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Abstract

Estimating the covariance between assets using high frequency data is challenging due to
market microstructure effects and asynchronous trading. In this paper we develop a multivari-
ate realised quasi-likelihood (QML) approach, carrying out inference as if the observations arise
from an asynchronously observed vector scaled Brownian model observed with error. Under
stochastic volatility the resulting realised QML estimator is positive semi-definite, uses all avail-
able data, is consistent and asymptotically mixed normal. The quasi-likelihood is computed
using a Kalman filter and optimised using a relatively simple EM algorithm which scales well
with the number of assets. We derive the theoretical properties of the estimator and prove that
it achieves the efficient rate of convergence. The estimator is also analysed using Monte Carlo
methods and applied to equity data with varying levels of liquidity.
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1 Introduction

1.1 Core message

The strength and stability of the dependence between asset returns is crucial in many areas of
financial economics. Here we propose an innovative, theoretically sound and convenient method
for estimating this dependence using high frequency financial data. We explore the properties of
the methods theoretically, in simulation experiments and empirically.

Our realised quasi maximum likelihood (QML) estimator of the covariance matrix of asset prices
is positive semidefinite and deals with both market microstructure effects such as bid/ask bounce

and crucially non-synchronous recording of data (the Epps (1979) effect). Positive semidefiniteness



allows us to define a coherent estimator of correlations and betas, objects of importance in financial
economics. We derive the theoretical properties of our estimator and prove that it achieves the
efficient rate of convergence. The estimator is also analysed using Monte Carlo methods and applied
on equity data in a high dimensional case.

Our results show our methods deliver particularly strong gains over existing methods for un-

balanced data: that is where some assets trade slowly while others are more frequently available.

1.2 Quasi-likelihood context

Our approach naturally integrates three influential econometric estimators, completing a line of
research and opening up many more areas of development and application.

The first is the realised variance estimator, which is the QML estimator of the quadratic vari-
ation of a semimartingale and was econometrically formalised by Andersen, Bollerslev, Diebold,
and Labys (2001) and Barndorff-Nielsen and Shephard (2002). There the likelihood is generated
by assuming the log-price is Brownian motion. Multivariate versions of these estimators were
developed in Andersen, Bollerslev, Diebold, and Labys (2003) and Barndorff-Nielsen and Shephard
(2004). These estimators are called realised covariances and have been widely applied.

The second is the Hayashi and Yoshida (2005) estimator, which is the QML estimator for the
corresponding multivariate problem where there is irregularly spaced non-synchronous data. Again
the underlying log-price is modelled as a Brownian motion.

Neither of the above estimators deals with noise. Xiu (2010) studied the univariate QML esti-
mator where the Brownian motion is observed with Gaussian noise. His “realised QML estimator”
is an effective estimator for semimartingales cloaked in non-Gaussian noise. Moreover, the QML
estimator is asymptotically equivalent to the optimal realized kernel of Barndorff-Nielsen, Hansen,
Lunde, and Shephard (2008) but with a suboptimal bandwidth. Note the related Zhou (1996), Zhou
(1998), Andersen, Bollerslev, Diebold, and Ebens (2001) and Hansen, Large, and Lunde (2008).

Our paper moves beyond this work, producing distinctive and empirically important results. It
proposes and analyses in detail the multivariate realised QML estimator which deals with irregularly
spaced non-synchronous noisy data. Our methods are easily implemented and we develop the

corresponding asymptotic theory under realistic assumptions.

1.3 Alternative approaches

A number of authors have approached this sophisticated problem using a variety of techniques.
Here we place our work in this context.  As we said above the first generation of multivariate
estimators, realised covariances, were based upon moderately high frequency data. Introduced by

Andersen, Bollerslev, Diebold, and Labys (2003) and Barndorff-Nielsen and Shephard (2004), these



realised covariances use synchronised data sampled sufficiently sparsely that they could roughly
ignore the effect of noise and non-synchronous trading. Related is Hayashi and Yoshida (2005)
who tried to overcome non-synchronous trading but did not deal with any aspects of noise.

More recently there has been an attempt to use the finest grain of data where noise and non-
synchronous trading become important issues. There are six existing methods which have been
proposed. Only two deliver positive semi-definite estimators, so allowing correlations and betas to
be coherently computed. They are the multivariate realised kernel of Barndorff-Nielsen, Hansen,
Lunde, and Shephard (2011) and the non-biased corrected preaveraging estimator of Christensen,
Kinnebrock, and Podolskij (2010). Both use a synchronisation device called refresh time sampling.
Neither converges at the optimal rate.

Two other estimators have been suggested which rely on polarisation of quadratic variation.
The papers are Ailt-Sahalia, Fan, and Xiu (2010) and Zhang (2011). The bias-corrected Chris-
tensen, Kinnebrock, and Podolskij (2010) is also not necessarily positive semi-definite. ~ Further,
none of them achieve the efficiency bound even when covariance matrix is constant. Park and
Linton (2012a) develop a Fourier based estimator of covariances, extending Mancino and Sanfelici
(2011) and Sanfelici and Mancino (2008). Bibinger, Hautsch, Malec, and Reis (2014) proposes a
local method of moments estimator that achieves the nonparametric efficiency bound, however the
resulting estimator is not positive semi-definite.

Finally, we note that related univariate work on ameliorating the effect of noise includes
Zhou (1996), Zhou (1998), Hansen and Lunde (2006), Zhang, Mykland, and Ait-Sahalia (2005),
Barndorff-Nielsen, Hansen, Lunde, and Shephard (2008), Jacod, Li, Mykland, Podolskij, and Vetter
(2009)), Bandi and Russell (2008), Kalnina and Linton (2008), Li and Mykland (2007), Gloter and
Jacod (2001a), Gloter and Jacod (2001b), Kunitomo and Sato (2013), Reiss (2011), Malliavin and
Mancino (2002), Mancino and Sanfelici (2008), Malliavin and Mancino (2009), Ait-Sahalia, Jacod,
and Li (2012) and Hansen and Horel (2009). Surveys include, for example, McAleer and Medeiros
(2008), Park and Linton (2012b) and Ait-Sahalia and Xiu (2012).

1.4 More details on our paper

Here we use a QML estimator based upon a model of efficient prices which has correlated Brownian
motion observed at irregularly spaced and asynchronously recorded datapoints. Each observation
is cloaked in noise. We provide an asymptotic theory which shows how this approach deals with
general continuous semimartingales observed with noise irregularly sampled in time.

The above approach can be implemented computationally efficiently using Kalman filtering,
optimising the likelihood via an EM algorithm. The resulting estimator of the integrated covariance

is positive semidefinite. In practice it can be computed rapidly, even in significant dimensions.



1.5 Some particularly noteworthy papers

There are a group of papers which are closest to our approach. Ait-Sahalia, Fan, and Xiu (2010)
apply the univariate estimator of Xiu (2010) to the multivariate case using polarisation. They
estimate the covariance between x1 and x2, by applying univariate methods to estimate Var(xi+z2)
and Var(z; — z2). The implied covariance matrix is not guaranteed to be positive semi-definite.

Corsi, Peluso, and Audrino (2014) was carried out independently and concurrently with our
work. This paper is distinct in a number of ways, most notably we have a fully developed econo-
metric theory for the method under general conditions and our computations are somewhat dif-
ferent. However, the overarching theme is the same: using a missing value approach based on
Brownian motion observed with error. Further, Peluso, Corsi, and Mira (2012) extends this work
using Bayesian techniques. They have no limiting theory for their quasi-likelihood based approach.
Related to these papers is the earlier more informal univariate analysis of Owens and Steigerwald
(2006) and the multivariate analysis of Cartea and Karyampas (2011).

More recently we also learnt of Liu and Tang (2014) who study a realised QML estimator of
a multivariate exactly synchronised dataset. They propose using refresh time type devices to
achieve exact synchronicity. Under exact synchronicity their theoretical development is significant
and independently generates the results in one of the theorems in this paper. We will spell out the
precise theoretical overlap with our paper later. To be explicit they do not deal with asynchronous

trading, which is the major contribution of our paper.

1.6 Structure of the paper

The structure of our paper is as follows. In Section 2 we define the model which generates the
quasi-likelihood and our estimator. In Section 3 we derive the estimator’s asymptotic properties
under some rather general conditions. In Section 4 we extend the core results in various important
directions. In Section 5 we assess the finite sample performance of our report using some Monte
Carlo experiments. In Section 6 we provide results from empirical studies, where the performance
of the estimator is evaluated with a variety of equity prices. In Section 7 we draw our conclusions.
The paper finishes with a lengthy appendix which contains the proofs of various theorems given in

the paper, and a detailed online appendix with more empirical analysis.

2 Models

2.1 Notation

We consider a d-dimensional log-price process x = (x1, ..., xd)/. These prices are observed irregularly

and non-synchronous over the interval [0, 7], where T is fixed and thought of as a single day. Prices



will be referred to as trades, but our methods also apply to quotes. = We write the union of all
times of trades as t;, 1,2,...,n, where we have ordered the distinct times so that 0 < t; < ... <
ti < ...<t, <T. Associated with each t; is an asset selection matrix Z;. Let the number of assets
which trade at time ¢; be d; and so 1 < d; < d. Then Z; is d; x d, full of zeros and ones where each

row sums exactly to one. Unit elements in column k of Z; shows the k-th asset traded at time t;.

2.2 Efficient price

x is assumed to be driven by y, the efficient log-price, abstracting from market microstructure
effects. The efficient price is modelled as a Brownian semimartingale defined on some filtered

probability space (2, F, (%), P),

t ¢
o) = [ utwdu+ [ oaW), ()=o), (1)
0 0
where 4 is a vector of predictable locally bounded drifts, o is a cadlag volatility matrix process and
W is a vector of independent Brownian motions. Then the ex-post covariation is

T n
v, ylr = /0 S(u)du, where [y,ylr = plim 3 {y(r;) — y(r; 1)} y(r) — y(rs )Y,

(e.g. Protter (2004, p. 66-77)) for any sequence of deterministic partitions 0 = 79 < 71 < ... <
7n =T with sup;{7;11 — 7;} — 0 for n — oo. Our interest is in estimating [y, y|r using =.

y and the random times of trades {¢;, Z;} are stochastically independent. This is a strong
assumption and commonly used in the literature (but note the discussion in, for example, Engle
and Russell (1998) and Li, Mykland, Renault, Zhang, and Zheng (2009)). This assumption means
we can make our inference conditional on {¢;, Z;} and so regard these times of trades as fixed.

Throughout we see a blurred version of y, with our data being
T; = zy(tz) =+ Zieia 7= 1, 2, Ny E(€Z) = 0, COV(€Z‘) = A,
where ¢; is a vector of potential market microstructure effects and A is diagonal®.

2.3 A Gaussian quasi-likelihood

We proxy the Brownian semimartingale by Brownian motion, which is non-synchronously observed.

This will be used to generate a quasi-likelihood. We model

y(t) = oW (t).

!Corsi, Peluso, and Audrino (2014) use a slightly different approach. They update at time points T%/n whether
there is new data or not. They used a linear Gaussian state space model x; = Z;y(T%i/n) + €;, where a selection
matrix Z; is always d X d, but some rows are entirely made up of zeros if a price is not available at that particular
time. If a price is entirely missing, the input for their Kalman innovations v; is set to zero.




Then writing ¥ = oo’, we have that y(¢;) — y(ti-1) ~ N(0,2(¢t; — t;—1)), while all the non-
overlapping innovations are independent. Throughout we will write

wp = y(t;) —y(ti-1), AF =t; —t;_1 > 0.
At this point we assume, for a diagonal A, that ¢; 4N (0,A). Then the time series of observations

T = (21,...,2,) is a Gaussian state space model (e.g. Durbin and Koopman (2001)).

2.4 ML estimation via EM algorithm

We will develop a positive semidefinite estimator of X, noting for us that A is a nuisance. We
would like our methods to work in quite high dimensions and so the EM approach (e.g. Durbin
and Koopman (2001, Ch. 7.3.4)) to maximising the log-likelihood function is attractive.

Note that the complete log-likelihood is, writing e; = x; — Ziy(t;), u; = y(t;) — y(ti—1), y1.n =
(y1,---,Yn)’, and assuming z; ~ N (1, P1) which is independent of (X, A),

n

log f (2., Y1 A)+108 f(yy.,: ) = ¢ — %Zlog |ZZ~AZ;| —% Z e (ZiAZ;)fl €

i=1 i=1
! Zlog m L Z VS
Then the EM algorithm works with the
E [{log f($1 nlY1:n; A) +10g (Y13 2)}21m5 A, E]
- —Zlog|ZAZ E —ZE{ (Z:\Z)) ei\xm;A,z}
i=2 i=2 T

Writing €;),, = E (e;|71.,) and Dy, = Mse (ei|x1.), then

B{e} (282) " eiwrn | = tr { (20 Z]) VB (eieilara) b = tr | (ZihZ0) T (Gl + D]
and, writing ), = E (us]21.,) and Ny, = Mse (u;]21.,), then

E {uéEiluﬂxlm} =tr {EilE (uluﬂxln)} =tr [E 1 {u”nul‘n + Ni‘n}] .

Then the EM update is

n

-1 n
- 1 1 . . ~
Y= — Z a7 {uﬂnu;‘n + Ni‘n} , diag ( ) <Z Z; Z) diag (Z Z] {ei‘né”“n + Di‘n} Zi> .

i= i=1

Iterating these updates, the sequence of (i, /AX) converges to a maximum in the likelihood function.

The Appendix details the efficient computation of €,,, Ujj,, Djj,, and Ny, in O(nd?) calculations.
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3 Econometric theory

Here we develop the asymptotic theory for the bivariate case. To get to the heart of the issues our
analysis follows three steps. First we look at the bivariate ML estimator case where the volatility
is fixed and there are equidistant data. Secondly we show how those results change when the noise
is non-Gaussian and we have stochastic volatility effects, but still have equidistant observations.
Thirdly and more realistically we discuss the impact of having unequally spaced data which is
wrongly synchronised in the quasi-likelihood. Finally we calculate the impact of non-synchronised

data on a fully non-synchronised quasi-likelihood.

3.1 Step one: benchmark bivariate MLE

We start with the constant covariance matrix case with equidistant observations, which means that
Zy = I and t; = T'i/n. This means that we have synchronised trading. We also assume the market
microstructure effects are i.i.d. normal.

Then we observe returns
Tj,i :xj,i_xj,i—la 1= 1,2,...,n, ] = 1,2,
with, we assume,

zi=y(i/n)+e;, 1=0,1,2,...,n, y(i/n)=y((i—1)/n)+ T/nu;, (2)

where
E; i.4.d. A O o A11 0 _ 211 212
(o) o(os) o= (% ) == (5 s2): @
The observed returns are r = (r11,71,2,--., 10,7215 ---,72n) , 80 the likelihood is
1 1
L = —nlog(2m) — 3 log(det Q) — 57“'9*17", (4)
where Q = AX® I, + A ® J,. Here ® denotes the Kronecker product and J, is a n X n matrix
2 -1 0 0
-1 2 -1
Jn=1 0 -1 2 0 (5)
1
0 0o -1 2

The likelihood (4) is tractable as we know the eigenvalues and eigenvectors of J,, and so €.
Before we give the bivariate limit theory recall the univariate case (e.g. Stein (1987), Gloter and

Jacod (2001a), Gloter and Jacod (2001b), Ait-Sahalia, Mykland, and Zhang (2005), Xiu (2010))
nt (Su-2n) 5 N (080T )

Thus n'/* is the optimal rate with noisy data. We now go onto the bivariate case.



Theorem 1 (Bivariate MLE) Assume the model (2)-(3) is true. Then the ML estimators 5.

and A satisfy the central limit theorem as n — oo,

S -2
1 e L
n4 Y19 — Y19 — N(O,H)
Yoo — Yoo
For a 3 x 1 vector X9 = vech(X) = (£1,1, %12, 22,2)/ the II matriz is such that II7! = ggj/ with
OWs; 1 ([ Buii(3, A, z)
= (141 — — 174 ] =1,2
8227] ( + U#U)Q (A 621171) .’IJ> ) 17.77“’7’0 )<

where, writing A}, = Ay /T,

2,2
Yoo + Adyméx

1,1
(YA =
w (X, 7x) (211 + AT17I'2$2) (222 + A§272x2) - 2%2
N +A>k 7'('2562
99 11 11
k] E A ==
W (%, A, z) (Z11 4 A m222) (Top 4+ Afyn2a2) — X2,
Y
w1’2(27A7x) = .

(S11 + Afm222) (B9 + Abym222) — 32,
Proof. Given in the Appendix.

Each of the integrals in IT~! has an analytic solution (e.g. Mathematica will solve the integrals),
but the result is not informative and so we prefer to leave it in this compact form.

When Y15 = 0, there is no “externality,” i.e. the asymptotic variances for in and igg in the
bivariate case reproduce the univariate case. As the correlation increases from 0 to 1, f]n becomes
more efficient than the univariate one, as more information is collected via the correlation with the
other series. This is illustrated in Figure 1. Finally, we note that Bibinger, Hautsch, Malec, and

Reis (2014) have independently also developed the Fisher information matrix for this problem.

3.2 Step two: bivariate QMLE with equidistant observations

We now move to more realistic cases. We deal with them one at a time: stochastic volatility,

irregularly spaced synchronised data and finally and crucially asynchronised data.

Assumption 1 The underlying latent d-dimensional log-price process satisfies (1), where p is pre-

dictable locally bounded, the o is a locally bounded Ité6 semimartingale and W is a Brownian motion.
Assumption 2 The noise €; is i.i.d., and independent of t;, W, o and has fourth moments®.

Assumption 3 The trades are synchronised at times t; = Ti/n and Z; = I,,.

2The i.i.d. assumption can be replaced by more general noise process, which is independent conditionally on Y.
This allows some heteroskedasticity. This is the focus of, for example, Jacod, Podolskij, and Vetter (2010). We
choose not to adopt it as the idea of the proof remains the same except for some technicalities.



Asymptotic Relative Efficiency o,

Figure 1: The figure plots the relative efficiency for bivariate MLE of ¥;; over the univariate
alternative, against the correlation. 11 = 0.25%2. As the number falls below zero the gains from
bivariate MLE become greater. The blue line, the red dashed line, and the black dotted line
correspond to the cases with Yoo = 0.32,0.252, and 0.22, respectively.

2
Define Ry = (% fOT U?dlﬁ) / (% fOT J%dt) > 1, by Jensen’s inequality, and recall the result

L/ 1 (T ’ 1 /7 3/2
ni <211 - T/ det> =% MN | 0,(5R7 +3) AHQ <f/ Jtzdt> T2,
0 0

by rewriting Xiu (2010). The asymptotic variance increases with Ry keeping % fOT o2dt fixed.

The asymptotic properties of the multivariate realised QML estimator S is given below.

Theorem 2 (Bivariate QMLE) Under Assumptions 1-3, we have

211 — % fOT Y1,dt .
Si2— & f) Sioedt | > MN(0,Tlg), where (6)
o0 — 7 fOT Yoo dt

/
_ 1 (ow\ ! (2) 3) (4) O\
g = 1 (629/) {Avar + Avar'”’ + Avar } 95y ,

0 VU A Ls(so A 1 T
Avar(Q) _ 2 Z / 6w ( b 71') aw ( J 7'%.) dx <_ / Esvytzul7tdt> Pl
0

3
PN

l,s,u,v=1 0 629 62/9 T
A 3) 4 i A /oo 6wl7s(27A7x) awl,v(E’ij) 2 2d <1 /Tz dt)
var = meréde | = av, ,
o 0% 9% Ty
2
® guwbs (S, A, x) Owh* (2, A, z)
4) _ * Ak i) i) 4,4
Avar = 2l8221 AHASS/O 0%, o5 mratdx.

Here all the derivatives are evaluated at > = %fOT Ydt.



Proof. Given in the Appendix.
Liu and Tang (2014) have independent and concurrently established a similar result, although

their derivation follows the steps in Xiu (2010), which is different from our approach.

3.3 Step 3: bivariate QMLE with irregularly space synchronised observations

We now build a quasi-likelihood upon irregularly spaced but synchronised times {¢1,%2,...,%,}, so

that Z; = I, which imply a collection of increments {A =¢; —t;_1,1 <i < n}.

Assumption 4 Assume that AT = A(1+¢;),i=1,2,..,n, A =L E() =0, where Var(§;) <

oo and {&;,1 <i<n} areii.d.. Also assume Y and {&;} are independent.

Assumption 4 means that &; = O,(1) and so the individual gaps shrink at rate Op(n=1).

Corollary 1 Assume Assumptions 1, 2 and 4 hold and additionally 3 is constant and p = 0.
Then the asymptotic variance of the MLE is the same as that in Theorem 1.

Proof. Given in the Appendix.

This makes it clear that in the synchronised case irregularly spacing of the data has no impact
on the asymptotic distribution of the multivariate realised QML estimator. The reason for this
is that the effect is less important than the presence of noise, a result which echoes the univariate
work of Alt-Sahalia, Mykland, and Zhang (2005) and Ait-Sahalia and Mykland (2003), and recent
multivariate result by Bibinger, Hautsch, Malec, and Reis (2014). This contrasts with the realised
variance where Mykland and Zhang (2006) have shown that the quadratic variation of the sampling
times impacts the asymptotic distribution in the absence of noise.

This synchronised case is important. Most researchers have analysed covariances by applying a
synchronisation scheme to the non-synchronous data. This delivers an irregularly spaced sequence
of synchronised times of trades, although some prices could be somewhat stale. Typically there is
a very large drop in the sample size due to synchronisation. The most well known such scheme is
the refresh time method analysed by Barndorff-Nielsen, Hansen, Lunde, and Shephard (2011) and
subsequently employed by, for example, Christensen, Kinnebrock, and Podolskij (2010) and Ait-
Sahalia, Fan, and Xiu (2010). Alternatively, Zhang (2011) discusses the Previous Tick approach,

which always discards more data than refresh time.

3.4 Step 4: bivariate QMLE with non-synchronous observations

In this paper, synchronisation is not needed. Instead we write x;; = y;(t;:) + €54, J = 1,2,

1=1,2,...,n;, where t;; is the i-th observation on the j-th asset. The returnsare r;; = x;;—x;;_1.
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Assumption 5 Define A?j = tj;—tji—1, © = 1,2,...,n; and A™ :dz'ag(A?j). Assume that
A?j =Aj, for j =1,2, and Ay = mAy, where Aj =T/n;.

These assumptions mean that the data is asynchronous, unless m = 1, but always equally spaced
in time. The latter assumption is made as the previous subsection has shown that irregularly
spacing of the data does not impact the asymptotic analysis of the realised QML and so it is simply
cumbersome to include that case here without any increase in understanding. This notation means

that Aj is the average time gap between observations while n; is the sample size for the j-th asset.

Writing 7 = (r1,1,71,2,- - > Fln1s 72,1, - - - s T2.my) » then the likelihood is
1 1 - LA™ 4 Ay, BpAT2
L =c— =log(detQ) — =r'Q 1 h Q= m
c 5 og(det ) 21" r, where < S g ANz S99 A™2 4 NogJn, ) (7)
with
ta; —t1,i-1, if toj 1 <tii1 <ty <t
t1,i —t2 -1, if tyi1 <toj1 <t <taj;
?}m =9 t1;—t24-1, if toj 1 <tii1 <t <toys (8)
t1,; —toj—1, if o1 <t1jo1 <tij <taoy

0, otherwise.

Again J,, appears in (5). Note this likelihood function does not require Assumption 5.

Theorem 3 Assume Assumptions 1, 2 and 5 hold and additionally ¥ is constant and p = 0.
Assume also that A?‘j = Aj, for i =1,2, and Ay = mAy, where ny >> ng, i.e. m — oo. Then in

this asynchronous case, the central limit theorem is given by:

-1

R 8\112171
n}/4(211 —¥n) . T1,1 8\1/0 a\IJO
’né/4(212 — 212) — N(O’ HA), wh@r@ HA = O 82211722 82212’22 5
n;/4(222 — 222) 0 88‘112% 8;;22;
such that
vy, 1/ % 0uwid(3, A, z)
wv o 1 1 - 9 4dy d s . =1.2
o, (e </0 Oy ) MPETTT
where, writing A}, = Ay /T,
1 b))
1,1 2,2 11
w (S, A ) = , w(E A x) = ,
( ) (211 + AT17T2:C2) ( ) Y11 (222 + A§27T2:C2) — E%Q
—212

1,2
w (B, Ax) = .
( ) 211 (222 + A§27T2.%'2) — 2%2

Proof. Given in the Appendix.
This Theorem suggests that including the extremely illiquid assets into estimation should not
greatly affect variance and covariance estimates of the liquid ones. This property is distinct from

any approach in the literature which uses a synchronization method.
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Interestingly, the asymptotic covariance of f]gg and ilg can be obtained by plugging A1; = 0
in Theorem 1, as if the liquid asset were not affected by the microstructure noise. This is due to

a type of “sparse sampling” induced by the substantial difference in the number of observations.

3.4.1 Extension

Note that Theorems 1 and 3 represent two points at either end of an important continuum. The-
orem 1 in effect deals with the m = 1 case and Theorem 3 deals with m — co. Of course results
for finite values of m > 1 would be of great practical importance, but we still have not sufficient
control of the terms to state that result entirely confidently. However, our theoretical studies and
some Monte Carlo results we do not report here suggest that the result is simply the asymptotic
distribution given in Theorem 1 but

n}/4(§111 - Xn)

n§/4(§312 —Y12) L N(0, T4 ,m),

n§/4(§322 — Ya2)
where I14 ,, takes on the form given in Theorem 1 except A, = Agy/ (mT') holding. Hence the
role of m is simply to rescale the measurement error variances.

It is clear from Corollary 1 that the previous results hold under the type of irregularly spaced

data which obeys Assumption 6 which simply extends Assumption 4.
Assumption 6 Assume that A7 =t;; —tj;.1 = Aj (1+¢;,), i =1,2,...,n;, A™ =diag(A}”)
where B(§;;) = 0, Var({;,;) < oo and {£;,;,1 < i <nj;}. Also assumeY and {£;,;} are independent.

Likewise the extension to more interesting dynamics, stated in Assumption 1, combined with

Assumption 6 is now clear. Again

n}/4(§]11 —-¥n) ﬁ
n;/4(212 — 212) —S> MN(O, HQ,m)7 (9)
n;/4(222 — Xg2)

where Ilg ,, simply replaces IIg in Theorem 2 by adjusting A3y = Aga/ (mT'). The proof of such a

result just combines the proofs of the previous theorems. It is tedious.

4 Additional developments

4.1 Realised QML correlation and regression estimator

An immediate corollary for the realised QML estimator is the correlation version

fa T
Z1 7 Jo Zrzedt

pra=—=——==¢€[-11], of pp= . po
\/ E11¥22 \/(% In En,tdt) (% Ih 222,tdt>

12

e [-1,1].




Also of importance is the corresponding “realised QML beta”

R T
R S 1 Yq9.dt
. 212 Which estimates Bz = ilpfoq“i'
Yoo 7 Jo B2t

The limit theory follows by the delta method: Avar(p,s) = v,Vv/,, and Avar(/ﬁm) = vgVovy,

( IRt 1 1 Xy )’ d (0 1 E12>’
Vp = Y ) ' T o ,alld Vg = o ) w2 )
’ 2 /3350 Vintn  2./Sixh, = U 5

These are noise and asynchronous trading robust versions of the realised quantities studied by

Andersen, Bollerslev, Diebold, and Labys (2003) and Barndorff-Nielsen and Shephard (2004).

4.2 Multistep realised QML estimator

There are robustness advantages in estimating the integrated variances using univariate QML
methods in, ZAIQQ. These two estimates can then be combined with the QML correlation estimator
P12, Obtained by maximising the likelihood with respect to p;5 keeping 311, Yoo fixed at 211, igg.
This is called the “multistep covariance estimator”. An advantage of this is that model specification

for one asset price will not impact the estimator of the integrated variance for the other asset.

4.3 Sparse and subsampled realised QML

A virtue of the realised QML is that it is applied to all of the high frequency data. However, this
estimator may have challenges if the noise has more complicated dynamics. Although we have
proved results assuming the noise is i.i.d., it is clear from the techniques in the literature that the
results will hold more generally if the noise is a martingale difference sequence (e.g. this covers some
forms of price discreteness and diurnal volatility clustering in the noise). However, dependence
which introduces autocorrelation in the noise could be troublesome. We might sometimes expect
this feature if there are differential rates of price discovery in the different markets, e.g. an index
fund leading price movements in the thinly traded Washington Post.

To overcome this dependence we define a “sparse realised QML” estimator, which corresponds
to the sparse sampling realised variance. The approach we have explored is as follows.

We first list all the times of trades for asset 4, which are written as ¢;;, which has a sample size
of n;. Now think about collecting a subset of these times, taking every k-th time of trade. We
write these times as ¢7; and the corresponding sample size as nj. We perform the same thinning
operation for each asset. Then the union of the corresponding times will be written as ¢t;. This
subset of the data can be analysed using the realised QML approach. Our asymptotic theory can
be applied immediately to these t;‘l and n;, and the corresponding prices.

In practice it makes sense to amend this approach so that for each n; > nni, where nyi, is

something like 20 or 50. This enforces that there is little thinning on infrequently traded assets.

13



Once we have defined a sparse realised QML, it is obvious that we could also simply subsample
this approach, which means constructing k sets of subsampled datasets and for each computing the
corresponding quasi-likelihood. Then average the k quasi-likelihoods and maximise them using
the corresponding EM algorithm. We call this the “subsampled realised QML” estimator. This

is simple to code and employs all of the data while being less sensitive to the i.i.d. assumption.

5 Monte Carlo experiments

5.1 Monte Carlo design

Throughout we follow the design of Ait-Sahalia, Fan, and Xiu (2010), which is a bivariate model.
Each day financial markets are open will be taken as lasting 7' = 1/252 units of time, so 7' = 1

would represent a financial year. Here we recall the structure of their model

dyit = adt + 03 dWiy,  do = k; (77 — 0%) dt + s;04d Byt + 04— JYy ANy,
where E(dWydBj;) = 0;;p;dt and E(dW,dWy|p*) = p*dt. Here x; > 0. Ignoring the jumps,

2 s2/2k;). Throughout when jumps happen the log-jumps

the variance process 0% ~ I'(2k;57/s?, 52
log Ji‘t/ N (0, u1;), while N;; is a Poisson process with intensity A;. Likewise g5 N (0, a?).
We now depart slightly from their setup. For each day we draw o7, i [(2k;52 /52,52 /2k;)

1771

over ¢ = 1, 2, so each replication will be independent. For each separate day we simulate

independently p* ~ pyBeta(p}, p5), where p, = /(1 —p?)(1 — p3), guaranteeing the positive-
definiteness of the covariance matrix of (Wi, Wa, By, Bs). This means E(p*) = popi/ (p] + p3)
and sd(p*) = po\/pip5/ { (0% + p5) /P + p5 + 1}. The values of a;, as, p;, ki, 0, 1135 Nis 80, 07, pf

and p5 are given in Table 1. To check our limit theory calculations, Figure 2 plots the histograms

=2 *
| 4 o pi ki B o N Tr s pr|

110005 005 -06 3 -5 08 12 016 08 2 po = 0.529
i=210001 001 -075 2 -6 12 36 0.09 05 1| E(p*)=0.176, sd(p*) = 0.125

Table 1: Parameter values which index the Monte Carlo design. Simulates from a bivariate model.

of the standardized pivotal statistics (using the infeasible true random asymptotic variance in each
case) with 1,000 Monte Carlo repetitions sampled regularly in time at frequency of every 10 sec-
onds, that is n = 2,340. This corresponds to an 6.5 hour trading day, which is the case for the
NYSE and NASDAQ. The histograms show the limiting result provides a reasonable guide to the
finite sample behavior in these cases.

In our main Monte Carlo we take n € {117,1170,11700} and all results are based on 1,000

stochastically independent replications. Having fixed the overall sample size n we randomly and
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11 12 22

0.5 T 0.5 T 0.5 .
0.45F 1 0.45¢ 1 0.45}

0.4r 1 0.4r 1 0.4r
0.35¢ 1 0.35¢ 1 0.35¢

0.3r 1 0.3r 1 0.3r
0.25¢ 1 0.25¢ 1 0.25¢

0.2r 1 0.2 1 0.2
0.15f 1 0.15¢ 1 0.15}

0.1r 1 0.1r 1 0.1r
0.05f 1 0.051 1 0.05f

95 0 5 -5 0 5 -5 0 5

Figure 2: The figure plots the histograms of the standardized pivotal statistics to verify the asymp-
totic theory developed in Theorem 2. The standardisation is carried out using the infeasible true
random asymptotic variance for each replication.

uniform scatter these points over the time interval ¢ € [0,T], recalling T = 1/252. For asset 1 we
will scatter exactly nF points and for asset 2 there will be exactly n(1 — f) points. This kind of
stratified scatter corresponds to a sample from a Poisson bridge process with intensity nf /T and
n (1 — F) /T, respectively. We call F the mixture rate and take f € {0.1,0.5,0.9}.

We will report on the accuracy on the daily estimation of the random 17 = % fOT Y11,

Yoo = %fOT Yoo rdt, Yo = %fOT idt, pro = X12/vVE11Y22, Brp = T12/D22, Bop = L12/X11.
5.2 Our suite of estimators

We will compute five estimators of X171, Yoo, Y19, 61‘2, Bo1 and py . The five are: (i) realised QML,
(ii) multistep realised QML estimator, (iii) realised QML but using the reduced data synchronised
by refresh time, (iv) the realised kernel of Barndorff-Nielsen, Hansen, Lunde, and Shephard (2011)
which uses refresh time, (v) Ait-Sahalia, Fan, and Xiu (2010) which uses polarisation and refresh
time. We write this generically as EL, with L € {QML, Step, RT, Kern, Pol}.

All the estimators but (v) deliver positive semi-definite estimators. Only (i) and (ii) use all
the data, the others are based on Refresh Time. (i)-(iii) and (v) converge at the optimal rate. (i)

should be the most efficient, followed by (ii), then (iii), then (v) and finally (iv).

5.3 Results

Table 2 reports simulation based estimates of the 0.9 quantiles of ‘nl/ 4 (5[, —0 L> ‘ for various values

of n, L and F. The results indicate that all five estimators perform roughly similarly for ¥;; and

15



Y99 when F = 0.5, with a small degree of underperformance for RT, Kern and Pol. When the
data was more unbalanced, with f = 0.1 or 0.9, then RT, Kern and Pol were considerably worse
while realised QML being the best by a small margin. QML almost always slightly outperformed
Step. The quantiles for Kern seem to mildly increase with n, which is expected due to their slower
rate of convergence. For X5 there are signs that the realised QML type estimators “QML”and
“Step” perform better than “RT”. All seem to perform more strongly than the “Kern” and “Pol”
estimators. The differences are less important in the case where f = 0.5.

When we move onto p; 5 the differences become more significant, although recalling that realised
QML and Step are identical in this case. When F = 0.9 then the Pol estimator struggles with
the quantiles being around twice that of QML. A doubling is massive, for these estimators are
converging at rate n'/4 so halving a quantile needs the sample size to increase by 2* = 16 fold. The
results for Kern sit between Pol and QML, while RT is disappointing. This latter result shows it is
the effect of refresh time sampling which is hitting these estimators. QML is able to coordinate the
data more effectively. Similar results hold for f = 0.1. Overall the new methods seem to deliver
an order of magnitude improvement in the accuracy of the estimator. In the balanced sampling
case of [ = 0.5 the differences are more moderate but similar.

Before we progress to the regression case it is helpful to calibrate how accurately we have
estimated p; 5 in the realised QML case. When f = 0.1 the quantile is 2.61 with n = 117, so
the corresponding quantile for EQML —0Ogmr| is 0.794.  When n = 1,170 it is 0.388.  When
n = 11,700 it is 0.191. In the balanced case f = 0.5 the corresponding results are 0.556, 0.277 and
0.137. Hence balanced data helps, but not by very much as long as n is moderately large and the
realised QML method is used. Balancing is much more important for RT, Kern and Pol. We think
this makes the realised QML approach distinctly promising. A final point is worth noting. Even
though n = 11, 700 the quantiles in the balanced case of 0.137 are not close to zero. Hence although
we can non-parametrically estimate the correlation between assets, the estimation in practice is not
without important error. This is important econometrically when we come to using these objects
for forecasting or decision making.

The regression cases deliver the same type of results to the correlation, with again the QML

and Step performing around an order of magnitude better than RT, Kern and Pol.

6 Empirical implementation

6.1 Our database

We use data from the cleaned trade database of Lunde, Shephard, and Sheppard (2012). It is taken
from the TAQ database accessed through the Wharton Research Data Services (WRDS) system.
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LT

F =09 F =05 F=01

n n/*| QML Step RT Kern Pol | QML Step RT Kern Pol | QML Step RT Kern Pol
117 329 040 043 075 078 079 | 0.49 052 0.49 055 054 ] 0.72 072 0.74 0.69 0.72
S| 1,170 5.84 | 0.38 039 070 084 079 | 0.44 045 048 0.74 047 | 0.69 0.73 0.70 0.83 0.73
11,700 103 | 036 0.35 0.63 0.95 064 | 0.42 043 043 095 043 | 0.63 067 065 096 0.67

117 329 | 023 0.22 027 032 031 | 019 0.18 0.18 022 0.22] 027 0.24 028 0.33 0.32
S| 1,170 5.84 | 0.19 0.19 025 035 031 | 0.17 0.17 0.17 022 020 | 025 0.24 025 0.35 0.32
11,700 103 | 0.18 0.18 023 0.36 027 | 0.17 0.17 0.17 022 0.18| 0.22 0.22 024 034 027

117 329 | 0.29 035 0.29 0.39 035 | 0.16 020 0.19 024 0.19] 0.13 0.16 029 040 0.35
S | 1,170 5.84 | 0.23 029 0.23 046 029 | 0.14 016 0.15 026 0.16 | 0.11 0.14 022 046 0.28
11,700 103 | 0.21 022 0.21 042 022 | 0.14 0.14 0.14 025 0.15]| 0.11 0.11 021 045 024

117 329 | 2.35 2.35 3.05 296 8.14 | 1.83 1.83 202 1.58 246 | 2.61 2.61 321 281 7.06
Pro | 1,170 584 | 1.60 1.60 253 254 310 | 1.62 1.62 1.66 1.72 1.86 | 2.27 2.27 250 252 3.04
11,700 103 | 1.48 1.48 217 261 247 | 1.43 1.43 154 207 167 | 1.99 1.99 211 257 247

117 329 | 6.36 11.70 7.10 7.69 14.09 | 3.20 3.28 3.36 3.41 4.05 | 5.12 4.97 7.76 7.91 13.98
31\2 1,170 584 | 3.18 324 409 475 482 | 262 2.61 282 300 3.03| 3.56 365 412 506 4.93
11,700 103 | 2.82 286 410 550 436 | 2.62 264 282 344 304 | 3.52 354 3.78 506 4.65

117 3.29 | 297 255 7.62 322 2327 | 3.28 338 3.8 1.75 4.17 | 560 11.05 7.18 3.42 15.16
BQH 1,170 5.84 | 205 2.02 391 3.17 444 | 2.14 223 225 260 251 | 331 379 389 3.29 472
11,700 103 | 1.68 1.67 3.04 326 320 | 1.75 176 191 361 197 | 2.66 2.65 283 350 3.24

Table 2: Monte Carlo results for the volatility, covariance, correlation and beta estimation. We report the 0.9 quantiles of ‘nl/ 4 (@L -0 L) ‘ over

1,000 independent replications. F denotes the % of the data corresponding to trades in asset 1. “QML”is our multivariate QMLE. “Step”is our
multistep QMLE. “RT”is our multivariate QML using the Refresh Time. “Kern”is the existing multivariate realised kernel. “Pol”is the existing
polarisation and Refresh Time estimator. The numbers in bold indicates the minimum of quantiles in comparison.



The exchanges open at 9.30 and close at 16.00 local time.

An important feature of this TAQ data is that times are recorded to a second, so we take the
median of multiple trades which occur in the same second. This median is thus a form of miniature
preaveraging. Prices are recorded in seconds, so the maximum daily sample size is 23, 400.

The data range from 1st January 2006 until 31st December 2009. We have selected 13 stocks
from the S&P 500 with the aim of having 2 infrequently traded and 11 highly traded assets.

The assets we study are the Spyder (SPY), an S&P 500 ETF, along with some of the most
liquid stocks in the Dow Jones 30 index. These are: Alcoa (AA), American Express (AXP),
Bank of America (BAC), Coca Cola (KO), Du Pont (DD), General Electric (GE), International
Business Machines (IBM), JP Morgan (JPM), Microsoft (MSFT), and Exxon Mobil (XOM). We
supplement these 11 series with two relatively infrequently traded stocks: Washington Post (WPO)
and Berkshire Hathaway Inc. New Com (BRK-B). These 13 series are “unbalanced” in terms of

individual daily sample sizes, while the restricted 11 series are reasonably “balanced”.

6.2 Summaries

Figure 3 shows the sample sizes of each asset on each day through time. What we plot is the median
sample size of the 13 series together with the following quantile ranges: 0 to 25%, 25% to 75%,
75% to maximum. These ranges are indicated by shading. This is backed up by a line indicating
the median. In addition we show the refresh time sample sizes when we use the 11 assets and the

corresponding result for all the 13 assets.

Trading Intensity Graph

50%

Refresh Sampling 11

Refresh Samipling 13

1 1 1 1 1
Jan 06 Oct 06 Aug 07 May 08 Mar 09 Dec 09

Figure 3: The trading intensity graph for our 13 assets. The figure plots the min, max, 25%, 50%,
and 75% quantiles of the number of observations for the cleaned dataset. The number of refresh
sampling for the 11 asset and 13 asset databases are also plotted.
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The median intensity for the 13 assets is around 5,000 a day, slightly increasing through time.
The maximum daily sample sizes are around 15,000. The refresh time for the 11 assets delivers a
sample size of around 1,000 a day. However, for the 13 asset case the Refresh time dives down to
around 60 a day. This is, of course, driven by the presence of the slow trading WPO and BRK-B.

This graph demonstrates that the refresh time approach is limited, for in large unbalanced
systems it leads to a significant reduction in data. This damages the effectiveness of the realised

kernel or preaveraging estimators.

6.3 Volatilities

We start by looking at the univariate volatilities. ~We will compare realised QML, kernels and
volatilities. The comparison will be made using estimators which use the one and 13 dimensional
datasets. The question is whether the use of the high dimensional series will disrupt the behavior
of the volatility estimators, due to the use of refresh time®. We will focus on a single representative
series, Exxon Mobile Corporation common stock (XOM), and some cross sectional summaries. It
is important not to overreact to the specific features of a single series, we will make remarks only
on characteristics which work out in the cross section. Our web Appendix details various summary
statistics for the volatility statistics, including volatility signature plots and correlograms.

A way of seeing the relative importance of these realised measures is through prediction. Here
we use GARCHX models, supplementing the usual GARCH models of returns with X variables
which are lagged realised type quantities. In particular we fit 0? = Var(y;|F/") where o? =
w—f—ayf_l +ﬁa§_1 +~yxy_1. Here y; is the t-th open to close return. These kind of extended GARCH
models are now common in the literature, examples include Engle and Gallo (2006), Brownlees and
Gallo (2010), Shephard and Sheppard (2010) and Hansen, Huang, and Shek (2011).

The model is fitted using a Gaussian quasi-likelihood with —% > 1o (log o? +y?2/ J%), taking
0?2 = % Ziil yZ. We will report the estimated a, 3,y and the non-negative change the log likelihood
in comparison with the simpler GARCH model (when v = 0). If the presence of the realised
quantity moves the likelihood up we will think this is evidence for its statistical usefulness. The

results for all 13 assets are in our Web Appendix.

First focus on the XOM case. Table 3 shows the results in the univariate and 13 dimensional

3To be explicit, when we compute the realised kernel we take the data and approximately synchronise it using
Refresh Time. This synchronised dataset is then used in all the realised kernel calculations. In the case where the
analysis is carried out using the univariate databases, Refresh Time has no impact. In the 13 dimensional case it
dramatically reduces the sample size due to the inclusion of the slow trading markets. When we sparsely sample,
we first sparsely sample and then compute the Refresh Time coordination. This has less impact than one might
expect at first sight, as sparsely sampling has little impact on the slow trading stocks and these largely determine
the Refresh Times. Hence the realised kernel will not be very impacted by sparse sampling in the multivariate case.
There is an argument that with the realised kernel we should only report results for sparsity being one, as that is the
way it was introduced. For completeness though we have recomputed it for all the different levels of sparsity.
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GARCHX
QML RK RV

Mkt Dimen Spar «@ 153 v logL @ 153 v logL @ B v logL
XOM 1 0.10 0.86
XOM 1 11003 058 024 308|001 062 020 31.7| 001 051 034 314
XOM 1 21001 062 026 333|001 064 026 31.8|0.01 055 030 318
XOM 1 31001 063 027 328 |0.01 064 025 316|0.01 060 027 319
XOM 1 51001 063 027 327|001 066 024 314|001 063 025 317
XOM 1 10 | 0.01 0.67 0.23 31.3 | 0.01 0.69 0.22 31.1 | 0.01 0.64 026 325
XOM 1 151 0.01 0.70 0.21 303 | 0.01 070 022 302|001 064 025 317
XOM 1 20 | 0.01 0.73 0.19 296 | 0.01 0.71 0.21 29.7| 001 065 024 317
XOM 1 30 | 0.01 074 0.18 278|001 072 020 288|001 067 023 313
XOM 1 60 | 0.01 0.75 0.18 273|000 072 022 28.0|001 071 020 30.0
XOM 1 120 | 0.01 0.74 0.19 273 | 0.00 0.74 0.21 262 |0.01 074 0.19 281
XOM 1 180 | 0.00 0.75 0.19 273|001 075 020 271|001 075 0.17 26.9
XOM 1 300 | 0.00 0.77 0.17 257 0.01 0.76 0.19 263 | 0.01 075 0.18 258
XOM 13 1]002 063 027 319|000 072 025 299|001 051 034 314
XOM 13 21001 063 029 330|000 071 026 303|001 054 030 317
XOM 13 31001 063 029 327|000 074 023 293]|0.02 056 029 316
XOM 13 51 0.01 063 027 321|000 077 023 300]|0.01 060 027 318
XOM 13 10 | 0.01 065 0.24 312 |0.00 076 024 275 | 0.01 0.62 026 32.1
XOM 13 15 | 0.01 0.67 0.23 30.7 | 0.00 0.77 0.23 272 | 0.01 063 026 325
XOM 13 20 | 0.01 0.69 0.21 294 | 000 0.76 024 287 |0.01 062 026 325
XOM 13 30 | 0.01 0.70 0.20 29.0 | 0.00 0.77 0.24 29.2 | 0.01 065 024 324
XOM 13 60 | 0.02 071 020 283|000 076 025 278|001 069 022 314
XOM 13 120 | 0.01 0.75 0.18 275 |0.00 078 023 268|001 070 021 304
XOM 13 180 | 0.01 0.76 0.16 27.0 | 0.00 080 0.22 26.5 001 072 019 289
XOM 13 300 | 0.01 0.76 0.16 25.7 | 0.00 0.81 020 21.3]|0.01 074 018 26.7

Table 3: Forecasting exercises. GARCHX models. LogL denotes increase in the log-likelihood
compared to the GARCH model. 07 = w + ay? | + 307 | +yxi_1, where x; is a realised quantity.

cases. The results show across the board important improvements when using the realised quanti-
ties and « is basically forced to zero. This is the common feature of these models in the literature,
once the realised quantities are there there is no need for the square return (Shephard and Sheppard
(2010)). Further § falls dramatically and meaningfully. It means that the average lookback of
the forecast has reduced considerably, making it also more robust to structural breaks.

For some series the realised volatility adds little when the sparsity is 1 (due to the impact of
the market microstructure), but this is not the case for XOM. There is some evidence that the
QML estimator does a little better when sparsity is a tiny amount above 1. All the estimators
trail off as the sparsity gets large. When we move to the 13 dimensional case the QML results
hardly change and obviously the RV case does not change at all. The realised kernel results are
reasonably consistently damaged in this case, although the damage is not exceptional.

We can now average the likelihood changes using the cross-section of thickly traded stocks. The
results are given in Figure 4. This reports the likelihood for QML minus the likelihood for RK.

On the left hand side we deal with the univariate case. On the right the 13 dimensional case is
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1 dim difference, >0 favours QML 13 dim difference, >0 favours QML

[ L L ) L L L
1 2 345 10 20 30 100 200 1 2 345 10 20 30 100 200

Figure 4: logL improvement of realised QML minus logl of RK, with numbers greater than 0 being
supportive of QML. X-axis is the level of sparsity. 1 and 13 dimensional cases are on the left and
right hand sides respectively.

the focus. So negative numbers prefer RK. This shows in the univariate case at sparsity of 1 RK
is better, but this preference is removed by the time we reach sparsity of 3. After that they are
basically the same. When we look at the 13 dimensional case, except for sparsity of 1, QML is

better. This is consistent across many different levels of sparsity.

6.4 Dependence

6.4.1 Summary statistics

We now turn to looking at covariation amongst the assets. We will focus on QML, realised kernel
and realised covariance® estimators, which are computed each day. In all cases they will be based
on the 13 unbalanced database, which means we compute a 13 x 13 positive semidefinite estimator
of the covariance matrix. To look inside the covariance matrix we will focus on pairs of assets. To
be concrete our focus will be on Bank of America (BAC) and SPY, the other 77 pairs are discussed
in our web appendix. Again we will only flag up issues which hold up in the cross section.

The top left of Figure 5 shows the time series evolution of the conditional volatilities for these

series based upon the past QMLs. It shows the typically lower level in the SPY series. What is

4For the realised covariance we use the last price update available at the times the prices are sampled. This
means that for a d-dimensional dataset, at each price update d — 1 of the prices will be stale. For sparsity of 1 this
will lead to significant bias in the covariance, the so-called Epps effect. Larger sparsity delivers smaller bias.
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Figure 5: Summary picture for of the BAC and SPY pair. All realised quantities are computed
using all 13 series. Top left are left are the conditional volatilities based upon the realised QMLs.
Top middle, conditional beta for BAC on SPY. Top right is the daily realised QML covariance.
Bottom right is the acf of the realised QML, realised kernel and realised covariance estimators.
Also shown is the acf of the cross-product of the daily returns. Bottom middle is the covariance
signature plot, graphed against the level of sparsity. Bottom right is the log likelihood improvement
in model fit by including the realised quantity, graphed against the level of sparsity.

key is that the wedge between these two series dramatically opens from 2008 onwards which means
the ratio of the standard deviation of BAC and SPY has increased a great deal. If the correlation
between the two series is stable this would deliver a massive increase in the “beta” of BAC. This
is what actually happened, as can be seen in the middle top graph.

The top right hand graph shows the time series of the daily correlations computed using the
QML method. It shows a moderate increase in correlation during the crisis from around 0.55 up
to around 0.7, with some weakening of the correlation from 2009 onwards after TARP.

Returning to the top middle graph, see how enormously the beta changes through time. It was
relatively stable until close to the end of 2007, but then it reaches around 5 during some periods
of the crisis. Nearly all of this move is a volatility induced change, although the correlation shift
has some impact. This boosting of the beta is also seen in our sample, but to a lesser extent, for
J. P.Morgan and GE. The other stocks have more stable betas. Of course like Bank of America,
J. P.Morgan is another financial company, while GE had significant finance exposure.

Bottom left shows the autocorrelations of the QML, realised kernel, realised covariance and
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cross products of the open to close returns. These time series are quite heavy tailed and so heavily
influenced by a handful of datapoints. It is particularly important to be careful in thinking through
what these pictures means. First the raw open to close returns have a small amount of autocor-
relation in them, just as square daily returns are only moderately autocorrelated. The realised
kernel is quite a bit better, but the realised covariance and QML show stronger autocorrelation.

This indicates they are less noisy estimators, although they have biases.

Covariance

QML RK RV
Spar | Mean acf1l acf100 | Mean acf1l acf100 | Mean acf1l acf 100
otC 0.09 0.20 0.07
1 0.03  0.79 0.21 0.06  0.55 0.17 0.01  0.68 0.16
2 0.04  0.80 0.19 0.06  0.53 0.16 0.02  0.69 0.13
3 0.05  0.80 0.18 0.06  0.45 0.14 0.03 0.74 0.14
5 0.05 0.79 0.18 0.06  0.51 0.16 0.04 0.72 0.15
10 0.06 0.76 0.18 0.06 0.51 0.18 0.05 0.74 0.15
15 0.06 0.76 0.19 0.06 0.54 0.18 0.05 0.75 0.16
20 0.07 0.74 0.20 0.056 0.54 0.19 0.06 0.76 0.17
30 0.07  0.70 0.20 0.05 0.51 0.19 0.06 0.74 0.17
60 0.07  0.61 0.16 0.05 0.55 0.20 0.07  0.67 0.18
120 0.07  0.52 0.16 0.05  0.56 0.21 0.07  0.61 0.16
180 0.08 0.66 0.22 0.05 0.54 0.20 0.07  0.55 0.14
300 0.08 0.56 0.21 0.056 0.44 0.17 0.07  0.63 0.18

Table 4: BAC and SPY pair summaries for the covariances. OtC denotes the open to close (an-
nualised) daily log returns and the figure which follows it is the sample covariance of the returns.
The acf of the OtC is the acf of the cross product of the returns, here reported at lags 1 and
100. QML, RK and RV are, respectively, the realised QML, the realised realised kernel and the
realised covariance. All estimate the daily covariance of the series and are computed using the 13
dimensional database. Spar denotes sparsity. Mean is the temporal average of the time series.

Table 4 is more informative. It first shows the average open to close covariance during this
sample and the average level of the daily covariance estimator, using the QML, kernel and realised
covariance. This is printed out for different levels of sparsity. The focus here is thus on the
different biases in the estimators®. Estimating covariances is hard. The Epps effect can be seen
through RV, which underestimates the covariance by an order of magnitude when using every trade.
It takes sparsity of 10 to reproduce half of the correlation.

The same impression can be gleaned from looking at the lower part of Figure 5, which is a
covariance signature plot — showing the temporal average of the daily covariance estimators as a
function of the level of sparsity. For low levels of sparsity the realised kernel is the least biased and

the realised covariance the most. For higher levels of sparsity the realised kernel gets a little worse

and both the QML and realised covariance improves and overtakes the realised kernel. Throughout

®Recall the realised kernel uses Refresh Time which is a kind of sparse sampling. Hence it having less bias at small
levels of sparse sampling is not a surprise.
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QML is better than the realised covariance by a considerable margin. The Table also shows the
autocorrelation of the individual time series at lags 1 and 100. These results are striking, with more

dependence for the QML series than the kernel. This matches results we see for the volatilities.

6.4.2 Dependence forecasting

We now move on to forecasting. The focus will be on the conditional covariance matrix 3; =
Cov(y|F;), where y; is the d-dimensional open to close daily return vector. We will write X; =
DR, D; where D, is a diagonal matrix with conditional standard deviations on the diagonal where
the conditional variances are o3, = Var(y;|F{"") where 07, = w; + g7, | + 807, 1 + Vi1,
wi, &, B, 7v; = 0. This is the same conditional volatility model as we used in the previous subsection.
We use these volatilities to construct the i-th devolatilised series

Yit
€it = . 10
’ Oit ( )

Here the ij-th element of Ry is Cor(y; ¢, yj¢|Fi"1) = Cor(e;r, ;| F). It is our focus here and

we will assume it follows, with w+a+ 5+~ =1,
Ry =wll+ aCi1 + BRi—1 + 7 X1, w, o, 8,7 2>0. (11)

X is a realised type correlation matrix and II is a correlation matrix. The ij-th element of C} is a

moving block correlation of the devolatilised series

M . .
Cijt = Dot Cit oGyl s € [~1,1].

J(Em ) (2 e,)

In the case where M = d and there is no X variables, then (11) is the Tse and Tsui (2002) model®.

Throughout we set M = 66, representing about 3 months of past data. Here X will represent the
realised QML, realised kernel and realised covariance matrices, while R; = Cyy for all t < M.

Note (11) is a weighted sum of four correlation matrices, where the weights sum to one. Hence
Ry is always a correlation matrix. If X is biased then II can partially compensate by not being the
unconditional correlations of the innovations (10). This happens in practice.

In order to tune the model and to assess the fit, we will work with the joint log-likelihood

1 1
loglL = —5 log |X¢| — iy{tZt_lyt =log Lys + log Lo,  where

% An alternative would be to use the DCC model (e.g. Engle (2009)) which would have the form of

Q: = wll + aez—lei—l +BQi—1+vXi—1, Ri= diag(Qt)_I/QQtdiag(Qt)_l/Q'

Unfortunately the impact of the non-linear transform for R; could be rather gruesome on the realised correlation
matrix X¢_1 as the rescaling by the diagonal elements of Q: destroys all of its attractive properties.
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d
1 1, )
logLy = —glog|Dif* =5 (D) (D ") = Y log Luy,
j=1

n n

1 2 1 1
log Ly, = D) Z <log U?t + %) , and logLc = —3 Z (log |Ry| + §e;R,flet — eget> )
t=M+1 it t=M+1

Heree; = D, Ly, the vector of “devolatilised returns”. The log L term is a copula type likelihood.
The model is estimated using a two-step procedure (e.g. Newey and McFadden (1994)). First
we estimate the univariate models, and fix the volatility dynamic parameters at those estimated

values. We then estimate the dependence model by optimising log L¢.

QML RK RV
Spar p e B v logL p e B v logL p @ B v logL
0.69 0.59 0.00 0.00 0.69 0.59 0.00 0.00 0.69 0.59 0.00 0.00

099 0.31 0.13 0.25 551094 006 073 0.14 6.8 | 099 043 0.00 0.17 2.0
1.00 0.12 041 0.25 831099 0.09 0.69 0.17 831099 031 0.00 0.23 3.7
1.00 0.08 0.53 0.23 9.0 1 080 0.09 071 0.11 3.2 1099 013 034 0.18 4.8
51099 005 061 021 9.6 | 0.78 0.09 0.70 0.10 2.8 099 007 044 0.18 6.0
10 | 0.99 0.06 0.64 0.20 751081 005 077 0.10 4.4 1099 007 050 0.19 5.9
151099 0.07 0.72 0.15 51 (080 0.07 071 0.12 4.8 1 099 007 055 0.18 5.9
20 | 099 0.07 074 0.14 411080 0.07 074 0.10 29 (099 0.08 055 0.19 5.5
30 1 099 0.06 078 0.11 4.0 1084 005 0.74 0.12 511099 010 0.57 0.18 4.9
60 | 0.96 0.07 0.79 0.11 34 (087 004 07 0.12 59 1099 010 0.64 0.16 4.7
120 | 0.95 0.08 0.76 0.11 3.7 1082 008 071 0.09 321099 014 056 0.20 4.9
180 | 0.89 0.09 0.71 0.14 4.3 1082 0.08 0.72 0.08 251099 013 057 0.21 4.7
300 | 0.85 0.09 0.70 0.12 29082 008 0.72 0.08 1.8 099 0.10 0.69 0.15 4.6

W N =

Table 5: Forecasting exercises for crosss-sectional dependence between BAC (Bank of America)
and SPY (S&P 500 exchange traded fund). The estimated model is (11). Here p is the non-unit
element of II. LogL is the improvement in the log likelihood compared to v = 0.

The results from this forecasting exercise are given in Table 5. These are based upon the
innovations from the univariate volatility models for BAC and SPY conditioning on lagged realised
QML statistics. The results for the dependence model when we do not condition on any additional
realised quantities, that is v = 0, are given above the line in the Table. As § =0it meansw = 1—«
and so is roughly 0.41. Here p is the non-unit element of II. Hence the estimated model for the
conditional correlation is 0.41 x 0.69 + 0.59C1 2;—1 where C7 21 is the block correlation amongst
the BAC and SPY innovations. This can be thought of as simply a shrunk block correlation.

When we condition on lagged realised quantities the likelihood will typically rise. The im-
provement is recorded as logL in the Table. The results are reported for the QML, realised kernel
and realised covariance. Obviously the results vary with the level of sparsity. For low levels of
sparsity, RK does best. It drives a down to near zero, reminding us of the results we saw in
the univariate cases discussed in the previous subsection. However, the improvement in the log

likelihood is relatively modest, certainly less than from the univariate cases.
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For low levels of sparsity QML is downward biased and so p is estimated to be high to compen-
sate. In the QML case we need larger sparsity to successfully drive down «, but that estimator is
certainly low with sparsity being 5 or more. This kind of levels of sparsity delivers a better fitting

model than the results for RK, but the difference is not particularly large.
6.4.3 Cross section

Here we just focus on the cross section involving the 12 SPY based pairs. The top left of Figure
6 shows the log-likelihood improvement in log Lo by including the realised QML information, i.e.
allowing v to be greater than zero. The improvement is shown for each level of sparsity and is
plotted separately for each of the 12 pairs. The median improvement is shown by the dark line.
Almost throughout the improvement is modest, for a sole series the improvement is quite large.
The realised QML performs better as the level of sparsity increases, but once again it tails off at
the very end with very large sparsity as the realised estimator is noisy.

Bottom left shows the corresponding results for the realised covariance. The results here are
poor for low levels of sparsity, adding basically nothing to the forecasting model. This is the
influence of the Epps effect again. For higher levels of sparsity the realised covariance performs
much better and approaches the realised QML estimator in terms of added value.

The top right shows the results for the realised kernel. This does best for very low levels of
sparsity, making an important improvement in forecasting performance. However, as the level of
sparsity increases the improvement due to the realised kernel falls away.

The bottom right graph shows the median likelihood improvement of QML minus the median
likelihood improvement for the realised kernel. Positive numbers give a preference for QML. For
low levels of sparsity the realised kernel outperforms. However, for moderate degrees of sparsity
the QML estimator has better performance.

Overall we can see that for the dependence modelling the inclusion of the realised information
does add value, but the effects are not enormous. Realised QML again needs a moderate degree
of sparsity to be competitive. For this level of sparsity realised QML slightly outperforms the
realised kernel. Unlike the univariate case, the open to close information is not tested out of the

model, although the impact does reduce a great deal by including the realised quantities.

7 Conclusion

This paper systematically studies a new method for estimating the dependence amongst financial
asset price processes. The realised QML estimator is robust to certain types of market microstruc-

ture noise and can deal with non-synchronised time stamps. It is also guaranteed to be positive
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Figure 6: Gains in logL for pairs involving SPY by including the realised quantities. On the x-axis is
the level of sparsity, the heavy line denotes the median. All realised quantities are computed using
13 series. Bottom right is the logLi for the model including realised QML minus the corresponding
figure for realised kernel. Also drawn is the result for the realised QML against realised covariance.

semi-definite and converges at the optimal asymptotic rate. This combination of properties is
unique in the literature and so it is worthwhile exploring this estimator in some detail.

In this paper we show how to numerically optimise the likelihood it in a simple way even in
large dimensions. We also develop some of the theory needed to understand the properties of
the estimator and the corresponding results for realised QML estimators of betas and correlations.
Particularly important is our theory for asynchronous data. Our Monte Carlo experiments are
extensive, comparing the estimator to various alternatives. The realised QML performs well in
these comparisons, in particular in unbalanced cases.

Our initial empirical results are somewhat encouraging. The volatilities seem to be robust to
the presence of slowly trading stocks in the dataset. The improvement in the fit of the model by
including these realised quantities is large. As our theory would suggest, the results for measures
for dependence are mixed, with the improvements from the realised quantities being modest. The
realised QML is underestimating long-run dependence in these empirical experiments unless the
level of sparsity is quite high. This underestimation also does not appear in our Monte Carlo
experiments. There are various explanations for this, but it would seem to need a more sophisticated

model of market microstructure effects.

Our recommendation for empirical work is to use realised QML or realised kernel estimators
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inside conditional volatility models. When modelling dependence amongst the devolatilised returns
the decision to use extra realised information is more balanced — it does increase the performance

of the model but not by a great deal. Our analysis shows why this is to be expected.
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A Collection of proofs

A.1 Proof of Theorem 1

There exists an orthogonal matrix U = (u;;) given below, such that
< U ) < Qi1 Qo > ( U’ ) _ < diag(p;) Q19 ) v
U Q12 Qoo U’ Q2 diag(po;) .
where
D =YpA®I, Qi=Y;A01+A;®J, i=1,2,

5
uij:\/—sin( tJ 71'), ,7j=1,...,n,
n+1 n+1

i :EiiA—I—QAM(l—cos(nilw)), i=1,2andj=1,....n.

Since U = U'~!, we have

() ()

where
Haq 5 o E12A2
1o — X2, A2 [ fro1 — STy A
Hon . _ E12A2
Vfl — SOA Hinhon—X75 A2 u HinHon —S75 A%
4128 I b b
M11H21_Z%2A2 M11H21_E%2A2
_ 212A2 M1 .
Mlnﬂ2n_212A2 MlnHQn_EmAQ

One important observation is that U does not depend on parameters, hence taking derivatives of

Q) becomes very convenient with the help of the decomposition.

Note that
1 0L 1 0N oN
——— = —— | tr (Q_l—> — tr(Q_l—Q_lrr')
N NG 90 Y,
where for 6 = X1 and X9,
—-1_09Q _ -1 0V \ _ n fo; A
tr(§ 0% = r\V 0¥ ) Zi:l HliﬂQiiZ%QAQ
—-1_99 _ —10V_ \ _ —2515A2
tr(& %12 = r(V 0%12 ) Zi:l Uli“QiiQZ%QAQ’
. 2.A . - A2
diag LQ diag S ] . U U’
-1.09 -1,,./\ _— (1130, —E73A%)2 (B1i9; =27, A2%)2 /
tr(Q 75,82 rr’) = tr( i i A2 i 2§2A]32 U )T U )
& (HMHQZ'*E%QAQ)Q g (Hli#Qi*E%QAQ)Q
—2p5; %12 A% ST A 00, A

diag| —2=— diag| 12—+ /
tr(Q 1 ELO ey = tre( ¢ (gittng —E, 0)2 N Gnirm—T1A7)2 v rr! u )

0%12 diag ST A% pp9,A diag —247; %1242 U U’
(MliMQi_E%2A2)2 (Mli”Qi_E%2A2)2
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Therefore, by direct calculations and using symmetry, we have

E(_LE)QL): RN p3 A
Vi 0x3, 2Vn im1 (H1ibo; — B1,A2)%
A / ) BT + Ao 17 dy = I
2 Jo (EuT + Anm?a?) (5ol + Agon?a?) — 5,22 11
(_ 1L ) 1l N —28pouy AR
VR OXu0Ea/ 2y = (it — ¥1,A%)%
/°° —Y19(B0oT + Agom?a®)T? dr = IS
o (BT + Aun2a?)(TooT + Appn?a?) — £2,T2)20 12
B0l PL )1 i
VI OE11080 /) 2y S (pyipg — BT,A%)7
L /OO 2T de = I3
2 Jo (EuT + Aum?a?)(Soal + Apn?a?) — 55,122 1%
( 1 9’L ) _ 1 Zn: 2(32,A% + A?pg0;)
Vi 0%, 2Vn im1 (Hyittg; — DT A2)% 7
~ /oo (BT + Aum?a?) (BooT + Agor?a®)T? + 53, T dz = IZ
0 ((211T+A117r2x2)(222T+A227T2x2) _ E%2T2)2 : 22°

By symmetry, we can obtain 1223, .7323, and I3, by simply switching the indices 1 and 2 in I35 and
I};. The asymptotic variance for (f]n, ilg, EA]QQ) is given by
o o\
O=| - I I3
. [323
Similarly derivations on 1/n-scaled likelihood can show that the asymptotic variance for (KH, Kgg)

is given by

-1
I\ _ ([ 2A%
I, 273, |-

Notice that the above integrals have explicit forms, which can be obtained easily by Mathematica.

However, the explicit formulae are tedious and hence omitted here.

A.2 Proof of Theorem 2

The proof is made of the following steps: first, we show that the differences of the score vectors,
scaled by appropriate rates, and their target “conditional expectations” converge uniformly to 0,
and satisfy the identification condition. Second, we derive the stable CLTs for the differences,
and this where the higher order moments of volatility process come into play. Third, we solve
the equations that the target equal to 0, and find that the difference between the pseudo true
parameter values and the parameters of interest are asymptotically negligible. Last, we use the

sandwich theorem and consistency to establish the CLT for the QMLE.
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To clarify our notation, we use subscript 0 to mark quantities that are made of true values. The
true values for the Brownian covariances are written in integral forms. The pseudo true parameters
are marked with a superscript such as £ and A, and the QMLEs are marked as S and A. The other
3, A, etc without any special marks represent any parameter values within the parameter space,
which is assumed to be a compact set. The drift term can be ignored without loss of generality, as
a simple change of measure argument makes it sufficient to investigate the case without drift.

Recall that in (4), we have
1 1 r10—1
L = —nlog(2m) — 3 log(det Q) — 5" Q .
Now we consider the following function:

= 1 1 11 12
L = —nlog(2r) — 5 log(det®) — Str(Q '), where €= ( Q' Qg > |

21 22
Q0 Q0

where the subscript 0 denotes the true value with QO i = ft Y dt + 200 1, QO il = Qf)l,z',zel =

Ao 1, and Q(l]Q” = leu = ftzl_l Y2,¢dt. Therefore, the difference between L and L is given by:

L-L= tr(Qfl(rr’—Qo)) - ;tr (( U - )Vl ( v o ) (Tr'—Qo)>

2

ti 2
Z Z Wy ( zyl zys) - / zIls,tdt) + Z Z Z wlsAnylAnys

=1 s=1 i=1 ti-1 =1 s=1 i=1 j<i

n 2 n o n

+ Z Z ZwlSAnelA”ys + ; Z Z w (A”QA”&S — E(A?QA}%S)),
j=1 =1 s=

14i=1 5=1

where wlj is the (7,7) element of the (I, s) block of the matrix:

Ql:<U/ U’)Vl(U U)'

Consider wg first.

2 ki kj
w% = Hok SR sin ( ! 77) sin ( J 7r>
Y L gy, — BHA n+1 n+1

_ 3 tat - ( cos (MW) ~ cos (Lﬂ)w))_
N+ 1= pyppigy — E1,A% n+1 n+1

Therefore, we can separate the two components in the sum and analyze the following generic form:

1 Moy ( kl )
cos m
n+1 ; Pk o), — E3p A2 n+1
(k1)
N - ok sin(*ops ntl
2(n +1) = pigpor — DA sin(;47)

(k1)
1 Z": sm(( +1) ) Lo H2 k2

2(n+1) &= sin(Zhgm) Markor — SHA% [ kokopre — E%zAQ)
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(k1)
Sm(%”) Ho robto k(11 g2 — 1) + (Ho gyo — :u2,k)2%2A2

l

1
2(n+1) ,; sin (545 7) (Hrbior — 239A2) (11 yobio o — T1pA2)
(k1) kel

2 i sin( 1 )Sln(nJrl)Sln(nJrlﬂ-) (Mz,k+2#2,k/\11 + A222%2A2)

n+1 P sin(L;) (agtior, — B1oA2) (1y grabo fro — B35A2)

1 _ 11 s
Clearly, w;: = wij = w1 ;. For any nitd << (2], we have

1< ki
Hoak 2 3 COS < 7T)
nA 1= g pior — B1A n+1

1 . 1
hence, for any n2t° < i <n—nztd,

o (

= dz) - v/a(1+ o(1)).
i EllT—i-A117T21‘2)(222T+A227r2x2) _2%27‘2 x \/ﬁ( + of ))

Similarly, we can derive

& ST + Ay m2a?
22 11 11
wi; = dw)- n(l 4+ o(1
b (/0 (EllT + A117T2£C2)(222T + A227T2£C2) — E%QTQ \/_( ( ))
w12 —ElgT

i dz) - vl + o(1)).
(/0 (0T + Am2a2)(SoaT + Aggr2a?) — 52,72 x) V(1 +o(1))

To simply our notation, let

11(2 A ) Yoo + A227T2£C2
xTr) =
Y (EllT + A117T2£C2)(222T + A227T2£C2) — E%QTQ
22(2 A ) YT + A117T21‘2
xr) =
B (EllT + A117T2£C2)(222T + A227T2562) — E%QTQ
=0T
(8, A,7) = =

(EllT + A117T2(L‘2)(222T + A227T2(L‘2) — 2%2T2
We define the score vectors and their targets as

_tor ., 10L p, - LOL
T mox AT T non -

i B 0 0 a Y\ and i B 0 a \
Y  \ 9311 0%1s 0X9y ) ON  \OA;; 0Ny )
Then we have

Uy — Uy = ﬁ( M oM+ 2m + M),
where
2 2
Toyy s

=1
=

( zyl Az’ys)_/ Els,tdt)
Ti—1

i=1 i—
2 2 n nnals

2 2
RS 9) 9) g FUHNIRSTEESD 3 9) 9) Pl IEITN
7<t

1 s=1i=1 =1 s=1 i=1 j=1
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S5 e pistesge).

2 non G ls
=1 s=1i=1 j=1

Following the same argument in Xiu (2010) and Jacod (2012, Thm 7.1), we can show

n*i(M(E) + 2M(E)) £x, MN(O Avar® (%)),  where

ls

&u
2 i\j 2
Avar@(z) = nh_)ngo An~3 E E E 62 a5y Vvt Dutt; A

l,s,u,v=11=1 j<i

VU ls
_ or Z / Ow™ (X, A, z) 0w (X, A, x)

T
i = el /0 S0t S .

All the elements of the covariance matrix have closed-forms. Also, we have

n-i2M{™ £X MN(O Avar(3>(2)), where
aw

n awl” Awlv
3) T _1 tj—1 1,j+1
Avar (E) - nh_ggoll : 1’/2 2 l lelAO ll ( 62/ oy oY )Esv,tjA (Al)
j= ,8,0=11
& ® 9wl (S, A, x) 0w (2, A, z) 5 o T
=4 Z AO’”/O 5% 557 T dm/o Ygvdt. (A.2)
l,s,u=1
Finally, we have
n’%Miz) £5 N(0, Avar®(8)), where
n 8w11» Owl Owl2 w2 . 8w22 OwP
(4) o . _1 17,kl 1, k\l r-ik 75,0 i7,kl
Avar(E) = lim n 2”;1< oy g K A G G K +
. 1 Owtt duwt Owt Quwt Ow'? duw'?
= Jfmn 2<V1( o ax) (s o) 2% (s )
Ow?? Ow?? Ow?? Ow??
(G e ) e (Gs Ty )

and

n—1 i 1 i
v (&u” aw”) _< ( B 88%’”1 8wi+1,i+1 8“ awerl i+l awz i1 8% z+1>

Wox on o o5’ oy oy Y ox oy

i=1

r23 () (5) Jomnite ~ o

1=

(awu 8w”> (g Z": (&uﬁfj (a‘”é‘l—u_l +8wj 1itl 28wj 1 +6wj+1l 1

[5)>o)Y fy 0% oy ()3 oy oy
n 0wl i1in B 26“’%1,@' B 2(8‘“?@ L Owli _ 28W§'{i>>
) oy’ oy’ ) oy’

00 awll 6wll 1
NQ(AO,U)2< ; R 774:c4dx)n

Ow'? dw!? Ow;s 0wy,  Owi?y i 0wty 0wty
v ( EORE) ) =2(Ao11)(Ao2) Z ( B> A o T ey Yoy T oy

i.j=1
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+ —2

12 12 12 12 12
Owitiipn Owitii 2(8wj,z‘—1 L Mg 25‘%,@')))

oY oY/ oy’ oy oy
) 8&]12 8&]12 1
~2(A A 4,4 3.
(Ao,11)( 0,22)( oy oy i dx)n2

Here, K1, KiJ, K9 and K™ are the corresponding cumulants for A?e; and A”ey, and cumy[e/]
and cumy|eg] are the fourth cumulants of £; and .

Therefore, we have

2 00
oWl (2, A, ) 0w (3, A, )
4 PR s 4dy 4
AvarV(2) = 2;:1 AO,llAO,ss/O ES o riatde. (A.3)

In summary, we have
nTE Uy — Uy) 5 N(o, i(Avar(z)(E) + Avar®(2) + Avar<4>(z))).

Similarly, we can obtain

2(A0711)2+Cum4[61}

-1 \I]A _\T]A L 0 4/\4
N B R () IR | B!
4A%,

Further, we need to solve ¥y = 0 and ¥, = 0 for the pseudo-true parameters #*, and show
that the distance between 6* and the values of interest are negligible asymptotically. In fact, for

any Euv € {211, 212, 222}, we have

)+ )
sl (o )+ R o) )
gyl (e o) ()
a3 (e Yo+ 323 )
- ZZ: ([ EEE AT 00 ([ Sttt - 21+ 000
+ le;(Ao,u — Ap) /0 h (%j’x))w?x?m},

where Ag is the noise’s true covariance matrix, I is block diagonal, with Fﬁf = f:;_l s pdt — 3 A,
and J is n x n tridiagonal with diagonal elements being 2 and off-diagonal elements being —1.
Similarly, for Ay, € {A11, A2}, we have

oo =gl 550) + i)
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{tr@ 13?3”) Atr(Q1(Q + giiAo -AM)+ F))}

(G J@Ao—mw(zi;jw}
(SIS (- S Sy 55 Ry
Z;{Lnél ([ %Md) ([ Steatt = 517) 1+ 0t1)

Therefore, solving for 3 and A, we obtain:

A2 2 0o o ls($ A T
/_\u :Ao,u + %{ Z (/0 %;:\’x)dx> (/0 Els,tdt — 213T>

l,s=1

+Z (/ W %de) (AO,H_AH)}(1+OP(1)), for [ = 1,2,

Y :T/ Yy ¢dt + Op(n_%) =Yos + Op(n_%), forl,s =1,2.
0

Further, applying Xiu (2010, Thm 2), S — s = op(1) and Ay—Ay = op(1), so consistency follows.
To find the central limit theorem, we do the usual “sandwich” calculations. Denote,

oVs,, 0¥y, Vs,

— oY [ [
W _ | ovgy, ovm, ovm, | P 00m
az 0X11 Y12 0Y02 82 ’
Wsyy  OVsy, Vs,
0X11 0X12 0%z
ov T/ [ 0w (X, A T/ [ 0w (X, A
0% 2\ J, EOm 2\ J, EOm

and Xy denotes the true parameter value. So, the central limit theorem is:

S T
S -4 Jo Siiedt
S T
S0 — % Jo Sizdt
S T
Yoo — 7 fy Sogdt

Mo — (22 ™ (Avar®(0) + Avar®(So) + Avar (£)) ((22) 7Y,

£x,

PN

ni(E-%) = n N(0,Vg), where

(>

Note that

1
oWy, _ [ T2A%,
- ' 1 )
OA — o7 —
2Ag,22

hence the CLT for A follows immediately from (A.4). This concludes the proof of Theorem 2.
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A.3 Proof of Corollary 1
Denote A; = A(1+¢;) and &; is bid O,(1). Note that Q = Q+AX®E, where = = diag(&y, ..., &;,

and ) is the covariance matrix in the equidistant case with A replaced by A. It turns out that

&)

QO = (QU+AQT'ERE) ! = (I+AQ7T'SeE) QT =07+ (-DFAMQ T ISeE)F O
k=1

For any (91,(92 < {211, 212, 222}, we have
00 _ 90 L ox
00, 06, 00, ~ ~

hence,

2 (0
:E<tr (Q—lg—z)) +AE (tr (Q—lz ® 59_13_221 + Q—lg—; ® E>>
+ AQE(tr((Q*E ® 5)2012—2 0y e 5912—921 ® E)) +o(A?).

90, = =
_ _ .00 - 0
—tr (Q—l(z @ DEO N -~ (Ee HD(5 @ I))W(g),

where

p_ ( diag(Qy) diag(Qyy)
diag(Q5)  diag(Qyy )

and Q;jl is the (i, ) block of the Q1. Therefore,

p(- oLy o Lp(Pleldedy 1 (1000100

0. A A2
2 86,00, 90, 891>+¢91,92(E,Q,A)var(5)+om)
where
0,8) =L 0, (g 192 g 2 )a
Po1,0,(2, (0 A) = 2892tr(9 EeNDEe N 7 - (E@I)D(&gl@I))A.

In fact, we can show that ¢p, ¢, (%, 0,A) = 0(53/ 2). Hence, the new Fisher information converges

to the previous one given in the proof of Theorem 1, as A — 0, which concludes the proof.
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A.4 Proof of Theorem 3

Since ni >> ng, we have:

A g o ... 0
0 Alliiom 0 :
ameroqammy = | g g am 0 |
: N - . 0
0 . 0 0 AZi m+1:ng nixXng
where Aka (k+1)m (Azmﬂ, Azm+2, .. A?k-f'l) ) is a m—dimensional vector.

Using similar orthogonal matrices U™!, and U"2?, such that

Uum Uy Viin Wi
( [ )Q( ( ) (Y ) = ( VE V;z > =:V, where

[ 2 i
uz] - Nk 1 S <nk 17T)7 1) = 17 7nk7k - 1727

Vi = diag(p;;) = diag(EiiAi + 2A;; (1 — cos (

n; + 1
V12 = ( ) 212Un1An1,n2(Un2)

Sofori=1,2,...,n1,7=1,2,...,n9, we have

ml

n2
12 _ 1, M2 A na ni
Vi j =124 E :“z kY5 1(k—1)/m)+1 = = Y12 Zuj,l Z U; k
=1 k=m(—1)+1

_ 1 sin (21277;1) A
(n1+1)(n2 + 1) sin (llj_fn )

. no(j+jni—im—ing)m i—j)m . no(jt+jni+im—+ting )T i+j5)m
(Sm 2(5(117111)(1%2)1) cos ¢ ZJ) _sm 2(5(117;1)(1%2)1) cos ¢ 2]) )
. j+jin1—im—iny)mT . j+jin1+im-ting)T :
s (J2(J1+1n1)(1+n21)) sin (J2(J1+1n1)(1+n21))
Moreover,
L (WY L Um
Q - < (U’ng)/ V U?’LQ
where by the Woodbury formula:
vl— ( (Vi1 = ViaVip ' Vip) ! —(Vir = ViV ' Vip) ! Via V! >
Vi ' Vis(Vir = ViaViy "W)™ Vi + Vi 'V (Vin — ViaViy ' Vi) "1 Vi V!

( Vit Vi Vae(Vao = Vi Vi Vag) T VLV =V Vaa(Vas — Vi Viy Vi) ™
—(Va2 — V12V111V12) 1V1/2Vﬂ1 (Vaz — V1/2V1_11V12)71

Then, for any 61,05 € {311, X12, X922},

7810g8(;ft9) = (Q 1§z>:tr(v_1g—;/l>, SO
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( 0L ) _ _18210g(detQ)_ 1 0 (V,18V)

- - =2 7 = ___t
96,005 2" 90,00, 200,

Hence, our goal now is to calculate the following expressions, as ny,no — 00.

tr (Vlaaz‘;), tr (Vl;g;), and tr (V*1 882‘;).

Since ni >> ngy, we have

(V1 ) =atr ((vie = ViVisWaa) ) = Batr((diag (vie = VisVis Waa) ) )1+ o)
80 (g~ S w2Pid) 1+ o).
j=1 i=1

Notice that
_ o 2
i(v.lzy P S1hA7 i SI 57 )
2 L7 (1) (ng 4 1) — \sin 2(1’1”1)

o na(j+jni—im—ini)w (i—j)m . na(j+jnit+imting)T (i+j)m \ 2
<51n Sr () €05 3 sin =Sy Cos 5 > o
- 17

(j+in1—im—iny)w
2(1+n1)(1+n2)

(j+jni+im+ing)w

S S1n 2(I+n1)(1+n2)

The dominant terms in the second brackets of the last summation come from is such that either

. (+jni —im —in)m . (G+gn+im+iny)m
sin or sin
2(1+n1)(1—|—n2) 2(1—|—n1)(1—|—n2)
is close to 0. As ny; >> ng, for each 1 < j < n$/2+6, there exists m different is € [1,n;] such that

. (J+gn1 —im —iny)7 .
sin ~ (0, or sin
2(1 + nl)(l + TZQ)

On the other hand,

(j +jm +im +iny)T 0

sin imm 2
(1 .
((7;710) ~m?, when ic [1,n§/2+6]
sin 57

and decrease rapidly once ¢ > no. Hence, the dominant term when j € [1,n§/ 2+6] is the one with

i =~ j, in which case

. na(jHjni—im—in)w _ (i—j)7 . na(j+jni+imting)w (i47)m
sin 22(1+nll)(1+n2)1 cos ~—3 N 1 sin 22(1+nll)(1+n2)1 cos ~—3 -
i (JHgni—im—in)T ~n2, an o (JHgnit+imting)T ~
SIS T (A+n2) SIS T (1+n2)
Therefore,
ni
1242 —1 —1 -1, —1x2 2
Z(Uz‘,j) Hig = Tq g My 1T (1+0(1))
i=1
S0 as np — 00, ny — 00 and m — 00,
1 ; (V_l v > Ay i( i( 122 _1)—1 —>/oo £, T2 .
r _ = — Ve B €T
N VAN~ A= o SnT (ST + Appr2a?) — 32,17
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Similarly, we can derive

(V 1882‘;) =4 <t7“ (Vﬁl) +tr (VﬁlVH (Vm - Vl/QVﬁlV12> _lvbvl_ll))

_A1<Z“h +Z <('“2J Z )2N1_11> 12( 13)2/111‘ ))(1"'0(1))

=1 =1

$2,T
(V 2/0 S11(Z11 (S92 T + Agpma?) — 32,7

> T
! dz |(1+0(1)), and
\/n—l/o 211T+A117r2{1;2 (I,')( 0( )) an

% 2 _ _ _
tr (V 16212) = E—mtT< — Vi1 Waa(Vag — VI, Vi1 Vi9) 1V1/2)

* 23157
B dz |y/n2(140(1)).
</0 $11(XooT + Agom22?) — X2,T ) 2( (1))

Notice that because ny; >> ng, tr (V‘laaz—‘fJ is dominated by the O(,/n1) term, hence the conver-

gence rate of the liquid asset is not affected by the illiquid asset.

The Fisher information matrix can then be constructed as:

1 9 oV o T?
SR SR S
1 n1%og]732%00 2./n1 0¥11 " 0X11 0 2(211T + A117T2$2)2 v

= . 1 0 ( % > /oo T(X11(E02T + Appm?z?) + E?zT)d
= im - T = x
2 n1—oo,ne—o0  2./Mg 0X19 0%12 0 (Ell(EQQT + A227T2x2) — E%QTP ’
, 1 0 . o Y1117
2 n1—>o<1>g112—>oo 2./n9 6222 " 6212 0 (Ell(EQQT + A227T2$2) — E%zT)z v

. , 1 9 % oo »2, 17
I3 = lim — r( ) = 5 dz.
n1—>00,N2—00 21/712 8222 8222 0 2(211T(222T + A227T2562) — 212T2)2
Finally, I35 = I35 = 0. Hence, concluding the proof with

-1

I 0 0
Iy = 0 I3 Iy
0o - I

B Algorithms

Computing €jj,,, Ujjn, Djj, and Ny, is routine and rapid using the “disturbance smoother.” This
starts by running with the Kalman filter (e.g. Durbin and Koopman (2001, p. 67)), which is run
forward in time 7 = 1,2,...,n through the data. In our case it takes on the form v; = x; — Z,7;,
Fy = Zi(P,+ M) Z), K; = BZIF; Y, Ly = T — K;Z; then §iry = i + Kyvi, Py = BiLL + A7, 5.

Here 7; = E(yi|xi;i,1) and F; = Cov(x;|x;;—1). These recursions need some initial conditions 3
and P;. Throughout we will assume their choice does not depend upon X or A. A typical selection

for 71 is the opening auction price, whereas an alternative is to use a diffuse prior. Here v; is d; x 1,
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F;is d; x d;, K; is d x d;, ﬁ/y\i+1\i is d x 1 and P41 and L; are d x d. Note that for large d, the
update for ;11 is the most expensive, but it is highly sparse as L; is sparse. The log-likelihood is
log f(z1:: A, %) = ¢ — 5 320 log [y — 5 307 ngi_lvi.

The disturbance smoother (e.g. Durbin and Koopman (2001, p. 76)) is run backwards i =
n,n —1,...,1 through the data. Writing H; = Z;AZ], a d; x d; matrix, &, = HZ-(FZ-_lvl- — Klr;),
Dy, = H; — Hi(ﬂ_l + KiM;K;)H;, Uy, = A7PYri 1, Ny = AFY — (A?)2 SM;_13, where we
recursively compute r;_1 = Z{Fflvi + Liry, M;—y = Z{F;lZZ- + L M;L;, starting out with r,, = 0,
M, = 0. Here e, is d; x 1 and Dy),, is d; x d;. While u;),, and r; are d x 1, and N;,, and M; are
d x d. Notice again the updates for M; are highly sparse.
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