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Abstract

Although securitization is widely used in reality, few general equilibrium models

have collateralized lending, default, and asset-backed securities as key elements.

In this paper I develop a highly tractable, heterogeneous agent, incomplete mar-

kets dynamic stochastic general equilibrium model with these features. In the

model, agents who face aggregate and idiosyncratic investment risk can borrow

by putting up their investments as collateral. Borrowers can default at any time,

with the only penalty being the confiscation of collateral. The debt contracts

are pooled, issued as asset-backed securities, and held by agents in equilibrium.

I define the equilibrium concept and prove the existence. The equilibrium al-

location weakly Pareto dominates the autarky allocation, but strictly Pareto

dominates only if there is active default. Assets in zero net supply are irrelevant

for risk sharing when agents have a common relative risk aversion. Numerical

examples show that as the collateral requirement loosens, borrowing rates and

individual welfare (given wealth) increase and inequality decreases. With only

one investment technology, economic growth is hurt because more risk sharing

induces less precautionary saving. With two or more technologies, however,

asset-backed securities typically enhance economic growth because agents allo-

cate more of their capital to the risky but high return technology.

Keywords: collateral equilibrium; efficiency; equilibrium default; growth;

inequality; power law; securitization.
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1 Introduction

Although securitization (pooling of debt contracts) is widely used in reality, few

general equilibrium models have collateralized lending, default, and asset-backed

securities as key elements. Without a clear theoretical benchmark, we cannot

ask or answer normative questions concerning growth, welfare, and inequality.

Such a model should feature heterogeneous agents (for lending and borrowing

to take place), incomplete markets, and asymmetric information (for pooling to

be meaningful), which all make the model hard to solve. In this paper I develop

a dynamic stochastic general equilibrium model with collateralized lending, de-

fault, and asset-backed securities. The model is surprisingly tractable despite

the presence of heterogeneous agents and incomplete markets, and derives sharp

predictions about interest rates, growth, welfare, and inequality.

In the model economy, agents can invest their wealth in either investment

projects that are subject to aggregate and idiosyncratic risk or publicly traded

assets. Insurance contracts on private investment projects cannot be written,

possibly due to costly state verification. In order to keep tractability and to make

sharp predictions about to what extent risk sharing is possible under various

financial structures, I assume that agents have a common relative risk aversion

coefficient and have access to common technologies. In this setting I first prove

a negative result: the equilibrium allocation with additional assets in zero net

supply or with assets created by repackaging payoff of existing assets (such

as tranching) is the same as the allocation under autarky, and is constrained

efficient (despite being Pareto inefficient). Therefore the government cannot

improve upon the autarky allocation either by intervening in the existing asset

markets or by creating such assets: in order to improve welfare over autarky,

it is necessary to create assets that are in nonzero net supply which are not a

repackaging of existing publicly traded assets.

As such assets I consider asset-backed securities (ABS)1 created by collater-

alized lending. Households borrow from a financial intermediary by putting up

1See Elul (2005) for an overview of ABS.
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their investment projects as collateral. The financial intermediary pools such

debt contracts, issues asset-backed securities, and sells them back to house-

holds. When the value of collateral is at least as large as the value of the loan

at the time of borrowing, which is a natural loan-to-value (LTV) constraint, an

equilibrium always exists. The equilibrium allocation weakly Pareto dominates

the allocation without asset-backed securities, but strictly Pareto dominates

only if there is active default. Numerical examples show that as the collateral

requirement loosens, borrowing rates, and individual welfare (given wealth) in-

crease and inequality decreases. The probability of default increases after a

bad aggregate shock. With only one investment technology, economic growth is

hurt because more risk sharing induces less precautionary saving. With two or

more technologies, however, asset-backed securities typically enhance economic

growth because agents allocate more of their capital to the risky but high return

technology.

To study the effect of market incompleteness, the macroeconomics literature

on heterogeneous agent models has mostly considered models with idiosyncratic

labor income risk (known as Bewley models).2 This paper, on the other hand,

focuses on entrepreneurial risk or capital income risk, for three reasons. The

first is its empirical relevance. For example, Bertaut and Starr-McCluer (2002)

find that ownership of principal residence and private business equity account

for 28.2% and 27% of household wealth, and Moskowitz and Vissing-Jørgensen

(2002) find that 75% of all private equity is owned by households for which it

constitutes at least 50% of their total net worth. The second is that uninsured

labor income risk cannot account for the power law behavior of the wealth distri-

bution. As analytically shown in Benhabib et al. (2011), because labor income

accumulates additively into wealth, its effect is dominated by the multiplicative

process of wealth accumulation by capital income. The last reason is analytical

tractability: as shown in Toda (2012b), in the presence of multiplicative shocks

the single agent problem with homothetic preferences admits a closed-form solu-

2See, for example, Bewley (1983, 1986), Huggett (1993, 1997), Aiyagari (1994), and
Krusell and Smith (1998), among many others. See Krusell and Smith (2006) for a review.
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tion even with many assets with arbitrary distributions of returns, which greatly

simplifies the equilibrium analysis.

Organization The rest of the paper is organized as follows. After a brief

discussion of related literature, Section 2 presents the main result in a simple

two period model. Section 3 generalizes the results to an infinite horizon model

with Markov shocks. Section 4 characterizes the cross-sectional distributions of

wealth and consumption. Section 5 discusses numerical examples. Long proofs

are contained in Appendix A.

Literature In a seminal paper, Dubey et al. (2005) (the first draft of which

circulated in 1988) introduced default and punishment in general equilibrium by

thinking of assets as pools of promises. They find that despite the deadweight

loss from punishment, default may be welfare-improving because it allows agents

to tailor the security payoff according to their needs, and with many agents such

tailoring greatly increases the dimension of the asset span. In a similar paper

Zame (1993) notes the positive role of default by showing that when there

are infinite states of nature, the equilibrium allocation does not necessarily

approach that of complete markets by simply opening new markets without

allowing default. Chatterjee et al. (2007) is similar in spirit with a quantitative

emphasis.

Kehoe and Levine (1993), Kocherlakota (1996), and Alvarez and Jermann

(2000) study constrained efficient allocations in dynamic endowment economies

where agents insure against idiosyncratic endowment shocks subject to partic-

ipation constraints. The default penalty is exclusion from financial markets

or confiscation of assets as in Chien and Lustig (2010). These papers are in

contrast with Dubey et al. (2005) and Zame (1993) in that they assume com-

plete markets (hence there is no cost in verifying individual states) and rule out

equilibrium default.

Geanakoplos and Zame (1995) and Geanakoplos (1997, 2003) introduced the

concept of collateral equilibrium. An asset is viewed as a pair of a promise and
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a collateral, with actual delivery dependent on equilibrium default. In collateral

equilibrium, default entails no penalty and hence no dead-weight loss. Agents

keep their promises if and only if the value of their collateral is higher than the

value of their promises. In Araújo et al. (2000) and Araújo et al. (2005) borrow-

ers can set their own collateral levels. Araújo et al. (2002) show that collateral

imposes a natural borrowing constraint and we can dispense with the no Ponzi

scheme condition in economies with infinite horizon. Steinert and Torres-Mart́ınez

(2007) introduce security pools and tranching into the basic two period collateral

equilibrium model of Geanakoplos and Zame (1995) with extra-economic penal-

ties as in Dubey et al. (2005). Due to complex budget and collateral constraints,

computing the collateral equilibrium is a daunting task. Kubler and Schmedders

(2003) prove the existence of a Markov collateral equilibrium in an infinite hori-

zon endowment economy with symmetric information, provide a numerical al-

gorithm for computing the equilibrium, and apply to a model with two agents.

Cao (2011) generalizes Kubler and Schmedders (2003) to the case with heteroge-

neous belief and shows that agents with incorrect belief survives even in the long

run because they never run out of wealth by defaulting. Fostel and Geanakoplos

(2008, 2012) study the asset pricing implications of collateral equilibrium under

heterogeneous beliefs.

This paper is closest to Kubler and Schmedders (2003) in that I deal with

an infinite horizon model with a focus on application (i.e., not only prov-

ing existence of equilibrium but also computing the equilibrium), and also to

Steinert and Torres-Mart́ınez (2007) in that I introduce asset-backed securities.

This paper has two main contributions. First, the model features high tractabil-

ity despite agent heterogeneity, which allows me to derive interesting analytical

results and to specify a rich model structure with very little computational cost.

Second, I introduce security pools, which become meaningful due to asymmet-

ric information. If we replace the endowment shocks in Kubler and Schmedders

(2003) with investment shocks, with symmetric information (and hence no pool-

ing) there will be no risk sharing according to the no trade result (Theorem 2.5).
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Therefore asymmetric information and pooling are crucial for obtaining inter-

esting results.

This paper is also related to the literature on tractable heterogeneous agent

general equilibrium models with incomplete markets, which includes the fol-

lowing. Constantinides and Duffie (1996) construct a household income pro-

cess (which is a logarithmic random walk) that can explain any asset prices.

Saito (1998) builds a continuous-time model with two linear saving technolo-

gies, one hit by aggregate shocks and the other by idiosyncratic shocks, and

studies the implications to the equity premium and the risk-free rate. Calvet

(2001) and Angeletos and Calvet (2005, 2006) use CARA-normal specifications

to study the macroeconomic dynamics under idiosyncratic capital and labor

income risk. Calvet (2001) shows that, somewhat surprisingly, even without

aggregate shocks the system can exhibit a complicated dynamics (chaotic be-

havior). Krebs (2003a,b, 2006) studies the effect of idiosyncratic human capi-

tal risk on economic growth and business cycles when there is a firm employ-

ing physical and human capital. Angeletos (2007) studies the macroeconomic

dynamics with constant relative risk aversion/constant elasticity of intertem-

poral substitution (CRRA/CEIS) preferences and entrepreneurial risk, which

Angeletos and Panousi (2009, 2011) and Panousi (2010) apply to the analy-

sis of fiscal policies and the global financial integration. Toda (2012b) studies

the asset pricing implications and the wealth distribution under CRRA/CEIS

preferences and idiosyncratic as well as aggregate risk with many investment

projects, and shows that the ‘double power law’ (the power law holds not only

in the upper tail but also in the lower tail) behavior of consumption and wealth

distribution is a robust property.3

3Toda and Walsh (2012) find that the U.S. cross-sectional consumption distribution obeys
the double power law, and more strongly, the double Pareto-lognormal distribution (Reed,
2003; Reed and Jorgensen, 2004). Toda (2011, 2012a) also finds the double power law in
income distribution.
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2 Two period model

In this section I describe the main theory in the simplest possible case, the two

period model with only one technology. Time is denoted by t = 0, 1 and there

is a single perishable good in each period.

2.1 Description of the economy and definition of equilib-

rium

Agents In the economy there are a continuum of agents with mass 1 indexed

by i ∈ I = [0, 1]. Agents have the constant relative risk aversion preference

U(c0, c1) =
1

1− γ
(

c1−γ0 + β E[c1−γ1 ]
)

, (2.1)

where β > 0 is the discount factor, γ > 0 is the relative risk aversion coefficient,

and c0, c1 are consumption.

There is also a financial intermediary whose sole role is to service the loans

and asset-backed securities, introduced shortly.

Technology Agent i is endowed with initial wealth (capital) wi > 0 in period

0 but nothing in period 1. However, each agent has access to a stochastic,

constant-returns-to-scale technology (AK technology) that turns today’s good

into tomorrow’s good, which is subject to aggregate and idiosyncratic risk. More

precisely, if agent i invests k > 0 units of good at the end of period 0, he will

receive Aik units of good at the beginning of period 1, where Ai > 0 is the

productivity (the gross return on investment).4 We can think of the technology

as private equity or agriculture in private land.

I assume that Ai is i.i.d. across agents. Applying the result of Al-Najjar

(1995) to logAi, we can decompose Ai into the aggregate component A and the

purely idiosyncratic component ai as Ai = aiA, where E [ai |A] = 1 and ai is

4The standard notation for the total return might be A + 1 − δ, where δ ∈ [0, 1] is the
depreciation rate, but I include the term 1− δ into A.
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i.i.d. across agents conditional on the aggregate shock A.

Financial structure Markets are incomplete and agents cannot directly in-

sure against the idiosyncratic shock ai, possibly due to moral hazard, costly

state verification, or other reasons. However, agents can borrow from a finan-

cial intermediary from a menu of loans l ∈ L = {1, . . . , L} by putting up their

investments as collateral. Loan l is characterized by an exogenous collateral

requirement cl ≥ 1 and a (gross) borrowing rate Rlb ∈ [0,∞] (to be determined

in equilibrium).5 Following Geanakoplos and Zame (1995), the sole penalty of

default is the confiscation of collateral (i.e., loans are non-recourse): if agent i

borrows one unit of loan l, he must invest cl units of good in the technology

and put up its return Aic
l as collateral,6 but is freed from any obligation by

either paying off the debt Rlb or surrendering the collateral Aic
l.7 Therefore

for each unit taken from loan l in period 0, agent i delivers min
{

Aic
l, Rlb

}

in

period 1. I assume that when an agent defaults, a fraction δ ∈ [0, 1] of (the total

return on the) collateral gets destroyed. δ might be interpreted as the per unit

cost of transferring the collateral from the defaulter to the creditor (financial

intermediary) or that of verifying the collateral value Aic
l. Thus the financial

intermediary receives

Rlb1{Aicl ≥ Rlb}+ (1− δ)Aicl1{Aicl < Rlb
}

(2.2)

for each unit lent to agent i, where 1 {·} is the indicator function.

The financial intermediary pools all debt contracts of the same type and

5Since there is no penalty from default, without loss of generality we may assume that
loans are collateralized (i.e., cl ≥ 1), for otherwise agents will borrow to infinity and default.

6In the original formulation of Geanakoplos and Zame (1995), there is an exogenous col-
lateral requirement for each dollar promised (tomorrow) and the price of such a promise is
determined in equilibrium. In our formulation the collateral requirement is for each dollar
borrowed (today) and the interest rate is determined in equilibrium, which is essentially the
same as in Kubler and Schmedders (2003).

7If agents are allowed to simply deliver the product Aic
l, a natural question that arises

is why markets are not complete in the first place. Here I am implicitly assuming that it is
costly for the financial intermediary to verify Ai for all agents in the economy, but not so for
only the defaulters.
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issue asset-backed securities (ABS),8 which are held by agents in equilibrium.

By the law of large numbers for continuum of random variables (Uhlig, 1996), the

return on the asset-backed security l given the aggregate shock A (the aggregate

component of (Ai)i∈I) is

RlABS(R
l
b;A) := E

[

Rlb1{Aicl ≥ Rlb}+ (1− δ)Aicl1{Aicl < Rlb
} ∣

∣A
]

, (2.3)

which is simply the cross-sectional average of (2.2).9 Note that the return on

ABS is always finite even if Rlb =∞ because of the min function and the asset-

backed security has no idiosyncratic component although it is still risky because

of the aggregate shock. The following diagram shows the flow of funds in each

period.

t = 0 : Agents
Purchase ABS−−−−−−−−−−−−−−−−−−→

←−−−−−−−−−−−−−−−−−−
Lend

Financial
Intermediary

t = 1 : Agents
Deliver ABS return←−−−−−−−−−−−−−−−−−−

−−−−−−−−−−−−−−−−−−→
Pay off debt or default

Financial
Intermediary

Budget and portfolio constraints Let θ ≥ 0 be the fraction of wealth (of

a typical agent) invested in the technology, φl ≥ 0 be the fraction of wealth

invested in the asset-backed security l, and ψl ≥ 0 be the fraction of wealth bor-

rowed from loan l. By setting φl ≥ 0, we are excluding shortsales of ABS. This

is because by (2.3) the return on ABS is necessarily lower than the borrowing

rate, and if we allow shorting the ABS, we will be allowing agents to borrow at

rates lower than the borrowing rates, which will destroy the equilibrium. Let

φ = (φ1, . . . , φL) ∈ R
L
+ be the portfolio of ABS and ψ = (ψ1, . . . , ψL) ∈ R

L
+

be the portfolio of loans. Since θ, φl, ψl are fractions, by definition they must

8More specifically, these securities are collateralized debt obligations (CDO).
9Strictly speaking, we should weight individual deliveries (2.2) by individual wealth to

compute the ABS return, but since we assumed that Ai is i.i.d. across agents and there are a
continuum of agents, the wealth distribution is irrelevant.
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satisfy

θ +

L
∑

l=1

φl −
L
∑

l=1

ψl = 1.

Furthermore, by the collateral requirement we have

θ ≥
L
∑

l=1

clψl,

i.e., the total investment in the technology must exceed the total collateral

required. Therefore the portfolio constraint can be defined by

Π =

{

(θ, φ, ψ) ∈ R
1+L+L
+

∣

∣

∣

∣

∣

θ +
∑L

l=1(φ
l − ψl) = 1,

θ ≥∑L
l=1 c

lψl

}

, (2.4)

which is clearly nonempty, closed, and convex (but not necessarily compact).

The total return on portfolio (θ, φ, ψ) ∈ Π for agent i can be defined by

Ri(θ, φ, ψ) = Aiθ +

L
∑

l=1

RlABSφ
l −

L
∑

l=1

min
{

Aic
l, Rlb

}

ψl, (2.5)

where RlABS is the gross return on ABS l defined by (2.3) and min
{

Aic
l, Rlb

}

is

the delivery of agent i to the financial intermediary for each unit of loan l taken.

The portfolio return (2.5) is nonnegative and finite (even if Rlb =∞) because of

the min function. To see this, since θ ≥∑ clψl by the collateral constraint and

Ai > 0, we obtain

Ri(θ, φ, ψ) ≥ Ai
∑

l

clψl +
∑

l

RlABSφ
l −
∑

l

min
{

Aic
l, Rlb

}

ψl

≥
∑

l

RlABSφ
l ≥ 0.

The budget constraint of agent i is then

c1 = Ri(θ, φ, ψ)(wi − c0), (2.6)
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that is, the agent chooses how much to consume c0, borrows from the inter-

mediary, invests in the technology and asset-backed securities, and consume

whatever is left after paying off debt or defaulting.

Individual decision The objective of an agent is to maximize the expected

utility (2.1) subject to the portfolio constraint (2.4) and the budget constraint

(2.6). Substituting the budget constraint (2.6) into the utility function (2.1),

the optimal consumption-portfolio problem reduces to

Vi(w) := max
0≤c≤w

(θ,φ,ψ)∈Π

1

1− γ
(

c1−γ + β E[Ri(θ, φ, ψ)
1−γ ](w − c)1−γ

)

.

This problem can be split into

F

1− γ := max
(θ,φ,ψ)∈Π

1

1− γ E[R(θ, φ, ψ)1−γ ], (2.7a)

V (w) = max
0≤c≤w

1

1− γ (c
1−γ + βF (w − c)1−γ) (2.7b)

Note that the optimal portfolio problem (2.7a) is common across all agents

(which is why I suppressed the individual subscript i), despite the heterogeneity

in wealth, which is due to the power utility and the i.i.d. assumption. The

optimal consumption-saving problem (2.7b) also depends only on agent’s wealth

and can be easily solved by calculus. The solution is c0(w) = w/(1 + (βF )
1
γ ).

Equilibrium As usual, I define an equilibrium by individual optimization and

market clearing.

Definition 2.1 (Collateral equilibrium). Given initial wealth (wi)i∈I and the

collateral requirement (cl)Ll=1, the individual consumption and portfolio choice

(ci0, ci1, θi, φi, ψi)i∈I and borrowing rates (Rlb)
L
l=1 ⊂ [0,∞]L constitute a collat-

eral equilibrium if

1. for each agent i ∈ I

(a) (θi, φi, ψi) solves the optimal portfolio problem (2.7a),
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(b) ci0 solves the optimal consumption-saving problem (2.7b),

(c) ci1 satisfies the budget constraint (2.6), and

2. for each loan type l ∈ L lending and borrowing are matched:

∫

I

φli(wi − ci0)di =
∫

I

ψli(wi − ci0)di.

2.2 Existence of collateral equilibrium

The following proposition shows that without loss of generality we may focus

on symmetric equilibria.

Proposition 2.2. If
{

(ci0, ci1, θi, φi, ψi)i∈I , (R
l
b)
L
l=1

}

is a collateral equilibrium,

there exists a collateral equilibrium with the same allocation (ci0, ci1)i∈I , the

same borrowing rates (Rlb)
L
l=1, and a common portfolio choice (θ̄, φ̄, ψ̄).

Proof. Let












θ̄

φ̄

ψ̄













=

∫

I













θi

φi

ψi













(wi − ci0)di
/∫

I

(wi − ci0)di

be the weighted average portfolio. Since (θi, φi, ψi) solves the optimal portfolio

problem (2.7a) (which is a concave maximization problem common across all

agents) and the portfolio constraint Π is convex, (θ̄, φ̄, ψ̄) also solves (2.7a). By

the definition of the weighted average portfolio and market clearing, we have

∫

I

φ̄l(wi − ci0)di =
∫

I

φli(wi − ci0)di =
∫

I

ψli(wi − ci0)di =
∫

I

ψ̄l(wi − ci0)di,

so the common portfolio choice (θ̄, φ̄, ψ̄) clears the market of each loan and ABS.

Therefore
{

(ci0, ci1, θ̄, φ̄, ψ̄)i∈I , (R
l
b)
L
l=1

}

is also an equilibrium.

A collateral exists under a weak assumption.

Theorem 2.3 (Existence). Let everything be as above and

Π′ =
{

(θ, φ, ψ) ∈ R
1+L+L
+

∣

∣

∣ θ = 1, φ = ψ, θ ≥
∑

clψl
}
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be the portfolio constraint with matched borrowing and lending, which is clearly

nonempty, compact, and convex. Suppose that for all borrowing rates (Rlb)
L
l=1 ∈

[0,∞]L we have

E

[

sup
(θ,φ,ψ)∈Π′

R(θ, φ, ψ)1−γ

]

<∞.

Then a collateral equilibrium exists.

Proof. Special case of Theorem 3.7.

In general, we can say very little about the equilibrium portfolio. However,

Proposition 2.4 below shows that agents borrow to the maximum if default

entails no cost.

Proposition 2.4. Let everything be as in Theorem 2.3 and suppose that default

entails no cost, i.e., δ = 0 in (2.2). Then agents borrow to the maximum from

loans with active default. More precisely, if (θ∗, φ∗, ψ∗) is a collateral equilibrium

portfolio and there is active default in at least one loan, then

1 = θ∗ =

L
∑

l=1

clψ∗l.

Proof. Special case of Proposition 3.9.

A corollary of Proposition 2.4 is that if there are no default costs and only

one loan (with collateral requirement c ≥ 1) and ABS, the collateral equilibrium

portfolio is necessarily (θ∗, φ∗, ψ∗) = (1, 1/c, 1/c).

2.3 Irrelevance of zero net supply assets and tranching

So far we have assumed that the only assets agents can trade are the loans

and asset-backed securities. In addition to these assets, suppose that agents

can trade assets in zero net supply indexed by k ∈ K = {1, . . . ,K}, with price

P k in period 0 (to be determined in equilibrium) and delivery Dk(A) in period

1, which is an exogenous measurable function of the aggregate shock A alone

(hence agents are still unable to insure the idiosyncratic shocks ai directly).

12



For example, an asset with Dk(A) = 1 is a one period risk-free bond and

Dk(A) = max {A− Sk, 0} is a call option with strike Sk. Letting

(θ, φABS, φ0, ψ) ∈ R+ × R
L
+ × R

K × R
L
+

denote the portfolio of technology, ABS, zero net supply assets, and loans, a

collateral equilibrium can be defined as in Definition 2.1 by requiring market

clearing for the zero net supply assets, too. The following theorem shows that

these assets are priced, but not traded in (the symmetric) equilibrium and hence

irrelevant for risk sharing.

Theorem 2.5 (Asset pricing and irrelevance of zero net supply assets). If

{

(ci0, ci1, θi, φABS,i, φ0i, ψi)i∈I , (R
l
b)
L
l=1, (P

k)Kk=1

}

is a collateral equilibrium with zero net supply assets, there exists a collateral

equilibrium with the same allocation, borrowing rates, asset prices, and a com-

mon portfolio choice π∗ = (θ∗, φ∗ABS, φ
∗
0, ψ

∗) with no trade in the zero net supply

assets: φ∗0 = 0. Asset prices are given by

P k =
E[R(π∗)−γDk]

E[R(π∗)1−γ ]
. (2.8)

In particular, the gross risk-free rate is given by

Rf =
E[R(π∗)1−γ ]

E[R(π∗)−γ ]
. (2.9)

Proof. The first part is identical to the proof of Proposition 2.2.

To prove (2.8), let Rk = Dk/P k be the gross return on asset k. Consider

an agent investing the fraction of wealth α in asset k and 1− α in the optimal

portfolio π∗ = (θ∗, φ∗ABS, 0, ψ
∗). Since α = 0 is optimal, we obtain

0 ∈ argmax
α

1

1− γ E[((1 − α)R(π∗) + αRk)1−γ ].

13



The first order condition at α = 0 is

E[R(π∗)−γ(Rk −R(π∗))] = 0.

Substituting Rk = Dk/P k and rearranging terms, we obtain (2.8). Setting

Dk = 1 and using P = 1/Rf for the risk-free asset, we obtain the risk-free rate

formula (2.9).

In deriving the asset pricing formula (2.8) I did not use the fact that assets

are in zero net supply. Therefore (2.8) is valid for any asset, including the

asset-backed securities.

By setting L = ∅ (i.e., no loans at all), we can study an economy with

only zero net supply assets and its equilibrium (GEI, for general equilibrium

with incomplete markets). Theorem 2.5 then implies that the GEI allocation

is autarky: no matter how rich the asset structure is, they are not used. This

is because the optimal portfolio problem (2.7a) depends only on relative risk

aversion, and therefore if agents have a common relative risk aversion, there is

no trade in assets.

In reality asset-backed securities are not only created by pooling debt con-

tracts but also by splitting other asset-backed securities into senior and subordi-

nate tranches. Suppose that the asset-backed security l is tranched into tranches

denoted by t ∈ {1, . . . , Tl}, with payments (Dlt(A))Tl

t=1 depending only on the

aggregate shock A and prices (P lt)Tl

t=1 determined in equilibrium. The portfolio

of ABS φ has now dimension
∑

l Tl. A collateral equilibrium with tranching can

be defined as in Definition 2.1. The following proposition shows that tranching

is also irrelevant for risk sharing.

Proposition 2.6. If
{

(ci0, ci1, θi, φi, ψi)i∈I , (R
l
b)
L
l=1, ((P

lt)Tl

t=1)
L
l=1

}

is a collat-

eral equilibrium with tranching, there exists a collateral equilibrium with no

tranching with the same allocation, borrowing rates, and a common portfolio

choice (θ∗, φ∗, ψ∗).
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Proof. Similar to the proof of Proposition 2.2.

Theorem 2.5 and Proposition 2.6 show that neither zero net supply assets

nor tranching allow any risk sharing between agents. Henceforth I shall ignore

zero net supply assets and tranching and focus on the symmetric collateral

equilibrium. This result crucially depends on the assumption of the common

relative risk aversion, and of course will break down if we relax the assumption.

At this point it is worth emphasizing the difference between my model and

others’ with security pools and tranching, such as Geanakoplos and Zame (1995)

and Steinert and Torres-Mart́ınez (2007). Since information is symmetric in

these papers, in our setting every agent observes the productivities of every

other agent. Therefore if individual productivities were marketable, the number

of assets and aggregate states would be immense, which would make the model

intractable If, on the other hand, individual productivities were not marketable,

then by Theorem 2.5 and Proposition 2.6 there would be no trade in assets and

the equilibrium would be autarky. Thus assuming asymmetric information and

creating security pools in the spirit of Dubey and Geanakoplos (2002) makes the

model interesting (in that there is risk sharing in equilibrium) but yet tractable.

2.4 Welfare properties of collateral equilibrium

The following proposition shows that asset-backed securities are welfare improv-

ing.

Proposition 2.7. Let
{

(ci0, ci1, θ
∗, φ∗, ψ∗)i∈I , (R

l
b)
L
l=1

}

be a symmetric collat-

eral equilibrium and R(π∗) = R(θ∗, φ∗, ψ∗) be the return on the equilibrium port-

folio. Then the utility of every agent is a monotonic function of E[R(π∗)1−γ ]
1

1−γ ,

hence every agent agrees on policies. Furthermore, the collateral equilibrium al-

location (ci0, ci1)i∈I weakly Pareto dominates the GEI allocation, and strictly

Pareto dominates it only if active default occurs.

Proof. Since x 7→ x1−γ

1−γ is strictly increasing, by (2.7) the utility of any agent is a

monotonic function of E[R(π∗)1−γ ]
1

1−γ . Therefore the welfare from a particular
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policy can be unambiguously evaluated by this quantity.

The collateral equilibrium allocation weakly Pareto dominates the GEI al-

location (autarky) because agents can always choose φ = ψ = 0 (no borrowing

or lending). If there is no active default, by definition Acl ≥ Rlb for all l, so

Rlb ≥ RlABS by the definition of ABS returns (2.3). Since the return on ABS l is

less than or equal to the borrowing rate, choosing φ = ψ = 0 (no borrowing or

lending) weakly Pareto dominates the collateral equilibrium portfolio φ∗ = ψ∗.

Therefore agents must be indifferent between the collateral equilibrium and the

GEI.

The first part of Proposition 2.7 is remarkable in that despite agent het-

erogeneity in wealth, the interest of every agent is aligned. One reason among

many Kirman (1992) criticized the representative agent model is that individ-

ual interests are not necessarily aligned with that of the representative agent

(even in the extremely restrictive case that a representative agent does exist),

but my model permits an unambiguous welfare analysis even though there is no

representative agent.

Is the collateral equilibrium “efficient” in a certain sense? To answer this

question suppose that there is tranching and zero net supply assets, and let

(θ, φABS, φ0, ψ) ∈ Π ⊂ R+ × R

∑
l
Tl

+ × R
K × R

L
+

denote the portfolio of technology, ABS tranches, zero net supply assets, and

loans, where Π is the portfolio constraint. As before let ((P lt)Tl

t=1)
L
l=1 and

(P k)Kk=1 be the price of ABS tranches and zero net supply assets.

Theorem 2.8. Let

E =
{

(ci0, ci1, θi, φABS,i, φ0i, ψi)i∈I , (R
l
b)
L
l=1, ((P

lt)Tl

t=1)
L
l=1, (P

k)Kk=1

}

be a collateral equilibrium with tranching and zero net supply assets correspond-

ing to the portfolio constraint Π. Suppose that the government restricts the
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trades to the (convex) portfolio constraint Π̃ ⊂ Π and let

Ẽ =
{

(c̃i0, c̃i1, θ̃i, φ̃ABS,i, φ̃0i, ψ̃i)i∈I , (R̃
l
b)
L
l=1, ((P̃

lt)Tl

t=1)
L
l=1, (P̃

k)Kk=1

}

be a corresponding collateral equilibrium. Then the allocation (c̃i0, c̃i1)i∈I can-

not Pareto dominate the collateral equilibrium allocation (ci0, ci1)i∈I unless the

borrowing rates change, i.e., R̃lb 6= Rlb for some l.

Proof. By Proposition 2.2 we may assume that E, Ẽ are symmetric equilib-

ria with equilibrium portfolio (θ∗, φ∗ABS, 0, ψ
∗) and (θ̃∗, φ̃∗ABS, 0, ψ̃

∗). Define

F = E[R(θ∗, φ∗ABS, 0, ψ
∗)1−γ ] and F̃ similarly. If borrowing rates are unchanged

(R̃lb = Rlb for all l) by the government intervention, then the ABS returns are

also the same in the two equilibria by (2.3), and so are prices of the tranches:

P̃ lt = P lt for all l, t. Since the holdings in the zero net supply assets are zero

in the two symmetric equilibria, the portfolio return function (with no trade in

zero net supply assets) R(θ, φ, 0, ψ) is the same in the two cases. Since Π̃ ⊂ Π,

by the optimal portfolio problem (2.7a) we have

F̃

1− γ = max
(θ,φABS,0,ψ)∈Π̃

1

1− γ E[R(θ, φABS, φ0, ψ)
1−γ ]

≤ max
(θ,φABS,0,ψ)∈Π

1

1− γ E[R(θ, φABS, φ0, ψ)
1−γ ] =

F

1− γ .

Therefore by the optimal consumption problem (2.7b) we have

U(c̃i0, c̃i1) = max
0≤c≤wi

1

1− γ (c
1−γ + βF̃ (wi − c)1−γ)

≤ max
0≤c≤wi

1

1− γ (c
1−γ + βF (wi − c)1−γ) = U(ci0, ci1).

“Efficiency” in the above sense is weaker than constrained efficiency, which

typically means that the government can intervene in asset holdings and thereby

can affect the asset prices. Here I am assuming that the borrowing rates
{

Rlb
}L

l=1

are unchanged, although the price of zero net supply assets may change. How-

ever, in a GEI economy, since L = ∅ and therefore there are no borrowing rates,
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it follows that the equilibrium is constrained efficient in the usual sense.10

Theorem 2.8 does not imply that government interventions are useless, for it

says nothing about what happens when borrowing rates change. For instance,

it may well be the case that welfare improves by shutting down some credit

markets. Also, the government might be able to improve welfare by changing

the collateral requirement, which is assumed to be exogenous in Theorem 2.8.

3 Infinite horizon model

This section generalizes the basic two period model of Section 2 in various di-

mensions: time is infinite, agents have access to many technologies, and agents

have homothetic CRRA recursive preferences instead of additive CRRA pref-

erences. All results of the previous section go through by setting appropriate

distributional assumptions. I ignore tranching and zero net supply assets be-

cause they are irrelevant for risk sharing.

3.1 Description of the economy

Time infinite and is denoted by t = 0, 1, . . . . All random variables are defined on

a probability space (Ω,F , P ). In the economy there are a continuum of agents

with mass 1 indexed by i ∈ I = [0, 1]. There is also a financial intermediary

whose sole role is to service the loans and asset-backed securities. In order to

perform intergenerational welfare comparison, I assume that each agent dies

with probability d ≥ 0 between each period, independent of any other random

variables, and are reborn. The “parent” and the “offspring” are not altruistically

connected. The financial intermediary clears the positions of lending (ABS

holding) and borrowing of all deceased agents. All remaining wealth is taken

by the government (100% estate tax) and distributed equally among newborn

10It is well known that a general equilibrium with incomplete markets is generically con-
strained inefficient (Geanakoplos and Polemarchakis, 1986). The reason why our GEI allo-
cation is constrained efficient is because agents have identical preferences, which is clearly
non-generic.
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agents. Therefore the initial wealth of a newborn agent is the cross-sectional

average wealth.

Preferences Suppressing the individual subscript i until necessary, a typi-

cal agent has information at the beginning of each period represented by the

increasing sequence of σ-algebras (filtration) {Ft}∞t=0 ⊂ F . The expectation

conditional on time t information is denoted by E [· | Ft] or more compactly,

Et[·].

Agents have homothetic CRRA recursive preferences defined as follows.

Given a consumption plan {ct}∞t=0 (a nonnegative stochastic process adapted

to the filtration {Ft}∞t=0) I define the one period utility function by U1(ct) = ct.

Given the T period utility function UT ({ct+s}T−1
s=0 ), I define the T + 1 period

utility function recursively by

UT+1({ct+s}Ts=0) = f
(

ct,Et[(1− d)UT ({ct+1+s}T−1
s=0 )

1−γ ]
1

1−γ

)

= f
(

ct, (1 − d)
1

1−γ Et[UT ({ct+1+s}T−1
s=0 )

1−γ ]
1

1−γ

)

, (3.1)

where f : [0,∞]2 → [0,∞) is an aggregator (Boyd, 1990), γ > 0 is the coefficient

of relative risk aversion, and 1− d ∈ [0, 1] is the survival probability.11 If γ = 1

we must interpret (3.1) using the logarithm and the exponential in the usual

way, but for simplicity I shall ignore this case henceforth since we are typically

interested in the case γ > 1. I define the recursive utility of the consumption

stream from time t on by

U({ct+s}∞s=0) = lim
T→∞

UT ({ct+s}T−1
s=0 ) (3.2)

whenever the limit exists.

Since the survival probability 1 − d in (3.1) is just a constant, to simplify

the notation let us redefine the aggregator f(c, (1 − d)
1

1−γ v) as f(c, v), that

11For a more careful treatment of the resolution of uncertainty regarding
death, see the online appendix of Gârleanu and Panageas (2010) available at
(http://faculty.chicagobooth.edu/stavros.panageas/research/OLGextapp.pdf).
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is, without loss of generality we may suppress the death probability d. The

recursive utility defined by (3.1) and (3.2) contains standard preferences as

special cases.

Example 1 (Additive CRRA preference). If f(c, v) = (c1−γ + βv1−γ)
1

1−γ , we

obtain

U({ct+s}∞s=0) =

(

Et

∞
∑

s=0

βsc1−γt+s

)
1

1−γ

,

which is ordinarily equivalent to the additive CRRA utility Et
∑∞
s=0 β

s c
1−γ

t+s

1−γ with

discount factor β > 0 and relative risk aversion γ > 0.

Example 2 (CRRA/CEIS preference). If f(c, v) = (c1−σ + βv1−σ)
1

1−σ , we

obtain the Epstein and Zin (1989) constant relative risk aversion, constant elas-

ticity of intertemporal substitution (CRRA/CEIS) recursive utility with dis-

count factor β > 0, relative risk aversion γ > 0, and elasticity of intertemporal

substitution 1/σ > 0.

Technology Agent i is endowed with initial wealth (capital) wi0 > 0 in period

0 but nothing thereafter unless he dies and is reborn. However, each agent has

access to stochastic, constant-returns-to-scale technologies (investment projects)

indexed by j ∈ J = {1, . . . , J}, which are subject to aggregate and idiosyncratic

risk. When agent i invests one unit of good in technology j at the end of

period t, he will receive Aji,t+1 units of good at the beginning of period t + 1.

Let Ai,t+1 = (A1
i,t+1, . . . , A

J
i,t+1) be the vector of productivities. As before the

productivities are i.i.d. across agents and therefore can be decomposed into the

aggregate and idiosyncratic components as Aji,t+1 = aji,t+1A
j
t+1. Let

At+1 = (A1
t+1, . . . , A

J
t+1),

ai,t+1 = (a1i,t+1, . . . , a
J
i,t+1)

be the vectors of aggregate and idiosyncratic shocks. Of course assuming mul-

tiplicative investment shocks as the only idiosyncratic shocks (thus ignoring
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additive labor income shocks) is an oversimplification, but this modeling choice

can be justified as follows. First, the time series of consumption inequality

(measured by variance) for each cohort increases within a cohort almost lin-

early between the ages 20 and 80, as shown by Deaton and Paxson (1994) using

U.S. household data from 1980 to 1990. Consumption inequality within a cohort

for such a long period (60 years) is hard to explain by transitory idiosyncratic

shocks, while it derives naturally from multiplicative (permanent) shocks. Sec-

ond, the widely observed power law behavior of the wealth distribution cannot

be explained by additive shocks (Benhabib et al., 2011) but can be explained

by multiplicative shocks (Toda, 2012b). This is because as an agent gets richer,

additive labor income shocks become negligible compared to wealth, so there is

no longer an incentive to accumulate even more wealth. Third, in the presence

of multiplicative shocks, the single agent problem with homothetic preferences

admits a closed-form solution, which greatly simplifies the equilibrium analysis.

Financial structure As before there is a financial intermediary which makes

non-recourse loans of type l = 1, . . . , L. Loan l is characterized by a borrowing

rate Rlbt ∈ [0,∞] in period t (to be determined in equilibrium) and the (exoge-

nously given) collateral requirement cl = (cjl)Jj=1 ∈ R
J
+ (assumed to be constant

over time for simplicity): for each unit of good agent i borrows from loan l, he

must invest cjl units of good in technology j and put up its total return Aji c
jl as

collateral. All debt contracts of type l are pooled and issued as an asset-backed

security (ABS). Because there are a continuum of agents and the law of large

number applies (Uhlig, 1996), ABS are free from idiosyncratic risk. The return

on ABS l between time t and t+ 1, denoted by RlABS,t+1, is a random function

of the borrowing rate12 Rlbt and satisfies

(0 ≤) RlABS,t+1(R
l
bt) ≤ Et+1

[

min
{

Ai,t+1 · cl, Rlbt
}]

, (3.3)

12The return on ABS Rl
ABS,t+1

in general depends on the aggregate productivity At+1 and
the event ω ∈ Ω, but I assume that this dependence is already incorporated into the subscript
t+ 1.
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where the right-hand side is the expected individual deliveries, which is also

the cross-sectional average of individual deliveries by the law of large numbers.

In Section 2 the ABS return (2.3) was defined by assuming a constant rate of

depreciation after default, but here I do not assume any particular structure

because the equilibrium existence proof does not depend on the particular form

of the ABS return.

Budget and portfolio constraints Let θ ∈ R
J
+, φ ∈ R

L
+, and ψ ∈ R

L
+

be the portfolios of investment projects, purchase of ABS, and borrowing. By

the collateral requirement, we have θj ≥ ∑l c
jlψl for all j, or more compactly

θ ≥ Cψ, where C = (cl) = (cjl) is the nonnegative J ×L collateral requirement

matrix. Denote the portfolio constraint by

Π =

{

(θ, φ, ψ) ∈ R
J+L+L
+

∣

∣

∣

∣

∑

θj +
∑

(φl − ψl) = 1,

θ ≥ Cψ

}

, (3.4)

which is clearly nonempty, closed, and convex. Suppressing the time subscript,

the return on portfolio (θ, φ, ψ) ∈ Π is denoted by

Ri(θ, φ, ψ) =

J
∑

j=1

Ajiθ
j +

L
∑

l=1

RlABSφ
l −

L
∑

l=1

min
{

Ai · cl, Rlb
}

ψl, (3.5)

where the return on ABS RlABS is given by (3.3). As proved in Section 2, the

portfolio return (3.5) is nonnegative and finite. The budget constraint is then

(∀t) wi,t+1 = Ri,t+1(θit, φit, ψit)(wit − cit) ≥ 0, (3.6)

where wit is agent i’s wealth at the beginning of period t, cit is consumption,

and (θit, φit, ψit) is agent i’s portfolio in period t.

Equilibrium As in Section 2, I define an equilibrium by individual optimiza-

tion and market clearing.

Definition 3.1 (Collateral equilibrium). Given initial wealth (wi0)i∈I and the
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collateral requirement matrix C = (cjl), the sequence of individual consumption,

wealth, portfolio choice, and borrowing rates

{

(cit, wit, θit, φit, ψit)i∈I , (R
l
bt)

L
l=1

}∞

t=0

constitute a collateral equilibrium if

1. given borrowing rates, the individual consumption and portfolio choice

maximizes the recursive utility defined by (3.1) and (3.2) subject to the

portfolio constraint (3.4) and the sequential budget constraints (3.6),

2. individual wealth evolves according to the budget constraint (3.6), and

3. for all t and loan type l lending and borrowing are matched:

∫

I

φlit(wit − cit)di =
∫

I

ψlit(wit − cit)di.

Assumptions Unlike the two period model in Section 2, I need more structure

in order to prove the existence of equilibrium and characterize it. Below I

introduce each assumption, followed by an explanation.

Assumption 1 (Regularity and homogeneity of aggregator). The aggregator

f : [0,∞]2 → [0,∞) is increasing, upper semi-continuous,13 quasi-concave, and

homogeneous of degree 1, i.e., f(λc, λv) = λf(c, v) for λ > 0.

Assumption 1 is trivially satisfied by the standard additive CRRA utility

and the CRRA/CEIS recursive utility.

Assumption 2 (Markov states). There is a single aggregate state variable in pe-

riod t denoted by st, which follows a finite state Markov chain on S = {1, . . . , S}

with transition probabilities Pr(s→ s′) = pss′ .

An i.i.d. setting is of course a special case. The motivation for introducing

Markov states is that macroeconomic and financial variables such as productiv-

13Continuity is a too strong assumption. For example the Epstein-Zin aggregator f(c, v) =

(c1−σ + βv1−σ)
1

1−σ is not continuous at c = 0 or v = 0 if σ > 1.
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ities and volatilities are often persistent, and therefore the i.i.d. assumption is

not realistic.

The private information of agent i at the beginning of time t is repre-

sented by the σ-algebra Fit, and the public information is represented by Ft =
⋂

i∈I Fit, which consists of past states (s0, . . . , st) and past aggregate produc-

tivities (A1, . . . ,At).

Assumption 3 (Irrelevance of private information). The distribution of indi-

vidual productivities Ai,t+1 conditional on private information Fit is the same

as the distribution conditional on public information Ft, and is i.i.d. across

agents.

This assumptions implies that the idiosyncratic shocks {ai,t+1}∞t=0 are inde-

pendent (but not identically distributed) over time. Note that since there are

aggregate shocks, the individual productivities may well be unconditionally cor-

related. For example the productivities of two neighboring farms are correlated

due to the common weather.

Assumption 4 (Sufficiency of state variable). The distribution of aggregate

and idiosyncratic productivities (At+1, ai,t+1) conditional on public information

Ft depends only on the current state st.

Assumptions 2–4 are essentially the same as Krebs (2006).

3.2 Individual decision

From an individual agent’s point of view, the optimal consumption-portfolio

problem in Definition 3.1 is of the type studied by Samuelson (1969). The only

differences are that agents have recursive preferences, there are many technolo-

gies and assets, and shocks are Markovian.

For notational simplicity let Π′ be a nonempty, compact, convex subset of the

original portfolio constraint Π, π = (θ, φ, ψ) ∈ Π′ be a portfolio, and Ri,t+1(π)

be the return on portfolio π for agent i between periods t and t+1, which agent

i takes as exogenous (price taking behavior). Henceforth I suppress individual

24



and time subscripts and let s, s′ be the current and the next period’s states,

respectively. The following theorem solves the individual optimal consumption-

portfolio problem.

Theorem 3.2 (Optimal consumption-portfolio rule). Suppose that Assump-

tions 1–4 hold. Define the map B : RS+ → R
S
+ by

(Bx)s = sup
0≤c≤1

f

(

c, (1− c) sup
π∈Π′

E
[

x1−γs′ R(π)1−γ
∣

∣

∣ s
]

1
1−γ

)

for x = (x1, . . . , xs) ∈ R
S
+. Define the sequence {bT }∞T=1 ⊂ R

S
+ by b1 =

(1, . . . , 1) and bT+1 = BbT for T ≥ 1. If

E

[

sup
π∈Π′

R(π)1−γ
∣

∣

∣

∣

s

]

<∞ (3.7)

for all s, then there exists an optimal consumption-portfolio rule for the finite

period economy with the portfolio constraint Π′, and the optimal consumption

rule is linear in wealth. Letting (csTw, πsT )
S
s=1 be the optimal rule when T

periods are left (where 0 ≤ csT ≤ 1), csT and πsT satisfy

πsT ∈ argmax
π∈Π′

E
[

b1−γs′,T−1R(π)
1−γ

∣

∣

∣
s
]

1
1−γ

, (3.8a)

csT ∈ argmax
0≤c≤1

f

(

c, (1− c) E
[

b1−γs′,T−1R(πsT )
1−γ

∣

∣

∣ s
]

1
1−γ

)

, (3.8b)

where (b1T , . . . , bST ) = bT = BT−1(1, . . . , 1).

If bT → b ≫ 0 as T → ∞, then there exists an optimal consumption-

portfolio rule for the infinite horizon economy, which can be obtained by letting

T →∞ in (3.8).

Proof. See Appendix A.1.

Condition (3.7) is not very stringent. For instance, it holds if γ < 1 and the

portfolio return is bounded above, or γ > 1 and the portfolio return is bounded

away from zero. The following proposition provides a sufficient condition for

convergence.
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Proposition 3.3. Let everything be as in Theorem 3.2 and

ρs := sup
π∈Π′

E
[

R(π)1−γ
∣

∣ s
]

1
1−γ .

If either

(∀s) lim
ǫց0

f(ǫ, ρs) < 1 ≤ sup
0≤c≤1

f(c, ρs(1− c)), or (3.9a)

(∀s) sup
0≤c≤1

f(c, ρs(1− c)) ≤ 1 < f(∞, ρs) (3.9b)

holds, then {bT }∞T=1 monotonically converges to some b ≫ 0 and therefore

there exists an optimal consumption-portfolio rule in infinite horizon.

Proof. See Appendix A.1.

Condition (3.9) is not intuitive. The following proposition characterizes it

for the Epstein-Zin case, f(c, v) = (c1−σ + βv1−σ)
1

1−σ . (Again I ignore the case

σ = 1.)

Proposition 3.4. If βρ1−σs < 1 for all s, then (3.9) holds.

Proof. Since

lim
ǫց0

f(ǫ, ρs) =















β
1

1−σ ρs, (σ < 1)

0, (σ > 1)

the left inequality of (3.9a) holds if either σ < 1 and βρ1−σs < 1 or σ > 1. Since

f(∞, ρs) =















∞, (σ < 1)

β
1

1−σ ρs, (σ > 1)

the right inequality of (3.9b) holds if either σ < 1 or σ > 1 and βρ1−σs < 1. To

deal with other inequalities, by a straightforward calculation we obtain

sup
0≤c≤1

f(c, ρs(1− c)) = (1 + (βρ1−σs )
1
σ )

σ
1−σ ,
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which is larger (smaller) than 1 if σ < 1 (σ > 1). Hence (3.9) holds if βρ1−σs < 1

for all s.

3.3 Existence and computation of collateral equilibrium

I prove the existence of collateral equilibrium in three steps: deriving necessary

conditions for equilibrium, proving existence of equilibrium in the finite period

model, and then in infinite horizon.

Necessary conditions As the following proposition shows, the collateral

equilibrium fails to exist if the collateral requirement is too loose.

Proposition 3.5. If Aji > 0 with positive probability for some j and
∑

j c
jl < 1

for some l, then the optimal portfolio problem (3.8a) (with portfolio constraint

Π defined by (3.4)) has no solution.

Proof. Let j, l satisfy the assumption of the proposition. For any portfolio

(θ, φ, ψ) ∈ Π and ǫ > 0, increase borrowing from loan l by ǫ, invest ǫcjl in

technology j = 1, . . . , J to meet the collateral requirement, and invest the

remaining ǫ′ := ǫ(1 − ∑j c
jl) > 0 in technology j. Call this new portfolio

(θ′, φ′, ψ′). Clearly (θ′, φ′, ψ′) ∈ Π. Then by definition and (3.5) we obtain

Ri(θ
′, φ′, ψ′)−Ri(θ, φ, ψ) = ǫ′Aji + ǫ(Ai · cl)− ǫmin

{

Ai · cl, Rlb
}

≥ ǫ′Aji ≥ 0,

and the last inequality is strict with positive probability. Hence by monotonicity

we obtain

E
[

b1−γs′,T−1Ri(θ
′, φ′, ψ′)1−γ

∣

∣

∣ s
]

1
1−γ

> E
[

b1−γs′,T−1Ri(θ, φ, ψ)
1−γ

∣

∣

∣ s
]

1
1−γ

,

so (θ, φ, ψ) cannot be optimal in Π.

The assumption Aji > 0 with positive probability for some j is innocuous

(otherwise Aji = 0 almost surely for all j, hence an agent has no incentive to
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save). Hence by Proposition 3.5, in studying collateral equilibrium, we may

assume
∑

j c
jl ≥ 1 for all l.14 This condition can be interpreted as a natural

loan-to-value (LTV) constraint: whenever an agent borrows, he must put up at

least as much as collateral, for otherwise the agent has an incentive to default

right after taking the loan if confiscation of collateral is the only penalty from

defaulting.

The following proposition provides a necessary condition for equilibrium,

which is useful for computing the equilibrium as well as motivates the proof of

the existence theorem.

Proposition 3.6. Suppose that a collateral equilibrium exists. Let

Π′ =
{

(θ, φ, ψ) ∈ R
J+L+L
+

∣

∣

∣

∑

θj = 1, φ = ψ, θ ≥ Cψ
}

be the portfolio constraint with matched borrowing and lending and let (RlbsT )
L
l=1

and π∗
sT = (θ∗sT , φ

∗
sT , ψ

∗
sT ) be equilibrium borrowing rates and portfolio for state

s when T periods are left. Then

1. π∗
sT solves

max
π∈Π′

1

1− γ E
[

b1−γs′,T−1R(π)
1−γ

∣

∣

∣ s
]

, (3.10)

2. for all l we have

E
[

b1−γs′,T−1R(π
∗
sT )

−γ
(

RlABS −R(π∗
sT )
)

∣

∣

∣ s
]

≤ 0, (3.11)

with equality if φ∗lsT > 0.

Proof. Let us suppress the subscript sT . If π∗ is an equilibrium portfolio, by

definition it is optimal in Π. Since Π′ ⊂ Π, it is also optimal in Π′, so (3.10)

follows. To prove (3.11) consider investing the fraction of wealth 1 − α in the

optimal portfolio π∗ and α in ABS l. Since π∗ is optimal in Π and φ∗l ≥ 0, the

14Fortunately, this condition is also sufficient for the existence of collateral equilibrium. See
Theorem 3.7.
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new portfolio is feasible if and only if

1− α ≥ 0 and (1− α)φ∗l + α ≥ 0 ⇐⇒















− φ∗l

1−φ∗l ≤ α ≤ 1, (0 ≤ φ∗l < 1)

α ≤ 1. (1 ≤ φ∗l)

Since the return on ABS l is RlABS, taking the first order condition of (3.10)

with respect to α at α = 0 we obtain (3.11), with equality if φ∗l > 0.

Existence Under the natural LTV constraint
∑

j c
jl ≥ 1, a collateral equilib-

rium exists in a finite period economy.

Theorem 3.7 (Existence in finite period). Assume Assumptions 1–4. Suppose

further that (i) the collateral requirement matrix C = (cjl) is nonnegative and

∑

j c
jl ≥ 1 for all l, (ii) the ABS return RlABS(R

l
b) is continuous and increasing

in the borrowing rate Rlb for all l, and (iii) for all borrowing rates (Rlb)
L
l=1 ∈

[0,∞]L and state s ∈ S we have

E

[

sup
(θ,φ,ψ)∈Π′

R(θ, φ, ψ)1−γ

∣

∣

∣

∣

∣

s

]

<∞.

Then a finite period collateral equilibrium exists.

Proof. See Appendix A.2.

Corollary 3.8 (Existence in infinite horizon). Let everything be as in Theorem

3.7 and define {bT }∞T=1 ⊂ R
S
+ as in Theorem 3.2. If bT → b ≫ 0 as T → ∞,

then there exists an infinite horizon collateral equilibrium.

Proof. Trivial from Theorems 3.2 and 3.7.

Computation Using Proposition 3.6 and the proof of Theorem 3.7, comput-

ing the collateral equilibrium is straightforward.

Algorithm.

1. Select an error tolerance for the stopping criterion and set bs1 = 1 for all

s.
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2. For each s, select a starting point x ∈ [0, 1]L and repeat the following

steps until convergence is obtained.

(a) Define the borrowing rate RlbsT = xl

1−xl
∈ [0,∞] for each l = 1, . . . , L

and compute the optimal portfolio π∗
sT = (θ∗sT , φ

∗
sT , ψ

∗
sT ) with matched

borrowing and lending by (3.10). (One can use any constrained op-

timization routine.)

(b) Update the borrowing rate by

R∗l
bsT = sup

{

r
∣

∣E
[

bs′,T−1R(π
∗
sT )

−γ
(

RlABS(r)−R(π∗
sT )
) ∣

∣ s
]

≤ 0
}

for each l = 1, . . . , L. (Since RlABS(r) is increasing in r, R∗l
bsT obtains

very quickly by the nested intervals algorithm.)

(c) Update xl by x
∗
l =

R∗l
bsT

1+R∗l
bsT

.

3. Perform Step 2 for all s, T .

3.4 Properties of equilibrium

The properties of the two period collateral equilibrium are inherited by the infi-

nite horizon collateral equilibrium by using backward induction. The following

proposition generalizes Proposition 2.4 for the case with many technologies.

Proposition 3.9. Suppose that default entails no cost (equality holds in (3.3))

and there is a single idiosyncratic factor Xi such that aji = aj(Xi), where the

functions (which may depend on aggregate shocks) (aj(x))Jj=1 are increasing in

x ∈ R.15 Then agents borrow to the maximum from loans with active default.

More precisely, if (θ∗, φ∗, ψ∗) is a collateral equilibrium portfolio and there

is active default in loan l, then for any portfolio of loans ψ with ψl > ψ∗l and

ψl
′

= ψ∗l′ for all l′ 6= l, the collateral constraint θ∗ ≥ Cψ fails.

Proof. See Appendix A.3.

15This condition trivially holds when there is only one technology by taking Xi = ai and
a(x) = x.
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As in Section 2.3 zero net supply assets and tranching are irrelevant (The-

orem 2.5 and Proposition 2.6); as in Section 2.4 the collateral equilibrium al-

location weakly Pareto dominates the autarky allocation and strictly does so

only if there is active default (Proposition 2.7); and the collateral equilibrium

is “efficient” in the sense of Theorem 2.8. There is one caveat, however. The

welfare criterion in Proposition 2.7 should be replaced by

E
[

bs′,T−1R(π
∗
sT )

1−γ
∣

∣ s
]

1
1−γ ,

and the Pareto domination result is valid only if newborn agents take their

initial wealth as exogenous. If they perceive that they are inheriting their initial

wealth from deceased agents, then agents born in the future can be worse off if

the growth rate of the economy becomes lower in the collateral equilibrium.

Although the effect of asset-backed securities on growth is generally ambigu-

ous, we can show that risk sharing always reduce (precautionary) savings when

preferences are “inelastic” in a certain sense. If there is only one technology,

the economy grows slower, too.

Proposition 3.10. Suppose that the aggregator f is strictly quasi-concave and

argmax
0≤c≤1

f(c, (1− c)v)

(which is a function of v by strict concavity) is increasing in v. Then the saving

rate out of wealth in a collateral equilibrium is lower than that in autarky.

If in addition there is only one technology, then asset-backed securities reduce

economic growth.

Proof. See Appendix A.3.

When there are two or more technologies, asset-backed securities may en-

hance growth because agents divert more of their capital to a high return tech-

nology. Section 5 contains such an example.
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The condition of Proposition 3.10 is satisfied, for example, with the Epstein-

Zin recursive preference (Example 2) with elasticity of intertemporal substitu-

tion 1/σ less than 1. To see this, for f(c, v) = (c1−σ+βv1−σ)
1

1−σ the first order

condition of maximizing f(c, (1− c)v) over c ∈ [0, 1] is

c−σ − β(1 − c)−σv1−σ = 0 ⇐⇒ c =
1

1 + (βv1−σ)
1
σ

,

so the arg max is increasing in v if σ > 1.

4 Wealth and consumption distributions

What do the cross-sectional wealth and consumption distributions look like in

equilibrium? Since by Theorem 3.2 consumption is proportional to wealth, we

only need to look at the wealth distribution. Although the wealth distribution

is not a relevant state variable for describing the equilibrium, characterizing the

wealth distribution is important because (i) it is interesting in its own right

since it has drawn the attention of many researchers since the time of Pareto

(1896), and (ii) it gives us a structural model for studying inequality. Before

presenting the main result, I introduce some definitions and a limit theorem.

4.1 Definitions and a limit theorem

A nonnegative random variable X obeys the power law (in the upper tail) with

exponent α > 0 if

lim
x→∞

xαP (X > x) > 0

exists (Pareto, 1896; Mandelbrot, 1960), and the power law in the lower tail

with exponent β > 0 if

lim
x→0

x−βP (X < x) > 0
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exists.16 In Toda (2012a) I introduced the concept of the double power law,

which means that the power law holds in both the upper and the lower tails.

The most common distribution that obeys the double power law is the double

Pareto distribution (Reed, 2001, 2003), which has the density

fdP(y) =















αβ
α+β

1
M

(

y
M

)−α−1
, (y ≥M)

αβ
α+β

1
M

(

y
M

)β−1
, (0 ≤ y < M)

(4.1)

where M > 0 is the mode and α, β > 0 are shape parameters (power law

exponents). The classical Pareto distribution (with minimum sizeM) is a special

case of the double Pareto distribution by letting β →∞ in (4.1).

If Y is a double Pareto random variable, X = log Y is said to be Laplace.17

Changing variables in (4.1) such that x = log y and m = logM , the density of

the Laplace distribution is given by

fL(x) =















αβ
α+β e

−α|x−m|, (x ≥ m)

αβ
α+β e

−β|x−m|, (x < m)

(4.2)

where m is the mode and α, β > 0 are scale parameters. X is said to be

asymmetric Laplace if α 6= β. Using (4.2), the characteristic function of X is

φX(t) =

∫ m

−∞

eitx
αβ

α+ β
e−β|x−m|dx+

∫ ∞

m

eitx
αβ

α+ β
e−α|x−m|dx

=
eimt

1− i( 1
α − 1

β )t+
t2

αβ

, (4.3)

from which we obtain the mean m+ 1
α − 1

β and the variance 1
α2 +

1
β2 . It is often

useful to parameterize the Laplace distribution in terms of its characteristic

function. Letting a = 1
α − 1

β be an asymmetry parameter and σ =
√

2
αβ be a

16With a slight abuse of notation, I use the letter β for both the discount factor and the
power law exponent of the lower tail, but the meaning should be clear from the context.

17Hence the Laplace and the double Pareto distributions have the same relation as the
normal and the lognormal distributions.
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scale parameter in (4.3), we write X ∼ AL(m, a, σ) if

φX(t) =
eimt

1− iat+ σ2t2

2

. (4.4)

The mean, mode, and variance of AL(m, a, σ) is m+ a, m, and a2 + σ2, respec-

tively. Comparing (4.3) and (4.4), we obtain 1/α− 1/β = a and αβ = 2/σ2, so

−α and β are the solutions to the quadratic equation

σ2

2
ζ2 − aζ − 1 = 0. (4.5)

A comprehensive review of the Laplace distribution can be found in Kotz et al.

(2001).

Perhaps the most important property of the Laplace distribution is that it is

the only limit distribution of geometric sums. Theorem 4.1 below shows that it

is a robust property that the limit of a geometric sum is a Laplace distribution.

Theorem 4.1. Let {Xn}∞n=1 be a sequence of zero mean random variables such

that the central limit theorem holds, N−1/2
∑N

n=1Xn
d−→ N (0, σ2); {an}∞n=1 be

a sequence such that N−1
∑N
n=1 an → a; and νp be a geometric random variable

with mean 1/p independent from {Xn}∞n=1. Then as p→ 0 we have

p
1
2

νp
∑

n=1

(Xn + p
1
2 an)

d−→ AL(0, a, σ).

Proof. See Appendix A.4.

Theorem 4.1 has been known when {Xn}∞n=1 is i.i.d. (Kotz et al., 2001,

p. 152), but the generalization to the non i.i.d. case appears to be new.
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4.2 Characterization of cross-sectional distributions

Equation of motion Combining the budget constraint (3.6) and the optimal

consumption rule in Theorem 2.5, individual wealth evolves according to

Si,t+∆t = Gi,t+∆tSit, (4.6)

where Sit = wit is individual wealth (the “size” of an individual unit), ∆t = 1

is the time step, and Gi,t+∆t is the (gross) growth rate of unit i.

Since consumption is proportional to wealth, (4.6) also holds for Sit = cit

(by changing the definition of Gi,t+∆t). Therefore in order to study the cross-

sectional distribution of wealth and consumption, it suffices to study the cross-

sectional size distribution when units grow multiplicatively according to (4.6).

Iterating (4.6), the log size of unit i is given by

logSit = logSi0 +

Nit
∑

n=1

logGi,t+∆t−n∆t, (4.7)

where Si0 is the initial size and Nit is the number of time periods unit i has

been alive up to time t.

Distributional assumptions Assuming that {Git} is i.i.d. across units for

each t, logGit can be decomposed into the aggregate and the purely idiosyncratic

components (Al-Najjar, 1995). Since I am considering the limit as ∆t→ 0, let

logGit = Xat∆t+Xit

√
∆t (4.8)

be such a decomposition, where Xat is the aggregate component and Xit is the

idiosyncratic component, which by construction has zero mean conditional on

the history of (the σ-algebra generated by) aggregate shocksFt := σ({Xas}s≤t).18

Let us further assume that the idiosyncratic component {Xit} is independent

over time and that the central limit theorem holds.

18One can think of Xat as the “drift” and E[X2
it| {Xas}s≤t] as the “volatility”.
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If units are infinitely lived, by (4.7) withNit = t/∆t, (4.8), and the Lindeberg-

Feller central limit theorem, letting ∆t→ 0 the cross-sectional size distribution

(relative to initial wealth) becomes approximately lognormal. This is precisely

Gibrat (1931)’s law.

Things dramatically change when units die. The simplest way to model

death is to assume that units die at a constant Poisson rate δ > 0. Of course,

assuming a constant probability of death is clearly inappropriate for human

beings: in reality mortality of humans is higher before age 1 and after age

60, and nobody lives beyond age 120. Since I am concerned with the wealth of

financially active people, however, it is more appropriate to interpret “death” as

the arrival of financially disastrous events such as personal bankruptcy, in which

case the constant probability of “death” seems a reasonable first approximation.

According to this interpretation, our agents do not literally live a finite life but

are infinitely lived dynastic households that are subject to an exogenous risk of

bankruptcy. For now assume that all units start from (a common) initial size

S0 and when a unit dies, it is reborn with the same initial size S0. (I will relax

this assumption later.) Hence, the population is constant overtime.

Emergence of double Pareto distribution The following theorem shows

that for large t the cross-sectional size distribution is approximately double

Pareto with mode being the initial size.

Theorem 4.2. Let everything be as above, where {Xat} and {Xit} are the

stochastic processes defined on a probability space (Ω,F , P ) describing the ag-

gregate and idiosyncratic components as in (4.8) and Ft = σ({Xas}s≤t) is the

σ-algebra generated by the aggregate shock. Assume that for the realization

ω ∈ Ω the time averages of the “drift” and “volatility” have limits:

µS(ω) := lim
t→∞

1

t

∫ t

0

Xas(ω)ds,

σ2
S(ω) := lim

t→∞

1

t

∫ t

0

E[X2
is|Fs](ω)ds.
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Then for ω ∈ Ω the cross-sectional distribution of {Sit}i∈I tends to the double

Pareto distribution with mode S0 and power law exponents α, β as t→∞, where

−α and β are solutions to the quadratic equation

σ2
S(ω)

2
ζ2 − µS(ω)ζ − δ = 0. (4.9)

Proof. See Appendix A.4.

By (A.11) and (A.12), the asymmetry parameter a and the scale parameter

σ can be interpreted as the time average of the “drift” and the “volatility”

multiplied by the average age of units 1/δ. Of course, these quantities are

history dependent, i.e., they depend on the realization of the aggregate shocks

{Xat}. However, if this process is stationary, by the ergodic theorem a(ω) and

σ(ω)2 will be constant almost surely. This argument might explain why the

power law exponents α, β have been historically very stable.19

To the best of my knowledge, Reed (2001) was the first to recognize that

combining multiplicative growth and geometric age distribution (via constant

birth/death probability or population growth) yields the double Pareto distri-

bution. Proposition 3 of Gabaix (1999) contains similar results but does not

explicitly mention the double Pareto distribution.20 However, the stochastic

process in the models of Reed and Gabaix is very special, namely the geometric

Brownian motion. As shown in Theorems 4.1 and 4.2, the double Pareto prop-

erty is robust in the sense that it depends only on multiplicative growth and

the geometric age distribution and not on the details of the stochastic process

governing growth.

19According to sources cited by Gabaix (2009), the exponent of the upper tail α is typically
in the range [1.5, 2.5] for income and wealth and very close to 1 for cities (Zipf’s law).

20The double Pareto distribution is mentioned in the more recent review of Gabaix (2009),
however.
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4.3 Robustness of double power law

So far I have assumed that agents are ex ante identical, i.e., they have the same

recursive preference and initial wealth. However, the double power law holds

under weaker assumptions.

First, instead of assuming a common initial size Si0 = S0, assume that Si0

is random (i.i.d. across agents). Since the double power law implies that the

cross-sectional log size distribution has exponential tails (which follows from the

same argument as the relation between the double Pareto distribution (4.1) and

the Laplace distribution (4.2)), the double power law still holds as long as the

distribution of the initial log size has tails thinner than exponential.

Second, instead of assuming a constant initial size S0, suppose that initial

log size of an agent born at time t is the cross-sectional average of log size at

time t. (Think about inheriting financial and human capital wealth when born.)

Then (A.10) becomes

log Sit = logS0 +∆t

t/∆t
∑

n=1

Xa,t+∆t−n∆t + p
1
2

Nit
∑

n=1

Xi,t+∆t−n∆t/
√
δ. (4.10)

We can still apply Theorem 4.1 to the third term in (4.10) and see that the log

size distribution is approximately (symmetric) Laplace. The first and second

terms of (4.10) simply determine the common mode.

Finally, suppose that there are finite types of agents denoted by h ∈ H =

{1, . . . , H} with heterogeneous discount factor, elasticity of intertemporal sub-

stitution, and death probability. By Theorem 2.5 and Theorem 4.2, the double

power law holds for each agent type, with corresponding power law exponents

(αh, βh)h∈H . Letting α = minh αh and β = minh βh, the double power law

with exponents α, β holds in the entire economy because the tail of the entire

population is determined by the fattest tail among all subpopulations.
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4.4 Evidence of double power law

There are many double power laws in empirical data, for instance income (Reed,

2003; Toda, 2011, 2012a) and city size (Giesen et al., 2010). Here I present some

results in the consumption distribution taken from Toda and Walsh (2012).

Figure 1 shows the histogram of U.S. 1985 log real consumption together

with the fitted normal-Laplace21 density using the data from the Consumer Ex-

penditure Survey (CEX) used in Toda and Walsh (2012), where they fitted the

lognormal and the double Pareto-lognormal distributions to quarterly household

consumption data in U.S. (fitted the normal and normal-Laplace distributions

to log consumption data). There they found that (i) the lognormal distribu-

tion is rejected against the double Pareto-lognormal distribution in 97 out of 98

quarters by the likelihood ratio test at significance level 0.05, and (ii) the double

Pareto-lognormal distribution is not rejected in 77 out of 96 quarters (79% of

the time) by the Kolmogorov test at significance level 0.05. If we look at the

data within age cohorts, similar to the case with no death the cross-sectional log

consumption distribution should be approximately Gaussian, which is exactly

what we observe (Battistin et al., 2009). These findings imply that the con-

sumption distribution can be well explained by the present general equilibrium

model with incomplete markets and heterogeneous agents, but only when we

take death into account.

5 Numerical examples

In this section I compute a few examples. Suppose that there is a single risky

technology whose productivity Ai can be decomposed into the aggregate com-

ponent A and the idiosyncratic component ai, which are jointly lognormally

21If X1,X2 are independent normal and Laplace random variables, their convolution Y =
X1 + X2 is said to be normal-Laplace distributed and eY double Pareto-lognormal (Reed,
2003; Reed and Jorgensen, 2004; Reed and Wu, 2008). See the appendix of Toda and Walsh
(2012) for more information on the double Pareto-lognormal distribution.
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Figure 1. Log real consumption distribution and fitted normal-Laplace density. Data: Consumer
Expenditure Survey (1985) used in Toda and Walsh (2012).

distributed as
[

logA

log ai

]

∼ N







[

g − v2a/2
−v2i /2

]

,







v2a 0

0 v2i












.

The expected productivity is log(E[aiA]) = g = 0.07 (7%) and the volatility of

aggregate and idiosyncratic components is va = 0.15 (15%) and vi = 0.1 (10%),

respectively.

Depending on the specification, there can be a riskless saving technology

with risk-free rate rf = 0.01 (1%).

For preferences, I choose the standard additive CRRA utility function with

discount factor β = 0.95 and relative risk aversion coefficient γ = 3, which seem

plausible. The death probability is d = 1/100. When agents die and are reborn,

the newborn agents inherit the cross-sectional average wealth of deceased agents.

I vary the down payment from 30% to 0%, and the collateral requirement

is computed by 1/(1− down payment). I consider two cases for the returns on

asset-backed securities (ABS), one case with no cost of default and the other

with depreciation of collateral by δ = 0.01 (1%) when default occurs. In either

case the return on ABS is given by (2.3).
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For each fixed vector of parameters (β, γ, σ, d, g, va, vi, δ), I perform the fol-

lowing three numerical experiments:

1. varying the down payment of a single loan from 30% to 1% in 1% intervals,

2. starting from one loan with down payment 30%, adding new loans with

down payment from 25% to 0% in 5% intervals, and

3. starting from one loan with down payment 0%, adding new loans with

down payment from 5% to 30% in 5% intervals.

The convergence criterion for the optimal portfolio problem is 10−10.

There remains one caveat in computing the collateral equilibrium. In or-

der to compute the equilibrium we must maximize 1
1−γ E[R(θ, φ, ψ)1−γ ] as in

(3.10), which is computationally intensive unless the distribution of returns are

discrete. For this reason I approximate the distribution of aggregate and id-

iosyncratic shocks as follows. First I take lattice points on [−4, 4]× [−4, 4] with

grid size 0.1 (N = 812 = 6561 points in total), denoted by {xn}Nn=1 ⊂ R
2, and

approximate the standard bivariate normal distribution using the method de-

scribed in Tanaka and Toda (2012). Then I assign the computed probabilities

on the points on

yn = exp







[

g − v2a/2
−v2i /2

]

+







va 0

0 vi






xn






.

5.1 One technology

Suppose that there is only one technology, which is risky. Productivities are

lognormal.

Interest rates and returns Figure 2 shows the relation between the down

payments of the single loan and the equilibrium interest rates for δ = 0, 0.01.

Since there are aggregate shocks, the asset-backed security is risky and hence the

return on ABS in Figure 2 is the expected return computed by the expectation
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of (2.3) with respect to the aggregate shock A. The risk-free rate is computed

by (2.9). In both cases with or without default cost, as the down payment

decreases from 30% to 1% (hence the leverage increases from 3.3 to 100) both the

borrowing rate and the return on ABS increase. However, while the borrowing

rate sharply increases up to 25%, the return on ABS increases only up to 5%

because there is substantial default. The risk-free rate stays low at −2–0%. It is

interesting that the borrowing rate of 15–25% with loose collateral requirement

(1–3% down payment) is comparable to the interest rate charged on credit cards

in reality.
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(a) δ = 0 (no cost of default).
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(b) δ = 0.01 (1% depreciation after default).

Figure 2. Relation between down payments and interest rates. Blue solid: borrowing rate, green
dashed: return on ABS, red dotted: risk-free rate.

Probability of default Figure 3 shows the relation between the aggregate

shock (in percentage) and the default probability of loans with different down

payments. With the notation in Section 2, the default probability of loan l

conditional on the aggregate shock A is equal to

Pr
(

Aic
l < Rlb

∣

∣A
)

= Pr

(

ai <
Rlb
clA

∣

∣

∣

∣

A

)

,

where Rlb is the borrowing rate, cl is the collateral requirement, and ai is the

idiosyncratic shock. Since borrowing rates increase with lower collateral re-

quirement, Rlb/c
l is increasing in cl. Therefore the default probability is always

higher with lower collateral (down payment). In our numerical example, since
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the idiosyncratic shock ai is independent from the aggregate shock A, the default

probability increase after a bad aggregate shock.
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(a) δ = 0 (no cost of default).
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(b) δ = 0.01 (1% depreciation after default).

Figure 3. Relation between aggregate shock and default probability with different down payments.
Blue solid: 25%, green dashed: 15%, red dotted: 5%.

Borrowing Figure 4 shows the relation between down payments and borrow-

ing as a fraction of wealth, which is equal to the portfolio φ∗ = ψ∗. With

no cost of default (Figure 4(a)), agents borrow to the maximum (φ∗ = ψ∗ =

1 − down payment) as proved in Proposition 3.9. With default costs, agents

borrow to the maximum up to some point (17% down payment in Figure 4(b))

but borrowing may decrease with too little down payments.
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(a) δ = 0 (no cost of default).
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(b) δ = 0.01 (1% depreciation after default).

Figure 4. Relation between down payments and borrowing as a fraction of wealth.

Welfare Figure 5 shows the welfare criterion E[R(θ∗, φ∗, ψ∗)1−γ ]
1

1−γ of the

collateral equilibrium (CE), equilibrium with incomplete markets (GEI), and
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equilibrium with complete markets (Walrasian equilibrium, WE). With no de-

fault cost (Figure 5(a)), as the down payment is relaxed from 30% to 1% the

welfare monotonically approaches that in complete markets. With default costs

(Figure 5(b)), welfare tends to improve with more risk sharing but does not ap-

proach the complete market level because of the dead weight loss from default.
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(a) δ = 0 (no cost of default).
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(b) δ = 0.01 (1% depreciation after default).

Figure 5. Relation between down payments and welfare. Blue solid: collateral equilibrium (CE),
green dashed: incomplete markets (GEI), red dotted: complete markets (WE).

Growth Figure 6 shows the growth rate of the economy (aggregate wealth),

which, by combining the budget constraint (3.6) and the optimal consumption

rule (3.8b), is equal to

k =
(

β E[R(θ∗, φ∗, ψ∗)1−γ ]
)

1
γ E[R(θ∗, φ∗, ψ∗)]. (5.1)

According to Figure 6, lower down payments (and more risk sharing) reduce eco-

nomic growth, for two reasons. The first is the dead weight loss from default, at

least when there are default costs. Second, since preferences are intertemporally

inelastic (the elasticity of intertemporal substitution is 1/γ < 1), there is less

incentive to save with more risk sharing (precautionary saving motive). This

result is similar to Devereux and Smith (1994).

Welfare comparison across generations If newborn agents take initial

wealth as exogenous, the welfare analysis of Figure 5 remains valid. However,

this is not the case if newborn agents inherit wealth from previous generations.
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(a) δ = 0 (no cost of default).
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(b) δ = 0.01 (1% depreciation after default).

Figure 6. Relation between down payments and growth rate of wealth.

Letting wt0 be the initial wealth of an individual born at time t (which is simply

the cross-sectional average wealth at time t), the welfare of generation t can be

defined by

Wt = E[R(θ∗, φ∗, ψ∗)1−γ ]
1

1−γwt0. (5.2)

Figure 7 shows the logarithm of the welfare criterion (5.2) with 30%, 10%,

and 1% down payment using wt0 = kt, where k is the expected growth rate

of wealth defined by (5.1). While lower down payments benefit the current

generation because of more risk sharing, it hurts future generations because of

slower economic growth.
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(a) δ = 0 (no cost of default).
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(b) δ = 0.01 (1% depreciation after default).

Figure 7. Log welfare of each generation computed by (5.2) with different down payments. Blue
solid: 25%, green dashed: 15%, red dotted: 5%.

Power law exponents and inequality Figure 8 shows the power law expo-

nent α of the cross-sectional wealth distribution when newborn agents inherit
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wealth, calculated by setting µS = 0 in (4.9) and hence α =
√
2δ/σS . For the

power law (in the upper tail) P (X > x) ∼ x−α as x→ ∞, larger α means less

inequality because the tail probability becomes smaller. According to Figure 8,

the power law exponent α increases with lower down payment (higher leverage

and more risk sharing), so inequality decreases. For income data typical esti-

mates of the power law exponent are α ∈ [1.5, 2.5] (Toda, 2012a), which are of

the same order of magnitude as those values in Figure 8.
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(a) δ = 0 (no cost of default).
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(b) δ = 0.01 (1% depreciation after default).

Figure 8. Relation between down payments and power law exponent α.

Adding new loans Figure 9 shows the individual welfare when more and

more ABS markets open, starting from down payment 30% and going all the way

up to 0% in 5% increments (Experiment 2). The individual welfare improves by

opening new markets because new markets allow higher leverage and therefore

more risk sharing.

Figure 10 does the same but the down payment starts with 0% and loans

with higher down payments become available (Experiment 3). With no default

cost (Figure 10(a)), the new markets are inactive and welfare does not change.

With default costs (Figure 10(b)), the newly opened markets are active and wel-

fare changes. According to Figure 10(c), which magnifies Figure 10(b), welfare

goes down between three loans and six loans at the order of 10−7, much larger

than the convergence criterion 10−10. Therefore opening new markets can be

inefficient, or closing some markets might improve welfare.
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(a) δ = 0 (no cost of default).
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(b) δ = 0.01 (1% depreciation after default).

Figure 9. Welfare when new loans become available from high to low down payments. Blue
solid: collateral equilibrium (CE), green dashed: incomplete markets (GEI), red dotted: complete
markets (Walrasian equilibrium, WE).
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(a) δ = 0 (no cost of default).
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(b) δ = 0.01 (1% depreciation after default).
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(c) Magnified view with δ = 0.01.

Figure 10. Welfare when new loans become available from low to high down payments. Blue
solid: collateral equilibrium (CE), green dashed: incomplete markets (GEI), red dotted: complete
markets (WE).
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5.2 Two technologies

Suppose that there are two technologies, one risky (with the same distributional

assumptions as above) and the other riskless with a risk-free rate of 1%. Only

the risky technology can be used as collateral. I only consider the case with no

default costs (δ = 0). Figure 11 shows the relation between the down payments

and various quantities. The borrowing rates and returns on ABS in Figure

11(a) is similar to the case with one technology (Figure 2), except that the risk-

free rate is pinned down by the riskless technology. Figure 11(b) shows that

default probability increase after a bad aggregate shock. Figure 11(c) shows the

fraction of wealth invested in the risky technology. As the collateral constraint

loosens, there is more risk sharing, which enables agents to allocate more of their

capital to the risky but high return technology. Figure 11(d) shows how much

agents borrow relative to their wealth (ψ∗) and the loan-to-value (LTV, ψ∗/θ∗).

Loose collateral makes loans more attractive because agents can default in an

unlucky state, and therefore they borrow more. Because there are no default

costs, by Proposition 3.9 agents choose the maximum LTV. Figure 11(e) shows

that welfare improves with lower down payments and approaches the complete

market level.

With two or more technologies, the effect of lowering down payments (sharing

risk more) on growth is ambiguous. On one side, more risk sharing reduces

the necessity of precautionary saving; on the other, more risk sharing allows

agents to allocate more of their capital to the risky but high return technology.

In our numerical example the economy grows faster (Figure 11(f)) with lower

down payments. Figure 11(g) shows the welfare of each generation with 25%,

15%, and 5% down payments. Every generation is better off with lower down

payments because there is more risk sharing and the growth rate of the economy

is higher. Again more risk sharing reduces inequality (Figure 11(h)).
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(b) Default probability.
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(c) Fraction of investment in the risky tech-
nology.

0 5 10 15 20 25 30
0.4

0.5

0.6

0.7

0.8

0.9

1

down payment (%)

 

 

debt/wealth ratio
loan to value

(d) Fraction of borrowing to wealth and loan-
to-value.

0 10 20 30
1.025

1.03

1.035

1.04

1.045

down payment (%)

in
di

vi
du

al
 w

el
fa

re

 

 

CE
GEI
WE

(e) Welfare.

0 5 10 15 20 25 30
1

1.5

2

2.5

down payment (%)

ec
on

om
ic

 g
ro

w
th

 (
%

)

(f) Economic growth.
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(g) Welfare comparison across generations.
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Figure 11. Results with one risky and one riskless technology.
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6 Concluding remarks

This paper has introduced collateralized lending and asset-backed securities

(ABS) in a heterogeneous agent, incomplete markets, dynamic stochastic general

equilibrium model. The model is highly tractable despite agent heterogeneity.

Because agents choose the same portfolio regardless of the wealth level, assets

in zero net supply and tranching are irrelevant for risk sharing. Collateralized

lending and asset-backed securities allow risk sharing because default makes

the delivery of individual loans different from that of ABS, even though the two

positions cancel out in the aggregate. I found in the numerical examples that in-

troducing ABS and relaxing the collateral constraint improve individual welfare

(given wealth) and reduce inequality. The effect of lowering down payments on

economic growth is ambiguous. On one hand, more risk sharing reduces growth

because of less precautionary saving; on the other hand, more risk sharing en-

hances growth because agents divert their capital to the risky but high return

technology. An obvious limitation of the current model is that the idiosyncratic

shocks are present only in investment in order to keep tractability. Therefore the

validity of the model rests on the relative importance of idiosyncratic investment

risk (multiplicative shocks) and idiosyncratic endowment risk (additive shocks)

among participants of the capital market, which is an empirical question not

addressed in this paper.

A Proofs

A.1 Optimal consumption-portfolio problem

Proof of Theorem 3.2. Let us first solve the finite period optimal consumption-

portfolio problem. Given current wealth w and state s, define the T period value

function (the supremum of recursive utility over budget-feasible consumption
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plans) by

Vs,T (w) = sup
{ct,φt}

{

UT ({ct}T−1
t=0 )

∣

∣

∣ (∀t) wt+1 = Rt+1(πt)(wt − ct) ≥ 0, πt ∈ Π′
}

,

where the recursive utility UT ({ct}T−1
t=0 ) is defined by (3.1).

Step 1. The finite period value function is linear in wealth: Vs,T (w) = bsTw,

where the coefficients are given by (b1T , . . . , bST ) = BT−1(1, . . . , 1). The optimal

rule is given by (3.8).

The proof is by induction. For T = 1, we have Vs,1(w) = sup0≤c≤w c = w,

so bs1 = 1, and there are no portfolio choices to make. Assume the claim holds

up to T and let bT = (b1T , . . . , bST ). Then we obtain

Vs,T+1(w) = sup
0≤c≤w
π∈Π′

f
(

c,E
[

Vs′,T (R(π)(w − c))1−γ
∣

∣ s
]

1
1−γ

)

= sup
0≤c≤w

f

(

c, (w − c) sup
π∈Π′

E
[

b1−γs′T R(π)
1−γ

∣

∣

∣ s
]

1
1−γ

)

= max
0≤c≤1

wf

(

c, (1− c) sup
π∈Π′

E
[

b1−γs′T R(π)
1−γ

∣

∣

∣
s
]

1
1−γ

)

= (BbT )sw,

where I obtained the first equality by Bellman’s principle of optimality, the

second by the assumption on induction, the third by replacing c by cw and

using the upper semi-continuity, quasi-concavity, and homogeneity of f , and

the last by the definition of the map B. Hence Vs,T+1(w) is linear in wealth and

bT+1 = BbT .

By (3.7) and the dominated convergence theorem,

E
[

b1−γs′T R(π)
1−γ

∣

∣

∣ s
]

1
1−γ

is continuous in π. Since Π′ is compact by assumption, the supremum is attained
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and the optimal portfolio is

πs,T+1 ∈ argmax
π∈Π′

E
[

b1−γs′T R(π)
1−γ

∣

∣

∣ s
]

1
1−γ

,

which is precisely (3.8a). The optimal consumption rule (3.8b) then follows.

Continuing the iteration we obtain bT = BT−1(1, . . . , 1).

Step 2. If bT → b ≫ 0 as T → ∞, the infinite period optimal consumption-

portfolio problem has a solution.

Since f is upper semi-continuous, by Berge’s maximum theorem x 7→ Bx

is continuous. Letting T → ∞ in bT+1 = BbT , we obtain b = Bb, i.e.,

b = (b1, . . . , bS) is a fixed point of B. Define the infinite period value function

by

Vs(w) = sup
{ct,φt}

{

lim sup
T→∞

UT ({ct}T−1
t=0 )

∣

∣

∣

∣

(∀t) wt+1 = Rt+1(πt)(wt − ct) ≥ 0,

πt ∈ Π′

}

.

Let {πt}∞t=0 ⊂ Π′ be any portfolio and {ct}∞t=0 be any budget-feasible consump-

tion with portfolio {πt}∞t=0. Then for any ǫ > 0 we have

Vs(w) ≥ UT ({ct}T−1
t=0 )− ǫ

for sufficiently large T . Taking the supremum with respect to {(ct, πt)}T−1
t=0 ,

letting T →∞, and ǫ→ 0, we obtain Vs(w) ≥ limT→∞ Vs,T (w) = bsw. On the

other hand, taking the lim sup of UT ({ct}T−1
t=0 ) ≤ Vs,T (w) as T →∞ and taking

the supremum with respect to {(ct, πt)}∞t=0, we obtain Vs(w) ≤ bsw. Therefore

Vs(w) = bsw. Letting T →∞ in the Bellman equation, we obtain

Vs(w) = bsw = sup
0≤c≤1

wf

(

c, (1− c) sup
π∈Π′

E
[

b1−γs′ R(π)1−γ
∣

∣

∣
s
]

1
1−γ

)

.

By the same argument as before the supremum with respect to c and π attains

the maxima. Therefore the optimal consumption and portfolio rule can be

obtained by letting T →∞ in (3.8).
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Proof of Proposition 3.3. Suppose that {bT }∞T=1 is monotone. Then {bT }∞T=1

converges to some b ≫ 0 if and only if there exist 0 < ǫ < M such that

ǫ ≤ bsT ≤M for all s, T . Let us prove that {bT }∞T=1 is monotone and there are

such ǫ,M .

Case 1: (3.9a) holds. Let us prove bT+1 ≥ bT ≥ 1 by induction. For T = 1,

since b1 = (1, . . . , 1), by the definition of B, ρs, and (3.9a) we obtain

bs2 = max
0≤c≤1

f

(

c, (1− c)max
π∈Π′

E
[

R(π)1−γ
∣

∣ s
]

1
1−γ

)

= max
0≤c≤1

f(c, (1− c)ρs) ≥ 1 = bs1.

If bT ≥ bT−1, then by the monotonicity of f we obtain

bs,T+1 = max
0≤c≤1

f

(

c, (1− c)max
π∈Π′

E
[

b1−γs′T R(π)
1−γ

∣

∣

∣ s
]

1
1−γ

)

≥ max
0≤c≤1

f

(

c, (1− c)max
π∈Π′

E
[

b1−γs′,T−1R(π)
1−γ

∣

∣

∣ s
]

1
1−γ

)

= bsT ,

so bT+1 ≥ bT ≥ 1.

By (3.9a) we can take 0 < ǫ < 1 such that f(ǫ, ρs) < 1 for all s. By the

monotonicity of f we then have

max
0≤c≤1

f(ǫc, ρs(1− c)) ≤ f(ǫ, ρs) < 1.

Define M := 1/ǫ > 1 = bs1. If bsT ≤ M , then by the monotonicity and

homotheticity of f we obtain

bs,T+1 = max
0≤c≤1

f

(

c, (1− c)max
π∈Π′

E
[

b1−γs′T R(π)
1−γ

∣

∣

∣ s
]

1
1−γ

)

≤ max
0≤c≤1

f

(

c, (1− c)max
π∈Π′

E
[

M1−γR(π)1−γ
∣

∣ s
]

1
1−γ

)

= max
0≤c≤1

f(c,Mρs(1− c)) =M max
0≤c≤1

f(ǫc, ρs(1− c)) ≤M.

Case 2: (3.9b) holds. By a similar argument we can show bT+1 ≤ bT for all
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T . To show that {bT }∞T=1 is bounded away from zero, let us show that there

exists 0 < ǫ < 1 such that for all s we have

max
0≤c≤1

f(c/ǫ, ρs(1− c)) > 1.

Suppose this is false. Then for all n there exists sn such that

max
0≤c≤1

f(nc, ρsn(1− c)) ≤ 1.

Letting n→∞ and taking a subsequence if necessary, there exists s such that

f(∞, ρs) = max
0≤c≤1

f(∞, ρs(1− c)) ≤ 1,

which contradicts (3.9b).

For this 0 < ǫ < 1 let us show that bsT ≥ ǫ for all s, T . The claim is trivial

for T = 1 because bs1 = 1. If this is true up to T , then by the monotonicity and

homotheticity of f we obtain

bs,T+1 ≥ max
0≤c≤1

f

(

c, (1− c) max
π∈Π′

E
[

ǫ1−γR(π)1−γ
∣

∣ s
]

1
1−γ

)

= max
0≤c≤1

f(c, ǫρs(1− c)) = ǫ max
0≤c≤1

f(c/ǫ, ρs(1 − c)) ≥ ǫ.

A.2 Existence of collateral equilibrium

Proof of Theorem 3.7. I only prove the existence of collateral equilibrium in

a two period economy because the existence in finite periods easily follows by

backward induction. In two periods we can suppress the aggregate state s. Let

Π′ =
{

(θ, φ, ψ) ∈ R
J
+ × R

L
+ × R

L
+

∣

∣

∣

∑

θj = 1, φ = ψ, θ ≥ Cψ
}

be the portfolio constraint with matched borrowing and lending.

Step 1. Π′ is nonempty, compact, and convex.
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Π′ is clearly nonempty, closed, and convex. Since
∑

j c
jl ≥ 1 for all l, there

exists j with cjl > 0. Hence (θ, φ, ψ) ∈ Π′ implies 1 ≥ θj ≥∑l c
jlψl ≥ cjlψl, so

0 ≤ φl = ψl ≤ 1/cjl is bounded.

Step 2. Construction of borrowing rates with a fixed point property.

Given x ∈ [0, 1]L, define Rlb = xl

1−xl
∈ [0,∞]. As noted right after (3.5),

the portfolio return R(θ, φ, φ) is nonnegative and finite even if Rlb =∞ because

of the min function. Since Π′ is compact by Step 1 and E[R(θ, φ, φ)1−γ ] is

continuous in (θ, φ) by the Lebesgue convergence theorem,

max
θ,φ

1

1− γ E[R(θ, φ, φ)1−γ ] subject to θ ∈ ∆J−1, φ ∈ R
L
+, θ ≥ Cφ

has a solution (θ∗, φ∗). Letting RlABS(R
l
b;A) be the return on ABS l given

borrowing rate Rlb and aggregate productivity A, define

R∗l
b = sup

{

r
∣

∣E
[

R(θ∗, φ∗, φ∗)−γ
(

RlABS(r;A) −R(θ∗, φ∗, φ∗)
)]

≤ 0
}

,

which is well-defined and satisfies R∗l
b ∈ [0,∞]. By Berge’s maximum theorem

(Berge, 1959), (Rlb) 7→ (R∗l
b ) is continuous. Finally, define x∗ ∈ [0, 1]L by x∗l =

R∗l
b

1+R∗l
b

. Since [0, 1]L is nonempty, compact, convex, and x 7→ x∗ is continuous,

by the Brouwer fixed point theorem there is a fixed point x. Let (Rlb)
L
l=1 and

(θ∗, φ∗) be the corresponding borrowing rate and portfolio and define ψ∗ = φ∗.

Step 3. Proof that (θ∗, φ∗, ψ∗) is an equilibrium portfolio.

Since φ∗ = ψ∗ by construction, to prove that (θ∗, φ∗, ψ∗) is an equilibrium

portfolio it suffices to show that (θ∗, φ∗, ψ∗) solves

max
(θ,φ,ψ)∈Π

1

1− γ E[R(θ, φ, ψ)1−γ ].
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The Lagrangian of this maximization can be written as

L =
1

1− γ E[R(θ, φ, ψ)1−γ ] + λb

(

1−
∑

θj −
∑

φl +
∑

ψl
)

+ λ′θθ + λ′φφ+ λ′ψψ + λ′c(θ − Cψ),

where λb ∈ R, λθ, λc ∈ R
J
+, and λφ, λψ ∈ R

L
+ are Lagrange multipliers. Let

J+ ⊂ J be the set of j for which cjl > 0 for some l. Then the constraints

θ ≥ Cψ and ψ ≥ 0 imply θj ≥ 0 for j ∈ J+, so we may assume λjθ = 0 for such

j. Since the objective function is concave with linear constraints, the first order

condition is necessary and sufficient for maximum. These conditions are

∂

∂θj
: E[R−γRj ]− λb + λjθ + λjc = 0, (A.1a)

∂

∂φl
: E[R−γRlABS]− λb + λlφ = 0, (A.1b)

∂

∂ψl
: − E[R−γ min

{

Ai · cl, Rlb
}

] + λb + λlψ − λ′ccl = 0, (A.1c)

where we have used the shorthand R = R(θ, φ, ψ). Computing

∑

j

θj × (A.1a) +
∑

l

φl × (A.1b)−
∑

l

ψl × (A.1c)

and using the definition of the portfolio return, we obtain λb = E[R1−γ ].

Now consider the maximization problem

max
(θ,φ,ψ)∈Π′

1

1− γ E[R(θ, φ, ψ)1−γ ],

with Lagrangian

L′ =
1

1− γ E[R(θ, φ, φ)1−γ ] + µb

(

1−
∑

θj
)

+ µ′
θθ + µ′

φφ+ µ′
c(θ − Cφ),

where µb ∈ R, µθ, µc ∈ R
J
+, and µφ ∈ R

L
+ are Lagrange multipliers. Again we
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may assume µjθ = 0 for j ∈ J+. The first-order conditions are

∂

∂θj
: E[R−γRj ]− µb + µjθ + µjc = 0, (A.2a)

∂

∂φl
: E[R−γ(RlABS −min

{

Ai · cl, Rlb
}

)] + µlφ − µ′
cc
l = 0. (A.2b)

Let (θ∗, φ∗) and (Rlb) be the portfolio and borrowing rates found in Step 2

and define ψ∗ = φ∗. By computing

∑

j

θ∗j × (A.2a) +
∑

l

φ∗l × (A.2b)

we obtain µb = E[R1−γ ], where R := R(θ∗, φ∗, φ∗). Define

(λb, λθ, λc) = (µb, µθ, µc) ∈ R× R
J
+ × R

J
+,

(∀l) λlφ = −E[R−γ(RlABS −R)],

(∀l) λlψ = µlφ − λlφ.

By (A.2a) and the definition of λb, λθ, λc, (A.1a) holds. By the definition of λb

and λlφ, (A.1b) holds and λlφ ≥ 0. By (A.2b) and the definition of λ’s, (A.1c)

holds. Therefore all we need to show is λlφφ
∗l = 0, λlψ ≥ 0, and λlψψ

∗l = 0.

If λlφ = 0, then λlφφ
∗l = 0, λlψ = µlφ ≥ 0, and λlψψ

∗l = µlφφ
∗l = 0.

If λlφ > 0, by Step 2 we have Rlb =∞. Therefore (A.1c) becomes

− E[R−γ(Ai · cl)] + λb + λlψ − λ′ccl = 0. (A.3)

Since λjθ = µjθ = 0 for j ∈ J+, that is, λjθ > 0 only if cjl = 0 for all l, it follows

that λjθc
jl = 0 for all j, l. Using this fact and computing

∑

j c
jl × (A.1a), we

obtain

E[R−γ(Ai · cl)]− λb
∑

j

cjl + λ′cc
l = 0. (A.4)

Since λb = µb = E[R1−γ ] > 0 and
∑

j c
jl ≥ 1 by assumption, adding (A.3) and
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(A.4) we obtain

λlψ = E[R1−γ ]





∑

j

cjl − 1



 ≥ 0.

Since 0 ≤ λlψ = µlφ − λlφ by definition and λlφ > 0 by assumption, it must be

µlφ > 0 and hence φ∗l = 0, thus λlφφ
∗l = 0 and λlψψ

∗l = 0.

A.3 Properties of collateral equilibrium

I need a lemma to prove Proposition 3.9.

Lemma A.1. Let f, g : R→ R be increasing (decreasing) functions, g positive,

and X be a random variable such that E[f(X)] = 0. Then E[f(X)g(X)] ≥ 0. If

f(X) 6= 0 with positive probability and g(X) is not almost surely constant either

on the set {f(X) < 0} or {f(X) > 0}, then the inequality is strict.

Proof. Suppose that f, g are increasing. (The proof when f, g are decreasing is

similar.) Since E[f(X)] = 0, f cannot be always positive or always negative.

Since f is increasing, there exists x0 such that f ≤ 0 on (−∞, x0) and f ≥ 0 on

(x0,∞). If X < x0, since f, g are increasing and g is positive, by the definition

of x0 we have f(X) ≤ 0 and 0 < g(X) ≤ g(x0), so f(X)g(X) ≥ f(X)g(x0). If

X > x0, we have f(X) ≥ 0 and 0 < g(x0) ≤ g(X), so f(X)g(X) ≥ f(X)g(x0).

If X = x0, clearly f(X)g(X) = f(X)g(x0). Therefore

E[f(X)g(X)] ≥ E[f(X)g(x0)] = g(x0) E[f(X)] = 0.

If f(X) 6= 0 with positive probability, then both the sets F− = {f(X) < 0} and

F+ = {f(X) > 0} have positive probability because E[f(X)] = 0. Then

E
[

f(X)g(X)
∣

∣F±
]

> E
[

f(X)g(x0)
∣

∣F±
]

unless g(X) = g(x0) almost surely on F±.

Proof of Proposition 3.9. It suffices to prove for the two period case because

the general case is similar. Let Π ⊂ R
J+L+L
+ be the portfolio constraint in (3.4),
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Ri(θ, φ, ψ) be the return on portfolio defined by (3.5), and (θ∗, φ∗, ψ∗) be the

equilibrium portfolio. Assume that there is active default in loan l. Since by

definition φ∗ = ψ∗ and the equilibrium portfolio solves (3.8a), in particular we

have

0 ∈ argmax
k∈K

1

1− γ E[Ri(θ
∗, ψ∗ + kel, ψ

∗ + kel)
1−γ ], (A.5)

where el is the l-th unit vector in R
L and

K = {k ∈ R | (θ∗, ψ∗ + kel, ψ
∗ + kel) ∈ Π} .

If agents do not borrow to the maximum from loan l in equilibrium, there

exists ǫ > 0 such that [0, ǫ] ⊂ K. Differentiating the objective function in (A.5)

with respect to k, by the optimality of k = 0 on [0, ǫ] we obtain

E
[

Ri(θ
∗, ψ∗, ψ∗)−γ

(

RlABS −min
{

Ai · cl, R∗l
b

})]

≤ 0, (A.6)

where Ai = (Aji )
J
j=1 is the productivities, (R∗l

b )
L
l=1 are equilibrium borrowing

rates, and RlABS = E
[

min
{

Ai · cl, R∗l
b

} ∣

∣A
]

is the return on ABS l conditional

on the aggregate shock A. Let X be the single idiosyncratic factor and given

X = x define

f(x;A) = RlABS −min
{

Ai · cl, R∗l
b

}

,

g(x;A) = R(θ∗, ψ∗, ψ∗)−γ .

Fixing A, since Aji = aj(Xi)A
j and aj(x) is increasing in x, clearly f is de-

creasing and E [f(X ;A) |A] = 0 by the definition of the return on ABS. Since

there is active default, we have f(X ;A) 6= 0 with positive probability. Finally,
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by (3.5) the return on portfolio

Ri(θ, φ, ψ) =
∑

j

Aji θ
j +

∑

l

RlABSφ
l −
∑

l

min
{

Ai · cl, Rlb
}

ψl

=
∑

j

Aji

(

θj −
∑

l

cjlψl

)

+
∑

l

RlABSφ
l +
∑

l

max
{

0,Ai · cl −Rlb
}

ψl

is increasing in Xi, so g is decreasing and clearly nonconstant. Therefore by the

conditional version of Lemma A.1 we obtain

E[f(Xi;A)g(Xi;A)] = E[E [f(Xi;A)g(Xi;A) |A]] > 0.

However, (A.6) implies E[f(Xi;A)g(Xi;A)] ≤ 0, a contradiction.

Proof of Proposition 3.10. Consider the optimal consumption-portfolio prob-

lem in autarky. Let a quantity in autarky indicated by a tilde (̃ ). For example,

Π̃ = {(θ, φ, ψ) ∈ Π |φ = ψ = 0} = ∆J−1 × {0} × {0}

is the portfolio constraint and Ṽs,T (w) = b̃sTw is the value function when T

periods are left in autarky.

Since Π̃ ⊂ Π (agents can choose the autarky allocation even in collateral

equilibrium), we get

b̃sTw = Ṽs,T (w) ≤ Vs,T (w) = bsTw,

so b̃sT ≤ bsT . Then by the optimal portfolio choice (3.8a) we get

E
[

b̃1−γs′,T−1R(π̃
∗
sT )

1−γ
∣

∣

∣ s
]

1
1−γ ≤ E

[

b1−γs′,T−1R(π
∗
sT )

1−γ
∣

∣

∣ s
]

1
1−γ

.

Letting csT , c̃sT be the propensity to consume out of wealth in state s when

T periods are left for collateral equilibrium and autarky, it follows from the
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optimal consumption choice (3.8b) and the assumption of Proposition 3.10 that

c̃sT = argmax
0≤c≤1

f

(

c, (1− c) E
[

b̃1−γs′,T−1R(π̃
∗
sT )

1−γ
∣

∣

∣ s
]

1
1−γ

)

≤ argmax
0≤c≤1

f

(

c, (1− c) E
[

b1−γs′,T−1R(π
∗
sT )

1−γ
∣

∣

∣ s
]

1
1−γ

)

= csT .

Therefore the saving rate out of wealth 1− csT is lower in collateral equilibrium

than in autarky.

The growth rate of the economy is the saving rate out of wealth 1−csT times

the cross-sectional average portfolio return. If there is only one technology, the

investment portfolio θ is always 1, whether in autarky or in collateral equilib-

rium. Since asset-backed securities merely transfer wealth across agents (and

wealth can be destroyed upon default), the cross-sectional average portfolio re-

turn in collateral equilibrium is always less than or equal to that in autarky.

Therefore the economic growth is lower in collateral equilibrium when there is

only one technology.

A.4 Power law

Proof of Theorem 4.1. For w > 0 and 0 < p < 1, define

Np(w) = ⌊−w/ log(1 − p)⌋ ,

the integer part of −w/ log(1 − p) > 0. Then Np(w)→∞ and pNp(w)→ w as

p→ 0. Hence by assumption we obtain

p
1
2

Np(w)
∑

n=1

(Xn + p
1
2 an)

=
√

pNp(w)
1

√

Np(w)

Np(w)
∑

n=1

Xn + pNp(w)
1

Np(w)

Np(w)
∑

n=1

an

d−→ √wσZ + wa (A.7)
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as p→ 0, where Z is a standard normal variable. Now, if W is a standard expo-

nential variable independent of {Xn}∞n=1, the distribution ofNp(W ) is geometric

with mean 1/p. To see this, note that

Pr(Np(W ) = k) = Pr(k ≤ −W/ log(1 − p) < k + 1)

=

∫ −(k+1) log(1−p)

−k log(1−p)

e−wdw

= (1− p)k − (1− p)k+1 = (1− p)kp.

Therefore by (A.7) we obtain

p
1
2

νp
∑

n=1

(Xn + p
1
2 an) = p

1
2

Np(W )
∑

n=1

(Xn + p
1
2 an)

d−→
√
WσZ + aW. (A.8)

The characteristic function of
√
WσZ + aW is

E
[

exp(it(
√
WσZ + aW ))

]

= E
[

E
[

exp(it(
√
WσZ + aW ))|W

]]

=

∫ ∞

0

eiatw− 1
2
σ2t2we−wdw

=
1

1− iat+ σ2t2

2

, (A.9)

which is the characteristic function of AL(0, a, σ) in (4.4). (4.5) follows from

(A.8) and (A.9).

Proof of Theorem 4.2. Letting p = δ∆t, the number of time periods unit i

has been alive is Nit = min {νp, t/∆t}, where νp is distributed as a geometric

random variable with mean 1/p. By (4.7) and (4.8), the log size of unit i at

time t is given by

logSit = logS0 + p
1
2

Nit
∑

n=1

(

Xi,t+∆t−n∆t/
√
δ + p

1
2Xa,t+∆t−n∆t/δ

)

. (A.10)

Conditioning on the history of aggregate shocks Ft = σ({Xas}s≤t), letting ∆t→
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0 and t→∞ in (A.10) and applying Theorem 4.1, we obtain

logSit
d−→ AL(m, a, σ),

where the mode is m = logS0 and a, σ are given below. Since

1

N

N
∑

n=1

Xa,t−n∆t →
1

t

∫ t

0

Xas(ω)ds

(the time average of growth rate of size) forN = t/∆t as ∆t→ 0, the asymmetry

parameter is

a = a(ω) = lim
t→∞

1

δt

∫ t

0

Xas(ω)ds =
µS(ω)

δ
. (A.11)

By a similar argument, the scale parameter σ = σ(ω) satisfies

σ(ω)2 = lim
t→∞

1

δt

∫ t

0

E[X2
is|Fs](ω)ds =

σS(ω)
2

δ
. (A.12)

Substituting (A.11) and (A.12) into (4.5), the cross-sectional size distribution

is approximately double Pareto with mode S0 and power law exponents α, β,

where −α and β are solutions to (4.9).
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