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Abstract

In this paper we propose new approaches to estimating large dimensional monotone index models.
This class of models has been popular in the applied and theoretical econometrics literatures as they
include discrete choice, nonparametric transformation, and duration models. The main advantage
of our approach is computational: in comparison, rank estimation procedures such as proposed
in Han (1987) and Cavanagh and Sherman (1998) optimize a nonsmooth, non convex objective
function, and finding a global maximum gets increasingly difficult with a large number of regressors.
This makes such procedures particularly unsuitable for “big data” models. For our semiparametric
model of increasing dimension, we propose new algorithm based estimators involving the method
of sieves and establish asymptotic its properties. The algorithm uses an iterative procedure where
the key step exploits its strictly convex objective function. Our main results here generalize those
in, e.g. Dominitz and Sherman (2005) and Toulis and Airoldi (2017), who consider algorithmic
based estimators for models of fixed dimension. We extend our method to estimate multivariate

versions of these large dimensional models.
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1. Introduction

Monotone index models have received a great deal of attention in both the theoretical and
applied econometrics literature, as many economic variables of interest are of a limited or
qualitative nature. A leading special case in this class is the binary choice model which is

usually represented by some variation of the following equation:

where I[-] is the usual indicator function, y; is the observed response variable, taking the
values 0 or 1 and x; is an observed vector of covariates which effect the behavior of y;.
Both the disturbance term ¢;, and the vector [, are unobserved, the latter often being the

parameter estimated from a random sample of (y;,z}) i =1,2,...n.

The disturbance term ¢; is restricted in ways that ensure identification of §y. Parametric
restrictions specify the distribution of €; up to a finite number of parameters and assume it is
distributed independently of the covariates x;. Under such a restriction, y can be estimated
(up to scale) using maximum likelihood or nonlinear least squares. However, except in special
cases, these estimators are inconsistent if the distribution of ¢; is misspecified or conditionally
heteroskedastic. Semiparametric, or “distribution free” restrictions have also been imposed
in the literature, resulting in a variety of estimation procedures for y. The first was the
“maximum score” estimator proposed in Manski (1975). Identification of fy was based on a
conditional median restriction, and based on that Manski (1975), Manski (1984) established
the estimator’s consistency. Kim and Pollard (1990) established its rate of convergence and
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limiting distribution, which were n~'/3 and non-Gaussian, respectively.

A main drawback of the estimator is its computational difficulty. This arises from the
objective function in Manski (1975) being nonsmooth and nonconvex. This makes finding

a global optimum a formidable task. Furthermore the problem becomes more difficult the



larger the dimension of x;.

Alternative semiparametric restrictions used in the literature were based independence /index
restrictions. Estimation procedures under this restriction include those proposed by Han
(1987), Ichimura (1993), Klein and Spady (1993b). These also have the robustness advan-
tage over parametric approaches, but like maximum score are difficult to compute due to
nonconvexity of their respective objective functions, and once again the difficulty increases
with the dimension of x;. Recent work which is motivated by computational concerns is Ahn
et al. (2018). However, their two step procedure involves a fully nonparametric estimator in

the first stage, so is also not suitable for models with a large number of regressors.

Consequently, a related drawback of all these procedures is that they are designed to esti-
mate parameters in models of a small and fized dimension. A relatively recent and thriving
literature in econometrics and machine learning is recognizing the many advantages of allow-
ing for large dimensional models. Such models have a particularly well empirical motivation
in binary or discrete choice models. For example, in the decision whether or not to purchase
a particular good, explanatory variables would include prices of of other goods which are

substitutes or compliments, which could be a large set.

This is a special case of models that consider the situation when the dimension of x; is
large, and this is now often modeled with its dimension increasing with the sample size. Due
primarily to its empirical relevance there has been a burgeoning literature on estimation and
inference in certain econometric and statistics models with a large number of regressors or a
large number of moment conditions. Examples include work in Belloni et al. (2018), Belloni
et al. (2014b), Caner (2014), Cattaneo et al. (2018a), Cattaneo et al. (2018b), Chernozhukov
et al. (2017), Van de Geer et al. (2014), Han and Phillips (2006), Mammen (1989), Mammen
(1993), Newey and Windmeijer (2009), Portnoy (1984), Portnoy (1985).

Particularly related to the work in our paper of estimating large dimensional binary choice



or monotone index models are the recent contributions in Sur and Candes (2019), Fan et al.
(2020), and Dominitz and Sherman (2005). Sur and Candes (2019) considers inference in a
large dimensional logit model, relying on the logistic distribution of the disturbance term.
As is the case with all parametric approaches, estimates and inference results are not robust

to such a rigid distributional specification.

In contrast, the approach in Fan et al. (2020) is semiparametric, and robust to distribu-
tional misspecification. They estimate parameters by optimizing at the objective function
introduced in Han (1987), but with the number parameters increasing with the sample size.
But unfortunately, such and related estimation procedures cannot be implemented in large
dimensional models. This is still the case even with recent developments in algorithms and
search methods for optimizing non smooth and/or non convex objective functions. See for
example important recent work based on mixed integer programming (MIP) as in, e.g. Fan

et al. (2020) and Shin and Todorov (2021).

Also related is the work in Dominitz and Sherman (2005), who consider an algorithmic
based estimator for parameters in a class of monotonic index models. Like in our paper the
motivation of their approach over existing methods is computational. But they focus on the
fixed dimension case, and impose a shape restriction on the disturbance term which restricts

the class of models compared to the existing semiparametric literature.

Therefore, in light of the drawbacks in the existing literature, this paper proposes a new esti-
mation procedure to address this omission in this literature. Specifically we aim to construct
a computationally feasible estimator for a semiparametric binary choice and monotone index
models with increasing dimension and establish its asymptotic properties. As we will discuss
in detail in the next section, our algorithm uses an iterative estimator based on a stochastic
gradient descent method(SGD), and we show how to use the method of sieves (Chen (2007))

to approximate the distribution in each stage of the iteration.?

2 Alternative nonparametric methods could also be used. One example is kernel regression on the index. This



The rest of the paper is organized in follows. In the next section we further discuss the mod-
els and parameters we wish to estimate and provide a brief literature review, highlighting
important related work in the econometrics, computational and computer science literatures.
In doing so we will compare the relative advantages and disadvantages from both theoretical
and computational viewpoints. Section 3 then introduces our algorithmic based estimators.
Section 4 then explores the asymptotic properties of this procedure, and provides detailed
regularity conditions on the sieve space and basis functions, as well as those on the dimen-
sion space of the regressors. Section 5 further explores the finite sample properties of the
estimator via a simulation study. Section 6 concludes by summarizing and future work, such

as discussing other models for which similar algorithm based estimators can be applied to.

2. Model and Related Literature

Generally speaking, the class of models we will consider estimating are often referred to
as monotonic transformation models. One such variant was introduced in Han (1987). We

express this model as the equation:

Yi = T(Iéﬁm €) (2.1)

Where y; is an observed scalar dependent variable, z; is an observed vector of covariates of
fixed dimension p, and ¢; is an unobserved scalar disturbance term. T'(-,-) is an unknown
transformation function assumed to be monotonic in each of its arguments. [, is an unknown
p dimensional vector of regression coefficients, often the parameter of interest to identify
and estimate from a random sample of (y;, z;). The popularity of class of models is that
that it nests many special cases that arise in the literature. This includes binary choice

models discussed in the previous section but also , censored regression models and duration

is in one sense appears similar to profile methods used in Ichimura (1993) and Klein and Spady (1993a).
But in fact since our algorithm preserves convexity throughout it converges to a global optimum in contrast
to theirs, which are very difficult to implement.



models with unknown baseline hazard functions. Identification of 3, is usually based on the
assumption that €; has an unknown distribution that is is independent of x;. To estimate
Bo, Han (1987) proposed the maximum rank correlation estimator. This involved optimizing

the objective function:

G.(B) = ﬁ ZI[%‘ >y [ > 2] (2.2)
i#]

He showed the optimizer, subject to a scale normalization was consistent and Sherman (1993)
established root-n consistency and asymptotic normality, under standard regularity condi-
tions. Variants of the model and the estimator include work in Abrevaya (1999), Abrevaya
(2000), Khan and Tamer (2007), Abrevaya et al. (2010), and more recently Khan et al.
(2019) and Fan et al. (2020). While a desirable feature of the original MRC estimator was
the generality of the class of modes that could be estimated, a major drawback was its
implementability. The objective function is nonsmooth and non concave, making finding a
global maximum virtually impossible when the dimension of z; is sufficiently large. Recent
advances in optimization routines such as mixed integer programing, used in, e.g. Fan et al.
(2020) and Shin and Todorov (2021) are very valuable, they do not completely solve the
problem as it still the case that optimization is np “hard”, where n is the sample size and p
is the dimension of x;- see, e.g. Shin and Todorov (2021) for a detailed discussion on this.
Other estimation procedures for this model that are not rank based include Cosslett (1983),
Ichimura (1993), Ahn et al. (2018). As is the case with the MRC estimator they are not well

suited for z; having a moderately large dimension.

Cosslett (1983) proposes an algorithmic estimator based on MLE and includes include two
steps. First he approximates the distribution of the error using basic distribution functions,
second he estimates § via MLE and repeats the process until convergence. However, the
estimators involves finding the maximum of a non-concave function. This is computationally
hard because while one can use grid search to find the maximum, with more than just a few

regressors it’s almost impossible to implement those methods in practice. As mentioned



previously, more modern methods such as MIP (Shin and Todorov (2021)) alleviate but do
not completely solve this problem. Ichimura (1993) also involves a non convexity objective
function in the iterative NLLS procedure. Ahn et al. (2018) involves two steps each of which
is closed form. However, it also cannot be used in large dimensional models due to the fully

nonparametric procedure in the first stage.

In this paper to address this omission in the literature, we propose a new iterative estimation
procedure that is based on the stochastic gradient descent method( SGD). Furthermore we
establish its asymptotic properties, specifically its convergence rate and limiting distribution.
One requirement of existing SGD algorithms is that the error distribution is known so we
instead use a sieve method to approximate the distribution. As we will explain, first we
use their algorithm to estimate [ as if the error is logit distributed, second we use a sieve
method, for example Series Logit Estimator(SLE) to get the estimation of the distribution
of error.® Finally we use their algorithm to estimate 3 again using the estimated distribution
and repeat until convergence. As we explain in detail below, we use the gradient method
to get the maximum of each iteration, since our SLE is based on logit MLE that is globally

convex in the parameters.

Algorithmic based approaches to estimate 3 in parametric models can be found in the com-
puter science literature. Kalai and Sastry (2009) used monotonic regression. While their
method is simple and fast in programming, they do not prove convergence. Agarwal et al.
(2013) propose an estimator based on Kalai and Sastry (2009). They proved consistency but

the estimator required the underlying distribution function be known.

Our iterative estimator is distinct from, but relates to Agarwal et al. (2013) and SGD,
which (unlike ours) requires the knowledge of the error distribution. In their setting the

SGD estimator is easy to compute because the algorithm of updating [ is linear since the

3The choice of sieve estimator is crucial as not all methods ensure the distribution function estimator is
monotonic. Monotonicity is crucial for the convexity of our objective function within the algorithm. Chen
et al. (2011) show how Bernstein polynomials can be used to ensure monotonicity.



objective function is convex. It is one type of a Newton Raphson procedure and an example
of the stochastic approximation method of Robbins and Monro (1951). In related work to
that, Toulis and Airoldi (2017) propose implicit SGD estimator and derived its the limiting

distribution.

What makes our iterative procedure distinct from all of these is it is not based on the
assumption of a known error distribution®. Instead, our iterative method uses the method
of sieve to estimate the unknown distribution. The method of sieves, proposed in, e.g.
Grenander (1981) uses a sequence of finite-dimensional spaces, which is called the sieve space,
to approximate an unknown infinite-dimensional space. The complexity of sieve space should
increase with the number of observations and the sieves should be dense in the unknown

space.

In our algorithm, we will use Series Logit Estimator(SLE), which is also used in Hirano et al.
(2003) when they estimate the propensity score function in a treatment effect model. It is a
special case of sieve MLE proposed by Geman and Hwang (1982), and they proved the con-
sistency of sieve MLE with i.i.d data. For dependent and heterogeneous data, White (1991)
provide a more detailed analysis. Hirano et al. (2003) use logistic model with power series.
They only require some smoothness properties of the unknown distribution. Our estimator
is similar to their two-step sieve estimator, but is iterative. It starts with modeling the
unknown function nonparametrically and then estimates the parametric part with GMM or
MLE. Under some regularity conditions, the parametric part of their two-step sieve estimator
can get /n—asymptotic normality, see Chen (2007), Chen et al. (2003) for more discussion.
As for the nonparametric part of sieve estimator, like Chen (2007) pointed out rates of

convergence and limiting distribution theory for smooth functionals can be established.

Our estimator can extend to high dimensional cases. By high dimension we mean as the

4Distribution free algorithmic approaches distinct from what we propose in this paper and based on different
assumptions include work by Dominitz and Sherman (2005), Gamarnik and Gaudio (2020), Lanteri et al.
(2020).



sample size increases to infinity, the number of regressors can also increase to infinity. Fan
et al. (2020) propose general rank estimators in high dimensions. They apply the estimator
to Han’s MRC and obtain consistency if p,/n — 0 is satisfied, where p,, is the number of
covariates and is growing with the number of observations n. Under a the more restrictive
condition that p,?/n — 0, they attain asymptotic normality of the estimator. However, for
implementation they use the algorithm by Wang (2007), which still suffers from the compu-
tational problems when the dimension is large, like many simplex search based algorithms,

such as in Nelder and Mead (1965).

Sur and Candes (2019) consider logistic regression in high dimension. They find an area in the
parameter space where MLE exists and they also explore what they call the ’average’ behavior
of the MLE, i.e, the true parameters are centered around a multiple of true parameter and
the asymptotic variance of the MLE are also centered. As our estimator involves logit MLE

inside the iteration we can apply some useful results from Sur and Candes (2019).

3. Estimation Procedure

In this section we introduce our algorithmic based estimator, establish its asymptotic prop-
erties and state the assumptions the theory is based on. For ease of illustration, we will focus
on the binary choice model, but the algorithm based estimator and its asymptotic properties

we discuss below easily carry over to the general monotone index model.

yi =1{z] By > &} i=1,2,.n (3.1)

7; is a p dimensional regressors whose transpose denoted by z!, 3y is a vector of length of p,
1 is an indicator function and € is an unobserved random variable. The distribution of € must

satisfy some assumptions to make the estimator consistent. Specifically, we assume that it



is J-Lipschitz condition, i.e, 0 < g(b) — g(a) < J * (b — a) for all @ < b, where g : R — R is
the CDF of error. Also here we z; are some continuous random variables. Suppose we have

n observations, each observation x; is a p x 1 estimator.

First, we introduce the explicit stochastic gradient descent estimator(SGD), the estimator is
a special example of stochastic approximation Robbins and Monro (1951), The following is
the SGD algorithm, where we denote iterations by the letter k, k = 1,2,...K(n), recalling n

denotes the sample size.

Algorithm 1 SGD estimator g(-) known

1: Starting with initial guess f, and starting with k = 1, set S = C, where C}, is a PP
matrix. R

2: Set Dy, = (9(xf Br_1) — yr) * z1

3: Update Bk = kal — ’ykflkf)k , where v is a “learning parameter”, whose properties we
discuss below.

4: Go back to Step 1 and set k = k + 1.

5: Repeat until you get BK.

We alter the SGD algorithm to find a minimum value for a convex loss function.

g(.) is a non-decreasing function, then according to Lemma 1, there exists a function G :

R — R such that G' = g and G is a convex function.

C(B; (z,)) = G(a"B) —ya' B (3.2)

The loss function is similar to that proposed by Agarwal et al. (2013). Notice that the loss

function is convex in 3 since G is convex. Now the k;, SGD updating for 3 becomes:

B = Bt — wCkVC(Br—1; (Tr ) (3.3)
So replacing Step 3 in the above algorithm this way, our SGD estimator at the K** iteration
as BK'

But this algorithm is for the case with known error distribution. In our model since it

is unknown, we use the method of sieves to get a feasible semiparametric estimator. The



following is the ky, sieve SGD group updating for g, with £ =1,2,...K.

Br = Pro1 — %Ck% > VG (Beors (w1, 31) (3.4)

where fk_l(ﬁk_l; (x;,y;)) is the estimation for C(Br1; (x;,:)) using logistic series estimation.

The following details each step of this algorithm :

Algorithm 2 SieveSGD group estimator

1:

Denote initial estimate of 8y and g(.) as By and go(.), and recall 7 denote transpose of a
vector; calculate Vo (Bo; (i, i) = (Go(xT o) — y:)a; for each i.

In first iteration, use group SGD updating in (4.5) to update Bo to B

Calculate zy; = Bl xx; foreachi=1,2,..n

Using the full sample of n observations, calculate logistic regression of y; on index 7} +
2uT + 257y + .. + 257, to get estimation of error distribution g(.)(here ¢ relates to
order of sieve approximation)

Calculate VG (By; (x4, 3:)) = (L(7L + 2157t 4+ 2275 + .. + 21i7y) — yi)x; for each i, where
L(.) denotes the CDF of logistic distribution.

Go back to 2 to get next iteration and repeat. So in general, in ky, iteration, use group
SGD updating (4.5) to calculate £

Calculate z; = Bk xx; for each i, and calculate logistic regression of y; on index ﬁg +zki7~rf—|—
Zp 5 4 ...+ 2] to get estimation of error distribution g(.), calculate VE(Br; (x5, 1:)) =
(L7 + 2Tt} + 2pT5 + ... + 2078 ) — yq)a; for each 4.

Set k = k + 1 and repeat step 5 and 6 until you get to K and BK

We denote the SSGD estimator as BK.

10



Finally we introduce a third algorithmic based estimator, also using the method of sieves.

Basically this just averages all the K estimates computed in the previous algorithm.

Algorithm 3 SieveSGD average estimator

1: Initially guess 8y and g(.) as By and 9o(.), calculate Vgo(go; (i, 4i) = (%(I?Bo) — i)
for each i = 1,2, ...n.

2: In first iteration, use group SGD updating 4.5 to update Gy to 5

3: Calculate z;; = Bl xx; foreachi=1,2,.n

4: Calculate logistic regression of y; on index g+ 21,71 + 23,75 + ...+ 2,7, to get estimation

of error distribution g(.)(here ¢ is the tuning parameter), calculate V¢ (5y; (i, 4:)) =
(L(Tg + 2zumt + 23,75 + ... + 21;7)) — yi)a; for each i.(L(.) is CDF of logistic distribution)

5: Go back to 2 to update B; to > and repeat. In ky, iteration, use group SGD updating
4.5 calculate f3.

6: Calculate z;, = Bk, x x; for each i, calculate logistic regression of y; on index 7?’5 +
2T+ 2T + .+ 2] to get updated estimation of error distribution g(.), calculate
VGo(Brs (w1, 9i)) = (L(FE + 2k + 22,75 + ..+ 2075) — ), for each i.

7: Repeat step 5 and 6 until you get BK

8: Lastly, calculate the average of the K estimates, Bk =1,2, .. K.

k=K—t
Bk = ﬁ k=1 Dk

We denote this averaged estimator, ASSGD, as fk.

To establish the validity of our algorithmic based estimators we use the assumptions that

are similar to Toulis and Airoldi (2017).
Assumption 3.1. {y} = k™", where v, > 1 is the learning parameter, v € (0.5, 1].

Assumption 3.2. function g(.) satisfies J-Lipschitz conditions, i.e, 0 < g(b) — g(a) <

J*(b—a) and g(.) is non-decreasing and differentiable almost surely.

Assumption 3.3. The matrix fl(ﬁ) = x;x] has mnonvanishing trace, that is , there exists
constant b > 0 such that trace(I;(8)) > b almost surely, for all 8. The matriz I(8) =
E(I;(8y)), has minimum eigenvalue Ap > 0 and mazimum eigenvalue V< . (These are

standard conditions- see, e.g. Lehmann and Casella (2006), Theorem 5.1,page 463).

Assumption 3.4. C}, is a fized positive-definite matriz, such that C, = C+O(~,), where||C|| =
1, C = 0 and symmetric, and C commutes with 1(3). Every Cy has a greatest eigenvalue X,

and smallest eigenvalue ).

11



Our first theoretical result is for the SGD algorithm, which is for the parametric model as it

is based on knowing the error distribution.

Theorem 1. Under assumptions 3.1-3.4, assume K = n, use SGD algorithm 1 we get

802(1 4 21AA )

n~' + exp(—log(1 + 271Acﬁf1)¢(”))[||80 — Boll + (1 + 271224 ) " A]
271A0Af1

El|Sx — Bol|? <

with n sufficiently large, where A = 4Xi > < 0o and ¢(n) = n'7 if v € (0.5,1] and

¢(n) =logn if v = 1. ng is some constant.

Remark 1. Thus the above theorem establishes that estimator based on the first algorithm is
consistent and can converge at the parametric rate. While interesting as it can apply to any
parametric model, and not just logit or probit to yield a computationally tractable estimator
for a wide class of models, it is limited in scope when compared to distribution free estimators

discussed earlier in the paper.

To establish asymptotic properties of our SSGD algorithm based estimator for semiparamet-
ric models, we impose the following additional conditions. They are primarily for the sieve

component in our algorithm and similar to those in Hirano et al. (2003)
Assumption 3.5. the support X of X is a compact subset of RP.
Assumption 3.6. the cdf g(.) is s times continuously differentiable, with s > 4.
Assumption 3.7. the cdf g(.) is bounded away from zero and one on X.
Assumption 3.8. the density of X is bounded away from zero on X.
Assumption 3.9. ¢ — 0o asn — oo and ¢/n — 0.

With these assumptions we have the following result for our algorithmic based estimator for

the semiparametric binary choice and monotone index models:

12



Theorem 2. Under assumptions 3.1-3.4 and 3.6-3.10, assume g = 0. By setting ne <
K(n) < n%,using sieve SGD group algorithm 2 we get

2(C1v/Cy + 4Xio§)(1 + 2712 )
2712

+ exp(—log(1 + 2712 A o) (K (n)))[[|Bo — Bol| + (1 + 2712 A )"0 Al

E|Bxm) — Boll* < (K (n))™

with n sufficiently large, where A = (C1v/Cq + 4Xia§) i < 00,0(K(n)) = K(n)t7 iof

v <1 and ¢(K(n)) = log(K(n)) if v = 1. ng is some constant.

Remark 2. Thus we can conclude that our algorithmic based estimator for the regression
coefficients in the semiparametric models are consistent and can indeed converge at the para-
metric rate. This is a main advantage of our approach compared to the existing literature,
as our algorithm is designed to be implementable with many regressors, in contrast to rank
based estimators and closed form estimators which require nonparametric estimation in the

first stage. The result shows that this does not come at a cost of a slower rate of convergence.

The next theorem establishes limiting distribution for the algorithmic estimator for models

of fixed dimension.

Theorem 3. Under assumptions 3.1-3.4 and 3.6-3.10, assume o = 0. By setting K(n) =n

and v € (0.5, 1),using sieve SGD average algorithm 3 we get

V(B — Bo) = N(0,5; 1515, )

where ¥y = Bg(xf Bo)(1—g(x fo))wray and Xy = By’ (i Bo)xray — f(xf Bo), where f(xf Bo)) =
lim 2, RY(z! Bo)TERY (21 B*)g' (2 Bo)xT and RY(zLBy) is orthogonal polynomial function of
q—00

1

x1 By, and RY(xf By) denotes its derivative.

While the previous result is desirable it is limited in the sense that it is based on models of
fixed dimension. This is in contrast to some of the recent literature designed for big data sets

which are modeled as the dimension increasing with the sample size. To attain a result for
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these models, we impose the following additional assumptions on p, the number of regressors,

which now depend on n.:

Assumption 3.10. var (2T ) is bounded.

Assumption 3.11. p — 00 as n — 0o and p/n — 0 where p is any positive number.
Assumption 3.12. p — oo as n — oo and p*/n — 0 where p is any positive number.
With these additional conditions our next result establishes rates of convergence for the
algorithmic estimator.

Theorem 4. Under assumption 3.1-3.4 and 3.6-3.12, using sieve SGD group algorithm 2
and vo = 0 and by setting nz < K(n) < ny with pK(n)™" — 0,we get

2(Cs/TiCs + AXe0?) (1 + 290 p)
b
271A0Af2

+ eap(—log(L + 2mAAp) (K (0))[I18o — Bol| + (1 + 271122 p)" A]

E||Bx(m) — Bol* < K(n)™"

with n sufficiently large, where A = (C35v/C4Cs + 4Xiag) > < oo and ¢(K(n)) =
(Km)'*™if 1 —~ > 0 and ¢(K(n)) = log(K(n)) if 1 —v = 0. v € (0.5,1]. ng is some

constant.

Next, we state conditions for the limiting distribution theory of sieve based algorithm esti-

mator

Theorem 5. Under assumption 3.1-3.4 and 3.6-3.13, by setting K(n) = n and choosing
v € (0.5,1) and #2—1 — 0 — 0,using sieve SGD average algorithm 3, assuming vo = 0 and
xp are independent across each regressor, for any s € RP with ||s|| = 1 we get ||Bx — Bol| =
op(\/B), and

(B — Bo)

- — N(0,1
(252125 Y6)2 01
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where ¥ = Eg(xT By)(1—g(xf Bo))zpri and Xy = By’ (2l Bo)zpal — f(xF Bo), where f(z} o)) =
lim R (z! Bo)"ERY (x Bo)g (T Bo)x!l and R (x] By) is orthogonal polynomial function of
q—00

21 By, and RY(xLBy) denotes its derivative.

4. Extensions

One of the advantages of our proposed procedures is it can be used for more complicated
models involving a binary equation with many regressors, in which case rank based proce-
dures would be difficult to implement. Examples of these models include ones studied in
Manski (1987), Abrevaya et al. (2010), Khan and Tamer (2007), Khan et al. (2019), Khan
et al. (2020), for binary choice panel data models, triangular binary systems, duration mod-
els, multinomial choice models, and partially identified transformation models, respectively.
In this section we propose a new algorithmic based estimator for a the multinomial choice
model in Khan et al. (2019), a binary choice model with fixed effects a binary choice model

with sample selection.

4.1. Censored Duration Models

Duration models have seen widespread use in empirical work in various areas of economics.
This is because many time-to-event variables are of interest to researchers conducting em-
pirical studies in labor economics, development economics, public finance and finance. For
example, the time-to-event of interest may be the length of an unemployment spell, the time
between purchases of a particular good, time intervals between child births, and insurance

claim durations, to name a few.

Since the seminal work in Cox (1972), Cox (1975), the most widely used models in dura-

tion analysis are the proportional hazards model, and its extension, the mixed proportional

15



hazards model, introduced in Lancaster (1979). These models can be represented as mono-
tonic transformation models, where an unknown, monotonic transformation of the dependent
variable is a linear function of observed covariates plus an unobserved error term, subject to

restrictions that maintain the (mixed) proportional hazards assumption.

The monotonic transformation model in its most basic form is usually expressed as
T(y) =aifo+e i=1,2,..n (4.1)

where (y;, 2)" is a (p+1) dimensional observed random vector, with y; denoting the dependent
variable, usually a time to event, and z; denoting a vector of observed covariates. The random
variable ¢; is unobserved and independent of x; with an unknown distribution. The function
T(-) is assumed to be monotonic, but otherwise unspecified. The p-dimensional vector [,
is unknown, and is often the object of interest to be estimated from a random sample of n

observations.

Duration data is often subject to right censoring for a variety of reasons that are usually a

consequence of the empirical researcher’s observation or data collection plan.

When the data is subject to censoring the variable y; is no longer always observed. Instead
one observes the pair (v;, d;) where v; is a scalar random variable, and d; is a binary random

variable. We can express the right censored transformation model as
T(v;) = min(z;f + €, ¢;) (4.2)

where I[-] denotes the indicator function, and ¢; denotes the random censoring variable. We
note the censoring variable need not always be observed, as would occur in a competing risks

type setting (see, e.g. Heckman and Honoré(1990)).

Here wish to allow for the presence of covariate dependent censoring, i.e., in the case where

¢; can be arbitrarily correlated with x;. This would be in line with the form of censoring
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allowed for in the Partial Maximum Likelihood Estimator (PMLE) introduced in Citecox2.
Since the censoring variable need not be restricted to be a function of the index, this model

no longer fits intro the framework of single, monotone index models.

Nonetheless, Khan and Tamer (2007) sowed that the regression coefficients f, could still
be identified and estimated because properly transformed variables could indeed satisfy a
monotone index condition. After such a transformation they proposed what they referred
to as a partial rank estimator. Like the rank estimators referred to at the beginning of this
paper, it involved optimizing a non smooth, yonconvex objective function, And so was to

suitable for large dimensional models. This motivates our algorithmic based approach.

To illustrate how to construct it for this model, we first transform the observed variables,

v;, T, d; as done in Khan and Tamer (2007):

Yoi = Ui (4.4)

yii = dw;i+ (1 —d;) - (+o0)

They then showed that for a pair of distinct observations, 4, j that the probability P(y; >
Yo;|%i, ;) is monotonic in the index (x; — ;)" fy) This motivated a constructive identification
result and a rank based estimation procedure. A drawback of this procedure was compu-
tational, because like the original MRC the objective function was non smooth and non
concave. This motivates an algorithmic procedure similar to before, but with the following
adjustments for this model, and that is based on splitting the sample into pairs (1,n),(2,n-1),

ete.

Let ysoi = I[y1i > Yom—ivny] 1 =1,2,..n/2.

Let 55 = (2 — Tp—it1).
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Here the ky;, sieve SGD group updating for 5, with £k =1,2,...K.

n/2

By = Br_1 — 'chk% Z Vi1 (Brot; (Tssir Yssi)) (4.5)
=1

where V&H (ﬁk,l; (Zssiy Yssi) ), defined in detail below is the estimation for V((Bk,l; (Zssiy Yssi))

using logistic series estimation described below.

1: Denote initial estimate of 8, and error distribution g(.) as 8y and go(.), use standard
logit for go(.), and recall T denote transpose of a vector; calculate VEO(BO; (Tssiy Yssi)) =
(gg(xz;i,éo) — Yssi)Tssi for each i =1,2,..n/2.

2. In first iteration, use group SGD updating in (4.5) to update 5y to 54

3: Calculate 2145 = Bl % Tgq; for each i =1,2,..n/2

4: Using the sample of n/2 observations, calculate logistic regression of ys; on index 7§ +
216571 + 22, Ta + o+ zfssiﬁ; to get estimation of error distribution g(.)(here ¢ relates
to order of sieve approximation)

5: Caleulate VC (Br; (Tasi, Yssi)) = (L(FL + 215567} + 22070 + ...+ 21 Ty) = Yssi)Tssi for each
i, where L(.) denotes the CDF of logistic distribution.

6: Go back to 2 to get next iteration and repeat. So in general, in ky, iteration, use group
SGD updating (4.5) to calculate [

7. Calculate z,; = Bk % Tgs for each 4, and calculate logistic regression of y,; on index
To + 2y 4+ ZETE 4+ L+ zgiﬁf; to get estimation of error distribution g¢(.), calculate
VG (Br (Tosi, Yssi)) = (L(FE + zpaith + 275 + . + ZpTN) = Yssi) Tssi for each i.

8: Set k = k + 1 and repeat step 5 and 6 until you get to K and Br.

We denote the SSGD estimator as Sx.

4.2. Multinomial Choice

We consider the standard multinomial response model where the dependent variable takes
one of J + 1 mutually exclusive and exhaustive alternatives numbered from 0 to J. Specif-
ically, for individual ¢, alternative j is assumed to have an unobservable indirect utility y;;.
The alternative with the highest indirect utility is assumed chosen. Thus the observed choice

y;; can be defined as

Yij = 155 > Yip: Yk # J]
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with the convention that y;; = 0 indicates that the choice of alternative j is not made by
individual 7. As is standard in the literature, an assumption of joint continuity of the indirect
utilities rules out ties (with probability one). In addition, we maintain the familiar linear

form for indirect utilities®

y;(O = 07

y:j :ZL’ngO—GZ'j, ] = 1,...,J, (46)

where [ is a p-dimensional vector of unknown preference parameters of interest whose first
component is normalized to have absolute value 1 (scale normalization). Note that for
alternative j = 0, the standard (location) normalization y}; = 0 is imposed. The vector
€; = (€1, .-, €;7)" of unobserved error terms, attained by stacking all the scalar idiosyncratic
errors €;;, is assumed to be jointly continuously distributed and independent of the p x J-
dimensional vector of regressors z; = (%, ..., x};)'®. We stress that expression (4.6) is rather
general. By properly re-organizing z;;’s and 3y, (4.6) can accommodate both alternative-

specific and individual-specific covariates”

Consider a multinomial response model with 3 alternatives (J = 2) for now where the indirect

utilities for alternatives 0, 1, and 2 are

y;ko = Oa

*

Yi; = 3723‘50 — €y, J=1,2.

This simple model is sufficient to illustrate our approach, which is straightforward to be

applied to data with more alternatives.

50Qur method can be applied to more general models with indirect utilities Yl = uy (xgj Bo, —€ij), 7 = 1,2,
where u;(-,-)’s are unknown (to econometrician) R? — R functions strictly increasing in each of their
arguments. It will be clear that our rank procedure does not rely on the additive separability of the
regressors and error terms.

SWe impose the independence restriction here to simplify exposition. As will become clear below, our
matching-based approach allows ¢; to be correlated with individual-specific regressors.

"See Cameron and Trivedi (2005) p. 498 for a detailed discussion.
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Given the indirect utilities, the observed dependent variables y;; is of the form

Important work for semiparametric estimation of the cross sectional model include include
Lee (1995), who proposes a profile likelihood approach, extending the results in Klein and
Spady (1993a) for the binary response model. Ahn, Ichimura, Powell, and Ruud (2018)
propose a two-step estimator that requires nonparametric methods but show the second step
is of closed-form. Shi, Shum, and Song (2018) also propose a two-step estimator in panel
setups exploiting a cyclic monotonicity condition, which also requires a high dimensional
nonparametric first stage, but whose second stage is not closed-form as Ahn, Ichimura,

Powell, and Ruud (2018) is.

Khan et al. (2019) optimize the objective function

1

Gin(b) = nln—1)

D A = Tma) (Ui — Yma) - sgn((€i1 — Tm1)'D), (4.7)
i#Em

with respect to b. This too is nonsmooth non concave and difficult to implement.

Our algorithmic estimator of 3, using all i**, m** observation pairs is constructed with the

following algorithm. It will involve kernel weights as in Ahn and Powell (1993)
Wim = kn((Tiz — Tim2))
where k(-) is a kernel function and h is a bandwidth sequence and kj(-) =
algorithm involves the following steps:
1. Start with initial guess [y, jo. The second is first guess of the conditional distribution
of €;1 so use say logit.

2. With these initial guesses calculate the p x 1 vector

Vgo(Bmﬂ?il,yil,@im) = (f]o(xgéo) - ?Jil)ﬂfil@im
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4.3.

fori=1,2,..n.

Update 3 as
- - 1 - . .
B =By — ’chkﬁ Z VCo(ﬁo, Ti1, Yi1, wz‘j)

2

where 77 is a “tempering” parameter, C,, is a p X p matrix (could be identity matrix).

. With the updated 8, 81, update go to §; using sieves. Basically updating from logit to

flexible logit. Using all observations do logit, of y;; on polynomial 2;, 2%;, 2{,, where here

21; = 21 f1. Denote the estimated intercept and regression coefficients by 7, 71, ...7,.

Our update g, from gy to g; is
G1(211) = M(Fo + 21471 + 23,70 + .28 7))
where A(-) denotes the logit cdf.
calculate the p x 1 vector
Vé(Bl, Ti1, Yi, Wim) = (MFo + 20471 + 25,70 + . 207,) — yi)witidoy

Go back to 3.

Panel Data Binary Choice Models

Here we consider estimation of a binary choice model with fixed effects. Andersen (1970)

considered the problem of inference on fixed effects linear models from binary response

panel data. He showed that inference is possible if the disturbances for each panel member

are known to be white noise with the logistic distribution and if the observed explanatory

variables vary over time. Nothing need be known about the distribution of the fixed effects

and he proved that a conditional maximum likelihood estimator consistently estimates the

model parameters up to scale.
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Manski (1987) showed that identification of the regression coefficients remains possible if the
disturbances for each panel member are known only to be time-stationary with unbounded
support and if the observed explanatory variables vary enough over time and have large

support.

Specifically, he considered the model:

vir = I{ov + @, Bo + € > 0] (4.8)

where i = 1,2,...n, t = 1,2. The binary variable y;; and the p-dimensional regressor vector
x; are each observed and the parameter of interest is the p dimensional vector ;. The
unobservables are «;, and €;, the former not varying with ¢ and often referred to as the
“fixed effect” or the individual specific effect. Manski (1987) imposes no restrictions on the
conditional distribution of «; conditional on z; = x;1, ;2. His identification result is based

on the condition that

E[?Jiz - yi1|$z‘17 Tio, Yi1 F yn]

is monotonic in (x;5 — x;1)’Fo.

His proposed an estimator of Sy up to a scale normalization that optimized the following
objective function

n

%Z[[%Q # vl |(yi2 — vir) — I[(zi2 — xa)' 6 > 0] (4.9)

=1

As was the case with the rank estimators discussed earlier on in this paper , this estimator is
difficult to compute due to the non smoothness and non convexity of the objective function.
Attaining a global optimum becomes even more difficult the larger the value of p, making

this estimator unsuitable for large dimensional models.
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This motivates our algorithmic procedure we introduce here:

1. Start with initial guess Bo, Go. The second is first guess of the conditional probability

of ;2 = 1,y;1 = 0 conditioning on y;; # yso.
2. With these initial guesses calculate the p x 1 vector
Vo(Bo, Ay, Ay;) = (Go(A}B0) — Ays) Amiw;
fori =1,2,..n. Where Ay; = (yio — yi1), Ax; = (w2 — xa1), wi = Iyin 7 yio)
3. Update ,@ as
B =Py — 71Ck% z:; VCo(Bo, Axi, Ay;)

where 7 is a “tempering” parameter, Cy is a p X p matrix (could be identity matrix),

Ng = E?:l I[y“ # yi2]'

4. With the updated S, Bl, update go to g; using sieves, basically again updating from a
logit to flexible logit. Using all observations, do logit of Ay; on polynomial 2;, 2%, 21,
where z; = Axgﬁl. Denote the estimated regression coefficients by 7, 71, ...7,. Our

updated g, from gg to g is
G1(211) = M(Fo + 21571 + 23,79 + .28 7,)
where A(-) denotes the logit cdf.
5. calculate the p x 1 vector
\/@) (Bo, Az, Ay;) = (A(Fo + 21671 + 2570 + 2 Ty) — Ay Az

6. Go back to 3.
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4.4. Selective Labeling Models

These models arise in the many domains where the observed binary outcomes are themselves
a consequence of the existing choices of of one of the agents in the model. These models
are gaining increasing interest in the computer science and machine learning literatures
where they refer the potentially endogenous sample selection as the selective labels problem.
Empirical settings for such models arise in fields as diverse as criminal justice, health care,
and insurance. For important recent work in this area, see for example Lakkaraju et al.
(2017). The authors there focus on judicial bail decisions, and where one observes the
outcome of whether a defendant filed to return for their court appearance only if the judge
in the case decides to release the defendant on bail. Letting ¢; denote the binary decision to
grant bail, and y; denote the binary outcome of the defendant returning for court appearance,

they consider a model of the form

0or 1, ift; =1
Yi = (4.10)

not observed (NA),  otherwise

This process and the ensuing model can be best explained with the diagram below. The top
node indicates the decision made by the agent (judge in our criminology example) which
corresponds to a yes (t; = 1) or no (t; = 0) on individual i. The other observed dependent
variable, corresponding to the two nodes beneath the top one, is denoted by y;, where
y; € {0,1, NA} and denotes the resulting outcome (return to court in our example). The
selective labels problem occurs because the observation of outcome y; is constrained by the

decision t; made by the judge:
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Decision t;

Yes (t; =1 o (t; =0)
Outcome y; Outcome y;
(yi = 1) (yi =0) (yi = NA)
No failure failure Not Observed

Of course controlling for selection bias has a rich history in the econometrics literature, but
usually for models where the outcome variable after selection is continuous. Seminal work in

the parametric literature is in Heckman (1974) and for a semiparametric approach see Ahn

and Powell (1993).

With the availability of regressors for each of the equations in the binary outcome our

econometric model is of the form:

yi = ti-Ixifo+ e > 0] (4.12)

Wish to first estimate dy, Sy based on a random sample of (t;, w;, y;, ;).

Our proposed way is to first estimate k— dimensional vector dy first and with that, use a
matching as in Ahn and Powell (1993) to estimate 8. We will not use rank in either step
because the dimension of w;, x; are large. To illustrate will assume w.l.o.g. that each are

k x 1 vectors.
Algorithm for estimating dy, which is identical to algorithm discussed in previous section :
1. Start with initial guess 8, go. The second is first guess of distribution of 7;, SO Use say
logit.
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. With these initial guesses calculate the k x 1 vector

Vo (80, wi, di) = (Go(wldp) — t:)w;
fori=1,2,..n.
. Update 0 as

= b0 G S Ve ot

= 0p — - Wi, U4

1 0o— N kn - 0190,

where 7 is a “tempering” parameter, Cj, is a k X k matrix (could be identity matrix).

. With the updated 8, &;, update Jo to gy using sieves. Basically updating from logit

to flexible logit. Using all observations, do logit of d; on polynomial zy;, 23, 2%, where

z1; = wid;. Denote the estimated intercept and regression coefficients by 7o, 71, ... 7.

Our updated g, from gg to g; is

G1(215) = M(Fo + 21471 + 25,70 + ..207,)
where A(-) denotes the logit cdf.
. calculate the k x 1 vector

v€~1<50; wi, t;) = (AM(Fo + 2071 + 2572 + . 2h7,) — t)w;

6. Go back to 3.

Now to estimate [y, we will do something similar, but control for selection bias. Our esti-

mator of B, using all i*", j** observation pairs is constructed with the following algorithm.

It will involve kernel weights as in Ahn and Powell (1993)

where 0 is our first stage algorithmic estimator described above. k(-) is a kernel function

and h is a bandwidth sequence and k,(-) = +k(5). Our second step algorithm involves the

following steps:
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. Start with initial guess Sy, §o. The second is first guess of the conditional distribution

of ¢;, conditioning on 7; > —w.dy, so use say logit.
. With these initial guesses calculate the k x 1 vector

VCo(Bo, i tiy yis i) = (Go(@}Bo) — i) witiloy
fort=1,2,..n.
. Update B as

By = fo— 7101;% Z Véto(g(), Ty iy Y, Wig)

2y}

where 7 is a “tempering” parameter, Cj, is a k X k matrix (could be identity matrix).

. With the updated 3, Bl, update gg to g using sieves. Basically updating from logit

to flexible logit. Using all observations for which ¢; = 1, do logit, of y; on polynomial

214, 2%, 2%, where here 2;; = x/8;. Denote the estimated intercept and regression

coefficients by g, 71, ...7,. Our update g, from gy to gy is
G1(215) = A(Fo + 21471 + 25,70 + ..207,)
where A(-) denotes the logit cdf.
. calculate the k x 1 vector
Vél (Bh T, ti, Yi, Wij) = (A(To + 2171 + 27y 4+ 2bTwy) — Yi )Tt

. Go back to 3.

Implementation of this algorithm involves selection of matching weights, as is often the case

for estimating selection and treatment effect models- see, e.g. Ahn and Powell (1993). As in

there, for consistency of our procedure we require h,, — 0 as n — oo, and further restrictions

to ensure root-n consistency and asymptotic normality of the second stage estimator of 3.
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5. Simulation Study

In this section we explore the relative finite sample properties of our estimation procedure
by presenting the results from a series of Monte Carlo experiments. In the simulation study

we focus on the binary choice model:

v = L{xT By > €}

x; and fy is a vector with length 9, the true value of 3y is {1,1,2,4,5,—1,—2,—4,—5}. ¢
follows either standard normal distribution or cauchy distribution with location equivalent
to 0 and scale equivalent to 1. We set ¢ = 2, which means we use z, 22 and 23 to estimate the
underlying distribution. The number of observations were 5000 or 10000. We calculate the

average time of each experiment, mean bias and root mean square error with 500 experiments.

MRC estimator and MS estimator are not feasible in the binary choice model with more than
3 regressors. We compare our estimator (KLT) with Dominitz and Sherman (2005) (DS),
where they use iterative least square with kernel estimation of the distribution of error, which
in one sense is similar to ours. One major problem with theirs is that there are 3 tuning
parameters in the process and no clear way to choose them in computing the estimator.

TABLE 1. COMPUTATION TIME(SECOND)

KLT DS
Sample size Normal error Cauchy error Normal error Cauchy error
5000 349.896 201.324 758.784 746.196
10000 642.756 400.62

We can see from Table 1 that our estimator requires much less time to compute than the
estimator of Dominitz and Sherman (2005). For the sample size of 10000, the time of our

estimator is around 10 min, which is reasonable and feasible for empirical studies.

Table 2 and Table 3 are the mean bias and root mean square error (RMSE) of our estimator

and their estimator. The mean bias does not decrease with the number of observations may
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TABLE 2. NORMAL DISTRIBUTION COMPARISON

KLT DS
N=5000 N=10000 N=5000
Beta Bias RMSE Bias RMSE Bias RMSE
1 -0.00245 0.074159 -0.00431 0.051545 0.089473 -0.00759
2 -0.00528 0.116748 -0.00543 0.085119 0.128051 -0.00852
4 -0.00383 0.215743 -0.01637 0.156179 0.236556 -0.01471
5 -0.00334 0.264365 -0.02086 0.194141 0.291545 -0.01225

0.001095 0.073209 0.003431 0.051931 0.089551 -0.00076

-2 0.00202 0.119057 0.008036 0.086456 0.128528  0.00513
-4 0.001222 0.214129 0.016845 0.158186 0.236176 0.009738
-5 0.003662 0.263349 0.018584  0.19901  0.289038 0.013762
TABLE 3. CAUCHY DISTRIBUTION COMPARISON
KLT DS
N=5000 N=10000 N=5000
Beta Bias RMSE Bias RMSE Bias RMSE
1 0.009164 0.141747 0.007211 0.102666 0.192022 -0.16365
2 0.011969 0.230573 0.010308 0.167794 0.379245  -0.3429
4 0.028555 0.422073  0.0264  0.289527 0.743516 -0.68575
5 0.046395 0.532154 0.028414 0.359989 0.919298 -0.84691
-1 -0.01341 0.14509 -0.00531 0.103166 0.194638 0.163287
-2 -0.00424 0.228275 -0.01507 0.161979 0.379526 0.345423
-4 -0.03135 0.419305 -0.02808 0.295145 0.735462 0.681659
-5 -0.04541 0.530584 -0.02518 0.371865 0.921918 0.853838
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due to the constant complexity of sieve space. The RMSE of our estimator decrease with
size. The bias and RMSE of their estimator is high and this may be because it’s hard to

select the many required tuning parameters with their procedure.

6. Conclusions

In this paper, we proposed a new estimation procedures for binary choice and monotonic
index models with increasing dimensions. From an empirical perspective the model can be
motivated by models of consumer demand with large consideration sets so prices of many
compliments and substitutes are explanatory variables. Existing estimation procedures for
this model cannot be implemented in practice when the number of regressors is large. In
contrast, our algorithmic based procedure can be used for many regressor models as it
involves convex optimization at each iteration of the procedure. We show this iterative
procedure also has desirable asymptotic properties when the number of regressors increases

with the sample size in ways that are standard in “big data” literature.

Our work here leaves areas for future research. This paper focused on a single equation
binary choice model. It would be interesting to see how the proposed algorithmic estimator
can be extended to nonbinary and/or systems of simultaneous equation models with a large
number of regressors in each equation in each model. For example rank estimators were
proposed for the multinomial choice model was proposed in Khan et al. (2019), but was
difficult computationally when there were many regressors. We aim to see how our approach
in this paper can be adapted to estimate that model and what its asymptotic properties
would be. Similarly, Khan and Tamer (2007) propose a rank estimator for duration models
with general forms of censoring, that was also difficult computationally for large dimensional
models, We conjecture now and aim to show in future work that our approach here is

adaptable for that class of models.
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Finally, our results here concern high-dimensional models where the number of covariates is
at most the same order as the sample size. A recent related literature concerns ultra-high-
dimensional models where the number of covariates is much larger than the sample size. In
those models some form of (approximate) sparsity is imposed in the model- see, e.g., Belloni
et al. (2014a), Belloni et al. (2017). In that setting, inference is conducted after covariate
selection, where the resulting number of selected covariates is much smaller. It would be of
interest to investigate if such an approach for that type of design can be considered using

our method here for large dimensional monotone index models.
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A. Appendix

Lemma 1. Suppose g : R — R is a non-decreasing function, then there exists a conver

function G : R — R such that G' = g.

Proof. Define G(x) = [; g(t)dt, where d is a constant. Then G(z) is convex since G'(z) =

g(x) > 0. O
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Lemma 2. Suppose X is a vx1 vector of random variables X1, X5...X, on product probability
space (2, F,P). P is the product of measures Py, P,...P,. The domain of at least one of
random wvariables is R and the measure of it is continuous. E(XTX) is positive definite

matriz. g(.) is a non-negative continuous function on R. Eg(XTB) > 0 for constant vector

B with length v. Then BEg(XTB)(XT X) is positive definite matrix.

Proof. We know E(XT X) and Eg(X7 3)(X* X) are semi-positive definite matrix. If detE(X7 X) =
0 if and only if there is linear relation between X, Xs...X,, then there is no linear rela-
tion between g(X7T8)X1, g(XT8)X,...9(XTB)X, and we finish the proof.The sufficiency is
obvious and we only prove the necessity. There exists a linear relation among columns
of E(XTX) since detE(X7X) = 0. Denote E(XTX) as [A;, Ay...A,]. Suppose A; =
as *x Ay + az x A3 + ... + a, x A,, where a1, a»...a, are constant, and at least one of them
is not zero.By changing the second column into as % Ay + a3 * A3+ ... +a, * A,, we get a new
matrix denoted as [By, BQ...BU]Q, By changing the second rows into ay* By+agx Bs+...+a,* B,

we get the new matrix, and the first 2 x 2 elements are the following:

E(X12> E(Xi(aeXs + as X3+ ... + a, Xy))
E(Xl(CLQXQ + a3X3 + ...+ ava)) E(CLQXQ + CL3X3 + ...+ ava)z

Then the determinant of the above matrix is 0, then by Hoélder’s inequality, X; = as *x X5 +

as * X3+ ... +a, * X,. ]

Theorem 1. Under assumptions 3.1-3.4, assume K = n we get

SA02(1+ 212, p)
2mAAp

E||Bx — Bol|* < n~t 4 eap(=log(1+ 2mAA )0 () [l Bo — Boll + (1 + 271AA )™ A]

with n sufficiently large, where A = 4Xi > < 0o and ¢(n) = n'7 if v € (0.5,1] and

¢(n) =logn if v = 1. ng is some constant.
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Proof. We start from Eq. (3) and k is the iterative times,

Br — Bo = Br—1 — Bo — CrV¢(Br-1; (k, yr))
then,
18k — Boll* =1 Br—1 — Bol

— 27(Br_1 — BO)TC’kVC(ﬁk_n (Tr, i)

+ 9l Ce V¢ (B (e, yi))IP (A1)
for the third term,
WNCVC(Brers (@, yi)) |
< 19EN0?
its expectation is bounded as
E(illCkVE(Br1s (s y)) %)
< 1EN0?
for the second term,
E(—27(Br—1 — 50)" Ce V¢ (Br—1; (x, yr)))
= —2%E((Br-1 — Bo)" CuVC(Brr; (1, u)))
= —2%E((Br—1 — Bo) " ChVh(B—1; (xr, wr)))  [whereVh(Be—1; (wr, yr)) = E(VC(Brr; (Ths Y) | Fi1)]

= —2%E((Be—1 — Bo) " Cr(VA(Br—1; (xr, Yx)) — VR(Bo; (k, Yx)))

< =29 A E|[Br-1 — ol |?

Where Ag; is the least eigenvalue of Eg(xi By)xExy. The last inequality comes from strong
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convexity by Assumption 3.3 and 2. VA(5y; (g, yx)) = 0 is implied by Eq.3.1

9(xt Bo) — Eyr|zx) =0
= g(z} Bo)rr — E(yr|zx)zr =0
= E(V{(Bo; (Tk,yx)) =0

= Vh(Bo; (zr,yr)) =0

Then we can rewrite Eq. A.1 as

El[ 6 — 60“2 <(1- ZVkAcAfl)EHﬁk 1— 60”2 + 4’)/2)\ 0

1
(1+ 27%A A1) El|fis = Aol + 4%

By corollary 2.1 in Toulis and Airoldi (2017) with a, = 47,3sz§ and b, = 29A.A,and
K =n we get

SA02(14 291 )
271A0Af1

E||8k — Bol|* < n~t 4 exp(—log(1 + 27122 11)d(n)[[[Bo — Boll + (1 + 2711201 ) ™0 Al

with n sufficiently large, where A = 4Xi 3.7 < oo and ¢(n) = n'77 if v € (0.5,1] and
¢(n) = logn if v = 1. ng is some constant. O]
Theorem 2. Under assumptions 3.1-3.4 and 3.6-3.10, assume vo = 0.By setting ne <
K(n) < n%,using sieve SGD group algorithm 2 we get

2(C1vCs + 4)\ o2)(1 4 27\, Asa)
271AcAf2

+exp(=log(1 + 2mAAp)0(K (1))l Po — Bol| + (1 4+ 2mAA )" Al

E|Bx ) — Boll* < (K(n))™"

with n sufficiently large, where A = (01\/62 + 4Xia§) Y2 < 00,6(K(n)) = K(n)'™7 if

v <1 and ¢(K(n)) =log(K(n)) if v = 1. ng is some constant.

Proof. the following are notations and definitions from Hirano et al. (2003) with some

changes; we use matrix norm ||A|| = \/tr(A’A). Define

n

In(r) = = 3 (dn LRI (@i)'m) + (1= y)inL (1~ B (z)'m)

i=1
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RB(z;) = RY(zTB), Rqﬁ(m) = R1(z7 ), Ri(x) = RY(x"fy),R(.) is the basis functions in

q
Hirano et al. (2003) with order g. ERf(xi) = 0 for non-constant term and ]ERf(xi)’RqB(xi) =
L. u(q) = supxeXHRqﬁ(:z:i)H, where ¢(q) < Cq for some constant C. L(.) is logistic distribution.
g* (@) = g(zTBy). Ly(w) is the MLE of y; on 27 3. Define

7y = argmaxLy ()

then, we have

n

18k = BolI* = Be—1 — Boll* = 2%% > (Bro1 — B0) " CuV (B (wi, i) + %3% 121 1CeV (B (i ) I

=1 =

where VC(Bi—1; (24 4i) = (L(Ry* () 7g) — i)y

for the second term, by maximize Ly (7), we get

% Z L(RP(2)' %) — yi) RO (w;) = 0. (A.2)
then,
E(L(RJ (xx)'7tg) — g( Bo)) R (1) Be-1, 7g) = O(\/1/m). (A.3)

We can approximate L(Rqﬁ’“‘l(xk)’frq) and g(x¥ 3y) with ng‘l(xk)’frq and R% (x),)'7, accord-

ing to Lorentz (1986), assuming the second term is increasing®, then equation becomes
E((Ry (wx) Ty — B () ) R () = O(V/1/n) + O(g7). (A.4)
then we can get 7/

7y = E(RI (@) R (4) )7 + O(/T/n) + Ol ™). (A.5)

we can relax this to allow some portion of the function is not increasing, but it will not change the result
here.

8
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then,

n

E (27— ! Z(ﬁk 1 = Bo) " Ch V(B (i, 1))
=2\ JE— Z RB’“ H(xy) 7Tq )(l‘zTﬁk—l - l'z'Tﬂo)
>0 A B, E((L(RE (04) ) — g(al Bo)) T s — 21 60) o)

— (O(g)g™* %»(Emluﬁ“ PAY

S+ o) 4 o

- O(\/—>E5k 1||Bk 1= BOH
>29A B, E((RJF (2x)' Ty — Ry (1) 7)) (2] Be1 — 1 Bo) | Br)
1 1
=0 + O L) + () B s = AlF)E = O B lacs — Gl
229\ B, (R (w27 — B (20 7)o Bucr — 2 o))

(O + 0 + O\ By 18ucr — Bl — oumf@)mwml — olP

[\

n

2279 A L, E((Ry () Ty — R () 7)) (5 (R (@) &) — 2 5o)|Bin)

= WOWTT) + 0 + OC L Ba 1501~ Ful)¥ — Ol Do 1551 ~ ol

where Rg" ™ (z3,)' = Ry* (24 E(Ry" " (x) RP (x1.)') and §(z7 Bo) = R (x4)' 7.
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The first inequality is coming from
E— Z Rﬂk H@) ) — yi) (@] Beo1 — x) Bo)
=E— Z RB* (z:)'7;) — g(x 2 Bo)) (@] Br—1 — =} Bo)
+E- Z RB’“ Yxy)'7y) L(Rqﬁ*(l'i)/ﬁg))(ﬁfﬁk—l — ] Bo)
~5! iwi ~ ol o)) T B — T )
i=1

2

By, E((L(RP (0)/7) — 9T 80) T B — 2 Bo)|Bir) + (O™ =) + O(X

))(Eﬁkfl | |ﬁk—1 - 60

i

+ O(—=)Bg,, [1Be-1 = Bol[* + Eg,_ (LR (20) ) — LIRS () 73)) (2] Br1 — @ Bo) | Be)

+ O(—=) sy [|Bir — Bol )2

-5

:Eﬁk 1E

~—~

(LR (24)'Tq) — 9wy Bo)) (] Br-1 — 2 Bo)|B-1)

) + O 4 0L Ea i — )

)Eﬁk 1||ﬂk 1= BOH

+ (0O

~~

—~
()

L

+0(

b gl

where 7 is the value of 7, when ;_; = [y in equation A.2. The proof is similar to the

Ak
q

bound on (5) in the addendum of Hirano et al. (2003).
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then,
E(zy B2 (1) O(
=E(af R (20) (g — 75)|Bicr) + Bl R () BRI (2)0(q7) By )| Bt
+E(w, Ry (x )’E(Rﬁ“(xk)(li’ﬁ"*(xk) RB(’(xk) ) Be—1,7¢)| Br—1)

:E<< TR@k 1 ZRBk 1 Rﬁk 1 fL’z ZRﬁk 1 xl n (szBO))HBk—l)
Bl Ry ) DR o m%m»QZﬁ?wm«%>%wmmmn

-%@%&%M%Z%u@ﬁ“ww

i

*szﬂwwmm—memWw>me>m“>

%

+{E(( TRBk 1 xk ZRﬁk 1 Rﬁk 1( )) 1
* (% DR () (B () (B(RY () B () = R () V7)) | o)

+E((l‘ZR§’“( )'E(Rﬁ“( R) (R (k) — Rﬁo(&?k) ID|Br-1, 7)1 Br—1)}

B R )5 R ) R ) 5 R )0

+ E (g R () E(RP (2)O(q ™) | B-1, ) | B-1)

By requiring s > 4.5 and we consider ¢ = n?, d < 1/5 and d > 3 )the bound become
=)
vn

see Appendix B for more information.

O(—=) + O(u@)*—=)1Br-1 = foll

ﬁ

O(y/1/n) is invariant to k if Eg,_,||Bx—1— Bol|? is convergent for k and n sufficient large. We

will address this issue later.

The last inequality comes from approximate continuous function §*1(}~‘Eqﬁk_1(xk)) by A.4.

F@f A1) = E((R () Ty = R (o) 7)) (5 (R (w4) 7 5) =] Bo)| B-1)- Denote af B
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as z, we can rewrite Rqﬁk‘l(xk)’ﬁ; — R (x) 7} as B(RP (x1,)'7;|z) — R (k) 75, s0 f(.) >
with equality if and only if 8 1 = fo. f/(xF o) = 0and f"(«f Bo) = E(G~1) (R (xk»(f’Rg(T—ﬁ‘k“j’*y 1)

0 since g(.) is increasing.

ORY ™ (w1) 7 ORF(@e) s, ORP(xy)
OB P T gt By o e B s R )Ry

80 1, 3 B0, .
We know that ERgo(xk)E(BBIZZT%O’“)) R (24))Tg = 0 and R (xk)E(aalzz;%(f}O’“)) R0 (24)) 7, is con-
tinuons in zi 3y and (f]il)'(f%qﬂo(xk)) = 1/(¢' (X Bo) + O(q7*)), so f"(zfBy) > 0. then, by 2
we have
1 < :
E@ 3 (B = 60) CeV (i (w1 9(aT )
i=1

>29AA g0 B, [1Br—1 — Bol”

VT B [Ber — BolP)E — 1O (ulg >2}>Eﬁk e — olI2

~ B /=%
where g, is the smallest eigenvalue of E(g")'(R2 (%))(%W 1, ) Tt T

for the third term,

Z 1Ck V¢ (B (wis (e 5o)))II”

<4~i )\ o2
Then,

El[Br = Boll” < (1= 29 s + 1O0((0)*—=)E||Br-1 — Bol|*

.
\/ﬁ
T OO/TT) e 1Brr — Bol[2)E + 492N02
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then, if n is sufficiently large, n > ny,

El|Bx — Boll? <(1 = 292 1) E||Br—1 — Bol|?
+ 9 (O(/1/n) (B, 1Bt — Bol|?)? + 4202

<——E||Bk-1 — 2
<t Bl = ol

+ 1 (O(/1/1)) (B, 1Br1 — Bol[2)? + 442Ac0?

Here we can treat (Eg,_,||Bk—1 — Boll?)z < Egs, . ||8c—1 — Bol|> + 1. Then we can see from the
bound for Eg, _, ||Br-1 — fol|* of each iteration that Eg, . [|Bx(m)-1 — Fol|* is convergent for
K(n) = n7 and n sufficient large even if O(+/1/n) is variant to k. So we can choose the
supremum of O(\/l/_n) among each iteration. then, assume vy = 0, there exists a constant
Cy such that O(y/1/n) < Cyn>

1 1 1 —2
EllB, — Boll? < ————F||Br_1 — Boll? Cinz(E 1= BollP)2 + 492N 02
|18k — Bol|* < [ 20AA, 1Bk—1 = Boll” + mCin2 (Eg,_, [|Bk—1 — Boll7)2 + 4y A0,

Since Eg, ,||Br—1 — Bo||* converges, by guess Eg,_,||Br_1 — Bo||* < C2k™ we can solve the
inequality easily, we are done if the guessing is right in the aggregate inequality. By setting
K(n) = n> and corollary 2.1 in Toulis and Airoldi (2017) with a; = (C1v/Cs +4Xia§)7§ and

b = 29k A A po, By setting ne < K(n) < n%,using sieve SGD group algorithm 2 we get

2(Civ/T + 40e02) (1 + 21 AN )
29 A A

+ eap(—log(L + 2mAAp) (K (0))[118o — ol | + (1 + 271124 p)" A]

E| By — Bol|* <

(K(n))™"

with n sufficiently large, where A = (C1v/Cy + éﬁiag) > < 00,0(K(n)) = K(n)'™7
if v < 1 and ¢(K(n)) = log(K(n)) if v = 1. np is some constant. We can choose C
2AC1VO+De02) (14291202 0) | (13 n

- 2712 )7, —ESL By — Bol |+ (1 + 2712 Ap2)" A < Cy, then

Eg, . ||8k—1 — Bol|* < Cok™7. -

large enough so that
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Theorem 3. Under assumptions 3.1-3.4 and 3.6-3.10, assume vy = 0. By setting K(n) =

and v € (0.5, 1),using sieve SGD average algorithm 3 we get
Vn(Bx — Bo) = N(0,5,'5:5; )

where 31 = Eg(zf8y)(1 — g(xfﬁo))((Exk:c{)’%xk + xfﬁolﬁo)((Exkx{)’%xk + 2} Bolg,)t and
Yo = Eg’(:ﬁfﬁg)(ﬂ—lgo(ﬁg)’)(Exkxf)_%xkxf. lg, = [1/l1, 1)1, ..1/1,], andl; is the ith element

of (Eaxzl)2 .

Proof. W.L.O.G, we set Exyz] = I, and then we calculate the variance without this assump-

tion by using (Exk:v;f)’%wk and (E:Ekxg)%(BK — Bp) to replace xy and (Bx — By) respectively.

First, we write equation 4.5 as - Zz 1 VCk l(ﬁk (T y)) = k(ék_l — Bk) By Theorem
2, Taylor expansion on 12?_1 Vi1 (Br1; (i, y:)) we get lZ?’_l VE,H(B,H; (i,y:)) =
LS VG (Bos (i, o))+ 2 S0 Tt (3 ) We know that L Y1, VG (Bos (2, 9:)) -
LS VC(Bo; (@i yi)) — = > @t Bole (yi — g(@f Bo)) is negeligible from the similar argument
in theorem 2, then if we prove = 37| Wik(ék_l — Br) is negligible o(1/4/n) and

Z ank 1 607 xz:yz)) _) (% Z an(ﬁO@aﬁ(‘Twyz)) + qlggo EIkRBO(CL’k;) E(Rqﬁo (xk)g/(l_zﬁo)xg))

=1

is negligible o(1/4/n). then %Z:Zl(ﬁk — Bp) behaves like

(L3 IO ) U 60T

(VB (o)) + - S ol o — 9l Bo))
=1 i
— N(0, %5 X1 (X55)")

where X1 = Eg(z1 80)(1 — g(z1 By)) (zr + xfﬁolgo)(xk +x; ﬂolt V' and Yoy = Eg' (21 Bo) (I +
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1, (Bo))anal and 1, = [1/8°,1/8(,,,1/80Y.

1 1 -~ 1
;’Wg (Br-1— Br) SE(—%(ﬁn—ﬁo)ﬂLk:lK% 5 )(Br — Bo)| + —( Bo))
11 - (et N
< ﬁ(_%(ﬁn — o) + C'k:1 T + —1(50 — 5))

This means + >, %(Bk—l — Bk) is negligible.
For ¥,

limn ( Zw Bo; (@i i) + — Zx Bolao (vi — 9(xi o))

n—,oo N,
=Eg(zi o) (1 — gz Bo)) (@ + x Bolg, ) (xx + 7 Bolg,)

For the second term in >, if we use the similar argument in theorem 2, we know that the

second term is negligible.

lim By R (2) B(R (24)g' (xf, Bo)x ) = Eg' (x4 Bo) i Bolsors = By (2 Bo)lg, (o) xrwf,

q—0o0

since (Ex, R% (x,) )R5 (x1,) = 2T Bylg, by getting fitted value of x;, regressing on R%(x},).
q q k £0%Bo q

At last we drop the independent assumption Ez,z! = I,.Then N(0, X5, 11(25,)T) becomes
N(0,55 "5 (251)7). where £y = Eg(af 5o)(1-g(f o)) (Exga]) ~2ax+af Bolg, ) (Exga]) 2+
z1 Bolg,)" and Xy = Eg'(z] Bo) (I + 1g, (o)) (Bapal) =2 zpal. lg, = [1/11,1/l2,...1/1,), and I;

is the ith element of (ExyaT)z fo.
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Theorem 4. Under assumption 3.1-3.4 and 3.6-3.12, using sieve SGD group algorithm 2
and o = 0 and by setting n? < K(n) < ny with pK(n)™" — 0,we get

2(Cav/TiCs + 42,02) (1 + 2712 o)
p
2mAAp

+exp(=log(1 + 2mAA ) 0(K (n)))[l|Fo = Bol| + (1 + 2mAA )™ Al

K(n)™"

E| B ) — Bol|* <

with n sufficiently large, where A = (C3v/C4Cs + éﬁipai)zi 72 = O(p) and ¢(K(n)) =
(K(n)'™if 1 —~ > 0 and ¢(K(n)) = log(K(n)) if 1 —v = 0. v € (0.5,1]. ng is some

constant.

Proof. with assumption 3.11, we only have two changes here. The first one is

]E(nyk% Z(ﬂk—l — Bo)TCu V¢ (Br—1; (1, 1))
=1

2\ ES S (LR @) ) — )l oy — 7 50)

=1

>2 A g, E((R) () 7y — R () 7)) (5 (R () 72) — i Bo)| Ben)

2-s \/ﬁb(q)2 2\1 2 /4 2

= w(OWp/n) + O(Vpg™) + O =) (Ep,_,[|Be-1 = BolP)2 — O((a)"y /B, || Be—1 — ol
The second one is
1 & X
viﬁ ZEHCNC(BH; (i, g2 Bo)))I|?
<dpy; )\ o2

then, if n is sufficiently large, n > nq,

E||8k — Bol|* <(1 — 29 AA ) E|[ Br—1 — Bol?
+9(O(/P/n) (B, 181 — Bol|P)? + dpyhic?

1
<— K = 2
ST oA, | Bk—1 — Bol|

+ 3 (O(p/n) (B, 181 — BolP)? + 4pyiXio?
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By corollary 2.1 in Toulis and Airoldi (2017) and setting ns < K (n) < n%, we get

2(Cyv/TiCs + 40.02) (1 4 2712 1)
p
271A0Af2

+ eap(—log(1 + 211 AX ) (K (1)))[[[ 5o — Boll + (1 + 2712 p)" A]

BB — Boll* < K(n)™

with n sufficiently large, where A = (C3v/C4Cs + 4. po?) .72 = O(p) and ¢(K(n)) =
(K(n))'™if 1 —~ > 0 and ¢(K(n)) = log(K(n)) if 1 — = 0. v € (0.5,1]. ng is some

constant. O
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Theorem 5. Under assumption 3.1-3.4 and 3.6-3.13, by setting K(n) = n and choosing
v € (0.5,1) and #2—1 — 0 — 0,using sieve SGD average algorithm 3, assuming vo = 0 and

1y are independent across each regressor, for any s € RP with ||s|| = 1 we get ||Bx — Bol| =

op(\/E), and

§'(Bx — Bo)
\/ﬁ<g/22_1212;1g>% — N(0,1)

where ©1 = Eg(x} £o)(1 — 9($£BO))((Exkx£)7%$k + xfﬁolgo)((]Emk.xf)’%mk + 2} Bolg,)t and
Sy = By (2 Bo) (I+1s,(Bo) ) Bayal) 2zl lg, = [1/11,1/ls,...1/1,], and l; is the ith element

of (Exka)%ﬁo.

Proof. There are two differences compared to the proof when p is fixed. The first it the

following:
1n1’~ 3 1 1/~ n_ll 1 2 i/~_
o kz:; %§ (Br-1 — Br) < E(—%§ (B — Bo) + kz:; |(% - Ek (Br — Bo)| + %g (Bo — Bo))
1 1 - n—1 1 1 . 1, -
< E(_%(Bn — Bo) + kz:; |(% - Elk 118x — Bol| + s (Bo — o))
1 1 - n—1 ’ 1 )
< E(_%(ﬁn — fo) + 2 |(k — (k — 1))|C’\/;_|_ %g (Bo — Bo))
—o( /P
=o(y/1)

this means % Y ory %(Bk_l — ,ék) is negligible.The second difference is the following:

The second-order term of Taylor expansion of VCi_1(Bo; (i, ;) is 82V4k‘g§§;(x“y")), where

Bt = B+ (1 —¥)By and 1 € [0,1]. 82%’“‘3(5;’3(%%)) is bounded since fx = Gy + o(1)
and Yoo has bounded derivatives. Then the second-order term of Taylor expansion of
LSS G (Bo; (2, y)) s bounded by CL S |[Ed'ay] |2 < CL Y 22 which
is o(y/2) if nglf,l — 0.
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then L > (B — Bo) behaves like

(%2 C(@oaﬁ(if Yi))

D0 VU (i) + 5 YT ol (o — 9(aT 50)

+ lim By, R () E(RY (e1)g/ (o] Bo)arf)) ™

then for any ¢ € R? we get ||8x — Bol| = Op(\/g), and

S'(Bx — Bo)
\/E(C’EEI&ESIC)% - oy

where 3 = Eg(z! 8y)(1 — g(m%ﬁo))((]Exkxf)_%xk + m{ﬁolﬁo)((]Emkxf)_%xk + 37{60[,60)T and
S = By (27 Bo) (I +15, (o)) (Bapal) "2 apal. 1g, = [1/l1,1/ls,...1/1,], and [; is the ith element
of (BxxzT)2 .
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B. Appendix B

Bl B (0 O
—E(a] R (00 (7y — 7)|sr) + E(] R (a0 E(RE (1) 0(0™) Bior, 72g) Bocn)

+E(w; Ry (a )'E(Rﬁ“(fﬂk)(Rﬁ’H(:vk) Rﬁ(’(ivk)ﬁq)\ﬂk 15 7%g) | Bk-1)

=E((zy Ry ( ZRB’“ ) Ry (w2) ZRB’“ Haa) (i = 9(a7 Bo)))| Be-1)
(B.1)
+ E((zf R ( ZRﬁk @) R (x;)) ZRBk @) (g(@! Bo) — R (w:)7,))|Bror)
(B.2)
+E((af RO () ZRﬁk L) RO ()7
* (% D B @) (R (i) = R (o) BOR (w0) By (@) 7o) | Brr) (B-3)
+ {E((2f R () ZRﬁk ) R (7))~
(S0 R ) (R (s BB (o) By () = R (0:) )| )
+E(ayg Ry (= )’(E(Rﬁk—l( W) (B () — Rﬁo(xk))ﬁ'q”@c 1 7g)[Bre-1)} (B.4)
+ E((xf RO (1) ZRﬂk L) RO (7)) ZRﬂk H2:)0(q™*))|Br1) (B.5)
+ Ewy Ry (24) B(RG (1) O(q7) Br-1, ) | 1) (B-6)

For B.1

o4

)|Br-1) = E(wg Ry () E(L(RY (w1)'1g) — g(wk Bo) ) Rg* (@) Be-1, )| B-1)



E(( TRBk 1 xk ZRﬁk 1 -Tz) Rﬁk 1 xl ZRﬁk 1 fl‘z n (xZ60>>)|6k—1)

< B((] R (x ZRﬁ“wu olel o))+ Olula)'s )

< LS B (i — 9l ) + Ol )

Jn
< 0(=)+ Olula)s 8{%)

where we use ||+ 3. R () RO () ! —I|| = 0,((q)1/%) by Newey (1997). The next-
to-last equation needs independence assumption of x; across each regressor. Even without

the independence assumption we still can get the last equation.

For B.2

B (] R (o)) - 0 R () B 2) G S R () (ol o) — B () )l e

) %

=0(u(@)*q™*)(1+ O(u(@)y/ )

o=

For B.3

E((2} Rﬁk 1 $k ZRﬁk 1 %) Rﬁk Hx))” 1

(3T R (R ) — R o BORE (00 R 00)) )|

:o(L(qy%)u +0((q) \/g))llﬁk_l = ol

Here ERqﬁ’“_l(a:i)((Rqﬁo(mi) — Rq’B’“_l(xi)’E(Rq’Bk_l(m)’Rqﬁﬂ(.’Ek))frq) = 0 because by regressing
REo(x;))'7, on R (z;) we get the residual (R (z;) — Ry* ™ (x:)E(Rg" ™ (x1) R (24))7,),

which is orthogonal to Ry*™ ().
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For B.4
{B((x} Ry (x4)' j{jfﬁﬁl—x».Rﬂkl<x»> :
. <% D R @) (R () (BORY (e B () = B (@0)))7g)) | Brr)
+ E((wf R () B(R (a0) (R (w4) = R () 7g)|Be1, %) | Be-1) 1)

=0

For B.5
E(( Rﬁk 1 xk ZRﬁk 1 le) Rﬁk 1(1‘2)) 1(%2}{51@1(x2)0<q—3))|6k_1)

=0(u(q)*¢%)(1 4+ O((q) \/%D

For B.6

E(zy Ry () E(RY (21) O(q %) | Br-1, q) | Br—1)

=0(u(q)*q™)
Adding the bound together, we get

o%) n 0@@)%*%) L 0(g)’*)(1 + 0(u(g)

+Ol(a) )1 + ou«nﬁ»uﬁ“ Byl +0

)

3 I

+O<L<q>2q*8><1+0<b< >\f ) + O(u(aVa™)

)+ 060 ) + 0(laP =) 1B — ol

<O(u@)*q") + O(—= N

p— \/_
By requiring s > 4.5 and we consider ¢ = n? and d < 1/5 the bound become

O(—=) +0(u(g >2%

Tn M| Br—1 — Bol|
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