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Abstract
This paper examines the issue of weak identi�cation in maximum likelihood, motivated by

problems with estimation and inference in a multi-dimensional, non-linear DSGE model. We

suggest a test for a simple hypothesis concerning the full parameter vector which is robust to

weak identi�cation. We also suggest a test for a composite hypothesis regarding a sub-vector of

parameters. The suggested subset test is shown to be asymptotically exact when the nuisance

parameter is strongly identi�ed, and in some cases when the nuisance parameter is weakly iden-

ti�ed. We pay particular attention to the question of how to estimate Fisher information, and

make extensive use of martingale theory.
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1 Introduction

In recent years we have witnessed the rapid growth of the empirical literature on the
highly parameterized, micro-founded macro models known as Dynamic Stochastic Gen-
eral Equilibrium (DSGE) models. A number of papers in this literature have considered
estimating these models by maximum likelihood (see for example Ingram, Kocherlakota
and Savin (1994), Ireland (2004), Lindé (2005), and McGrattan, Rogerson and Wright
(1997)). More recently, Bayesian estimation has become increasingly popular, due in
large part to the di�culty of maximum likelihood estimation in many DSGE models. As
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Fernández-Villaverde (2010) points out in his survey of DSGE estimation, "likelihoods
of DSGE models are full of local maxima and minima and of nearly �at surfaces... the
standard errors of the estimates are notoriously di�cult to compute and their asymptotic
distribution a poor approximation to the small sample one." The poor performance of
maximum likelihood estimation has fueled growing concerns about poor identi�cation in
many DSGE models (see Canova and Sala (2009), Guerron-Quintana, Inoue and Kilian
(2009), Iskrev (2010), and Mavroeidis (2005)).

In this paper, we consider the problem of weak identi�cation in models estimated by
maximum likelihood, taking DSGE models as a leading empirical example. Weak identi�-
cation arises when the amount of information in the data about some parameter or group
of parameters is small and is generally modeled in such a way that information about
parameters accumulates slowly along some dimensions. This leads to the breakdown of
the usual asymptotics for maximum likelihood, with the asymptotic distributions for the
maximum likelihood estimator and the standard LR, LM, and Wald statistics providing
a poor approximation to their �nite sample behavior. This is distinct from loss of point
identi�cation. We assume throughout that the models we consider are point identi�ed,
and thus that changing the value of any parameter changes the distribution of the data,
though the e�ect will be small for some parameters.

We focus on the problem of testing and con�dence set construction in this context.
In our view there are two main approaches to inference in models where identi�cation
may be weak. One is to create a two-step procedure, where one �rst di�erentiates (via
a pre-test) between weakly and strongly identi�ed models and then chooses a procedure
based on the test result. We take the other approach. Rather than looking for a test for
weak identi�cation as such, we instead attempt to construct a test for parameters that is
robust to weak identi�cation. The ideal procedure should satisfy two conditions. First, it
should control size well if identi�cation is weak, and second, it should be asymptotically
equivalent to the classical ML tests if identi�cation is strong. If such a procedure exists,
it renders pretests unnecessary and, in general, inferior given the size problems endemic
to multiple testing procedures.

We view this approach as analogous to the modern treatment of testing in the presence
of potential heteroscedasticity. While in the past it was common to use pretests for
heteroscedasticity, current empirical practice is to simply use standard errors (such as
those of White (1980)) which are correct asymptotically regardless of whether or not the
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data is heteroscedastic. Likewise, in weak instrumental variables regression (weak IV)
there are tests available that have correct asymptotic size under weak identi�cation and
(at least for the case of one endogenous variable) at least as much power as the classical
procedures under strong identi�cation.

We consider two di�erent tasks. First, we examine the problem of testing a simple
hypothesis on the full parameter vector. We suggest using a particular form of the
classical Lagrange Multiplier (LM) test, which we show is robust to weak identi�cation.
The assumptions needed for this result are extremely weak and cover a large number of
cases, including weak IV, an ARMA(1,1) with nearly canceling roots, a weakly identi�ed
binary choice model and weakly identi�ed exponential family models, for example VARs
with weakly identi�ed structural parameters. The proof for this test makes extensive
use of martingale theory, particularly the fact that the score (i.e. the gradient of the log
likelihood) is a martingale when evaluated at the true parameter value.

Second, we turn to the problem of testing a subset of parameters without restrict-
ing the remaining parameters. Creation of such tests is critical for the construction of
con�dence sets, given that the common practice in applied work is to report a sepa-
rate con�dence interval for each element of the parameter vector. Constructing a test
satisfying our �rst requirement, that is, one that controls size well under weak iden-
ti�cation, is straightforward using the LM test for the full parameter vector and the
projection method. However, simultaneously satisfying the second condition, asymptotic
equivalence to the classical tests under strong identi�cation, is a much more challenging
problem which has not been fully solved even for many simpler models.

The test we suggest for a subset of parameters is a form of Rao's score test and is
asymptotically equivalent to Neyman's C(α) test when identi�cation is strong. We show
that the suggested test has a χ2 asymptotic distribution as long as the nuisance parameter
(i.e. the part of the parameter vector which we are not testing) is strongly identi�ed,
without any assumption about the strength of identi�cation of the tested parameter. We
also show that the suggested test has correct asymptotic size in some cases where the
nuisance parameter is weakly identi�ed. By combining our procedure for concentrating
out nuisance parameters that are strongly identi�ed with projection over the remaining
nuisance parameters, one obtains a weak identi�cation-robust test more powerful than
existing procedures.
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Relation to the Literature on Weak Identi�cation The literature on weak iden-
ti�cation is quite large. The most studied and best understood case is that of weak
instrumental variables estimation. For a comprehensive survey of the literature on this
topic, see Stock, Wright, and Yogo (2002). The weak identi�cation framework was gen-
eralized to GMM by Stock and Wright (2000), who represented weak identi�cation using
an asymptotic embedding in which the objective function becomes �at along some di-
mensions as the sample grows. An alternative embedding assumes a drifting sequence of
parameters, as in Andrews and Cheng (2009). While we make use of similar embeddings
to demonstrate the applicability of our assumptions in examples, they are in no way
necessary for our results, and we remain quite agnostic about the process generating the
data.

Our paper di�ers from the existing weak identi�cation-robust literature in several
respects. First, we consider maximum likelihood, which has not been well-studied in the
theoretical econometric literature on weak identi�cation, with the exception of the recent
paper by Andrews and Cheng (2011). The results from the weak GMM literature do not
in general apply to composite hypothesis testing in the ML context, as the variance of the
moment condition (the score of the log-likelihood) becomes degenerate asymptotically,
violating a key assumption in this literature. Second, we point out a previously unno-
ticed link between weak identi�cation and the breakdown of the asymptotic equivalence
between two common ways of estimating Fisher information. Third, we provide the �rst
example of a model in which concentrating out a weakly identi�ed nuisance parameter
results in an asymptotically similar test. There are several papers in the weak identi�-
cation literature that show that one can concentrate out a strongly identi�ed nuisance
parameter in a particular context and get an asymptotically similar test, as for example
in Guggenberger and Smith (2005) and Kleibergen (2005). However, we are not aware of
any results that show that one can concentrate out a weakly identi�ed nuisance param-
eter and obtain a standard limiting distribution. On the contrary, Andrews and Cheng
(2009) show that the presence of a weakly identi�ed nuisance parameter usually leads to
non-standard asymptotic behavior, even for strongly identi�ed parameters.

The issue of weak identi�cation in DSGE models was �rst introduced by Mavroeidis
(2005) and Canova and Sala (2009), who point out that the objective functions implied
by many DSGE models are nearly �at in some directions. Weak identi�cation-robust
inference procedures for log-linearized DSGE models were introduced by Dufour, Kha-
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laf and Kichian (2009, henceforth DKK), Guerron-Quintana Inoue and Killian (2009,
henceforth GQIK) and Qu (2011). Their approaches suggest tests for the full parameter
vector and make extensive use of the projection method for constructing con�dence sets
for the structural parameters which, given the high dimension of the parameter space
in many DSGE models, has the potential to introduce a substantial amount of conser-
vativeness in many applications. The LM test we suggest in this paper can be applied
whenever the correct likelihood is speci�ed and, in particular, can accommodate non-
linear DSGE models, which are increasingly popular and cannot be treated by existing
weak identi�cation-robust methods. We also compare the LM test with the existing
weak identi�cation-robust methods from a theoretical perspective, and report an exten-
sive simulation study in a small-scale DSGE model, demonstrating the advantages and
disadvantages of di�erent robust methods. In simulation we �nd that our LM statistics
have much higher power than Dufour, Khalaf and Kichian (2009). The test statistic
proposed by Qu (2011) is almost indistinguishable from our LMe statistic, but is de�ned
for a much more limited set of models. The test of Guerron-Quintana, Inoue and Killian
(2009) has power comparable to ours, but is highly computationally intensive and relies
on the questionable assumption of strong identi�cation of the reduced form parameters.

Structure of the paper Section 2 introduces our notation as well as some results
from martingale theory; it also discusses the di�erence between two alternative measures
of information and illustrates this di�erence in several examples. Section 3 suggests a
test for the full parameter vector. Section 4 discusses the problem of testing a composite
hypothesis about a sub-parameter, and introduces a statistic for such a test. Section 5
proves that our sub-vector test is valid when the nuisance parameter is strongly identi�ed
without any assumption on the strength of identi�cation of the tested parameter. Section
6 shows that this result can be extended to some cases in which the nuisance parame-
ter is weakly identi�ed. Section 7 provides a theoretical comparison between di�erent
weak identi�cation-robust methods in DSGE models. Simulations supporting our theo-
retical results are reported in Section 8. Proofs of secondary importance and additional
simulation results can be found in the Supplementary Appendix.

Throughout the rest of the paper, Idk is the k×k identity matrix, I{·} is the indicator-
function, [·] stands for the quadratic variation of a martingale and [·, ·] for the joint
quadratic variation of two martingales, ⇒ denotes weak convergence (convergence in
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distribution), while →p stands for convergence in probability.

2 Martingale Methods in Maximum Likelihood

Let XT be the data available at time T . In general, we assume that XT = (x1, ..., xT ). Let
Ft be a sigma-algebra generated by Xt = (x1, ..., xt). We assume that the log likelihood
of the model,

`(XT ; θ) = log f(XT ; θ) =
T∑

t=1

log f(xt|Ft−1; θ),

is known up to the k-dimensional parameter θ, which has true value θ0. We further
assume that `(XT ; θ) is twice continuously di�erentiable with respect to θ, and that
the class of likelihood gradients

{
∂

∂θ′ `(XT ; θ) : θ ∈ Θ
}
and the class of second derivatives{

∂2

∂θ∂θ′ `(XT ; θ)
}

are both locally dominated integrable.
Our main object of study will be the score function,

ST (θ) =
∂

∂θ′
`(XT , θ) =

T∑
t=1

∂

∂θ′
log f(xt|Ft−1; θ),

where st(θ) = St(θ)− St−1(θ) = ∂
∂θ′ log f(xt|Ft−1; θ) is the increment of the score. Under

the assumption that we have correctly speci�ed the model, the expectation of st(θ0)

conditional on all information up to t− 1 is equal to zero,

E (st(θ0)|Ft−1) = 0 a.s. (1)

This in turn implies that the score taken at the true parameter value, St(θ0), is a martin-
gale with respect to �ltration Ft. One way to view (1) is as a generalization of the �rst
informational equality, which in i.i.d. models states that E [st(θ0)] = 0, to the dynamic
context. To derive this equality, note that st(θ0) = 1

f(xt|Ft−1;θ0)
∂

∂θ′f(xt|Ft−1; θ0) so,

E(st(θ0)|Ft−1) =

∫
st(θ0)f(xt|Ft−1; θ0)dxt =

∂

∂θ′

∫
f(xt|Ft−1; θ0)dxt = 0.

This observation is due to Silvey (1961).
Similarly, the second informational equality also generalizes to the dependent case.

In the i.i.d. case, this equality states that we can calculate the (theoretical) Fisher
information for a single observation, I1(θ0), using either the Hessian of the log likelihood
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or the outer product of the score, i.e.

I1(θ0) = −E

(
∂2

∂θ∂θ′
log f(xt; θ0)

)
= E

(
∂

∂θ′
log f(xt; θ0)

∂

∂θ
log f(xt; θ0)

)
. (2)

Fisher information plays a key role in the classical asymptotics for maximum likelihood, as
it is directly related to the asymptotic variance of the MLE, and (2) suggests two di�erent
ways of estimating it which are asymptotically equivalent in the classical context. To
generalize (2) to the dynamic context, following Barndor�-Nielsen and Sorensen (1991),
we introduce two measures of information based on observed quantities:

• Observed information: the negative Hessian of the log-likelihood,

IT (θ) = − ∂2

∂θ∂θ′
`(XT ; θ) =

T∑
t=1

it(θ),

where it(θ) = − ∂2

∂θ∂θ′ log f(xt|Ft−1; θ);

• Incremental observed information: the quadratic variation of the score of the log
likelihood,

JT (θ) = [S(θ)]T =
T∑

t=1

st(θ)s
′
t(θ),

where as before st(θ) is the increment of ST (θ).

Both observed measures IT (θ) and JT (θ) may serve as estimates of the (theoretical)
Fisher information for the whole sample:

IT (θ0) = E (IT (θ0)) = E (JT (θ0)) .

Using these de�nitions, let AT (θ) = JT (θ) − IT (θ) be the di�erence between the two
measures of observed information. The second informational equality implies that At(θ0)

is a martingale with respect to Ft. Speci�cally, the increment of At(θ0) is at(θ0) =

At(θ0)− At−1(θ0),

at(θ0) =
∂2

∂θ∂θ′
log f(xt|Ft−1; θ0) +

∂

∂θ′
log f(xt|Ft−1; θ0)

∂

∂θ
log f(xt|Ft−1; θ0),

and an argument similar to that for the �rst informational equality gives us that
E(at|Ft−1) = 0 a.s.

In the classical context, IT (θ0) and JT (θ0) are asymptotically equivalent, which plays
a key role in the asymptotics of maximum likelihood. In the i.i.d. case, for example,
the Law of Large Numbers implies that 1

T
IT (θ0) →p −E

(
∂2

∂θ∂θ′ log f(xt, θ0)
)

= I1(θ0)

7



and 1
T
JT (θ0) →p E

(
∂

∂θ′ log f(xt, θ0)
∂
∂θ

log f(xt, θ0)
)

= I1(θ0). As a result of this asymp-
totic equivalence, the classical literature in the i.i.d. context uses these two measures of
information more or less interchangeably.

The classical literature in the dependent context makes use of a similar set of con-
ditions to derive the asymptotic properties of the MLE, focusing in particular on the
asymptotic negligibility of AT (θ0) relative to JT (θ0). For example, Hall and Heyde (1980)
show that for θ scalar, if higher order derivatives of the log-likelihood are asymptotically
unimportant, JT (θ0) → ∞ a.s., and lim supT→∞ JT (θ0)

−1|AT (θ0)| < 1 a.s., then the
MLE for θ is strongly consistent. If moreover, JT (θ0)

−1IT (θ0) → 1 a.s., then the ML
estimator is asymptotically normal and JT (θ0)

1
2 (θ̂ − θ0) ⇒ N(0, 1).

We depart from this classical approach in that we consider weak identi�cation. Weak
identi�cation arises when information is small along some dimension, which one can
model by using an embedding such that Fisher information per observation is degenerate
asymptotically, that is, det

(
1
T
IT (θ0)

) → 0. Similar embeddings have been used to study
weak identi�cation in other contexts, including the weak IV asymptotics introduced by
Staiger and Stock (1997) and the Weak GMM asymptotics of Stock and Wright (2000). In
such an embedding the di�erence between our two measures of information is important
and AT (θ0) is no longer negligible asymptotically compared to observed incremental
information JT (θ0), as demonstrated in several examples below.

Example 1 We assume a reduced form model with normal errors:




yt = βπ′zt + ut

xt = π′zt + vt

,


 ut

vt


 ∼ i.i.d. N(0, Id2),

We take zt to be a k−dimensional set of instruments, while β is the parameter of interest
and π is a k × 1 vector of nuisance parameters. Our assumption that the errors have
a known covariance matrix equal to Id2 is not restrictive, since ut and vt are reduced
form (rather than structural) errors, and thus are well-estimable. The analysis is done
conditional on the instruments zt, and for simplicity we assume that the data generating
process for zt is such that it satis�es the Law of Large Numbers. Following the approach
laid out by Staiger and Stock (1997), we represent weak identi�cation by modeling π as
local to zero, that is π = 1√

T
C, so π is drifting to zero as the sample grows.

Let Y = (y1, ..., yT )′, X = (x1, ..., xT )′ be T × 1 and Z = (z1, ..., zT )′ be T × k. In this
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model, we have the following log-likelihood:

`T (β, π) = const− 1

2
(Y − βZπ)′(Y − βZπ)− 1

2
(X − Zπ)′(X − Zπ).

The score is

Sβ(θ) = π′Z ′(Y − βZπ); Sπ(θ) = βZ ′(Y − βZπ) + Z ′(X − Zπ).

Finally, the two measures of information are:

IT (θ0) = − ∂2

∂θ∂θ′
`T =


 π′Z ′Zπ βπ′Z ′Z − U ′Z

βZ ′Zπ − Z ′U (1 + β2)Z ′Z


 ;

JT (θ0) = [S]T =


 π′

∑
t u

2
t ztz

′
tπ π′

∑
t ut(βut + vt)ztz

′
t∑

t ut(βut + vt)ztz
′
tπ

∑
t(βut + vt)

2ztz
′
t


 .

Under the weak instrument embedding π = 1√
T
C, we can use the normalizing matrix

KT = diag(1, 1√
T
, . . . , 1√

T
) to get a non-trivial limit for both information matrices:

KT JT (θ0)KT →p


 C ′QZC βC ′QZ

βQZC (1 + β2)QZ


 ;

KT IT (θ0)KT ⇒

 C ′QZC βC ′QZ − ξ′

βQZC − ξ (1 + β2)QZ


 .

To derive these expressions we have used a Law of Large Numbers, 1
T
Z ′Z →p QZ , and a

Central Limit Theorem, 1√
T
Z ′U ⇒ ξ ∼ N(0, QZ). Notice that, under weak instrument

asymptotics, there is a di�erence between the two information matrices (i.e. the addition
of the term −ξ to the o�-diagonal elements of KT IT (θ0)KT ), whereas for the strong IV
case (π 6= 0 and �xed) we have that J−1

T IT →p Idk+1. ¤
Example 2 Another well-known example of weak identi�cation is the ARMA model

with nearly canceling roots. Below we use the formulation of this model from Andrews
and Cheng (2009). The relevance of this model to DSGE estimation is discussed in
Schorfheide (2010).

Yt = (π + β)Yt−1 + et − πet−1, et ∼ i.i.d.N(0, 1). (3)

The true value of parameter θ0 = (β0, π0)
′ satis�es the restrictions |π0| < 1, β0 6= 0

and |π0 + β0| < 1, which guarantee that the process is stationary and invertible. For
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simplicity we assume that Y0 = 0 and e0 = 0, though due to stationarity and invertibility
the initial condition should not matter asymptotically. One can re-write the model as
(1− (π +β)L)Yt = (1−πL)et. It is easy to see that if β0 = 0 then the parameter π is not
identi�ed. Assume that the model is point identi�ed, so β0 6= 0, but that identi�cation
is weak. This can be modeled as β0 = C√

T
. If KT = diag(1/

√
T , 1), then:

KT JT (θ0)KT →p Σ and KT IT (θ0)KT ⇒ Σ +


 0 ξ

ξ Cη


 ,

where Σ is a positive de�nite matrix while ξ and η are two Gaussian random vari-
ables.4 That is, the di�erence between the two information matrices is asymptotically
non-negligible compared with the information measure JT (θ0). ¤

Example 3 Another example is a weakly identi�ed binary model. Assume that we
observe an i.i.d. sample from the joint distribution of (Yt, Xt), where

Yt = I{Y ∗
t > 0}; Y ∗

t = βh(Xt, π)− Ut; Ut|Xt ∼ f(u).

Assume that the model is point-identi�ed and that a standard list of smoothness and
moment existence conditions holds.5

It is easy to see that if β0 = 0 then parameter π is unidenti�ed. The weak identi�cation
embedding considered in Andrews and Cheng (2009) takes β0 = C/

√
T . Again, for

θ = (β, π′)′ and KT = diag(1/
√

T , 1, . . . , 1) we have that KT JT (θ0)KT converges in
probability to a non-degenerate matrix, while KT (JT (θ0)− IT (θ0))KT weakly converges
to a non-zero random matrix with Gaussian entries:

KT (JT (θ0)− IT (θ0))KT ⇒

 0 ξ′

ξ Cη


 ,

where (ξ′, vec(η)′)′ is a Gaussian vector. ¤
White (1982) shows that the two measures of information may di�er if the likelihood is

misspeci�ed. As discussed in examples 1-3 above, even if the model is correctly speci�ed
these two measures may di�er substantially if identi�cation is weak. This result is quite
di�erent from that of White (1982), however. In particular, correct speci�cation implies
that AT (θ0) has mean zero, i.e. that EAT (θ0) = 0, and it is this restriction that is

4Details can be found in the Supplementary Appendix.
5See the Supplementary Appendix for details.
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tested by White's Information Matrix Test. In contrast, weak identi�cation in correctly
speci�ed models, as in examples 1 - 3 above, is related to AT (θ0) being substantially
volatile relative to JT (θ0) while maintaining the assumption that EAT (θ0) = 0. Correct
speci�cation can be tested by comparing the realized value of AT (θ0) to the metric implied
by a consistent estimator of its variance. In particular, in Section 3 we show that there
exists a variant of White's speci�cation test which is robust to weak identi�cation, if the
speci�cation is tested along with a particular parameter value in a joint test. One may
also create a test for weak identi�cation based on a comparison of AT with JT . As argued
in the introduction, however, such tests are less useful than weak-identi�cation robust
procedures, so we do not pursue such tests here.

As observed in the examples above, weak identi�cation is related to the curvature of
the objective function (the Hessian IT (θ0)) being random, even in very large samples.
While it is common to associate weak identi�cation with the Fisher information IT (θ0)

having determinant close to zero, this is misleading as the Fisher information is not
invariant towards re-parametrization. For example, if we linearly re-parameterize a model
in terms of τ = θ

k
, then Iττ = k2Iθθ. Hence, by linear re-parametrization one can produce

a model whose Fisher information has an arbitrarily small (or large) determinant without
changing the quality of the classical ML approximation. As a result, we instead prefer
to associate weak identi�cation with a low signal-to-noise ratio, treating JT (θ0) as the
signal and AT (θ0) as noise in the estimation of the Fisher information by Hessian IT (θ0).

3 Test for Full Parameter Vector

In this section, we suggest a test for a simple hypothesis on the full parameter vector,
H0 : θ = θ0, which is robust to weak identi�cation. To allow for the possibility of an
embedding such as weak IV, we consider a so-called scheme of series. In a scheme of series
we assume that we have a series of experiments indexed by the sample size: the data XT

of sample size T is generated by distribution fT (XT ; θ0), which may change as T grows.
We assume that in the de�nition of all quantities in the previous section there is a silent
index T . For example, the log-likelihood is `T (θ) =

∑T
t=1 log fT (xT,t|FT,t−1; θ), where

the data is XT = (xT,1, ..., xT,T ) and XT,t = (xT,1, ..., xT,t). All scores and information
matrices also have this implied index T ; for each �xed T the score ST,t is a process indexed
by t, ST,t(θ0) = ∂

∂θ′ log fT (XT,t; θ0) =
∑t

j=1 sT,j(θ0), and is a martingale with respect to
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the sigma-�eld FT,t generated by XT,t. All other statistics are de�ned correspondingly.
In this context, we introduce our �rst assumption:

Assumption 1 Assume that there exists a sequence of constant matrices KT such that:

(a) for all δ > 0,
∑T

t=1 E (‖KT st,T (θ0)‖I{‖KT st,T (θ0)‖ > δ}|FT,t−1) → 0;

(b)
∑T

t=1 KT st,T (θ0)st,T (θ0)
′KT = KT JT (θ0)KT →p Σ, where Σ is a constant positive-

de�nite matrix.

Discussion of Assumption 1
Assumption 1(a) is a classical in�nitesimality (or limit negligibility) condition. We

can, if we prefer, replace it with a version of Lindeberg's condition:

T∑
t=1

E
(‖KT st,T‖2I{‖KT st,T (θ0)‖ > δ}

∣∣FT,t−1

) → 0,

although this condition is stronger than 1(a). Assumption 1(b) imposes the ergodicity
of the quadratic variation JT (θ0) of martingale ST (θ0) = ST,T (θ0), which rules out some
potentially interesting models including persistent (unit root) processes and non-ergodic
models.

The following theorem is a direct corollary of the multivariate Martingale Central
Limit Theorem (see Theorem 8, ch. 5 in Liptser and Shiryayev (1989)).

Theorem 1 If Assumption 1 holds, then KT ST (θ0) ⇒ N(0, Σ), and

LMo(θ0) = ST (θ0)JT (θ0)
−1ST (θ0) ⇒ χ2

k, (4)

LMe(θ0) = ST (θ0)IT (θ0)
−1ST (θ0) ⇒ χ2

k, (5)

where k = dim(θ0).

Examples 1, 2 and 3 (cont.) Assumption 1 is trivially satis�ed for the weak IV
model, the ARMA (1,1) model with nearly canceling roots, and the weakly identi�ed
binary choice model (see the Supplementary Appendix for details).

Example 4 Assumption 1 can also be checked for an exponential family with weak
identi�cation. In particular, consider an exponential family with joint density of the form

fT (Xt|θ) = h(XT ) exp

{
ηT (θ)′

T∑
t=1

H(xt)− TAT (ηT (θ))

}
. (6)

12



Here, η is a p−dimensional reduced form parameter, while
∑T

t=1 H(xt) is a p−dimensional
su�cient statistic. Model (6) covers VAR models for η a set of reduced form VAR
coe�cients and xt = (Y ′

t , ..., Y
′
t−p)

′, where Yt is a vector of data observed at time t, and
the su�cient statistics are the sample auto-covariances of the Yt. Fernández-Villaverde
et al. (2007) discuss the relationship between linearized DGSE models and VARs.

Suppose that we can partition the structural coe�cient θ into sub-vectors α and
β, θ = (α′, β′)′. For this example we consider an embedding similar to that of Stock
and Wright (2000) for weak GMM, which we use to model β as weakly identi�ed. In
particular, we assume that

ηT (θ) = m(α) +
1√
T

m̃(α, β),

where ∂
∂α′m(α0) and ∂

∂θ′ηT (θ0) are matrices of full rank kα and k = kα+kβ correspondingly.
This means that while θ is identi�ed for any �xed T , the likelihood is close to �at in direc-

tions corresponding to β. Assumption 1 is trivially satis�ed for KT =




1√
T
Idkα 0

0 Idkβ




if the in�nitesimality condition holds for the sequence
{

1√
T
H(xt)

}T

t=1
and a law of large

numbers holds for H(xt)H(xt)
′ (i.e. 1

T

∑T
t=1 H(xt)H(xt)

′ →p E [H(xt)H(xt)
′]). ¤

The origin and nature of weak identi�cation in DSGE models is not well understood.
Weak identi�cation may be due to many di�erent factors, for example canceling AR and
MA roots, as mentioned in Schorfheide (2010), problems similar to weak IV, for example
poor identi�cation of the New Keynesian Phillips curve as pointed out in Kleibergen
and Mavroeidis (2009b), non-linear weak GMM issues similar to those in Euler equation
estimation as discussed in Stock and Wright (2000), or some combination of these. As
illustrated by our examples, our test is applicable to all of the above mentioned problems
separately.

Theorem 1 can easily be generalized to a GMM or quasi-ML framework so long
as the vector of moment conditions is a martingale at the true parameter value (i.e.
E(mt(θ0)|Ft−1) = 0 a.s.) and Assumption 1 holds for mt(θ0).

We introduce two formulations of the LM statistic in equations (4) and (5), one
using observed incremental information JT (θ0) and the other using the (expected) Fisher
information IT (θ0). Theorem 1 shows that pairing either of these statistics with χ2

k critical
values results in a weak identi�cation-robust test. The two statistics are asymptotically
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equivalent under the null provided Assumption 1 holds but may have di�erent �nite-
sample performance, and we �nd in simulations (see Section 8) that LMe(θ0) controls size
somewhat better. On the other hand, the statistic LMo(θ0) has two advantages. First,
in many cases calculating JT (θ0) is much more straightforward than calculating IT (θ0),
particularly when we do not have an analytic expression for the likelihood. Second, if
we weaken Assumption 1(b) to require only that Σ be an almost surely positive de�nite
random matrix then (4) still holds while (5) does not. Hence, (4), unlike (5), has the
additional advantage of being robust to non-ergodicity. Statistical examples of non-
ergodic models can be found in Basawa and Koul (1979).

Theorem 1 suggests using the LM test for simple hypotheses about the whole parame-
ter vector θ. Unlike the classical ML Wald and LR tests, the derivation of the asymptotic
distribution of the LM statistics (4) and (5) uses no assumptions about the strength of
identi�cation. It is important to note, however, that the LM statistic calculated with
other estimators of the Fisher information (for example IT (θ0)) is not necessarily robust to
weak identi�cation, as can be seen in the example of weak IV. It is also unwise to estimate
the information matrix using an estimator of θ, i.e. to use JT (θ̂). All of these alternative
formulations deliver asymptotically equivalent tests in strongly identi�ed models, but
this equivalence fails under weak identi�cation.

A Remark on Point Versus Weak Identi�cation. Assumption 1(b) rules out lo-
cally non-identi�ed models by assuming that Σ is positive de�nite. In ML models, it is
usually possible to check local point identi�cation by checking the non-degeneracy of the
Fisher Information. The corresponding literature for DSGE models includes Komunjer
and Ng (2011) and Iskrev (2010). If one wants to test the full parameter vector at a point
of non-identi�cation, under the null there exists a non-degenerate linear transformation
of the score such that a sub-vector of the transformed score is identically zero while the
rest has non-degenerate quadratic variation. If Assumption 1 holds for the non-zero part
of the transformed score, our LM tests (replacing the inverse with a generalized inverse)
are asymptotically χ2- distributed with reduced degrees of freedom. For example, if one
wants to test H0 : π = 0, β = β0 in Example 1 (so β is unidenti�ed under the null) the
corresponding LM statistic is χ2

k distributed rather than χ2
k+1 as in the case with point

identi�cation.6
6We are grateful to an anonymous referee for pointing this out.
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A Remark about Speci�cation Testing. One implication of correct model speci�-
cation is that AT (θ0) = JT (θ0)− IT (θ0) is a martingale. This observation can be used to
test model speci�cation together with a speci�c value for θ0 if one is willing to assume
an analog of Assumption 1 for the martingale AT :

Assumption 1' Consider vector-martingale-di�erence aT,t which contains a subset
of linearly independent components of vec(aT,t). Assume that there exists a sequence of
constant matrices KA,T such that:

(a) for all δ > 0,
∑T

t=1 E (‖KA,Tat,T (θ0)‖I{‖KA,Tat,T (θ0)‖ > δ}|FT,t−1) → 0;

(b)
∑T

t=1 KA,Tat,T (θ0)at,T (θ0)
′KA,T →p ΣA, where ΣA is a constant positive-de�nite

matrix.

If Assumption 1' is satis�ed one can test the joint hypothesis of correct speci�cation
and true parameter value θ = θ0 by comparing statistic

W =

(
T∑

t=1

aT,t

)(
T∑

t=1

aT,ta
′
T,t

)−1 (
T∑

t=1

aT,t

)
= AT (θ0)

′[A(θ0)]
−1
T AT (θ0),

with a critical value from a χ2
p distribution, where AT (θ0) consists of the same components

of vec(AT (θ0)) as described in Assumption 1' and p = dim(AT ). The di�erence with
White's (1982) test is that we evaluate the statistic at hypothesized true value θ0 rather
than at θ̂. To obtain a (conservative) test of speci�cation alone, we can reject the null of
correct speci�cation when the minimum of W over θ exceeds the appropriate χ2

p critical
value. There are also a number of ways to test speci�cation using higher order derivatives
of the log-likelihood and higher-order informational equalities, as in Chesher et al. (1999).
We leave the question of optimal speci�cation testing to future research.

4 Test for a Subset of Parameters

4.1 The Problem

In applied economics, it is very common to report separate con�dence intervals for
each one-dimensional sub-parameter in the multidimensional parameter vector θ. Cur-
rent standards require that each such con�dence interval be valid, that is, it should
have at least 95% coverage asymptotically (assuming the typical 95% con�dence level).

15



These one-dimensional con�dence sets need not be valid jointly: if dim(θ) = k, the k-
dimensional rectangle formed by the Cartesian product of the 1-dimensional con�dence
intervals need not have 95% asymptotic coverage. Going the other direction, if one has a
95% con�dence set for θ and projects it on the one-dimensional subspaces corresponding
to the individual sub-parameters, the resulting con�dence sets for the one-dimensional
parameters will of course be valid. However, con�dence sets obtained in such a manner,
usually called the projection method, tend to be conservative.

Using the proposed weak identi�cation-robust LM tests of the full parameter vector we
have the option to produce robust con�dence sets for sub-parameters via the projection
method. This approach has been used many times in the literature, for example by
Dufour and Taamouti (2005) for weak IV and GQIK for DSGE. The typical DSGE
model has a large number of parameters to estimate (often between 20 and 60), which
makes the projection method less attractive as the degree of conservativeness may be
very high, which in turn makes the resulting con�dence sets less informative.

For some intuition on the source of this conservativeness, imagine for a moment
that we are concerned with a two-dimensional parameter θ = (θ1, θ2)

′, and have a t-
statistic for each θi. Suppose, moreover, that these two statistics are asymptotically
normal and asymptotically independent of each other. We can construct a con�dence
set for each parameter in two ways: the �rst and most commonly used is to invert the
t-test for the corresponding sub-parameter, which is equivalent to using the squared t-
statistic and χ2

1 critical values and yields C1,θi
=

{
θi : (θ̂i−θi)

2

σ2
i

≤ χ2
1,.95

}
. As an alternative,

one may construct a joint con�dence set for θ, which in this case will be an ellipse
C2,θ =

{
θ : (θ̂1−θ1)2

σ2
1

+ (θ̂2−θ2)2

σ2
2

≤ χ2
2,.95

}
, and then use the projection method to obtain

C2,θ1 = {θ1 : ∃θ2 s.t. (θ1, θ2)
′ ∈ C2,θ} (and likewise for θ2). One can notice that C2,θ1

ultimately uses the same Wald test statistic as C1,θ1 , namely, infθ2

{
(θ̂1−θ1)2

σ2
1

+ (θ̂2−θ2)2

σ2
2

}
=

(θ̂1−θ1)2

σ2
1

, but compares this statistic to the critical value of a χ2
2 rather than a χ2

1. As
a result, in this example the projection method produces unnecessarily wide con�dence
sets for each sub-parameter.

To summarize, the projection method is fully robust to weak identi�cation as long as
one uses a robust test for the hypothesis H0 : θ = θ0, with no additional assumptions
required. However, the projection method, when applied to strongly identi�ed models,
produces a less powerful test than the classical ML approaches. Below, we introduce an
alternative procedure which has better power properties than the projection method but
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can only be applied under additional assumptions.

4.2 Identi�cation of the Nuisance Parameter

Assume we have a weak identi�cation-robust test of H0 : θ = θ0 for θ = (α′, β′)′ and are
interested in constructing a robust test of hypothesis H0 : β = β0, while treating α as a
nuisance parameter. The critical issue in the literature on robust testing is whether α is
weakly or strongly identi�ed.

If α is strongly identi�ed there are several known cases in which one can replace the
unknown parameter α by an appropriately chosen consistent estimator and reduce the
degrees of freedom of the limiting distribution. In particular, Stock and Wright (2000)
consider a weakly identi�ed GMM model and introduce an analog of the Anderson-Rubin
statistic, called the S-statistic, for testing H0 : θ = θ0. They show that the test which
pairs S(θ0) with χ2

p critical values is robust to weak identi�cation in GMM under some
assumptions, where p is the number of moment conditions. Further, Stock and Wright
show that if θ = (α′, β′)′ and α is strongly identi�ed then it is possible to test the
hypothesis H0 : β = β0 by comparing minα S(α, β0) to quantiles of a χ2

p−kα
distribution,

where kα = dim(α). Hence, it is possible to use smaller critical values for projection-based
con�dence sets in weak GMM provided the nuisance parameter is strongly identi�ed. A
similar result is established for a di�erent case of weak identi�cation in Andrews and
Cheng (2009).

If the nuisance parameter α is weakly identi�ed, the problem becomes much more
di�cult. We are not aware of any paper that obtains an asymptotically similar test7 for
H0 : β = β0 from a weak identi�cation-robust test of H0 : θ = θ0 by concentrating out
a weakly identi�ed α. The closest result we are aware of to date is that of Kleibergen
and Mavroeidis (2009a). They consider the Anderson-Rubin statistic AR(θ0) for testing
H0 : θ = θ0 in the linear weak IV model and obtain a robust statistic for testing H0 :

β = β0 by concentrating out α to obtain ARc(β0) = minα AR(α, β0), which they show
is stochastically dominated by a χ2

p−kα
distribution asymptotically. Hence, they show

that one can reduce the degrees of freedom in the projection method and still obtain a
(weakly) conservative test. Generalizations of this result to non-linear settings are not
known.

7A test is asymptotically similar if it has asymptotic size equal to the declared level for all values of
the nuisance parameter.
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It is important to clarify the common misconception that strong identi�cation of β

guarantees that classical tests of H0 : β = β0 will have correct size. This is not true
in general. If part of the nuisance parameter α is weakly identi�ed, then di�culties in
estimating α and, in particular, the absence of a consistent estimator for α, often lead
to non-standard behavior of β̂ and the usual test statistics. Andrews and Cheng (2009)
make this point clear, demonstrating that even if β is strongly identi�ed estimators of
β in general lose their asymptotic normality and the classical test statistics lose their
standard asymptotic distributions if a weakly identi�ed nuisance parameter is present.

4.3 LM Statistic for Composite Hypotheses

As discussed above there are several ways one might use a robust test for a hypothesis
about the full parameter vector, H0 : θ = θ0, to derive a robust test for a hypothesis
concerning a subset of parameters, H0 : β = β0. Our approach di�ers from that of Stock
and Wright (2000) in three respects. First, we take a di�erent approach to eliminating
the nuisance parameter α: rather than minimizing the LM statistic over α, as in Stock
and Wright (2000) and the projection method, we instead plug in the restricted ML
estimate. Second, we establish that if α is strongly identi�ed then our statistic for
testing H0 : β = β0 has an asymptotic χ2 distribution with reduced degrees of freedom.
In Section 5.3 we show that this result is distinct from those of Stock and Wright (2000).
Third, we demonstrate that in some cases when α is weakly identi�ed our statistic still has
asymptotically correct size. To our knowledge, this is the only result in the literature that
produces a test with a classical asymptotic distribution by concentrating out a weakly
identi�ed nuisance parameter.

We consider the same LM statistics as de�ned in (4) and (5) evaluated at θ = (α̂, β0),
where α̂ is the restricted MLE, i.e. α̂ = arg maxα `(α, β0). Denoting our subset tests by
L̃M o(β0) and L̃M e(β0), we have that

L̃M o(β0) = LMo(α̂, β0) = S ′β
(
Jββ − JβαJ−1

ααJ ′βα

)−1
Sβ

∣∣∣
θ=(α̂,β0)

, (7)

where ST (θ) = (Sα(θ)′, Sβ(θ)′)′, and J(θ) =


 Jαα Jαβ

J ′αβ Jββ


 are the natural partitions of

the score and observed information. Statistic L̃M e(β0) can be de�ned analogously using
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statistic LMe(θ0).
The classical theory of maximum likelihood considers two LM tests for such a setting:

Rao's score test and Neyman's C(α)-test. Rao's score test is based on the statistic Rao =

1
T
ST (θ̂0)

′I(θ̂0)
−1ST (θ̂0), where θ̂0 is the restricted ML estimator, while Neyman's C(α)

test was developed as a locally asymptotically most powerful (LAMP) test for composite
hypotheses in the classical ML framework (see Akritas (1988)). If the classical ML
assumptions are satis�ed both statistics have an asymptotic χ2

kβ
distribution, and in fact

Kocherlakota and Kocherlakota (1991) show that the two statistics are asymptotically
equivalent. One can also see that our proposed statistics are asymptotically equivalent
to both Rao's score and Neyman's C(α) if the classical ML assumptions are satis�ed,
and hence that our test does not lose power compared to the classical tests if the model
is strongly identi�ed.

5 Test for a Subset of Parameters- Strong Identi�ca-
tion

In this section, we establish that if the nuisance parameter α satis�es conditions implying
the asymptotic normality of its restricted MLE then the statistic de�ned in (7) has a
χ2

kβ
distribution asymptotically regardless of the strength of identi�cation of β. One

implication of these results is that when α is strongly identi�ed, our proposed subset test
has a χ2

kβ
distribution asymptotically.

5.1 Asymptotic Normality of α̂

Below, we provide conditions that guarantee that the restricted maximum likelihood
estimator of α will be asymptotically normal. We adapt Baht's (1974) result on the con-
sistency and asymptotic normality of the MLE for time series. Let Aαα,T = Jαα,T −Iαα,T ,
where the last two quantities are the sub-matrices of JT (θ0) and IT (θ0) corresponding to
α.

Assumption 2 Assume that matrix KT from Assumption 1 is diagonal8 and Kα,T and
Kβ,T are the sub-matrices of KT corresponding to α and β, respectively. Further,

8Lemma 1 continues to hold if we replace the diagonality assumption on KT by the requirement that
KT be block-diagonal with blocks Kα,T and Kβ,T .
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(a) Kα,T Aαα,T Kα,T →p 0;

(b) for any δ > 0 we have

sup
‖K−1

α,T (α1−α0)‖<δ

‖Kα,T (Iαα(α1, β0)− Iαα(α0, β0))Kα,T‖ →p 0.

Lemma 1 If Assumptions 1 and 2 are satis�ed, then

K−1
α,T (α̂− α0) = K−1

α,T J−1
αα,T Sα,T + op(1) ⇒ N(0, Σ−1

αα). (8)

Discussion of Assumption 2. Assumption 2(a) implies that Kα,T Iαα,T Kα,T →p Σ,

and hence that the two observed information matrices are the same asymptotically. We
mentioned a condition of this nature in our discussion of weak identi�cation in Section 2.
One approach to checking 2(a) in many contexts is to establish a Law of Large Numbers
for Aαα,T . Indeed, Aαα,T is a martingale of the form

Aαα,T =
T∑

t=1

1

f(xt|Xt−1, θ0)

∂2

∂α∂α′
f(xt|Xt−1, θ0).

If the terms 1
f(xt|Xt−1,θ0)

∂2

∂α∂α′f(xt|Xt−1, θ0) are uniformly integrable and Kα,T converges to
zero no slower than 1√

T
, then the martingale Law of Large Numbers gives us Assumption

2(a).
Assumption 2(b) is an assumption on the smoothness of the log-likelihood. We can

reformulate it using the third derivatives:

Λαααi,T (θ) =
T∑

t=1

1

f(xt|Xt−1, θ)

∂3

∂αi∂α∂α′
f(xt|Xt−1, θ). (9)

An alternative to Assumption 2(b) is:

Assumption 2 (b') for any i: Kαi,T sup‖K−1
α,T (α−α0)‖<δ ‖Kα,T Λαααi,T Kα,T‖ →p 0.

Lemma 2 Assumptions 1, 2(a) and 2(b') imply assumption 2(b).

If we have Kα,T = 1/
√

TIdkα , as is often the case for strongly identi�ed α, then
Assumption 2(b') usually holds due to the Law of Large Numbers since the normalization
is excessive.
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Strong Identi�cation If in addition to Assumption 2 we assume that Kα,T → 0, it is
clear from Lemma 1 that α̂ will be consistent for α0. In such instances we say that α is
strongly identi�ed, as information about α goes to in�nity as the sample grows and the
MLE for α is consistent and asymptotically normal (under the null hypothesis β = β0).
This de�nition of strong identi�cation includes the case of �nearly weak identi�cation� as
discussed in Antoine and Renault (2007).

5.2 Result

As we show in Section 3, to test a simple hypothesis about the whole parameter vector
it is enough to have a CLT for the score function. Kleibergen and Mavroeidis (2009a)
impose a stronger assumption for their test of a subset of parameters, namely that the
CLT also hold for the derivative of the moment condition. For our test of a subset
of parameters, we likewise need an additional assumption, speci�cally a CLT on the
derivative of the score, which is directly related to the martingale AT (the di�erence of
the two information matrices).

Assumption 3 Consider the sequence of martingales MT = (ST (θ0)
′, vec(Aαβ,T (θ0))

′)′ =
∑T

t=1 mt,T . Assume that there exists a sequence of non-stochastic diagonal matrices KM,T

such that:

(a) for all δ > 0,
∑T

t=1 E (‖KM,T mt,T‖I{‖KM,T mt,T‖ > δ}|FT,t−1) → 0;

(b)
∑T

t=1 KM,T mt,T m′
t,T KM,T →p ΣM , where ΣM is a constant matrix whose sub-matrix

Σ corresponding to the martingale ST is positive de�nite.

Let us de�ne the martingales associated with the third derivative of the likelihood
function:

Λαiαjβn =
T∑

t=1

1

f(xt|Xt−1, θ0)
· ∂3f(xt|Xt−1, θ0)

∂αi∂αj∂βn

.

If we can interchange integration and di�erentiation three times then each entry of Λααβ,T

is a martingale. For the proof of the theorem below we will also need the following
assumptions:

Assumption 4 (a) limT→∞ Kαi,T K−1
αiβj ,T Kβj ,T = Cij, where C is some �nite matrix

(which may be zero).

21



(b) Kαi,T Kαj ,T Kβn,T

√
[Λαiαjβn ] →p 0 for any i, j, n.

(c) sup‖K−1
α,T (α−α0)‖<δ

∥∥∥Kβj ,T Kα,T ( ∂
∂βj

Iαα(α, β0)− ∂
∂βj

Iαα(α0, β0))Kα,T

∥∥∥ →p 0.

Discussion of Assumption 4 Assumptions 4 (b) and (c) state that the higher order
derivatives with respect to α are not important for the analysis. If α is strongly identi�ed,
then Assumptions 4 (b) and (c) generally hold and can be checked using a Law of Large
Numbers, since the normalization K2

α,T or K3
α,T converges to zero very quickly.

Theorem 2 If Assumptions 2, 3 and 4 are satis�ed then under the null H0 : β = β0 we
have L̃M e(β0) ⇒ χ2

kβ
and L̃M o(β0) ⇒ χ2

kβ
.

Examples 1 and 3 (cont.) Assumptions 2, 3 and 4 trivially hold for the weak
IV model when we test the composite hypothesis H0 : β = β0. The resulting test is
the K-test introduced in Kleibergen (2002) and Moreira (2001). In the Supplementary
Appendix, we show that Assumptions 2, 3 and 4 hold in the weakly identi�ed binary
choice model for testing a hypothesis H0 : π = π0 about the weakly-identi�ed parameter
π.

Small simulation study: ARMA(1,1) with nearly canceling roots. In the Sup-
plementary Appendix we show that Assumptions 2, 3 and 4 hold in the ARMA(1,1)
model with nearly canceling roots when testing a hypothesis H0 : π = π0 about the
weakly-identi�ed parameter π. Thus, our subset test for this parameter is robust to
weak identi�cation.

To examine the performance of our test in this context, we simulate 1000 samples of
size 50 from the model (3), taking π = .5, β = C√

T
and C = 2. We test the hypothesis

H0 : π = π0 based on the statistic L̃M o(π0) and critical values from a χ2(1) distribution.
We �nd that the �nite sample size of a 5% test is 5.4% and that the sampling distribution
of L̃M o(π0) is quite close to a χ2

1, even though the sample size is small.
We can also test H0 : π = π0 using the projection method applied to statistic LMo(θ0).

To test H0 : π = π0 with the projection method we compare statistic minβ LMo(β, π0)

with the quantiles of χ2
2. Figure 1 compares the power of statistic L̃M o(π0), obtained by

plugging in the restricted MLE for the nuisance parameter and the projection method.
One can see the advantage of using our suggested statistic L̃M o(π0) over the projection
method in this case, as it has more power while still e�ectively controlling size. Since
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Figure 1: Power functions of L̃M(π0) test and the projection-based test using minβ LMo(β, π0) for
testing hypothesis H0 : π = π0 in ARMA(1,1) with parameters π0 = 0.5, C = 2, T=50, based on 1000
simulations.
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identi�cation of π is very weak, con�dence sets based on both statistics cover nearly the
whole parameter space (π ∈ [−0.9, 0.9]) with high probability. Nevertheless, the average
length of the con�dence set for π constructed using the projection method is 1.7, while
the average length of the con�dence set constructed with the L̃M o statistic is 1.51.

5.3 How Our Result Di�ers from the Previous Literature

As discussed above, Stock and Wright (2000) develop a framework for weakly identi�ed
GMM and construct a test for the hypothesis H0 : β = β0 when the nuisance parameter
α is strongly identi�ed (Theorem 3 in Stock and Wright (2000)). They consider GMM
with moment condition Em(xt, α, β) = 0 and construct a statistic based on

S(θ) = (
1√
T

T∑
t=1

m(xt; θ))
′W−1

T (θ)(
1√
T

T∑
t=1

m(xt; θ)),

where WT (θ) is a consistent estimator of the variance of the moment condition. They
show that the statistic minα S(α, β0) has an asymptotic χ2 distribution with degrees of
freedom equal to p− kα, where p = dim(m(xt, θ)) and kα = dim(α).

Our result, though of a similar �avor, is quite di�erent and is not covered by these
previous results. While ML estimation can be considered as GMM by using the score
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of the log-likelihood as the GMM moment condition in a just-identi�ed system, one en-
counters several obstacles to applying the results of Stock and Wright (2000). First,
Stock and Wright require that the variance matrix of the moment condition WT (θ0) be
non-degenerate asymptotically. However, in ML the variance of the moment condition
is the information matrix normalized by the number of observations, 1

T
IT (θ0), which is

directly linked to identi�cation and is asymptotically degenerate under weak identi�ca-
tion. Second, we use a di�erent principle to go from a test of the full parameter vector
to a test for a subset of parameters, since Stock and Wright minimize their statistic over
the nuisance parameter while we plug in the restricted MLE. In fact, in our context
minimizing the statistic over the nuisance parameter does not necessarily lead to a χ2

limiting distribution, as illustrated in the following weak IV example.
Example 1 (cont.) Let us return to the weak IV model and consider the LM statistic

LM(β, π) for testing the whole parameter vector θ = (β, π′)′, de�ned as in equation
(4). Suppose we wish to test the composite hypothesis H0 : β = β0 by considering
the concentrated statistic: LM c(β0) = minπ LMe(β0, π). We can show (see proof in the
Supplementary Appendix) that

LM c(β0) =
(QS + QT )−

√
(QS + QT )2 − 4Q2

ST

2
,

where QS, QT , and QST are de�ned as in Andrews, Moreira, and Stock (2006). If the
instruments are weak, that is π = C/

√
T , then the asymptotic distribution of LM c(β0)

is stochastically dominated by a χ2
1, and the resulting test is conservative.

The example above illustrates the di�erence between alternative approaches to con-
centrating out a nuisance parameter to produce an LM test for a sub-vector of parameters.
Concentrating out a strongly identi�ed parameter by minimizing the LM statistic may
lead to a conservative test, while plugging in the restricted ML estimate for a strongly
identi�ed parameter always yields an asymptotically χ2 statistic, as shown in Theorem 2.
Thus, plugging in the restricted MLE results in a test which may be asymptotically dif-
ferent (and hence strictly more powerful) than the statistic resulting from the projection
method, even when one corrects the degrees of freedom.
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6 Test for a Subset of Parameters- Weak Identi�cation

In the previous section we show that our subset-test statistics L̃M e(β0) and L̃M o(β0)

for the composite hypothesis H0 : β = β0 are asymptotically χ2
kβ

when the nuisance
parameter α is strongly identi�ed, without any assumptions about the identi�cation of
β. Strong identi�cation, however, is not necessary for the validity of our proposed test
statistic. Below, we present an example in which the nuisance parameter is weakly
identi�ed but L̃M e(β0) and L̃M o(β0) nonetheless have a χ2

kβ
distribution asymptotically.

We should point out that while there are results in the literature on testing in the
presence of strongly identi�ed nuisance parameters, very little is known about testing
in the presence of weakly identi�ed nuisance parameters. Andrews and Cheng (2009)
demonstrate that weak identi�cation of the nuisance parameter in general leads to non-
standard behavior of test statistics even if the tested parameter is strongly identi�ed. To
our knowledge, the result below is the �rst example where concentrating out a weakly
identi�ed nuisance parameter is shown to yield an asymptotically similar test with clas-
sical critical values.

Example 4 (cont.) Assume that the experiment at time T is generated by the
exponential family (6). As already discussed, model (6) covers VAR models, and some
linearized DGSE models can be represented as VARs (see Fernández-Villaverde et al.
(2007)). Assume that we are interested in structural parameters θ = (α′1, α

′
2, β

′)′, where
the relation between the structural and reduced form parameters is given by

ηT (θ) = m(α1) +
1√
T

n(α1, β)α2 +
1√
T

r(α1, β). (10)

We assume that the matrix
(

∂
∂α′1

m(α1), n(α1, β), ∂
∂β′n(α1, β)α2 + ∂

∂β′ r(α1, β)
)

has full
rank k = dim(θ) ≤ p and call this the rank assumption. That is, we assume that the
structural parameters are point identi�ed, though only α1 is strongly identi�ed (parame-
ters α2 and β are weakly identi�ed)9. We are interested in testing a composite hypothesis
H0 : β = β0, treating α = (α′1, α

′
2)
′ as a nuisance parameter.

Theorem 3 Assume that in the model de�ned by equations (6) and (10), which satis�es
the rank assumption, the following convergence holds at the true value of θ0:

9We use the same notion of weak identi�cation as in Stock and Wright (2000) Assumption C.
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(a) AT (η) → A(η), as T → ∞ in a neighborhood of η∞ and the �rst four derivatives
of AT at η∞ converge to those of A(·);

(b) 1
T

∑T
t=1 H(xt) →p Ȧ;

(c) 1
T

∑T
t=1

(
H(xt)− Ȧ

)(
H(xt)− Ȧ

)′
→p − ∂2

∂η∂η′A(η∞) = −Ä, where Ä is a positive-
de�nite matrix;

(d) 1
T

∑T
t=1 Hi(xt)H(xt)H(xt)

′ = Op(1) for any i.

Then under the null H0 : β = β0 we have L̃M o(β0) ⇒ χ2
kβ

and L̃M e(β0) ⇒ χ2
kβ

.

Example 1 (cont.) If one wants to test H0 : π = π0 in the weak IV model, then all
assumptions of Theorem 3 are satis�ed and statistics L̃M o and L̃M e can be used.

7 DSGE Weak Identi�cation-robust Methods: Theo-
retical Comparison

The macroeconomic literature estimating large-scale DSGE models is wide and largely
mature at this point. In contrast, the theoretical econometric literature discussing the
di�culties and special issues arising in estimating these models is still developing. Issues
of weak identi�cation in DSGE models have recently attracted the attention of econo-
metricians, and several weak identi�cation-robust methods for DSGE models have been
suggested independently and at approximately the same time by Dufour, Khalaf and
Kichian (2009), Guerron-Quintana, Inoue and Kilian (2009), and Qu (2011). In this
section we discuss these methods from a theoretical perspective, while in section 8 we
compare their performance in simulations. It is important to note that all three alter-
native methods focus on testing the full parameter vector and deal with testing subsets
of parameters only through the projection method, whereas we propose a method which
can be used to obtain more power when some nuisance parameters are strongly identi�ed,
while still using projection for weak nuisance parameters.

Our method di�ers from the three approaches mentioned above in that it is valid
in a general ML framework with potentially weak identi�cation and is not restricted to
log-linearized DSGE models. The LM statistics we propose can be used whenever we can
evaluate the likelihood function, both in i.i.d. and dynamic (linear or non-linear) models.

26



In this respect, we treat DSGE models as a "black box", not relying on any speci�c
structure or knowledge of the model but still making full use of the available information
and restrictions as represented by the likelihood. In contrast, the three approaches above
are specially designed for log-linearized DSGE models which can be written as linear
expectation equations. In general, these methods cannot be applied to the nonlinear
DSGE models which are increasingly popular, see for example Fernández-Villaverde and
Rubio-Ramírez (2011).

The method closest to ours is the LM test suggested by Qu (2011) for log-linearized
DSGE models with normal errors. Qu (2011) considers a discrete Fourier transformation
of the observed data and notices that in large samples the Fourier transforms at di�er-
ent frequencies are approximately independent Gaussian random variables with variance
equal to the spectrum of the observed series. Using this observation, Qu (2011) writes
an approximate likelihood for the data in a very elegant way which allows him to discuss
the properties of the likelihood analytically. In models satisfying his assumptions, his
statistic is almost the same as our statistic LMe(θ0) for testing the full parameter vector,
the main di�erence being that Qu (2011) uses an approximate likelihood while we use the
exact likelihood. Hence, we expect our statistic applied to a log-linearized DSGE model
with normal errors to be very close to that of Qu (2011), and indeed �nd that the statis-
tics exhibit very similar behavior in simulations. To the best of our knowledge we and
Qu (2011) arrived at our statistics independently and from quite di�erent perspectives.
Qu's derivation, however, relies heavily on the assumption that the model can be written
in linear state-space form and that the shocks are Gaussian, while our approach does not
require such assumptions and can be directly applied to non-linear and/or non-Gaussian
models.

Another weak identi�cation-robust method is the LR test suggested by GQIK (2009).
The authors consider models with a linear state-space representation and call the coe�-
cients of the state-space representation, Υ, the reduced-form parameters. GQIK assume
that the reduced form parameters Υ = Υ(θ) are either strongly identi�ed or not identi-
�ed at all, while no assumption is made on the identi�cation of the structural parameters
θ. For testing a hypothesis H0 : θ = θ0 about the structural parameter vector, the au-
thors suggest testing hypothesis H̃0 : Υ = Υ0, where Υ0 = Υ(θ0) is the corresponding
reduced-form parameter, using the classical LR statistic. Given the assumptions on the
identi�cation of Υ the usual χ2 critical values can be used with degrees of freedom equal
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to the e�ective dimensionality of the reduced-form parameter space.
The assumption of GQIK (2009) that the reduced-form parameters are strongly iden-

ti�ed seems quite problematic in some DSGE applications. Schorfheide (2010) provides
an example in which weak identi�cation of the structural parameters leads to weakly
identi�ed reduced parameters. Likewise, the ARMA(1,1) model with nearly canceling
roots discussed in Example 2 has a state-space representation with weakly identi�ed
reduced-form parameters. Unfortunately, we do not know of any procedures to check the
validity of the assumption that there are no weakly identi�ed reduced-form parameters.
Finally, we are unaware of any generalization of GQIK's procedure to nonlinear DSGE
models. GQIK (2009) also suggest a test based on Bayes factors, which we do not discuss
here as it is not directly comparable to our approach.

DKK propose a limited information approach to inference in log-linearized DSGE
models. Their suggestion is to formulate a set of exclusion restrictions based on a system
of linear expectation equations and to test these restrictions using a SUR-based F-statistic
in the spirit of Stock and Wright (2000). Two advantages of this approach are that
a researcher has the freedom to choose which restrictions he or she wishes to use for
inference and that it does not require distributional assumptions on the error term and
hence is robust to mis-speci�cation. Disadvantages of the method are that it is quite
limited in its ability to accommodate latent state variables and that the implications of a
particular choice of exclusion restrictions to use for inference are not clear. DKK (2009)
also suggested a full information ML method based on a VAR approximation to the
DSGE solution, but the authors seem to prefer and advocate their limited information
approach so we focus on this method.

8 A Small-scale DSGE Model: Simulation Results

We have a number of simulation results which both support our theoretical results and
suggest directions for further research.10 We consider a simple DSGE model based on
Clarida, Gali and Gertler (1999). The (log-linearized) equilibrium conditions for the

10We conducted extensive simulations, only some of which are presented here. Additional results are
available in the Supplementary Appendix and from the authors by request.
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model are: 



bEtπt+1 + κxt − πt + εt = 0,

−[rt − Etπt+1 − rr∗t ] + Etxt+1 − xt = 0,

λrt−1 + (1− λ)φππt + (1− λ)φxxt + ut = rt,

rr∗t = ρ∆at,

(11)

where the exogenous variables (∆at and ut) evolve according to

∆at = ρ∆at−1 + εa,t; ut = δut−1 + εu,t;

(εt, εa,t, εu,t)
′ ∼ iidN(0, Σ); Σ = diag(σ2, σ2

a, σ
2
u).

We take variables xt, πt and rt to be observable. The model has ten parameters: the
discount rate b, the structural parameters κ, φx, φπ, and λ, and the parameters describing
the evolution of the exogenous variables. We calibrate the structural parameters at
generally accepted values: b = .99, κ = (1−θ)(1+φ)(1−bθ)

θ
≈ .1717, φx = 0, φπ = 1.5

and λ = 0. For the parameters describing the exogenous variables, we choose ρ = .2 and
δ = .2 to introduce a degree of persistence while maintaining stationarity, and set σa = 1,
σu = 1, and σ = 1. From this model we generate samples of size 300 and then discard
the �rst 100 observations, using only the last 200 observations for the remainder of the
analysis. Given well-documented problems with estimating b in many models, from this
point forward we calibrate this parameter at its true value and conduct the analysis using
the remaining 9 parameters. It is important to note that the structural parameters in
this model are point-identi�ed at the true parameter value.11

8.1 Properties of Classical ML Estimation and Testing

We begin by examining the behavior of the maximum likelihood estimator for the nine
non-calibrated parameters in the model. We report histograms for the resulting esti-
mates in Figure 2 (based on 500 Monte-Carlo draws). As can be seen from Figure 2, the
distribution of many of the estimates is quite far from the normal limiting distribution.
Moreover, it appears that this non-normality is not purely the result of bad behavior on
the part of one parameter: after experimenting with calibrating a number of di�erent
parameters to their true values, it appears that we need to calibrate at least three param-
eters before the distributions of the remaining parameters begin to appear approximately
normal.

11All details on point identi�cation can be found in the Supplementary Appendix.
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Figure 2: Histogram of the unrestricted ML parameter estimates. The true value for each parameter is
given in parenthesis at the top of its subplot. Sample size T=200. Based on 500 simulations.
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Table 1: Size of Classical ML Tests for the 9-dimensional hypothesis H0 : θ = θ0.
LR Wald (IT (θ0)) Wald (IT (θ̂)) Wald (JT (θ0)) Wald (JT (θ̂))

Size of
5% Test 3.20% 65.45% 63.05% 68.05% 68.15%
Size of

10% Test 7.05% 67.20% 64.30% 70.80% 71.00

While the results in Figure 2 show that the usual asymptotics for the ML estimator
provide a poor approximation to its �nite-sample distribution, our theoretical results
focus on questions of inference rather than estimation, so we also look at the behavior of
the usual ML tests for this model. We consider the classical LR and Wald tests, focusing
on tests of the full parameter vector. Speci�cally, we test the hypothesis H0 : θ = θ0,
where θ is the vector consisting of all parameters other than b, and θ0 is its true value.
Under the usual assumptions for ML, all of these statistics should have a χ2

9 distribution
asymptotically. In simulations, however, the distribution of these statistics appears quite
far from a χ2

9. To illustrate this fact, in Table 1 we list the size of a number of classical
test statistics which, under classical assumptions, should have asymptotic size 5% or 10%
(for the second and third rows, respectively, based on 2000 simulations). Table 1 lists four
variations on the Wald statistic, corresponding to di�erent estimators of the asymptotic
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variance used in (θ̂ − θ0)V̂
−1(θ̂ − θ0). In particular, Wald (IT (θ̂)) is the usual Wald

statistic which uses the inverse of the Hessian, evaluated at θ̂, to estimate the asymptotic
variance. Wald (IT (θ0)), on the other hand, evaluates the observed information at the
true parameter value. Likewise, Wald (JT (θ̂)) and Wald (JT (θ0)) use J−1

T as the estimator
of the asymptotic variance, calculated at θ̂ and θ0 respectively.

As can be seen in Table 1, the LR statistic is conservative. All versions of the Wald
statistic we consider severely over-reject. Taken together, these results strongly suggest
that the usual approaches to ML estimation and inference are poorly behaved when
applied to this DSGE model.

8.2 Behavior of the Information Matrix

Having examined the behavior of the usual ML estimator and tests in this model, we
can also look directly at the properties of the information matrix. In Section 2 we asso-
ciated weak identi�cation with the di�erence between two information measures AT (θ0)

being large compared to JT (θ0). Note that observed incremental information JT (θ0) is an
almost surely positive-de�nite matrix by construction, while AT (θ0) is a mean zero ran-
dom matrix. If AT (θ0) is negligible compared to JT (θ0), then the observed information
(Hessian) IT (θ0) = JT (θ0) − AT (θ0) is positive de�nite for the majority of realizations.
We can check positive-de�niteness of IT (θ0) directly in simulations. Considering the ob-
served information evaluated at the true value (IT (θ0) = − ∂2

∂θ∂θ′ `(θ0)), we �nd that it has
at least one negative eigenvalue in over 95% of simulation draws, and at least two nega-
tive eigenvalues in over 40% of simulation draws (based on 2000 simulations). While this
falls far short of a formal test for weak identi�cation, it is consistent with the idea that
weak identi�cation is the source of the poor behavior of ML estimation in this model.

8.3 Size of the LM Tests

We now turn to the weak identi�cation-robust statistics discussed earlier in this paper.
As the reader will recall, under appropriate assumptions we have that LMo(θ0) ⇒ χ2

9 and
LMe(θ0) ⇒ χ2

9 under H0 : θ = θ0, where LMo(θ0) is the LM statistic using the observed
incremental information JT and LMe(θ0) is calculated with the theoretical Fisher infor-
mation.12 In Figure 3, we plot the CDF of the simulated distribution of LMo(θ0) and

12For the details about calculation of the Fisher information refer to the Supplementary Appendix.
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LMe(θ0), together with a χ2
9. Table 2 reports size of the LM tests. This illustrates two

points: �rst, though our tests based on the LM statistics are not exact, the χ2 approxi-
mation is quite good. Second, the LM statistic using the Fisher information has better
�nite sample properties.

Figure 3: CDF of simulated LM statistics introduced in Theorem 1 compared to χ2
9
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We next consider the size of the two LM statistics for testing subsets of parameters.
Speci�cally, as before we consider a partition of the parameter vector, θ = (α′, β′)′ and
consider the problem of testing H0 : β = β0 treating α as a nuisance parameter.

As discussed extensively in Section 4, an important issue is whether the nuisance
parameter α is weakly or strongly identi�ed. Unfortunately, we do not know of any
reliable way to determine this in a DSGE model and must instead rely on some indirect
indications of which parameters may be problematic. To this end we �rst consider an
indicator suggested by Muller (2011) which measures (in Bayesian models) how much of
the posterior information about a given parameter comes from the prior as opposed to
from the data. While this is not a measure of weak identi�cation as such, it gives some
sense of how informative the data are about a given parameter.13 Second, we checked
the quality of the normal approximation to the ML estimate when calibrating di�erent
groups of parameters to their true values. The results of both exercises suggest that
φx, φπ, κ and possibly σu are poorly identi�ed, while ρ and δ seem to be well identi�ed.
We emphasize, however, that this is only an indirect assessment and not a formal test.

13Details of this study are given in the Supplementary Appendix
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There are many potential hypotheses to test about subsets of parameters and we
report only part of our extensive simulation study. In Table 2 we report the size
of tests for two composite hypotheses. First, we consider testing the six parameters
β = (φx, φπ, κ, σa, σu, σ) while treating α = (λ, ρ, δ) as a nuisance parameter. As we
mention above, at least two elements of this nuisance parameter appear to be strongly
identi�ed. Second, we consider testing the six parameters β = (λ, ρ, δ, σa, σu, σ), while
α = (φx, φπ, κ). Unlike in the previous example, this nuisance parameter seems to be
poorly identi�ed.

Table 2: Simulated size of a test for the full parameter vector and for two tests of composite hypotheses
H0 : β = β0 treating vector α as a nuisance parameter. In two cases of composite hypotheses the tested
parameter is 6-dimensional. Statistic LMo refers to the LM test using observed incremental information
and statistic LMe uses theoretical Fisher information.

full vector β = (φx, φπ, κ, σa, σu, σ), β = (λ, ρ, δ, σa, σu, σ)
H0 : θ = θ0 α = (λ, ρ, δ) α = (φx, φπ, κ)

Test Statistic 5% 10% 5% 10% 5% 10%
LMo 8.2% 14.8% 6.8% 13.2% 8.8% 15.4%
LMe 4.8% 8.9% 5.2% 9% 4.2% 10.2%

While a χ2
6 distribution does not provide a perfect approximation to the distribu-

tion of either statistic, it is fairly close. Again, the statistics using the expected Fisher
information perform somewhat better in small samples.

Table 3: Simulated test size for one dimensional hypotheses about each parameter separately
Parameter L̃M o(β0) 5% L̃M o(β0) 10% L̃M e(β0) 5% L̃M e(β0) 10%

φx 7.5% 12.8% 5.6% 10.4%
φπ 7.6% 14.3% 6.9% 12.6%
λ 13.3% 24.1% 11.3% 19.5%
ρ 16.5% 28.1% 12.7% 22.5%
δ 11.4% 20.3% 13.1% 20.6%
κ 14.9% 26.3% 12.5% 22.1%
σa 16.4% 28.5% 13.2% 23.7%
σu 8.5% 15.7% 7.4% 13.6%
σ 14.6% 26.0% 11.6% 21.9%

Finally, we may be interested in testing only one parameter at a time (for example
to generate con�dence sets). Based on 1000 simulations, we report test sizes for each
parameter separately in Table 3.

We can see that the concentrated LM statistic controls size substantially better than
the Wald statistic in this context, though it still over-rejects. It is interesting to note
that the size is somewhat better for the parameters which we suspect may be weakly
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identi�ed, which may be due to the need to concentrate out one fewer weakly identi�ed
parameter. It is important to note that we have not proved that the concentrated LM test
has correct size for testing these one-dimensional hypotheses, since we have not shown
that the nuisance parameters are strongly identi�ed. Indeed, we have reason to believe
that for each of these composite tests at least part of the vector of nuisance parameters
is weakly identi�ed, and hence these composite tests lie outside the scope of Theorem
2. This makes the relatively stable performance of our test in this context even more
surprising. Again we �nd that the statistic using the Fisher information has somewhat
better �nite-sample performance in almost all cases considered.

8.4 Power Comparisons with Alternative Methods

In Section 7 we discussed other weak identi�cation-robust tests available for log-linearized
DSGE models. Here, we compare their power to that of the proposed LM tests. As all
three alternative approaches deal primarily with testing the full parameter vector, we will
focus on this case, keeping in mind that our tests can be partially adapted for testing
subsets of parameters while the alternative approaches suggest only using the projection
method.

First, we simulated Qu's (2011) LM method. Though it allows one to choose frequen-
cies to use for testing, we do not exclude any frequency in our implementation of the test.
We �nd that the power function for Qu's (2011) test is nearly indistinguishable from the
power function for the LM statistic LMe(θ0) with theoretical Fisher information.14 This
is as expected since Qu's (2011) statistic has the same form as LMe(θ0), but is calculated
with an approximate likelihood while LMe(θ0) is calculated with the exact likelihood.
The correlation between Qu's (2011) statistic and LMe(θ0) under the null is 0.9.

Table 4: Simulated Test Size for the full parameter vector. Number of simulations is 1000.
level LMo(θ0) LMe(θ0) Qu (2011) GQIK (2009) DKK-NW DKK-e
5% 8.2% 4.8% 5.1% 6.6% 14.3% 6.9%
10% 14.8% 8.9% 10.4% 13.1% 23.9% 12.4%

Figure 4 shows power curves for 5%-tests based on the statistics LMo(θ0) and LMe(θ0),
the LR test introduced in GQIK (2009) and the LI test of DKK (2009). Implementation
details are discussed below. Power is depicted for alternatives which entail a change

14For this reason we have not included this test in Figure 4. Power plots for Qu's (2011) LM test can
be found in the Supplementary Appendix.
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Figure 4: Power functions for nominal 5%-tests of the null hypothesis H0 : θ = θ0 for the following
statistics: LMe(θ0), LMo(θ0), DKK test with Newey-West covariance matrix, DKK with expected
covariance matrix and GQIK. The power is calculated based on 1000 simulations for all tests except
GQIK, for which the number of simulations is 100.
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In the GQIK LR approach rather than testing a hypothesis about the 9-dimensional
structural parameter H0 : θ = θ0 one instead tests a hypothesis about the reduced form
parameter (i.e. the coe�cients of the state-space representation) H̃0 : Υ = Υ(θ0) using
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the LR statistic. While simulating GQIK's method, we encountered several di�culties.
First, it is not obvious how many degrees of freedom to use. Examining the solution of the
model we noticed that matrices of the state space representation have numerous zeros.
We imposed these zeros as restrictions on the reduced-form parameter space, which left
us with 21 non-zero reduced-form parameters. However, the e�ective dimensionality of
the reduced-form parameter space is lower than that since some values of the reduced
parameters are observationally equivalent. Hence, we used degrees of freedom equal to
the rank of the Fisher information with respect to the state-space coe�cients evaluated
under the null, which leads us to think that the dimensionality of the reduced parameter
space is 16.

The second di�culty is that computing the GQIK LR statistic is very numerically
involved and time consuming, as noted by GQIK in their paper (they do not give any
power results for this test). To test a hypothesis on the full parameter vector one has to
solve a 16-dimensional nonlinear optimization problem, while no optimization is required
for the other methods discussed here. For this reason we had to reduce the number of
power simulations for the GQIK LR statistic to 100, which still took us signi�cantly more
time than all other power functions combined. From Figure 4 one can see that the GQIK
test gives us power comparable to the LM tests for all considered alternatives.

For the test of DKK we consider the following transformation of the data:



ξπ,t = bπt+1 + κxt − πt,

ξx,t = ξ̃x,t − ρξ̃x,t−1,

ξr,t = ξ̃r,t − δξ̃r,t−1,

where

ξ̃x,t = −[rt − πt+1] + xt+1 − xt; ξ̃r,t = λrt−1 + (1− λ)φππt + (1− λ)φxxt − rt.

The transformed data (ξπ,t, ξx,t, ξr,t) is a linear combination of the uncorrelated structural
error terms (εt, εa,t, εu,t) and expectation errors Etπt+1− πt+1, Et−1πt− πt, Etxt+1− xt+1,

and Et−1xt − xt. We base the test on the exclusion restriction that (ξπ,t, ξx,t, ξr,t) are not
predictable by the instruments Yt−1 = (πt−1, xt−1, rt−1). It is easy to see that (ξπ,t, ξx,t, ξr,t)

follows an MA(1) process and hence that the HAC formulation of DKK should be used.
We calculate DKK in two ways, �rst using the Newey-West HAC estimator for the long-
run covariance matrix (using three lags), which we call DKK-NW in what follows. Since
the Newey-West HAC estimator is known to perform poorly in �nite samples, we also
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calculate the DKK test using the theoretical value of the long-run variance,15 (which
we refer to as DKK-e), which is feasible in this case since the full structural model is
speci�ed. DKK formulate the null in such a way that variances of the shocks do not
enter, and thus the test is not supposed to have power against alternatives which di�er
only in these parameters. Hence, we do not depict the corresponding power functions.

Based on Figure 4, the DKK-NW statistic behaves relatively poorly in this model,
which can be attributed in part to the poor �nite-sample properties of the Newey-West
estimator of the long-run covariance matrix. When the true long-run covariance matrix
is used in the DKK test, the power and size properties improve in most cases. The
DKK test in our context is signi�cantly less powerful than the other tests considered
and has an almost �at power curve in the neighborhood where the LM tests achieve
nearly 100% power. Additional power comparison results in the Supplementary Appendix
demonstrate two further points: �rst, considered on a larger neighborhood both variants
of the DKK test have nontrivial power, albeit only for more distant alternatives. Second,
in this model both of the score tests we advocate for appear to have power functions which
are monotonically increasing in distance from the null for all one-parameter deviations.

9 References

Akritas, M. (1988): �An Asymptotic Derivation of Neyman's C(α) Test,� Statistics and Prob-
ablity Letters, 6, 363-367.

Andrews, D.W.K., and X. Cheng (2009): �Estimation and Inference with Weak, Semi-strong
and Strong Identi�cation,� unpublished manuscript

Andrews, D.W.K., and X. Cheng (2011): �Maximum Likelihood Estimation and Uniform
Inference with Sporadic Identi�cation Failure,� unpublished manuscript.

Andrews, D.W.K., M. Moreira, and J. Stock (2006): �Optimal Two-Sided Invariant Similar
Tests for Instrumental Variables Regression,� Econometrica, 74, 715-752.

Antoine, B. and E. Renault (2007): �E�cient GMM with Nearly-weak Identi�cation,� unpub-
lished manuscript

Barndor�-Nielsen, O.E., and M. Sorensen (1991): �Information Quantities in Non-classical
Settings,� Computational Statiatics and Data Analysis, 12, 143-158.

15In simulations the theoretical long-run variance was calculated by averaging large number of inde-
pendent samples from the model.

37



Basawa, I.V., and H.L. Koul (1979): �Asymptotic Tests of Composite Hypotheses for Non-
ergodic Type Stochastic Processes,� Stochastic Processes and their Applications, 9, 291-
305.

Bhat, B.R. (1974): �On the Method of Maximum-Likelihood for Dependent Observations,�
Journal of the Royal Statistical Society. Series B (Methodological), 36, 48-53.

Canova, F. (2007): �Methods for Applied Macroeconomic Research,� Princeton University
Press.

Canova, F., and L. Sala (2009): �Back to Square One: Identi�cation Issues in DSGE Models,�
Journal of Monetary Economics, 56, 431-449.

Chesher, A., G. Dhaene, C. Gourieroux, O. Scaillet (1999): �Bartlett Identities Tests,� un-
publihed manuscript.

Clarida, R., J. Gali, and M. Gertler (1999): �The Science of Monetary Policy: A New Keyne-
sian Perspective,� Journal of Economic Literature, 37, 1661-1707.

DeJong, D.N. and C. Dave (2007): �Structural Macroeconomics,� Princeton University Press.
Dufour, J.M., L. Khalaf, and M. Kichian (2009): �Structural Multi-Equation Macroeconomic

Models: Identi�cation-Robust Estimation and Fit,� Bank of Canada Working Paper.
Dufour, J.M., and M. Taamouti (2005): �Projection-Based Statistical Inference in Linear

Structural Models with Possibly Weak Instruments,� Econometrica, 73, 1351-1365.
Fernández-Villaverde, J. (2010): �The Econometrics of DSGE Models," SERIES: Journal of

the Spanish Economic Association, 1, 3-49.
Fernández-Villaverde, J., and J. F. Rubio-Ramírez (2011): �Macroeconomics and Volatility:

Data, Models, and Estimation," in Advances in Economics and Econometrics: Theory
and Applications, Tenth World Congress, ed. by D. Acemoglu, M. Arellano, and E.
Dekel. Cambridge University Press, forthcoming, University of Chicago Press.

Fernández-Villaverde J., J. F. Rubio-Ramírez, T. J. Sargent, and M. W. Watson (2007):
�ABCs (and Ds) of Understanding VARs,� American Economic Review, 97(3), 1021-1026.

Guerron-Quintana, P., A. Inoue, and L. Kilian (2009): �Frequentist Inference in Weakly
Identi�ed DSGE Models,� unpublished manuscript.

Guggenberger, P., and R.J. Smith (2005): �Generalized Empirical Likelihood Estimators and
Tests under Partial, Weak and Strong Identi�cation,� Econometric Theory, 21, 667-709.

Hall, P., and C.C. Heyde (1980): �Martingale Limit Theory and its Application,� Academic
Press.

Ingram, B. F. , N. R. Kocherlakota, and N. E. Savin (1994): �Explaining Business Cycles: A

38



Multiple-shock Approach,� Journal of Monetary Economics, 34, 415-428.
Ireland, P. N. (2004): �Technology Shocks in the New Keynesian Model,� The Review of

Economics and Statistics, 86, 923-936.
Iskrev, N. (2010): �Evaluating the Strength of Identi�cation in DSGE Models. An a Priori

Approach,� Bank of Portugal working paper.
Kleibergen, F. (2002): �Pivotal Statistics for Testing Structural Parameters in Instrumental

Variables Regression,� Econometrica, 70, 1781-1803.
Kleibergen, F. (2005): �Testing Parameters in GMM Without Assuming that They Are Iden-

ti�ed,� Econometrica, 73, 1103-1123.
Kleibergen, F., and S. Mavroeidis (2009a): �Inference on Subsets of Parameters in GMM

without Assuming Identi�cation,� unpublished manuscript.
Kleibergen, F., and S. Mavroeidis (2009b): �Weak Instrument Robust Tests in GMM and

the New Keynesian Phillips Curve,� Journal of Business and Economic Statistics, 27,
293-311.

Kocherlakota, S., and K. Kocherlakota (1991): �Neyman's C(α) Test and Rao's E�cient Score
Test for Composite Hypotheses,� Statistics & Probability Letters, 11, 491-493.

Komunjer, I., and S. Ng (2011): �Dynamic Identi�cation of Dynamic Stochastic General
Equilibrium Models,� Econometrica, 79(6), 1995-2032.

Lindé, J. (2005): �Estimating New-Keynesian Phillips Curves: A Full Information Maximum
Likelihood Approach,� Journal of Monetary Economics, 52(6), 1135-1149.

Liptser, R., and A. Shiryayev (1989): �Theory of Martingales,� Springer.
Mavroeidis, S. (2005): �Identi�cation Issues in Forward-looking Models Estimated by GMM

with an Application to the Phillips Curve,� Journal of Money, Credit and Banking, 37,
421-449.

McGrattan, E.R., R. Rogerson, and R. Wright (1997): �An Equilibrium Model of the Business
Cycle with Household Production and Fiscal Policy,� International Economic Review,
38(2), 267-290.

Moreira, M. (2001): �A Conditional Likelihood Ratio Test for Structural Models,� Economet-
rica, 71, 1027-1048.

Muller, U. K. (2011): �Measuring Prior Sensitivity and Prior Informativeness in Large Bayesian
Models,� unpublished manuscript.

Qu, Z. (2011): �Inference and Speci�cation Testing in DSGE Models with Possible Weak
Identi�cation,� unpublished manuscript.

39



Schorfheide, F. (2010): �Estimation and Evaluation of DSGE Models: Progress and Chal-
lenges,� NBER Working Paper.

Silvey, S.D. (1961): �A Note on Maximum-Likelihood in the Case of Dependent Random
Variables,� Journal of the Royal Statistical Society. Series B, 23, 444-452.

Staiger, D., and J.H. Stock (1997): �Instrumental Variables Regression With Weak Instru-
ments,� Econometrica, 65, 557-586.

Stock, J. H., and J.H. Wright (2000): �GMM With Weak Identi�cation,� Econometrica, 68,
1055-1096.

Stock, J.H., J.H. Wright, and M. Yogo (2002): �A Survey of Weak Instruments and Weak
Identi�cation in Generalized Method of Moments,� Journal of Business & Economic
Statistics, 20(4), 518-529.

White, H. (1980): �A Heteroskedasticity-Consistent Covariance Matrix Estimator and a Direct
Test for Heteroskedasticity,� Econometrica, 48, 817-838.

White, H. (1982): �Maximum Likelihood Estimation in Misspeci�ed Models,� Econometrica,
50, 1-25.

10 Appendix with Proofs

We denote by super-script 0 quantities evaluated at θ0 = (α′0, β
′
0)
′. In the Taylor expan-

sions used in the proofs, the expansion is assumed to be for each entry of the expanded
matrix.

Proof of Lemma 1
The proof follows closely the argument of Bhat (1974), starting with the Taylor ex-

pansion:

0 = Sα(α̂, β0) = S0
α − I0

αα(α̂− α0)− (Iαα(α∗, β0)− I0
αα)(α̂− α0),

where α∗ is a convex combination of α̂ and α0. We may consider di�erent α∗ for di�erent
rows of Iαα. Assumption 2(b) helps to control the last term of this expansion, while
Assumption 2(a) allows us to substitute Jαα,T for Iαα,T in the second term. Assumption
1 gives the CLT for Kα,T Sα,T . ¤

Lemma 3 Let MT =
∑T

t=1 mt be a multi-dimensional martingale with respect to sigma-
�eld Ft, and let [X]t be its quadratic variation. Assume that there is a sequence of
diagonal matrices KT such that MT satis�es the conditions of Assumption 3. Let mi,t be
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the i-th component of mt, and Ki,T the i-th diagonal element of KT . For any i, j, l:

Ki,T Kj,T Kl,T

T∑
t=1

mi,tmj,tml,t →p 0.

Proof of Lemma 3 Take any ε > 0,
∣∣∣∣∣Ki,T Kj,T Kl,T

T∑
t=1

mi,tmj,tml,t

∣∣∣∣∣ ≤ max
t
|Ki,T mi,t|

∣∣∣∣∣Kj,T Kl,T

T∑
t=1

mj,tml,t

∣∣∣∣∣ =

= max
t
|Ki,T mi,t| |Kj,T Kl,T [Mj,Ml]T | .

Assumption 3(b) implies that Kj,T Kl,T [Mj,Ml]T →p Σj,l is bounded in probability.

E
(
max

t
|Ki,T mi,t|

)
≤ ε + E

(
Ki,T max

t
|mi,t|I{|Ki,T mi,t| > ε}

)
≤

≤ ε +
∑

t

E (Ki,T |mi,t|I{|Ki,T mi,t| > ε}) .

The last term converges to 0 by Assumption 3(a). ¤
Proof of Lemma 2 Notice �rst that

− ∂

∂αi

Iαα = −[Aααi
, Sα]− [Aαα, Sαi

]− [Sα, Aααi
] + 2

T∑
t=1

sα,ts
′
α,tsαi,t + Λαααi

, (12)

where Λαααi
is as de�ned in (9), and [M,N ] =

∑T
t=1 mtn

′
t. Indeed, denote by ft =

f(xt|Ft−1; θ) the (valid) pdf, while fα,t, fαα,t etc. are its partial derivatives with respect
to α. Notice that the increments of Sα,T , Aαα,T and Λαααi

are sα,t = fα,t

ft
, aαα,t = fαα,t

ft
,

and λαααi,t =
fαααi,t

ft
respectively. By de�nition

− ∂

∂αi

Iαα =
∂3

∂α∂α′∂αi

T∑
t

log ft =
T∑
t

fαααi,t

ft

−
T∑
t

fααi,t

ft

f ′α,t

ft

−

−
T∑
t

fαα,t

ft

fαi,t

ft

−
T∑
t

fα,t

ft

f ′ααi,t

ft

+ 2
T∑
t

fα,t

ft

f ′α,t

ft

fαi,t

ft

,

so (12) follows.
Now consider the quantity of interest from Assumption (2b)

∣∣Kα,T (Iαα(α1, β0)− I0
αα)Kα,T

∣∣ =
∑

i

Kα,T

∣∣∣∣
∂

∂αi

I∗αα

∣∣∣∣ Kα,T |α1,i − α0,i|.
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It su�ces to show that Kαi,T Kα,T

∣∣∣ ∂
∂αi

I∗αα

∣∣∣Kα,T →p 0, using identity (12). Assumption
(2b') implies that the last term converges to zero in probability. Lemma 3 implies that
the second term is negligible. And �nally, Assumption (2a) gives us that the �rst term
also converges to zero in probability. ¤

Proof of Theorem 2 For simplicity of notation we assume in this proof that Cij = C

for all i, j. The generalization of the proof to the case with di�erent Cij's is obvious but
tedious. According to the martingale CLT, Assumption 3 implies that

(Kα,T S0
α, Kβ,T S0

β, Kαβ,T vec(A0
αβ)′) ⇒ (ξα, ξβ, ξαβ), (13)

where the ξ's are jointly normal with variance matrix ΣM .
We Taylor expand Sβj

(α̂, β0), the j-th component of vector Sβ(α̂, β0), keeping in mind
that I0

βjα = − ∂2

∂βj∂α
`(α0, β0), and receive

Kβj ,T Sβj
(α̂, β0) = Kβj ,T S0

βj
−Kβj ,T I0

βjα(α̂− α0) +
1

2
Kβj ,T (α̂− α0)

′(I0
ααβj

)(α̂− α0) + R̃j,

with residual
R̃j = Kβj ,T

1

2
(α̂− α0)

′(I∗ααβj
− I0

ααβj
)(α̂− α0),

where I0
ααβj

= ∂3

∂α∂α′∂βj
`(α0, β0), I∗ααβj

= ∂3

∂α∂α′∂βj
`(α∗, β0), and α∗ is a point between α̂

and α0. From Lemma 1 we have that K−1
α,T |α̂ − α0| = Op(1). As a result, Assumption 4

(c) makes the Taylor residual negligible:

Kβj ,T Sβj
(α̂, β0) = Kβj ,T S0

βj
−Kβj ,T I0

βjα(α̂− α0) +
1

2
Kβj ,T (α̂− α0)

′(I0
ααβj

)(α̂− α0) + op(1).

We plug asymptotic statement (8) into this equation and get

Kβj ,T Sβj
(α̂, β0) = Kβj ,T S0

βj
−Kβj ,T I0

βjα(I0
αα)−1S0

α +
1

2
Kβj ,T S0′

α (I0
αα)−1(I0

ααβj
)(I0

αα)−1S0
α + op(1).

Recall that by de�nition I0
βα = J0

βα − A0
βα. We use this substitution in the equation

above, and receive:

Kβj ,T Sβj
(α̂, β0) = Kβj ,T S0

βj
−Kβj ,T J0

βjα(I0
αα)−1S0

α + Kβj ,T A0
βjα(I0

αα)−1S0
α+

+
1

2
Kβj ,T S0′

α (I0
αα)−1(I0

ααβj
)(I0

αα)−1S0
α + op(1). (14)

One can notice that we have the following informational equality:

I0
ααβj

= −[A0
αα, S0

βj
]− [A0

αβj
, S0

α]− [S0
α, A0

αβj
] + 2

T∑
t=1

sα,ts
′
α,tsβj ,t + Λααβj

. (15)

It can be obtained in the same manner as (12). Assumption 4(b) implies that
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Kβj ,T Kα,T Λααβj
Kα,T →p 0. Assumption 2(a) and Assumption 3 together imply that

(Kα,T ⊗Kα,T )K−1
αα,T → 0. Using Assumption 2(a) and Lemma 3, we notice that

Kβj ,T Kα,T I0
ααβj

Kα,T = −Kβj ,T Kα,T [A0
αβj

, S0
α]Kα,T −Kβj ,T Kα,T [S0

α, A0
αβj

]Kα,T + op(1).

(16)
According to Assumption 4(a), Kβj ,T Kα,T [A0

αβj
, S0

α]Kα,T is asymptotically bounded so
Kβj ,T Kα,T I0

ααβj
Kα,T = Op(1). By Assumption 2(a) Kα,T I0

ααKα,T = Kα,T JααKα,T + op(1);
Assumption 4(a) implies that Kα,T AαβKβ,T is bounded. Taken together, these statements
imply that we can substitute J0

αα for I0
αα everywhere in (14). Doing so gives us:

Kβj ,T Sβj
(α̂, β0) = Kβj ,T S0

βj
−Kβj ,T J0

βjα(J0
αα)−1S0

α + Kβj ,T A0
βjα(J0

αα)−1S0
α+

+
1

2
Kβj ,T S0′

α (J0
αα)−1(I0

ααβj
)(J0

αα)−1S0
α + op(1),

Kβj ,T Sβj
(α̂, β0) = Kβj ,T S0

βj
−Kβj ,T J0

βjα(J0
αα)−1S0

α + D′
j(J

0
ααKα,T )−1S0

α + op(1), (17)

where
Dj = Kα,T Kβj ,T A0

αβj
+

1

2
Kα,T Kβj ,T (I0

ααβj
)(J0

αα)−1S0′
α .

Notice that D, a kα×kβ random matrix, is asymptotically normal (though it may have
zero variance, i.e. it may converge to zero) and asymptotically independent of Kα,T S0

α.
Indeed, using (16) we have:

Dj =Kα,T Kβj ,T K−1
αβj ,T

(
Kαβj ,T A0

αβj
− (Kαβj ,T [A0

αβj
, S0

α]Kα,T )(Kα,T J0
ααKα,T )−1Kα,T S0′

α

)
+ op(1) ⇒

⇒C
(
ξαβj

− cov(ξαβj
, ξα)V ar(ξα)−1ξα

)
,

where variables (ξ′α, ξ′αβj
) = lim(Kα,T S0′

α , Kαβj ,T A0′
αβj

) are as described at the beginning
of the proof.

Plugging the last statement and (13) into equation (17) we have:

Kβj ,T Sβj
(α̂, β0) ⇒ ξβj

− cov(ξβj
, ξα)V ar(ξα)−1ξα+

+C
(
ξαβj

− cov(ξαβj
, ξα)V ar(ξα)−1ξα

)
V ar(ξα)−1ξα. (18)

Conditional on ξα, Kβ,T Sβ(α̂, β0) is an asymptotically normal vector with mean zero.
Now we turn to the inverse variance term in formula (7) for L̃M o(β0),

(
Jββ − JβαJ−1

ααJ ′βα

)∣∣
(α̂,β0)

.
Below we prove the following lemma:

Lemma 4 Under the Assumptions of Theorem 2 we have:
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(a) Kβi,T Kβj ,T Jβiβj
(α̂, β0) ⇒ cov(ξβi

, ξβj
) + C · cov(ξαβi

, ξβj
)′V ar(ξα)−1ξα +

+ C · cov(ξαβj
, ξβi

)′V ar(ξα)−1ξα + C2ξ′αV ar(ξα)−1cov(ξαβi
, ξαβj

)V ar(ξα)−1ξα;

(b) Kα,T Kβj ,T Jαβj
(α̂, β0) ⇒ cov(ξα, ξβj

) + C · cov(ξαβj
, ξα)V ar(ξα)−1ξα;

(c) Kα,T Jαα(α̂, β0)Kα,T →p V ar(ξα).

Lemma 4 implies that

Kβi,T Kβj ,T

(
Jβiβj

− JβiαJ−1
ααJ ′βjα

)∣∣∣
(α̂,β0)

⇒

⇒ cov(ξβi
, ξβj

) + C · cov(ξαβi
, ξβj

)′V ar(ξα)−1ξα + C · cov(ξαβj
, ξβi

)′V ar(ξα)−1ξα

+ C2ξ′αV ar(ξα)−1cov(ξαβi
, ξαβj

)V ar(ξα)−1ξα−
− (

cov(ξα, ξβi
) + C · cov(ξαβi

, ξα)V ar(ξα)−1ξα

)′
V ar(ξα)−1×

× (
cov(ξα, ξβj

) + C · cov(ξαβj
, ξα)V ar(ξα)−1ξα

)
.

Note that the last expression is the same as the variance of the right side of equation
(18) conditional on random variable ξα. That is, Kβ,T

(
Jββ − JβαJ−1

ααJ ′βα

)
Kβ,T

∣∣
(α̂,β0)

is
asymptotically equal to the asymptotic variance of Kβ,T Sβ(α̂, β0) conditional on ξα. As a
result statistic L̃M o(β0), conditional on ξα, is distributed χ2

kβ
asymptotically and thus is

asymptotically χ2
kβ

unconditionally as well. The case of statistic L̃M e(β0) is analogous.
This completes the proof of Theorem 2.

Proof of Lemma 4
(a) We can Taylor expand Jβiβj

(α̂, β0) as:

Jβiβj
(α̂, β0) = J0

βiβj
+

∂

∂α
J0

βiβj
(α̂− α0) +

1

2
(α̂− α0)

′ ∂2

∂α∂α′
J0

βiβj
(α̂− α0) + Rij, (19)

where

Kβi,T Kβj ,T Rij = Kβi,T Kβj ,T
1

2
(α̂− α0)

′
(

∂2

∂α∂α′
J0

βiβj
− ∂2

∂α∂α′
J∗βiβj

)
(α̂− α0)

is negligible asymptotically due to Assumption 4(c). Consider the �rst term of the Taylor
expansion above:

∂

∂α
Jβiβj

=
∂

∂α

∑
t

sβi,tsβj ,t = [Aα,βi
, Sβj

] + [Aα,βj
, Sβi

]− 2
∑

sα,tsβi,tsβj ,t.
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Using Lemma 3 and Assumption 4(a) we have

Kα,T Kβi,T Kβj ,T
∂

∂α′
Jβiβj

→p C · cov(ξαβi
, ξβj

) + C · cov(ξαβj
, ξβi

). (20)

Now let us consider the normalized second derivative of Jβiβj
:

Kβi,T Kβj ,T Kα,T
∂2

∂α∂α′
Jβiβj

Kα,T =

= Kβi,T Kβj ,T Kα,T

(
[Λααβi

, Sβj
] + [Λααβj

, Sβi
] + [Aαβi

, Aαβj
] + [Aαβj

, Aαβi
]
)
Kα,T + op(1).

The op(1) term appears due to Lemma 3, applied to the remaining terms. Assumption
4(b) implies that Kα,T Kβi,T Kβj ,T [Λααβi

, Sβj
]Kα,T →p 0. Finally using Assumption 3(b)

we get

Kβi,T Kβj ,T Kα,T
∂2

∂α∂α′
Jβiβj

Kα,T →p C2cov(ξαβi
, ξαβj

) + C2cov(ξαβj
, ξαβi

). (21)

Putting the expressions for derivatives (20) and (21) into equation (19), and also noticing
that due to Lemma 1 K−1

α,T (α̂− α0) ⇒ V ar(ξα)−1ξα, we get statement (a).
(b) Again we use Taylor expansion:

Jαβj
(α̂, β0) = J0

αβj
+

∂

∂α
J0

αβj
(α̂− α0) +

1

2

∑
n

∂2

∂α∂αn

J∗αβj
(α̂− α0)(α̂n − α0,n). (22)

From assumption 3(b)

Kα,T Kβj ,T J0
αβj

→p cov(ξα, ξβj
). (23)

Taking the derivative we see

∂

∂α
Jαβj

=
∂

∂α

∑
t

sα,tsβj ,t = [Aαα, Sβj
] + [Sα, Aαβj

]− 2
∑

sα,ts
′
α,tsβj ,t.

According to Lemma 3 Kα,T Kβj ,T

∑
sα,ts

′
α,tsβj ,tKα,T → 0. Assumptions 2(a) and 3 imply

that Kα,T Kβj ,T [Aαα, Sβj
]Kα,T →p 0. We have

Kα,T Kβj ,T
∂

∂α
Jαβj

Kα,T = Kα,T Kβj ,T [Sα, Aαβj
]Kα,T + op(1) →p C · cov(ξα, ξαβj

).

Similarly, we can show that the residual term in (22) is asymptotically negligible. Putting
the last equation, together with (23), into (22) and using Lemma 1 we get statement (b)
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of Lemma 4.
(c) As before we use Taylor expansion

Kα,T Jαα(α̂, β0)Kα,T = Kα,T J0
ααKα,T +

∑
n

Kα,T
∂

∂αn

J∗αα(α̂n − α0,n)Kα,T ;

∂

∂αn

Jαα = [Aααn , Sα] + [Sα, Aααn ] + 2
∑

sα,ts
′
α,tsαn,t.

By the same argument as before Kα,T Kαn,T [Aααn , Sα]Kα,T →p 0, and according to Lemma
3, Kα,T Kαn,T

∑
sα,ts

′
α,tsαn,tKα,T →p 0. Given the result of Lemma 1 we arrive at state-

ment (c). ¤
Proof of Theorem 3. Whenever a function is given with no argument, it means

it is evaluated at the true θ0. For the functions `,m, n and r only, subscript 1 stands
for the partial derivative with respect to α1, subscript 2 for the partial derivative with
respect to α2, and subscript β for the partial derivative with respect to β. M ′ denotes
the transpose of M . For simplicity of notation this proof assumes that α1 and α2 are
scalars. The generalization to the multidimensional case is obvious but tedious.

Let H1 =
∑T

t=1

(
H(xt)− Ȧ

)
be a p×1 vector, H2 =

∑T
t=1

(
H(xt)− Ȧ

)(
H(xt)− Ȧ

)′

be a p×p matrix. According to the conditions of Theorem 3, 1
T
H1 →p 0 and 1

T
H2 →p −Ä,

and a Central Limit Theorem holds for 1√
T
H1.

Consider the following normalization: Kα1,T = 1√
T
; Kα2,T = 1; Kβ,T = Idkβ

. Below
we check Assumptions 1, 2, 3 and 4 for the exponential model.

Assumption 1 One can check that

ST =




(m1 + 1√
T
n1α2 + 1√

T
r1)

′H1

n′√
T
H1

(nβα2+rβ)′√
T

H1


 =

∂η

∂θ

′
H1,

where ∂η
∂θ

= ((m1 + 1√
T
n1α2 + 1√

T
r1),

n√
T
,

(nβα2+rβ)√
T

) is a p× k matrix, k = dim(β) + 2. It
is easy to show that JT = ∂η

∂θ

′
H2

∂η
∂θ
. Using the normalization KT we have:

KT JT KT →p −




m′
1

n′

(nβα2 + rβ)′


 Ä(m1, n, nβα2 + rβ) = Σ.

46



Due to the rank assumption, Σ is positive-de�nite.

Assumption 2(a) We calculate Iαα,T :

Iαα,T =


 m′

11H1 − Tm′
1Äm1

n′1√
T
H1 − T n′√

T
Äm1

n′1√
T
H1 − T n′√

T
Äm1 −T n′√

T
Ä n√

T


 + op(1).

Now it is straightforward to show that Kα,T Iαα,T Kα,T converges to the same limit as
Kα,T Jαα,T Kα,T . This means that J−1

αα,T Iαα,T →p Id2.

Assumption 2(b) We can prove by tedious di�erentiation that

Kαi,T Kαj ,T Kαl,T
∂3`

∂αi∂αj∂αk

→p 0. (24)

Below we drop all terms that are of obviously smaller order:
1

T 3/2
`111 =

1

T 3/2

(
H ′

1m111 − 3Tm′
1Äm11 − T

∑
i

m′
1

...
Aim1(m1)i

)
+ op(1) →p 0;

1

T
`112 =

1

T

(
H ′

1

n11√
T
− Tm′

11Ä
n√
T
− 2Tm′

1Ä
n1√
T
− T

∑
i

m′
1

...
Ai

n√
T

(m1)i

)
→p 0;

1√
T

`122 =
1√
T

(
T

∑
i

n′√
T

...
Ai

n√
T

(m1)i − 2T
n′√
T

Ä
n1√
T

)
→ 0;

`222 = −T
∑

i

n√
T

...
Ai

n√
T

(n)i√
T
→ 0,

here
...
Ai = ∂

∂ηi
Ä, (x)i is the i-th component of vector x, and the summation runs over

all components of η in the term involving the third derivative. The last two statements
employ that α2 enters linearly, so any time we di�erentiate with respect to α2 a term
including n√

T
appears. Given the third informational equality stated in (12) and Lemma

3, equation (24) implies that Assumption 2(b) holds.
Assumption 3 From the de�nition of Aαβ one can see that:

Aβα1√
T

=
1√
T

n′β1√
T

H1 + op(1), Aβα2 =
n′β√
T

H1 + op(1).

From the assumptions of Theorem 3 we get that Aβα1√
T
→p 0 and that Aβα2 satis�es the

Central Limit Theorem jointly with ST (θ0), where we use Kβα1 = 1√
T
and Kβα2 = 1.

Assumption 4 Assumption 4(a) holds trivially. For Assumption 4(b) we check

47



that
1

T
`11β →p 0, (25)

1√
T

(`β1α2 − [Aβα2 , Sα1 ]) →p 0, (26)

`22β − 2[Aβα2 , Sα2 ] →p 0. (27)

Equation (25) comes from di�erentiation:

1

T
`11β =

1

T

((
n11βα2 + r11β√

T

)′
H1 − T

(
nβα2 + rβ√

T

)′
Äm11−

−2T

(
n1βα2 + r1β√

T

)′
Äm1 − T

∑
i

(
nβα2 + rβ√

T

)′ ...
Aim1(m1)i

)
→p 0.

Taking derivatives one can check that 1√
T
`12β →p −n′βÄm1 and Aβα2 =

(
nβ√

T

)′
H1+op(1).

As a result,
[Aβα2 ,

Sα1√
T

] =
1

T
n′βH2m1 →p −n′βÄm1,

and statement (26) holds. We also have

[Aβα2 , Sα2 ] =
n′βj√

T
H2

n√
T

+ op(1) →p −n′βj
Än.

One can easily check that `22 = −n′Än, so we have `22β →p −2n′βÄn. Together, these
results imply (27). According to the third informational equality (a version of which is
given in (15)) and Lemma 3 statements (25), (26) and (27) imply Assumption 4(b).

Assumption 4(c) It is enough to check that

1

T 3/2
`111β →p 0;

1

T
`112β →p 0;

1√
T

`122β →p 0; `222β →p 0.

The idea here is that since ηT is linear in α2, each additional derivative with respect
to α2 generates n√

T
. If the derivative is taken with respect to α1, then the additional nor-

malization 1/
√

T is added. In any case the normalization of all terms will be excessively
strong, so they will be asymptotically negligible.

We have shown that Assumptions 1-4 hold for the exponential model described in
Theorem 3. Thus, applying Theorem 2, the conclusion of Theorem 3 holds. ¤
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