction implies that Y x is pinned
down by the first equation, g1(Y x, x, U) = 0, so that Y x is a function of x and
U alone. This justifies the definition of g in equation (19). Letting V := U , equa-
tions (19) and (20) have the same form as the triangular system of assumption 1.

The following theorem implies that the reduced form of the system of simul-
taneous equations given by assumption 5 indeed satisfies the assumptions of the
triangular system we consider in this paper. In particular, the identification re-
sult of theorem 1 applies. To guarantee monotonicity of h in z we have to impose
some additional restrictions on the signs of the derivatives of g.
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Theorem 3 (Triangular reduced form)
Suppose assumption 5 holds, Z is continuously distributed, and X is continuously

distributed given Z. Assume furthermore that g is differentiable in (x, y, z), and
that sign(∂g1/∂y · ∂g2/∂z), as well as sign(det(∂g/∂(x, y))) are constant.

Then the reduced form functions g and h of definition 2 satisfy assumptions
1, 2, 3, and 4.

6. DISCRETE INSTRUMENTS

This section considers again the triangular system setup of section 2 with one
modification. We drop the assumption of continuity of Z and assume instead
that Z has finite support. It turns out that in this setup the average structural
function is completely un-identified.

Theorem 4 (Non-identification with discrete instruments)
Suppose that assumptions 1 and 2 hold, that Z has finite support z = 1, . . . , z,

and that X is continuously distributed with bounded density conditional on Z.
Then the data are completely uninformative about the distribution of Y x. That

is, for any y the identified set for P (Y x ≤ y), as a function of x, is given by
{g̃y : g̃y continuous and bounded by [0, 1]}. This also holds if we additionally
impose assumption 3.

Similarly, under the additional assumption that Y ∈ [0, 1], the identified set for
the average structural function g is given by {g : g continuous and bounded by [0, 1]}.

Remark: This theorem shows that, for the case of continuous treatment and
discrete instrument, the data are completely uninformative about the distribu-
tion of Y x, and in particular about the average structural function. There is a
“discontinuity” of identifiability, going from large but finite support of Z to a
continuous support. This is counter-intuitive and owed to the fact that we have
not precluded structural functions with arbitrarily high slopes or curvatures. An
a-priori bound on slopes or curvatures would lead to “continuity” of identifiabil-
ity, but seems hard to justify in most cases. A more attractive alternative might
be the imposition of a Bayesian prior which incorporates the assumption that
high curvatures are unlikely. This alternative is explored in a working paper by
the author of the present paper.

7. SUPPORT PROBLEMS, INTERPOLATION, AND EXTRAPOLATION

Theorem 1 shows that the average structural function at x is partially identi-
fied if the support of a continuous instrument Z is a subset of the support of Zx,
so that treatment level x is never observed for some sub-population. Theorem 4
shows that the average structural function is not identified if the support of Z is
discrete. In this section we discuss these results and provide a unified perspective
on the support problems arising in (i) non-parametric finite sample inference, (ii)
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Joint support of X and V ∗

0

1

- in a finite sample

0

1

- in the population, for
a discrete instrument

0

1

- in the population, for
a continuous instrument
with insufficent support

V*

X
V*

X
V*

X

Figure 1.— Regressor support and inference, interpolation, and extrapolation
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triangular systems with discrete instruments, and (iii) triangular systems with
continuous, bounded instruments.

Suppose that assumptions 1, 2, and 3 hold. Suppose furthermore that h(z, V )
is well defined for all z ∈ R; even for values z outside the support of Z. Suppose
finally that x is in the range of h(., V ) almost surely. Under these assumptions,
the potential outcome distributions P (Y z, Xz) = P (g(h(z, V ), U), h(z, V )) are
well defined for all z ∈ R, and we can set P (X,Y |Z = z) = P (Y z, Xz) for all z.
We can thus apply the results of sections 3 and 4 to get

g(x) = E[Y x] =

∫ 1

0

m(x, v)dv,

where, as before, m(x, v) := E[Y |X = x, V ∗ = v] and V ∗ := F (X|Z).

(i) In finite samples, we only observe Y = m(x, v) + ε for a finite number
of points (x, v); the first graph in figure 1 illustrates. Here ε is a statistical
residual satisfying E[ε|X,V ∗] = 0. Suppose Z is continuously distributed with
large enough support, so that V ∗ has full support given X, and g is point-
identified. If we want to estimate m and g, in finite samples we still have to
interpolate and extrapolate using some (non-parametric) estimation method.

(ii) If Z has only finite support z1 < z2 < . . . < zk, then V ∗ has only finite
support given X, too:

supp(V ∗|X = x) = {vx1 > vx2 > . . . > vxk : vxj = P (X ≤ x|Z = zj)}.

This is illustrated in the second graph in figure 1. The data identify m(x, vxj ) for
j = 1 . . . k, but they are uninformative about m for other values of v. Knowledge

of m(x, v) for a finite number of points v does not constrain g(x) =
∫ 1

0
m(x, v)dv

in any way. This implies that the data do not impose any bounds on g(x), as
shown in theorem 4.

(iii) If we have a continuous instrument Z, identification problems arise if the
support of Zx is a strict superset of the support of Z. This happens if and only if
the support of V ∗ given X = x is a strict subset of [0, 1], supp(V ∗|X = x) ( [0, 1].
In this case, the distribution of Y x is only identified for the sub-population for
which Zx ∈ supp(Z), i.e., v ∈ supp(V ∗|X = x), and unidentified for the sub-
population for which Zx /∈ supp(Z). The average structural function E[Y x] is
therefore only partially identified, as shown in theorem 1. The third graph in
figure 1 illustrates this case.

8. CONCLUSION

This paper discusses identification in continuous triangular systems without
any restrictions on heterogeneity or functional form. We do assume monotonic-
ity of the first stage relationship in the instrument. We show that, under this
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condition alone, the average structural function (ASF) is identified if the instru-
ment has rich enough support. Furthermore, the control function approach of
Imbens and Newey (2009) does identify the ASF despite the fact that condi-
tional independence does not hold if heterogeneity is multidimensional. We show
that the ASF is partially identified if the instrument is continuous with insuf-
ficient support. The ASF remains completely unidentified if the instrument is
discrete. These results immediately apply to simultaneous systems with unre-
stricted heterogeneity, since such systems give rise to a reduced form satisfying
our assumptions.

APPENDIX A: ESTIMATION USING REWEIGHTING

Following theorem 2, we can estimate the average structural function by regressing Y on X
and V ∗, and averaging predicted values for X = x over the marginal distribution of the control
V ∗. This is the approach proposed by Imbens and Newey (2009).

The identification result of theorem 1 suggests an alternative estimation approach, based
on reweighting. In particular, it was shown in section 3 that, given sufficient support of the
instrument, the ASF is identified by

g(x) = E[Y · w(X,Z)|X = x],

where

w(x, z) =
fzx (z)

f(z|x)
= −

∂
∂z
F (x|z)

∂
∂z
F (z|x)

.

Reweighting by w effectively makes X exogenous relative to the distribution of heterogeneity
U . An estimator for w can be constructed as follows Use a kernel density estimator for the
denominator, i.e.,

f̂(z|x) =
1

τ

∑
iK

(
Zi−z
τ

)
K
(
Xi−x
τ

)
∑
iK

(
Xi−x
τ

) .

Use local linear regression, as well as smoothing of the indicator function, to estimate the
numerator, i.e.,

f̂zx (z) = argmin
b

min
a

∑
i

(
L

(
x−Xi
τ

)
− a− b · (Zi − z)

)2

·K
(
Zi − z
τ

)
.

In these expressions, K is an appropriate kernel function integrating to one with support
[−1, 1], L is the cumulative distribution function of a smooth symmetric distribution with
support [−1, 1], and τ is a bandwidth parameter. Form an estimator for w from these two
estimates,

ŵ(x, z) = −
f̂zx (z)

f̂(z|x)
.

Assuming that the support conditions for point identification are satisfied, an estimator of the
average structural function can be formed using weighted least squares with ŵ(x, z) as weights.

Application of this approach has to carefully consider support issues. In particular, if the
ASF is only partially identified, there will be values of x, z for which the denominator of
w equals 0. Even if the ASF is point identified, identification will in general be “weak” or
“irregular”, c.f. Khan and Tamer (2010). In either case, consistent estimators will have to
apply trimming for observations with large estimated weights ŵ(x, z). As a consequence, the
conditional expectation of weights given x will be less than 1, and it might be useful to report
bounds, as in the partially identified case in theorem 1.
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APPENDIX B: A RANDOM COEFFICIENT EXAMPLE

Theorem 2 showed validity of the Imbens and Newey (2009) control function approach under
our assumptions, which cover in particular the case of random coefficient models. This result
stands in surprising contrast to the results of Kasy (2011), where it was shown that conditional
independence can in general not be achieved if first stage heterogeneity is multidimensional,
as for instance in random coefficient models. This section illustrates.

Consider the following model.

Z ∼ N(0, 1)

X = V1 + V2Z

V1|Z ∼ N(0, 1)

V2|V1, Z ∼ 1 +Ber(.5)

Y = β1 + β2X + U

U |V, Z ∼ N(V1, 1)(21)

This model clearly satisfies assumptions 1 through 4, and F (X|Z) has full support for all X.
As a consequence the implications of theorem 1 and 2 hold. However, as shown by the following
calculations, conditional independence of X and U given V ∗ = F (X|Z) does not hold.

To show this, let us first characterize P (U |X,Z), which immediately follows from P (V1|X,Z).
By construction P (X|V1, Z) = .5 · 1(X = V1 + Z or X = V1 + 2Z) and P (V1|Z) = φ(V1), so
that V 1 has only two points of support given X,Z and

P (V1|X,Z) =
1

φ(X − Z) + φ(X − 2Z)
· φ(V1) · 1(V1 = X − Z or V1 = X − 2Z).

The distribution P (U |X,Z) is thus given by

U |X,Z ∼ (X − 2Z) + Z ·Ber
(

φ(X − Z)

φ(X − Z) + φ(X − 2Z)

)
+N(0, 1),

which clearly is a 2 dimensional family of distributions. (To see this, re-parametrize in terms
of X − 2Z and X − Z.) The control function is given by

V ∗ = F (X|Z) = .5 · (Φ(X − Z) + Φ(X − 2Z)).

It is thus immediate that E[U |X,V ∗] is not a function of V ∗ alone, so that conditional mean
independence is violated.

To get an explicit representation of the weight function in this model, note that

−
∂

∂z
F (X|Z) = .5 · (φ(X − Z) + 2φ(X − 2Z)).

Furthermore, we have

∂

∂z
F (Z|X) = φ(Z) · .5(φ(X − Z) + φ(X − 2Z))/P (X).

The weight function of theorem 1, as represented in equation (12), is thus given by

w(x, z) = −
∂
∂z
F (x|z)

∂
∂z
F (z|x)

=
P (X)

φ(Z)
·
φ(X − Z) + φ(X − 2Z)

φ(X − Z) + 2φ(X − 2Z)
.

APPENDIX C: EXAMPLES OF SIMULTANEOUS SYSTEMS

The following two examples naturally satisfy the assumptions we have imposed in section 5.
In both examples we focus on the case where we have an instrument excluded from one of the
structural equations. Our results immediately extend to the case where we have an instrument
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for both equations. In that case, both average structural functions are identified.

Example: Supply and Demand
Take Y = Q as quantity and X = P as price in a partial equilibrium market, and let Z be
some random factor shifting supply but excluded from demand. Let

g(Q,P, Z, U) =

(
D(P,U)−Q
S(P,U, Z)−Q

)
.

In this example, the average structural function g(x) = E[Y x] corresponds to expected demand
at a given price p, E[D(p, U)].

Example: Two player complete information Nash equilibrium with real valued
actions
Consider a two player Nash game where Y is the action of player 1, X is the action of player 2
and Z is a random factor that enters player 2’s utility without affecting player 1 directly. Let

g(Y,X,Z, U) =

(
BR1(X,U)− Y

BR2(Y, Z, U)−X

)
,

where BR1 and BR2 are the best response functions of either player. In this example, the
average structural function g(x) = E[Y x] corresponds to the average best response of player 1
to a given action x of player 2, E[BR1(x, U)].

APPENDIX D: PROOFS

Proof of Theorem 1:
Equation (6) holds because

P (Y ≤ y|X = x, Z = z)(22)

= P (Y x ≤ y|X = x, Z = z)

= P (Y x ≤ y|Zx = z, Z = z)

= P (Y x ≤ y|Zx = z).

The first equality follows from the definition of Y x. The second equality follows because X = x
and Z = z holds if and only if Zx = z and Z = z. The last equality follows from exogeneity of
Z; (U, V ) ⊥ Z implies (Y x, Zx) ⊥ Z.

To see that equation (7) holds, note that the monotonicity assumption 3 implies that Zx ≤ z
if and only if Xz ≥ x. Exogeneity of the instrument implies

P (Xz ≥ x) = P (X ≥ x|Z = z) = 1− P (X ≤ x|Z = z),

where the last equality follows from continuity of the distribution of X given Z.

In order to show the reweighting representation of the average structural function given in
equation (10), note that

g(x) =

∫
E[Y |X = x, Z = z]dFZx (z)

=

∫
E[Y |X = x, Z = z]

dFZx (z)

dF (z|x)
dF (z|x)

=

∫
E

[
Y ·

dFZx (z)

dF (z|x)

∣∣∣∣ X = x, Z = z

]
dF (z|x)

= E[Y · w(X,Z)|X = x].(23)
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The reweighting representation for P (Y x ≤ y) follows by the same argument, once we replace
Y by 1(Y ≤ y).

To derive the bounds on P (Y x ≤ x) for the case that px < 1, note that

P (Y x ≤ x) = P (Y x ≤ x|Zx ∈ [z0, z1]) · px + P (Y x ≤ x|Zx /∈ [z0, z1]) · (1− px),

where

P (Y x ≤ x|Zx ∈ [z0, z1]) =

∫ z1

z0

P (Y ≤ y|X = x, Z = z)dFZx (z).

Under our assumptions, the data impose no restrictions on P (Y x ≤ x|Zx /∈ [z0, z1]), which
implies sharpness of these bounds. �

Proof of Theorem 2:
By similar arguments as in the derivation of the reweighting result of theorem 1 (note that
dF (V ∗) = 1), ∫ 1

0
P (Y ≤ y|X = x, V ∗ = v)dv

=

∫
E[1(Y ≤ y)|X = x, V ∗]

dF (V ∗)

dF (V ∗|x)
dF (V ∗|x)

=

∫
E

[
1(Y ≤ y) ·

dF (V ∗)

dF (V ∗|x)

∣∣∣∣ X = x, V ∗ = v

]
dF (V ∗|x)

= E[1(Y ≤ y) · w̃(X,Z)|X = x],(24)

where

w̃(X,Z) =
dF (V ∗)

dF (V ∗|x)
=

1

f(V ∗|x)
.

To calculate this weight we need the conditional density of V ∗ = F (X|Z) given X. Recall that
assumption 3 implies that the the mapping from Z to V ∗ given X is invertible. The conditional
density of V ∗ given X thus equals

f(v|x) = f(z|x)/

∣∣∣∣∂v∂z
∣∣∣∣ =

dF (z|x)

− ∂
∂z
F (x|z)

by a change of variables, so that w̃(X,Z) = w(X,Z). This implies that the control function
approach is equivalent to the reweighting approach in theorem 1.

The result that (in general) P (Y x ≤ y|V ∗ = v) 6= P (Y x ≤ y|X = x, V ∗ = v) follows from
the arguments in Kasy (2011), and is also confirmed by the example discussed in appendix B. �

Proof of theorem 3:
Consider the functions g and h of definition 2, and let V = U . Then:

Assumption 1 follows from the assumptions of randomization, and from the exclusion re-
striction in assumption 5.

The continuity of g in assumption 2 follows from differentiability of g1 in x and y (given
U), and the implicit function theorem.

The monotonicity of h in assumption 3 follows again from differentiability of g in x, y and
z (given U), and the implicit function theorem, since

∂h/∂x = ∂Xz/∂z = −
[
(∂g/∂(y, x))−1 · ∂g/∂z

]
2

=
∂g1/∂y · ∂g2/∂z

det(∂g/∂(x, y))
,
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where the second equality exploits the exclusion restriction ∂g1/∂z = 0.

Continuity of the distribution of Z as in assumption 4 holds by assumption. �

Proof of Theorem 4:
We will focus on the identified set for g(x) = E[Y x], under the assumption of bounded Y . The
claim for P (Y x ≤ y) follows by the same argument.We will show that g ≡ 0 is in the closure
of the identified set for g; the general claim follows immediately.

The proof is constructive, providing an explicit distribution of structural functions P (g(., U))
consistent with the data. The proof has two steps: (i) first we need to construct a coupling
of the marginal distributions P ((X,Y )|Z = z) = P (Xz , Y z) = P (h(z, V ), g(h(z, V ), U)). Cou-
pled values of (X,Y ) for different values of Z are those assumed to have the same realization of
(U, V ). (ii) In the second step we show, by filling in intermediate values of g(., U) for values of
X that are not realized for any Z, that any ASF satisfying the a-priori bounds can be achieved.

(i) The data and assumptions identify the (marginal) distributions of (Xz , Y z) for z = 1 . . . z,
since P ((Y z , Xz)) = P ((Y,X)|Z = z). They are completely uninformative about the joint dis-
tribution across different values of z. The coupling of these marginal distributions can be
achieved in any number of ways, we can choose for instance the independence coupling, i.e.

(Xz , Y z) ⊥ (Xz′ , Y z
′
) for z 6= z′.

(ii) Now take any realized value from this joint distribution of {(Xz , Y z) : z = 1, . . . , z}.
For this realized value construct g(., U) as follows:4

g(x, U) = Y x =

z∑
z=1

K

(
x−Xz

τ ′

)
Y z ,

where K is a continuous kernel function with support [−1, 1] and K(0) = 1, and τ ′ is a
(random) “bandwidth” parameter, given by

τ ′ = min(τ,min
z,z′

(|Xz −Xz′ |)).

With this construction we get

g(x) = E[Y x] =
z∑
z=1

E

[
K

(
x−Xz

τ ′

)
Y z
]
.

Since we assumed that X is continuously distributed with bounded density conditional on Z,
choosing τ small enough we can make this expression arbitrarily small, completing the proof. �
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