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PREFACE

This book is an attempt to bridge the gap that has existed thus
far between the general theory of value for a closed economy and the
theory of international trade. It stems primarily from the work of
the mathematical school of economists to which I was first introduced
by the late Professor Henry Schultz. Although he died before I be-
gan this study, I am heavily indebted to him for instruction and in-
spiration. His friendship and warm personal interest in me will al-
ways be a treasured memory.

This study was presented as a doctoral dissertation at the Uni-
versity of Chicago in the summer of 1941. The members of my disser-
tation committee were Professor Jacob Viner, chairman, and Profes-
sors Oscar Lange and Theodore 0. Yntema. I am indeed indebted to
all three, not only for general intellectual stimulation, but also for
their constant encouragement and friendly help. They each read the
manuscript carefully and made many helpful suggestions. I need
hardly add, however, that the responsibility for any errors is mine
alone.,

I also wish to express my sincere appreciation to Mr. Dickson H.
Leavens, the editor of the Cowles Commission Monographs, for his
invaluable aid in preparing the book for the printers.

JACOB L. MGSAK
Washington, D.C.
July, 1944
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PART I
STATIC-EQUILIBRIUM THEORY
IN INTERNATIONAL TRADE



CHAPTER 1

THE EQUILIBRIUM OF EXCHANGE FOR AN INDIVIDUAL

The theory of value for a closed economy as developed in recent
vears has served particularly to clarify our thinking with respect to
the perplexing problems of the interrelations between markets for
different goods and services. With the new tools of analysis that have
been shaped, it should now be possible to extend and generalize the
traditional theory of international trade in which the interrelations
between numerous markets are the essence of the subject matter. Such
an extension should close the gap which has thus far separated the tra-
ditional theory of international value from the theory of value in a
closed economy, and should pave the way for a unification of the two
fields. That the two fields have thus far been approached essentially
through different methods hardly requires any emphasis.® The theory
of value for a closed economy of the neoclassical (Marshallian) writ-
ers 18 basically a partial-equilibrium theory, whereas their theory of
international trade represents an approach to a general-equilibrium
theory.®? The former deals with the determination of the money price
of a single commodity upon the assumption that all other prices re-
main unchanged. The latter, on the other hand, attempts to analyze
the system of prices for the economy as a whole. Because of the com-
plexity of the problems which are treated in this field, however, the
classical theory was developed in terms of highly oversimplified as-
sumptions which make it difficult to observe the full workings of the
economic system. The analysis generally (although not exciusively)
relates to the case of two countries trading in two commodities. The
two countries are somehow assumed to be representative of all the
individuals within them, so that utility and cost functions for the
country as a whole can be employed. Likewise the two commodities
are assumed to be representative of the entire range of the commod-
ities which are produced and exchanged, so that the discussion is cen-
tered largely upon the determination of the “terms of trade” between

1 A notable exception is to be found in the work of Bertil Ohlin. See his

Interregional and International Trade (Cambridge: Harvard University Press,
1933).

¢ Cf. Jacob Viner, Studies in the Theory of International Tradz (New York:
Harper and Brothers, 1937), pp. 582-86; Gottfried Haberler, The Theory of Inter-
nationel Trade (trans. from the original German ed., London, 1936), p. 154.

—1_



2 GENERAL-EQUILIBRIUM THEORY IN INTERNATIONAL TRADE

them. The extent of the vagueness of the whole approach was neatly
summarized by Edgeworth in his statement:

. . . a movement along a supply-and-demand curve of international trade
should be considered as aftended with rearrangements of internal trade; as the
movement of the hand of a elock corresponds to considerable unseen movements
of the machinery.?

The theory of value for a closed economy as developed by the
mathematical school of economists is far more general than the classi-
cal theory of international trade. 1t deals with more meaningful eco-
nomic units, the individual consumer, the individual firm, and the in-
dividual commodity, rather than with the representative consumer,
the representative producer, and the representative commodity. It
therefore permits us to obtain a much clearer picture of the full work-
ings of the economie system. Until recently, however, this theory was
toc unwieldy to permit a very fruitful extension to the field of inter-
national trade.* The gencral-equilibrium analysis was extremely use-
ful in describing the complex system of price interrelationships and
in laying down the conditions which must be satisfied in equilibrium
by thig system of prices. But laws of change, which would permit us
to analyze the effects of any given variation in the initial conditions
upon the equilibrium situation, were not fully and systematically de-
veloped. Consequently, it was rather difficult to apply this theory o
the field of international-trade theory which deals with such problems
as the effects of loans, indemnities, duties, bounties, and the like. With
the important advances made recently in the development of laws of
change of equilibrium systems,® it now becomes possible to extend the
general-equilibrium analysis in systematic fashion to the field of inter-
national trade. ,

This book stems from the work of the mathematieal school of
cconomists, Part T treats the equilibrium of 2 static economy along

1F. Y. Edgeworth, Papers Relating to Political Eeconomy (London, 1925),
Vol. 11, p. 32,

1 See the systems of equations for international trade as developed by Pareto
and Ohlin: Vilfredo Pareto, Ceurs d'économie politique (Paris, 1896), Book I,
chap. 1, pp. 180-82, and Book II, chap iii, pp. 208-40; Bertil Ohlin, op. cit., Ap-
pendix I, pp. 553-62. The most fruitful mathematical development of the theory
of international trade was given by T. 0. ¥ntema in his book, A Mathematical
Reformulation of the General Theory of International Trade (Chicago: Univer-
gity of Chicago Press, 1932}.

5 The basic work is due essentially to Hotelling and to Hicks: Harold Hotell-
ing, “Edgeworth’s Taxation Paradox and the Nature of Demand and Supply
Funetions,” Journal of Political Fconomy, Vol. 40 (1932), pp. 577-616; J. R.
Hicks, Value and Camial (Oxford, 1939}. The theory was recently extended by
Paul A. Samuelson in “The Stability of Equilibrium: Comparative Statics and
Dynamies,” Economeirica, Vol. 9 (April, 1941), pp. 97-120, and “The Stability
of Equilibrium: Linear and Nonlinear Systems,” Fconometrica, Vol. 10, Janu-
ary, 1942, pp. 1-25.
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the lines which are now standard in mathematical economics. The
most comprehensive treatment of this subject to date is to be found
in Hicks’s Value end Capital. Part IT is essentially a summary and
development of Hicks’s theory of intertemporal (dynamic) equilib-
rium, applied to international trade. The book is confined to a gen-
eral-equilibrium analysis of an economy under pure competition. It
thus fails to give a systematic treatment of two large portions of the
present-day body of economic theory, imperfect competition on the
one hand and sequence analysis on the other. These two fields cannot
be adequately treated on the level of generalization employed in gen-
eral-equilibrium analysis.

The following brief statement on the general-equilibrium analy-
sis of a static economy is an outline of the essential framework of
the theory of international frade which we shall present in Part 1.

Static general-equilibrium analysis is traditionally divided into
two fields: (1) the theory of exchange in which the total market sup-
ply of each commodity is assumed fixed, and (2) the theory of produc-
tton in which the supply is assumed variable. Each field in turn con-
sists of two parts: (a) the equilibriure of the economie unit, and (b)
the equilibrium of the whole economy.

The equilibrium of the economic unit analyzes the behavior of
the unit under a given set of conditions upon the assumption that it
acts rationally. In the theory of exchange the only economic unit is
the individual consumer. The given set of conditions eonsists of: (1)
his preference or utility function, namely, his tastes; (2) his initial
supply of goods and services; and (3) the set of market prices for
each good and service. Conditions (2) and (3) together determine
the value of his income. Rational behavior on the part of the indi-
vidual is assumed to imply the maximization of utility. In the theory
of production there are two sets of economic units, the individual con-
sumer and the business firm. The given conditions for the firm are:
(1) its production function or transformation function describing
the technical conditions for transforming preductive services into
products, and (2) the set of prices for the produets and productive
services. Rational behavior for the firm is assumed to imply the max-
imization of its surplus, or the difference between its total receipts
and its total costs. The given conditions for the consumer are essen-
tially the same as in the theory of exchange, namely: given tastes,
given initial supplies of goods, and given prices. They have to be
modified only slightly to take into account the distribution of the
fitm’s surpluses to the individuals. The problem of the equilibrium of
the economic unit is to determine in each case what quantities of each
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of the goods and services the economic unit will demand and supply
under different sets of prices, The problem of the equilibrium of the
whole economy is then to analyze the conditions under which the
equilibria of all units in the economy are mutually consistent.

I. THE CHARACTERISTICS OF THE EQUILIBRIUM POSITIbN

The problem at hand is to determine how an individual with giv-
en tastes and given supplies of goods and services determines his pur-
chases and sales in a perfectly competitive market.

A, The Scale of Preferences

‘It is assumed that each individual is able to rank in order of
preference different combinations of goods which he may have per
unit of time, namely, it is assumed that he knows whether he prefers
one combination to another or whether he is indifferent as between
them. We can represent his set of preferences by means of a contour
or “indifference map,” consisting of a set of ordered “indifference
curves.” Any two combinations of goods between which the individ-
ual is indifferent are represented by points lying on the same indif-
ference curve. If one combination is preferred to another, then the
one that is preferred is represented by a point lying on a higher in-
difference curve. One and only one indifference curve passes through
each point.* To each indifference curve we may assign some value in-
dicating the level of utility represented by that curve. If there are n
commodities it is assumed that each indifference curve may be char-
acterized by an equation which states that the utility (u) derived
from having the various combinations of goods which lie along that
curve is a constant magnitude:

(1.1a) U(Ly, Xz, ++ 5 Ly) = 4 constant.

Each time we vary the constant term on the right-hand side we ob-
tain the equation to another indifference curve, a greater constant rep-
resenting a higher indifference curve or a higher level of utility. Thus
if we consider the right-hand side as constant only for a given indif-
ference curve but as variable from one curve to another we may ob-
tain a utility function:

(1-1b) u(x1:x21"‘3xn) Zﬁb >

¢ The use of the term “indifference curve” is strietly valid only in the special
case of two commodities. When there are more than two commodities the term
“indifference surface” is required. Since a curve is easier to visnalize than a sur-

facéa we shall continue to use the term “curves” even in the general case of n com-
modities.
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where ¢ represents the utility the individual derives from the combi-
nation of goods x, x,, ---, . . Instead of the symbol ¢ we may use any
other symbol—in particular, #u—to represent the level of utility corre-
sponding to any given indifference curve. Thus, finally, we may write
our utility function in the form:

(1.1¢) U=u{& , Lz, Tu).

Modern economic theory is not based upon the assumption of
the measurability of utility.” This means that the indifference
curves simply indicate levels of utility but do not measure them, Thus
we can assign any arbitrary value to an indifference curve, provided
that we assign a higher value to a higher indifference eurve. This im-
plies that, if u is some one index of utility corresponding to a combi-
nration %, , x., .-+, Z,, then any arbitrary function F of « is also a
suitable index, provided that F inecreases when u increases and de-
creases when u decreases; namely, provided that F' = dF /du > 0.
Thus the function « is completely arbitrary except for the fact that a
greater value of u denotes a higher indifference curve. This indeter-
minacy of the utility function, however, does not lead to any difficul-
ties in the theory of value, since all of the objective economic behavior
of the individual ecan be analyzed without the assumption of the meas-
urability of utility.*

What are the basie properties of this arbitrary utility function?

7 On the empirical meaning of the measurability of utility see Oscar Lange,
“The Determinateness of the Utility Function,” The Review of Economic Studies,
Vol. 1, no, 3 (June, 1934), pp. 218-25; E. H. Phelps Brown, H, Bernardelli, and
0. Lange, “Notes on the Determinateness of the Utility Function,” ibid., Vol. 2,
no. 1 (October, 1934), pp. 66-77; R. G. D. Allen, “A Note on the Determinateness
of the Utility Function,” ibid., Vol. 2, no, 2 (February, 1935), pp. 166-58; Paul
A. Samuelson, “The Numerical Representation of Ordered Classificatlons and the
Concept of Utility,” ibid., Vol. 6, no. 1 (QOctober, 1938), pp. 65-70.

8 Pareto first pointed out the indeterminacy of the utility function but his
economic theory was largely based on the assumption of the measurability of
utility, See his Manuel d’économie politigue, especially chaps. iii and iv and the
Appendix, and his article, “Economie mathématique” in the Enecyeclopédie des sei-
ences mathématiques, Tome 1. Vol. IV, fase. 4, 1911. The first mathematical de-
velopment of a demand theory essentially free from the assumption of the meas-
urability of utility was given by W. E. Johnson in his article, “The Pure Theory
of Utility Curves,” Keonomic Journal, 1918, pp. 483513 A gimilar theory was
developed by E. Slutsky in his article “Sulla teoria del hilancio del consumatere,”
Giornale degli economisti, Vol. 51 (1915}, pp. 1-26. A summary of this paper
appears in Henry Schultz, The Theory and Measurement of Demand (Chicago,
1938), chaps. i and xix, and in R. G. D. Allen’s article, “Professor Slhitsky’s The-
ory of Consumers’ Choice,” The Review of Eeonomic Studies, Vol. 3, no. 2 (Feb-
ruary, 1936), pp. 120~29. In 1934 J. R. Hicks and R, G, D. Allen presented the
modern version of the theory of consumer demand, entirely free from the assump-
tion of measurability. This was built upon the work of W. E. Johnson bui was
arrived at independently of Slutsky’s work which it resembles very closely. See
their article, “A Reconsideration of the Theory of Value,” Economica, New Series,
Vol. 1 (February and May, 1934), pp. 52-76, 196-219.
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It is assumed that the funetion u is continuous and has continuous
partial derivatives of the first and second order:
ou 9°u

and U, =
T, T dwon,

Uy — (sandt=1,2,8,..-,n).
We may call «, the index of the marginal utility of z, corresponding
to the utility function «. The term ., then represents the rate of
change of the index u, with respect to 2, .

The assumption that such a utility function exists implies that the
preference ranking of any combination of goods depends only on the
quantities of the goods in the combination and not upon the order in
which they are arranged. This means that the rate of change of u.
with respect to x; is equal to the rate of change of u; with respect to
&, , namely, U = s, .
If this were not true, then the individual’s preferences could not be
integrated into a complete system and they could not, therefore, be
described by a utility funetion.®

Corresponding to each snitable utility function F («) there is an
index of the marginal utility of . which we may denote by F,=—=F'u, .
Since F(u) is arbitrary except for the condition that F"(u) > 0, it
follows that u, is arbitrary in magnitude but uniquely determined in
sign. We eannot therefore measure the marginal utility of any com-
modity ; we can only determine its sign.

We shall confine ourselves to that region of the indifference map
in which every u, is greater than zero. This means that an increase in
the quantity of any one commodity, the quantities of all other com-
modities remaining unchanged, involves a shift to a higher indiffer-
ence curve. It also implies that the slope of an indifference curve is
negative with respect to every axis, sinece if the guantity of one com-
modity increases while the quantities of all other commodities but one
remain unchanged, the quantity of this last commodity must decrease
if the new combination is to lie on the same indifference eurve,

The rate of change of F, with respect to z; is given by F.: = F'u,,
+ F"uu, . Since there are no restrictions on the sign of F”, it follows
that the second-order partial derivatives of the utility function are ar-
bitrary even as fo sign.’ The classical principle of diminishing mar-

? For a theory of consumer demand puilt on the agsumption of nonintegrabil-
ity see Hicks and Allen, “A Reconsideration of the Theory of Value,” op. ¢it.; N.
Georgescu-Roegen, “The Pure Theory of Consumer’s Behavior,” Quarterly Jouwr-

nal of Economics, Vol. 50, no. 4 {August, 1936), pp. 54593: R. G. D. Allen,
Mathematical Analysis for Economists (London, 1938), pp. 513-17.

10 They become determinate in sign when =, or u; == 0, in which case F,, =
F'uy, . The curve defined by the condition u, — 0 is designated as the satiation
curve for z, .
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ginal utility implies that F,, shall be negative. Since the assumption
of nonmeasurability of utility makes the sign of F,, arbitrary, it
necessitates discarding the traditional principle of diminishing mar-
ginal utility. The index of the marginal utility of any commodity may
either rise or fall as x increases, the direction of change depending
upon the arbitrary index of utility F () which we happen to choose.

In modern economic theory the concept of the marginal rate of
substitution replaces that of marginal utility.

The marginal rate of substitution of x, for =, is defined as the
decrement in x; which would just offset the additional utility result-
ing from the addition of a marginal unit of x, when the quantities of
all other commodities remain unchanged.’> We designate this by the
symbol

Rt — ox;
8 axs'
It follows from the definition that the marginal rate of substitution
of x, for x, is equal to the ratic of u, to 2, , or 2
ox: Uy
Rf=— —=——,
s oxs Uy
Since the marginal rate of substitution is defined in terms of the in-
difference curves it is obviously free from any assumption of measur-
ability of utility. This may also be seen from the fact that the ratio
/%, remains unchanged when we replace u by F:

Instead of the traditional principle of diminishirg marginal util-
ity we have in modern theory the principle of diminishing marginal
rate of substitution. This means that the marginal rate of substitu-
tion of x, for x, , or the decrement in z, which would just offset an in-
dividual’s gain of a marginal unit of z,, diminishes as x, is substitut-
ed for z, along a given indifference curve. Geometrically this implies
that the indifference curve must be convex to the origin; i.e., that the
slope of the indifference curve must ditinish numerically as we move

11 Hicks, p. 20.

12 The proof is simple. For any given indifference curve we have the implicit
funetion in the variables x, to =,:

u(x, ,®,, -, x,}) = a constant.
By the rule for the differentiation of an implicit funection we have
9z, u,
br,  w,
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down and to the right. Now the marginal rate of substitution is equal
to the ratio of the index of the marginal utility of x, to that of x,. If
the index of the marginal utility of z, declined as z, increased and
that of z; rose as x; decreased, then the marginal rate of substitution
of x, for a; weuld obviously decline for substitutions of x, for x, along
an indifference curve. It might therefore be supposed that the prin-
ciple of diminishing marginal rate of substitution implies that of di-
minishing marginal utility. This is false. For the index of the mar-
ginal utility of x, is affected not only by the change in z, but also by
that in z; . Even though the index should tend to rise as a result of
the increase in x, it might fall as a result of the decrease in ;. Simi-
larly even though the index of marginal utility of x; should tend to
fall as a result of the decrease in x, it might tend to rise as a result of
the increase in x,. The ratio of the two indexes of marginal utility,
or the marginal rate of substitution, can therefore diminish even
though the principle of diminishing marginal utility is not valid.»®

The generalization of the principle of diminishing marginal rate
of substitution 1o # commodities is rather complicated. The full
algebraic statement of this condition will be given later. The geo-
metric statement of the condition, however, is simple. The indiffer-
ence surface must be convex to the origin from every direction. This
means that the marginal rate of substitution must diminish for sub-
stitutions in every direction along the indifference surface. The ne-
cessity for assuming this principle will appear later in the discussion
of the stability conditions for equilibrium.

13 The proof of this is simple. The principle of diminishing marginal rate of
substitution requires that the following condition be satisfied for a substitution
of x, for =,:

du, da,
Uy — — U, —
d ('Ns ) : da, * dux,
— = 0.
2
dz, \ wu, I
But since we are copsidering variations in both x, and x,, we have
du, du, Du, d=, R
—_——— P, e Uy, ——
R 28 st ’
de, 8x, Ox, du, ‘ Uy
du, 9u, 9u, da, U,
_— e, — i, = Y, —
is et
de, Ox, Ox, dx, u,

We have therefore
- (wuy, —2u,u, u, +u2u,) 0.
t
This could be negative even for u,, > 0, ,, > 0, provided that ,, were positive
and sufficiently large.
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B. The Determination of the Equilibrium Position

It is assumed that the individual has given quantities per unit
of time of the n commodities, which he seeks to exchange at the pre-
vailing ratios of exchange for the most preferred collection per unit
of time which he can obtain. We denote the initial quantities in the

individual’s collection by the symbols z, , ., --- , .. They represent
his gross supply of the commodities. We denote the quantities in the
most preferred collection which he can obtain in trade by the symbols
&y, %z, +, &y . These are his equilibrium quantities of the n commod-
ities, given his tastes, his initial quantities, and the ratios of exchange
between the commodities. These equilibrium quantities represent his
gross demand for the commodities. The difference between his gross

demand for and gross supply of any commodity (%, — z,) represents
his purchase of the commeodity if it is positive, and his sale if it is
negative. The purchase of any commodity is the net demand and the
sale of it is the net supply. Algebraically, net supply is the equivalent
of a negative net demand.

In a system of # commodities there are n(n—1) exchange ratios,
but only n—1 of these are mathematically independent of one another.
Let the nth commodity (chosen arbitrarily) serve as the numéraire or
standard commodity in terms of which the n—1 independent exchange
ratios are calculated. These exchange ratios are the prices of the
n—1 commodities in terms of the nth commodity. We shall denote
these ratios by the symbols 4., ¥., -+, ¥na - For the sake of sym-
metry we may also introduce the symbol y, to define the price of the
nth commodity in terms of itself. By definition ¥, = 1. It is obvious
that the equilibrium position of any individual with given tastes and
given initial quantities of the n commodities depends only upon the
n—1 ratios of exchange v, .

In the literature on static theory the term “money” is frequently
used to refer to the numéraire or standard commodity. It should be
noted that when the term is so used, the “money” is assumed to be a
commodity which has direct utility and whieh differs in no respect
from any other commodity except that it also serves as a standard in
terms of which the prices of all other commodities are expressed. The
demand for this money will be a funetion of the same variables as the
demand for every other commodity; and the initial supply of this
money, like the initial supply of any other commodity, will affect the
demand for every commodity.

It is quite common in static theory, however, to introduce an out-
side standard which serves as a unit of account and as a medium of
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exchange but which is not part of the equilibrium system at all. We
may denote the prices of the n commodities in terms of this cutside
unit of account by the symbols »,, 9., ---, p. . It follows immediately
that y, = 9./p, . This oulside standard is assumed {o have no direct
utility at all, i.e., it does not enter into the utility function (1.1).
The gross demand for it is assumed to be identical with the gross
supply for each individual, so that there is no exchange of it in equi-
librium. Furthermore, the initial supply of it has no effect upon
the demand for any commodity in the equilibrium system. This money
is not a commodity at all. It is a completely “neutral” object, whose
only function is to serve as a unit of account and as a medium of ex-
change. It is simply a token money, serving exactly the same function
as chips in a card game. The cquilibrium position of every individual
and therefore of the economy as a whole is completely unaffected by
the existence of such money. Though we may express the prices of the
# ecommodities in terms of the token money, the equilibrium position
depends only upon the ratios of these prices (¥.) and not upon the
prices themselves (p.). This is the type of money which is implied
in the classical statement that money is simply a “veil” which masks
the true barter nature of the economy.tt

Since the token money is assumed to have no effect upon any in-
dividual’s demand for or supply of any commodity, it is obvious that
we could ignore it entirely in our discussion of equilibrium. In view
of the voluminous literature which deals with the equilibrium of
“‘money prices,” however, we shall adopt this approach here also and
introduce a token money into our discussion. It will be ¢cbvious from
the analysis, however, that the introduction of the token money is a
purely artificial device and that the equilibrinm position depends only
on the ratios of exchange between the n commodities, and not on the
money prices themselves,

It is assumed at this first stage of the analysis that no individual
has any unilateral receipts or payments. (This assumption is later
dropped.) Consequently the value of his gross supply of all commod-
ities must be equal to that of his gross demand for them, when these
values are expressed either in terms of the numéraire (arbitrarily
chosen) or in terms of the token money. The amount of the token
money the individual has is excluded from both sides of the equation
since his gross supply of it is assumed to be identical with his gross
demand for it. Let us call the money value of the individual’s initial
supply of commodities his money income and let us denote it by the

4 See Oscar Lange, “Say’s Law,” Studies in Mathemaiical Economics and
Eeconometrics (Chicago: The University of Chicago Press, 1942), pp. 4968,
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symbol . Then we have the budgetary restriction to which the in-
dividual is subject in the carryving on of his trade:

(12) Py Pty oo+ plﬂwn:plgl + pQ-;z +oeee 4+ ann'E’f .

This equation is expressed in money values. To express the condition
on the value in terms of the numéraire we need simply divide both
sides of (1.2) by p,. Under perfect compelition each individual be-
haves as if he had no effect upon the prices. The prices in equation
(1.2) are therefore to be treated as constants. The equation may thus
be represented as a straight line (in the ease of two eommodities) or
as a hyperplane (in the case of » commodities) on the same diagram
as the indifference curves. For this line (hyperplane) the (partial)
slope 0x,/8x, equals the ratio —p,/p: .

It follows immediately from the preceding discussion that the
individual will obtain the most preferred collection of goods only
when the marginal rate of substitution for any pair of commodities is
equal to the ratio of their prices. For if the marginal rate of substi-
tution of z, for x, is greater (or less) than the ratio »,/p., then the
individual can obtain a more preferred collection by getting more
(less) of &, and less (more) of .. Since the marginal rate of substi-
tution is the slope of an indifference curve and the price ratio is the
corresponding slope of the budget line, it follows that the individual
is in equilibrium only at a point where the budget line is tangent to
an indifference curve.

In order that the equilibrium position should be stable, it is nec-
essary that the point represent a most preferred rather than a least
preferred combination of goods. This means that any departure from
the equilibrium point must lead to a less preferred position. In the
case of two eommodities only, this is true only if the marginal rate
of substitution of z, for x, diminishes as the individual increases the
quantity of x, in his collection in exchange for z.; namely, only if E?
diminishes for substitutions of x, for z,. In the general case of %
commodities, however, the marginal rate of substitution must be di-
minishing not only between each pair of commodities but also for sub-
stitutions in every other direction. Geometrically this implies that
the indifference surfaces must be convex to the origin in the neigh-
borhood of equilibrium. We shall assume that every point is capable
of being an equilibrium position, so that this condition is satisfied
everywhere on the indifference curves.

Mathematically the individual’s equilibrium position may be de-
termined as follows: The individual chooses the amounts x, , z,, ---,
x, in such a way as to maximize his utility function u subject to the
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budgetary restriction (1.2). It is obvious that the equilibrium posi-
tion remains unchanged if we replace » by F, since both will have
their maxima and minima at the same points. Introducing the La-
grange multiplier for the maximization of a function subject to a con-
straint, we have

(13) w—i|Spe— Spi, J:max.
L x 1

Differentiating and setting the first-order partial derivatives equal
to zero, we derive the well-known equilibrium conditions for the in-
dividual:

(1.43.) u.g:/lps (321,23“'1n):

Eliminating 1, we have:

(1.41)) _"f.lmzi’ z_l‘f.:?f, ‘e, %—]—‘pn_l_
Un Pn Un  Dan Un Pn

These equations state that in equilibrium the marginal rate of substi-
tution between any two ‘goods must equal the ratio of their money
prices. Stated somewhat differently these equations mean that the
marginal rate of substitution between any good and the numéraire
must egual its price in terms of the numéraire. These n—1 equations
together with equation (1.2) are sufficient to determine the » unknown
quantities a,, &, , ---, %, in the individual’s equilibrium coliection of
commodities.

Equations (1.4) are only the first-order conditions for a maxi-

mum. In order that » shall be a true maximum rather than a mini-

mum or minimax we must also have the second-order or stability con-
dition

(15) du=3 3ty dx, dz, < 0,

where the x’s are constrained to lie along the budgetary equation
(1.2). This is the mathematical statement of the condition that the
marginal rate of substitution must be diminishing for substitution in
every direction, or that the indifference curves must be convex to the
origin.
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Let

0 U1 Up e Up

My Uy Uy o Uy,
(1.6) U=1t Uar U -+ Uan | .

| Un U WUz o Uy
Then the restriction (1.5) is equivalent to the condition that the
determinants

0w U U

0 wu U j'u] Upy  Uaz s
Uy U Uz | My Up Uz Uea |, el cetera,
U Uiz Uz Uz Uqa Usz  Usg

shall be alternately positive and negative.’® In this series the last
determinant is U, the next to last is the cofactor U,, of s, in U,
the one preceding that is the cofactor Uns -1 Of %maym-ay in
U.., et cetera. Consequently the stability condifions state that

Uﬂﬂ U:m. {n-1)(n-1} U'rm. {n-1) {(n-1},{r-2) (n-2) Uﬂ’n,{n-l) {#-1),+,22
U . U , U PREREIN U -

are alternately negative and positive.** Since the order of numbering
the commodities is arbitrary, these conditions are equivalent to the
conditions that

Ull U11.22 U11,22,33 U11,22,33,---,(n—1)(n-1)

v’ uvou " U
shall be alternately negative and positive. We shall have occasion to
employ this form of the stability conditions in subsequent discussion.

It can easily be shown ** that this condition is invariant under a

substitution of F(u) for u. Since the first-order equilibrium condi-
tions (1.4b) are also invariant under such a transformation, it is thus
easy to see that the equilibrium position of the individual ean be de-
termined without reference to any measurable utility function.

15 R, G, D, Allen, Mathematical Analysis for Economists (London, 1938), pp.
485-92, and Hicks, Appendix, pp. 308-06,

0 U,

16 The numerator of the last expression equals which is negative
1 11
and therefore of opposite sign to the determinant in the numerator of the pre-

ceding expression.
17 Schultz, op. ¢it., pp. 652-54; Hicks, pp. 306-017.
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X,

o L X;

FIGURE 1.—DETERMINATION 0F EQUILIBRIUM FOR THE INDIVIDUAL.

The determination of the equilibrium position of the individual
for the case of two commodities is illustrated graphically in Figure 1.
The curves I,, I., and I, are three indifference curves representing
ascending levels of utility. The line ML is the budgetary equation
(1.2) to which the individual is restricted in his trading. The inter-
cept OM (equals 7/p,) is the value of his income in terms of p, while
the intercept OL (equals 7/p,) is its value in terms of z,. The slope
of the line equals the ratio —»,/p, . The individual comes to the mar-
ket with a collection of goods represented by some point @ on the line
ML, and seeks to trade it at the prevailing prices for a more pre-
ferred collection. It is clear from the convexity of the curves that the
most preferred collection and, therefore, his equilibrium position is at
the point P where ML is tangent to the indifference curve I,. Thus
he gives up @QF of X, and obtains EP of X, .

1I. THE LAWS OF CONSUMER DEMAND

It is clear from the derivation of the equilibrium conditions (1.2)
and (1.4) that the equilibrium quantities #, , 2., -+, #, demanded by
an individual, as well as the equilibrium values of « and 1, depend
upon three sets of factors;

(1) the individual’s scale of preferences,

(2) the quantities of the various goods in hig initial
collection, and

(3) the prices that prevail on the market.

Let the individual’s scale of preferences be fixed and let us consider
how his equilibrium position depends upon the other two factors. If
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the individual comes to the market with different initial quantities
of the commodities or is confronted with different prices, he will
choose different final combinations of goods. This means that the
gross (and therefore the net) demand for each commodity is some
function of the prices prevailing on the market and of the individual’s
initial quantities of the commodities:

xs:xs(pi:pz;"')pn;xl)xzf"':xﬂ)-

It would be very awkward indeed, however, if we were compelled to
solve anew the system of equations (1.2) and (1.4) in order to find
the demand for each commodity corresponding to each set of his initial
quantities and each set of prices. Moreover, such a procedure would
not be very fruitful, since in general it is dangerous to establish any
general laws or relationships between variables from results obtained
in individual examples. What we need, therefore, is a method where-
by we can determine general rules or relationships describing how
the final equilibrium position changes when the priceg or the initial
guantities change. '

To determine such relationships we need but return to the equa-
tions (1.2) and (1.4) which must be satisfied in equilibrinm and re-

interpret the prices p, and initial quantities z, as parameters subject
to change rather than as fixed constants. We can then investigate the
effects of changes in the prices and initial quantities by differentiat-
ing the equilibrium equations with respect to these parameters. If
we are interested simply in the direction and not in the magnitude
of the change in the equilibrium position, then it is sufficient to con-
sider only the differentials of the first order. We then obtain a set of
linear eguations in the unknown rates of change of the equilibrium
quantities with respect to each parameter. These equations, as we
shall see, can readily be solved in terms of the determinant U/ and its
cofactors. Geometrically this method involves shifting either the po-
sition or the slope of the budgetary line ML in Figure 1 and examin-
ing the resulting change in the equilibrium position.

The analysis will be carried on in terms of the money prices. As
we have already seen, however, g difference in the money price of any
‘commodity is important only insofar as it represents a difference in
its exchange ratio with the other commodities, Thus if all the price
ratios should be the same, the individual’s equilibrium would also be
the same even though the level of prices in terms of the token money
were different. Thus the individual’s demand is really a function of
the n—1 price ratios ¥, , rather than of the n prices p, . It is, however,
a simple matter to pass from the effect of a difference in the money
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price of a commodity to the effect of a difference in its prices in terms
of the numéraire. Since y, = p;/P, , the derivative with respect to y,
is simply p, times the derivative with respect to p,. Thus for any
function f we have

af af 9Ps of

3. ey, Prupy

A. Effect of Variation in Income

A change in the quantity of any one good in an individual's initial
eollection, all prices remaining unchanged, rcpresents a change in the
individual’s money income. Let us therefore consider the effects of a
change in income (prices being constant) upon the quantities demand-
ed, &y, &2, =00, Tn.

Differentiating the equilibrium equations (1.2) and (1.4) with
respect to money income 7, we obtain:

. 0%y 4 aa:z + n o —1
g teg BT =L
oA N GEN N %2 - 0%n 0
m 61" Ut B'r a2 a ‘ Uin 87‘ Ty
2.1
(2.1) o4 0@ + 0%, - X,
é‘;_‘ T Uy T— 3 Uz E,’:' Uan T o =0,
o4 n oy + Oy 4 ta Xy, —o
_—pn'_' u-rua , Upe — o a’)" .

Since from equations (1.4) we have p, = u;/1, the determinant of
the coeflicients in this system of equations is — U//A%, which by the
stability conditions is different from zero. Let U, be the cofactor of
#, and U7, be the cofactor of zero in the determinant I/ . Then solving
this system of equations we obtain for the rates of change of z, and
4 with respect to money income:

- o, AU, 3 —2U,
(2.2) U e U

Equations (2.2) give the rates of change with respeet to the
money value of an individual’s initial supply of commodities. To de-
termine the rates of change with respect to the value of the supply in
terms of the numéraire, we need but multiply these equations by p, .
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1. Effect on the quantities demanded in equilibrium

The term AU,/U can be shown to remain unchanged if we replace
# by F(u). Consequently ax,/or is a determinate quantity. '

Since there are no restrictions on the sign of the ratio U,/U, it
follows that the quantity of x, demanded in equilibrium may either
increase or decrease with increases in income. A commodity for
which the demand decreases as income increases is said to be an ““in-
ferior’” good. Normally commodities are noninferior goods. It is evi-
dent that at least one commodity must be a noninferior good.

2. Effect on the equilibrium level of utility

Since the equilibrium quantities demanded are functions of in-
come, the equilibrium level of utility must also be a function of in-
come. Let us designate the equilibrium level of utility by the letter
w . Differentiating the utility function (1.1) with respect to r, we
obtain:

2.3 Bw__ 8x1+ Bx2+ " 0xn

(2.3a) or M or | ey T M

Here the u; have equilibrium values and the 2x;/or satisfy equations
(2.1). By substitution of the relationship (1.4) %, = ip, and by use
of the first equation of (2.1), equation (2.3a) becomes

3b dw N

(2.3b) e A.

Thus the Lagrange multiplier 4 turns out to be the rate of change of
the equilibrium value of the index of utility % with respect to money
income. It is greater than zero, although it is completely arbitrary in
magnitude, since it depends upon the particular utility function that
is chosen. Thus if we replace # by F (1) we shall have:

W
{(2.4) —=F—=F].

If utility could be assumed measurable, then 1 could be interpreted as
the marginal utility of money income. Equations (1.4a) would then
be interpreted as stating that in equilibrium the marginal utility of
any commodity must equal the marginal utility of money income mul-
tiplied by the price of the commodity. Since we have not assumed
utility to be measurable, however, 1 represents only an index of the
marginal utility of money income, appropriate to the index of utility
u . We may designate this as .. To each index of utility F(u) there

18 Schultz, op. cit.,, pp. 652-54.
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will be an appropriate index of the marginal utility of money income
Ar=F"A,. The index is always positive, namely, an increase in money
income, prices being constant, always leads to a higher indifference
curve.

8. Effect on the index of the marginal utility of money income, 1
The rate of change of 2 with respect to r is arbitrary even in
sign. Thus, if we replace u by F (), we obtain:

ajp —_ I';’ aj‘“ 2F”
'5? = -a? + A .

Since the sign of F" is arbitrary, so is the sign of 8i/or .
B. Effect of a Variation in x,

A change in the initial quantity x; of any one commodity, prices
being constant, will change the money income by an amount equal to

p,d&; . The effect on the equilibrium position of such a changeis there-
fore given by:

axs_ax,, or . X,
ox, or 0w, | @r
2.5) ow ow
. =Pt
th ! or
04 ol
=P
axt or

C. Effect of a Variation in Price

The effect on z, of a change in the price », will differ according
as the individual’s money income 7 is or is not affected by the change
in price. The latter will remain unchanged if the individual has no

quantity x, in his initial collection but will change if he has. Let us
first consider the effect of a change in the price p,, all other prices
and income remaining constant. Differentiating the equilibrium equa-

tions (1.2) and (1.4) with respect to p., and putting %, in (1.2) equal
to zero,’® we obtain:

18 It should be recalled that the quantity of at least one commodity in the
initial collection must be greater than zero, so that the first equation of (2.6) and
therefore equations (2.7) will not hold for at least one price change. These equa-
tions could be applied to the case of ¥, = 0 only if it were assumed that a change
in p, were accompanied by such a change in x, as to leave  unchanged,
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ox, n X, R Bx,,
tome P2 opy T
o4 4 ox, o 0%y + 4 0 0
- Uy -— g e n I — ¥
P o ope * op: 1.2 op, * op:
(2.6) T S
p— — U U J— S U n —_— N
o . tta De ua'p: ¢ D,
o4 + 0%, . 0x, o 0x, 0
— Pa Upy — ~ e n o —U.
Pedm T o, ™ o, Yo b

The determinant of the coefficients in this system of equations is the
same as that for the set (2.1). If we let U,, be the cofactor of u,, in
U, then we obtain for the solution of (2.6):

0%, - A~ 2 Uy + Usy)

e U !
2,
(272) o —2(@: U+ U
w. U '

The term AU,,/U can be shown to remain unchanged if we re-
place u by F (u).2* We may therefore replace it by the symbol z,: so
as to show that it is not dependent upon any arbitrary utility func-
tion.*

If we now substitute from (2.2) into (2.7a) we obtain:

0%, o, N
—_ - x —
0, t o AT
2.7b
(2:7b) @ o
e ar “or’

Equations (2.7) give the rates of change with respect to the
money price of ;. The rates of change with respect to the price of
x, in terms of the numéradire are given by multiplying the right-hand
side of these equations by p.. Thus, for ¢t # n we have

axs 0%, d od 24
= an —_——p, —,
. P*ap, . ap

20 Sehultz, op, cit., pp. 652-54.
21 Hieks, p. 309.
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1. Effect on the quontities demanded in equilibrium

The first equation in (2.7b) has been termed the fundamental
equation of value theory. Its meaning may be made clear from the
following considerations. Suppose that, when p, changes, the individ-
ual’s income is so adjusted as to permit him to consume exactly
the same gquantities of every commodity that he consumed before.
Then in fact he will not consutne the same quantities, bul more
(less) of the commodity whose price has fallen (risen), and less
(more) of other goods. This substitution effect is measured by the
term &,, . The amount by which » would have to change in order to
keep the quantities «,, x., ---, #, unchanged is obtained by differen-
tiating » in (1.2) with respect to p: keeping all x; constant. It is

X,
M

M,

o L L L, X,

FI1¢UuRE 2.—SLUTSKY’s INTERPRETATION OF THE FUNDAMENTAL
EQUATION OF VALUE THEORY.

given by or/op; = x:. The change in x, resulting from such a com-
pensated change in price is therefore given by:

©2.8) dx, 0x, + or ox, 0%, + oz,
. —— e — —_—— T — Xy —.
dp, op. ops or op, ' or

From equation (2.7b) this rate of change is equal to x,, .

Since ,; is the substitution effect which results from a change
in price that is compensated for by a change in income, the term
—&; 9%./0, in equation (2.7b) is the change in z, resulting from the
fact that income is not so adjusted. Thus we have:

2.9) oz, dx, ox, s
i —_———— = e, — X .
apt dpt apr ! : aor
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The term —2x; 9z, /¢r therefore measures the income effect of the price
change upon the demand for z,. The fundamental equation of value
theory thus states that the change in demand resulting from a change
in price is made up of two parts: a substitution effect measured by
a2, and an income effect measured by — z, 8z, /o7 .

The meaning of equation (2.7b) is illustrated graphically for the
case of two commodities in Figure 2,

The initial budget line is ML and the initial equilibrivm position
is at P; when p, declines the budget line changes to ML, and the new
equilibrium position is at @ . This change is divided into two parts:
(1) the substitution effect from P to E which is obtained by shifting
the budget line at the new price parallel to itself so as to pass through
the initial equilibrium point P; and (2) the income effect from R
to @ which is the result of the fact that income is not adjusted to com-
pensate for the price change.?

2. Effect on the equilibrium level of utility

Since the equilibrium quantities demanded are functions of the
prices, it follows that the equilibrium level of utility w is also a func-
tion of the same prices. Thus, differentiating the utility function
(1.1) with respect to p, , we obtain:

ow oz, 022 oy

2.10 _ + e .
( 2) op: oy 1 o op:

Substituting the relationship (1.4) #, = iy, and making use of the
first equation of (2.4), we obtain:®

22 This interpretation of the substitution and income effects is given by Slut-
sky, op. eit. (Fig. 2 is a modification of the chart which appears in Schultz, op.
cit., p. 44). It corresponds to that given by Hicks in the Appendix, p. 309, but is
at variance with that given by him in the text, pp. 81-382. There Hicks interprets
x4, 85 measuring the substitution effect that would result if money income were

adjusted so as to permit the individual to buy such a combination of goods as
would leave the level of utility unchanged. It can be shown that when differen-
tials of a higher order are neglected both substitution effects may be measured
by x,,. See my paper, “On the Interpretation of the Fundamental Equation of

Value Theory,” in Studies in Mathematical Economics and FEeonometrics (ed. O.
Lange, T. 0. Yntema, and F. MeclIntyre; Chicago: University of Chicage Press,
1842), pp. 69-74. 7

23 Thig equation as well as (2.3) was first derived by R. G. D, Allen in his
article, “On the Marginal Utility of Money and Its Application,” Economica, Vol.
12, (1933), pp. 186-209, Note its bearing on the problem of the inverse utility
function of the prices whose first partial derivatives are proportional to the quan-
tities demanded. It is cbvious that this inverse utility function is the negative
of w . On this point see Hotelling, op. cit., pp. 590-95; and L. M. Court, “A Theo-
rem on Maxima and Minima with an Applieation to Differential Equations,”
Journal of Mathematics and Physics, Vol. 20, No. 1 (Fanuary, 1941), pp. 99-1086.
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2
(2.10b) %: — 1.

This term is negative but arbitrary in magnitude.

3. Effect on the index A

The second equation of (2.7b) relates to the effect of the varia-
tion in p, upon 2. Like 81/0r the term 9i/0p, is arbitrary even in
sign. Thus if we replace % by F (x) we have: G

@.11) odr e Oy B o P Oy e
. —_—= ——=F —— — 1 2F"x,.
e o op: op: '

'One important conclusion, however, follows from the second equation
of (2.7b). If corresponding to some index of utility F'(u) there is an
index of marginal utility of money income 1r such that it remains
constant both with respect to income and with respect to p;, we shall
have:

ox:

or :

Thus the constaney of the marginal utility of money income as here
defined implies that the demand for z: is not a function of income.
Obviously the demand for at least one commodity must be a funetion
of income.?*

D. Properties of the Substitution Term

The substitution term «,, provides us with the modern definition
of complementarity between commodities.2s If z,, is positive, then a
compensated reduction in the price of x, leads to a decrease in the
demand for z,, and the commodities are substitutes. If z,; is nega-
tive, 2 compensated reduction in the price of z, leads to an increase
in the demand for %, and the eommodities are complementary. If x,,

24 See Paul A. Samuelson, “Constaney of the Marginal Utility of Income,” in
Studies in Mathematical Economics and Eeconometrics (ed. 0. Lange, T. O.
9lflntema, and ¥. McIntyre; Chicago: University of Chicago Press, 1942), pp. 76—

This condition should not be confused with the one given by Hicks (p. 26)
for a demand that is independent of income. Ours relates to the quantity demand-
ed being independent of income (dx,/9r — 0) ; Hicks’s relates to the demand-price

expressed in terms of the numéreire being independent of income {(0y,/8r = 0).

The one does not necessarily imply the other when we are dealing with more than
two commodities. As Hicks points out 8y,/8r — 0 when the marginal rate of sub-

stitution between x, and the numéraire (= u,/u, = ¥,) is independent of money
income.

25 For a discussion of other definitions of complementarity which have been
given in the economic literature see Schultz, op. ¢it., Chap. XVIIL
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is zero, then the commodities are independent.?® It is obvious from
the definition that two commodities may be substitutes at one set of
prices and income level, and complementary to another. Likewise they
may be substitutes for one individual, and complementary for another.

We may list several important properties of the substitution
term:

a., Complementarity is a symmetric relationship; i.e.,
Condition 1: z, = x,, .
b. Since x,, = 1U,,/U it must be negative by the stability con-
ditions; i.e.,
Condition 2: x,, < 0.

This means that a compensated reduction in the price of a commodity
must lead to an increase in the quantity demanded of that commodity.
If the commodity is not an inferior good (namely, if 2x,/6r > 0), then
the income effect will work in the same direction as the substitution
effect, and a reduction in price will lead to an increase in the quan-
tity demanded. If, however, x, is an inferior good then the income
effect will work in the opposite direction from the substitution effect,
and a reduction in price may leac to a decrease in the quantity de-
manded.

c. Another important property of the substitution term follows
from the stability conditions. There is a well-known theorem in de-
terminants which states that®

Un U12 e Ulk

Usizs.opie = -k U, U, -- Uss,

Uk:l Ukr‘z v U kk

26 This definition is that given by Hicks in his Appendix, p. 311, and is at
variance with that given by him in the text, p. 44. There he takes the inverse
demand functiens with quantities as the independent and prices as the dependent
variables, and defines complementarity in terms of the effect of a “compensated”
reduction in the quantity of one commeodity upon the price (in terms of the
numéraire) of the other. For he writes, “X, is a substitute for X, if the marginal

rate of substitution of X, '>r money is diminished when X, is substituted for
moeney in such a way as to 1 -wve the consumer no better off than before”; i.e., if
o (u,/u,) 9y,
Az, O, ’
when the derivative is taken along the given indifference curve. Hicks, of course,
uses money here in the sense of the numéraire. When there are more than two
commodities, there is no reason why 3z,/3y, should be of opposite sign to 2y,/2z, .

27 Maxime Bécher, Introduction to Higher Algebra (New York: Macmillan
Company, 1938), pp. 81-33. ‘ ;
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Substituting from this equation info the expressions given previously
for the stability conditions, and recalling that x,, = iU,,/U, we obtain
the condition that the determinants involving the substitution terms,

PP Xy +r Xy pa
. Xy Xz E . &gy Lan rr Tapa
11 » [ ] ’
Yoy Lo ’ e 4 e s e e e o a
En-1,1 Lu-12 *** -1y a1y

shall be alternately negative and positive. This is equivalent to the .

restriction that the guadratie form in z,, shall be negative definite
ie.,

n-1 n-1

Condition 3: I T 0, 0 &, << 0.

1 1

The meaning of this condition may be made clear from the fol-
lowing considerations: As we have already seen, the term x,, repre-
sents the increment in the demand for z. associated with a compen-
sated change in the price of z:. The term p.x., therefore represents
the value of the increment in the demand for x, associated with the
compensated change in p,, and the term p,p, 2., represents the value
of the inerement in x, resulting from a compensated proportionate
change in p,. If the prices of a group of cammodities x; all change
by the same proportion and if the income is adjusted to compensate
for these price changes, then the effect of this composite proportion-
ate change on the value of the increment in z, is given by summing
the expression p; P, ., With respect to ¢, or by =, p. ©; £s: . The ef-
feet of this composite proportionate price change on the value of the
increments in demand for an entire group of commodities x, is
then given by summing the last expression with respect to s, or
by 3. 3t Ds Pt Le:- Thus the term I 3+ p, p, 2., represents the
effect of a compensated proportionate change in the prices of n—1
commodities on the value of the increments in demand for the whole
group taken together. Condition 3 is therefore analogous to Condi-

26 Jdentical conditions on the terms 9x,/9p, for the case of a consumer (or a
producer) who ig not limited by any budgetary restrietions were first derived by
Harold Hotelling in 1932, op. cit., pp. 590-98. The substitution terms x,, have, of
course, exactly the same properties as the terms 8x./8p, in the' case of an un-
limited budget.

Hicks, pp. 310-11, gives the condition that the gquadratic form Z Z p, p, =,
must be negative definite. As we shall show later, however, his discussion of mar-
ket stability indicates that he somehow overlooked the restrictions which this im-
plies on the gigns of the determinants of the substitution terms x,,, even though

he explicitly stated the conditions on the signs of the corresponding determinants
of the terms U, .
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tion 2. Just as the value of the increment in the demand for a single
commodity associated with a compensated increase in the price for
that commodity must be negative, so the values of the increments in
the demand for the entire group of n—1 commodities associated with
the compensated proportionate change in the prices of all of them
must also be negative.?®

d. The other conditions on the substitution terms are especially
important in restricting the degree of complementarity which may
exist between goods. If we multiply the cofactors of the terms in the
sth row of the determinant I/ by the corresponding terms in the first
row and add, we obtain the expression

0-Us+ uUgy + wlUsy + - + U sy

This equals zero since it is the expansion of a determinant, two of
whose rows are identical. Since U,, = Ux,/1 and u, = 1p,, we have
immediately

Condition 4. 3 p.2,:=0.

A=l

Condition 4 states that the value of the increments in demand for the
entire group of » commodities associated with a compensated change
in the price of one of them is equal to zero.

e. Since x,; < 0, it follows further that

Condition 5: 3, p. 2, > 0.
s&E
Condition 5 states that if there is a compensated change in the price
of x,, the value of the increments in the demand for all other com-
modities taken together must have the same sign as the compensated
price change. This constitutes one restriction on the degree of com-
plementarity which may exist between commodities. Even though
some x,; may be negative, there must be sufficient substitutability in
the system so as to satisfy Condition 5. This means, for instance, that

2¢ Tt should be noted that the term p,x,, represents the vadue of the increment
in x, associated with the difference in the price of x,. If ¢t 5= ¢, then the velue of
the increment in x, iy the same as the increment in the value of 2,. It t=— s, how-
ever, the two magnitudes are not equal. The difference between the two terms
corresponds to the difference between

o axs and p, x,)
* op, op,
For t 5= 5 the two terms are equal. Fer ¢t — s, however, we have
(p, z,) o,

= —_— x, .
apa ps apa+ 4
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in a two-commodity system the goods must be substitutes, while in a
system consisting of three commodities only, at most one pair may
be complementary. Indeed if we may anticipate the discussion in
Section 11, F, below and extend the concept of substitution to groups
of commodities, we may then say that any one commodity must be a
substitute of all other commodities taken together.

. From Conditions 3 and 4 together we obtain a further re-
striction on the degree of complementarity possible in a system of
commodities. It is:

Condition 6: 3 > 29, 2,>0 {m<n).
$z1 b=+l
Condition 6 states that when there is an equal proportionate change
in the prices of a group of commodities x, to ¥, that is compensated
by a change in income, then the value of the increments in the de-
mand for all other commodities taken together must have the same
sign as the compensated price change. Again anticipating our dis-
cusgion of Section II, F, below, we may say that if the » commodities
are divided into any two groups whatsoever, the two groups must be
substitutes of each other.
The Conditions 1, 2, and 4 were first given by Slutsky, Condition
3 was added by Hotelling, Condition 5 by Hicks and by Allen, and
Condition 6 by Hicks.

E. The Supply Side

In considering the effect of a variation in p; we have thus far
assumed that the initial quantity x; of that commodity is zero. A
change in p, therefore leaves the individual’s income » unchanged, so
that in differentiating the equation (1.2) we put 39S p. x.) /op, = 0
{in equation (2.6)]. If, however, the individual comes to the market
with a fixed quantity z, different from zero, then a change in p; will
have an effect on the individual’s initial money income. Thus we
must no longer treat r as a constant with respect to p, but as a
variable. The only effect this will have upon our system (2.6) is to
replace the term —z; in the first equation by z, — z.. The solution
of (2.6) will now be, instead of (2.7b):

o, — o,
P (z, — x,) or + Xy,
212
= B,
apg : t or a‘l’"

Similarly, instead of (2.10b) we shall have
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w_ -
(2.13) gp—tR&(a&s x:).

It may be well to clear up one point which might puzzle the read-
er at this stage. In our analysis we have assumed that the individual
comes to the market only with a fixed initial collection of goods,
Z., X2, *+ , Ta, the quantity of at least one of them being different
from zero. Under this assumption the money value of the individual’s
income is dependent upon the prices of the commodities, In this case
equations (2.12) and (2.13) are the appropriate ones.

Very frequently, however, economists have assumed that the in-
dividual comes to the market not with a fixed initial collection of
goods but with a fixed initial money income. They have thus treated
» as a constant with respect to every single price. In that case equa-
tions (2.7b) and (2.10b) are the appropriate ones. An assumption
such as this implies, of course, that the individual obtains his inttial
income in a manner which is completely independent of the price sys-
tem under consideration.: It is therefore not an appropriate assump-
tion to make, when we wish to study the entire price system including
that part of it which determines his income.

The difference between the two approaches stands out very clear-
ly when we consider the effects of a change in the entire price system.
If we adopt the first approach then we have from (2.12) and (2.18):

7

S — ox »
EP:J:E i (X — x¢) Ef + 3 s,

i=1 apt =1 o |
2.14a) s S 00— 20) e — A5 Py
Jd4da o Xy — X)) — _—
( MP: 2 Pl ) 2 D ™
k) aw n —
20 —=AZ 0z — )
= 0Py t=1

From the budget equation (1.2) the first term on the right-hand side
of each of these equations equals zero. From Condition (4) of the sub-
stitution terms x,. , the second term on the right-hand side of the first
equation also equals zero. From the first equation of (2.1) the term
3 p; ox;/0r = 1. Consequently equations (2.14a) may be rewritten

as:

o ox, 0
E pt apt - »
(2.14b) § o =—1
‘ 20w
o w
Sp—=0
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From these equations it follows that the demand for 2, is a homogene-
ous function of degree zero of all the prices p,, 9., -+, P, . Likewise
the equilibrium utility level w is a homogeneous function of degree
zero of the same set of prices. This means that, if all money prices
should change in the same proportion, then x, and w would remain un-
changed. This is simply a mathematical statement of the point previ-
ously noted that the equilibrium position of any individual is a func-
tion of the n—1 ratios of the money prices between the commeodities
and not of the » money prices themselves. The index of marginal util-
ity of money income is, however, a homogeneous function of degree
- 1.2 If all money prices should change in the same proportion &k, then
4 would become i/k.** It should be noted that the second of equations
(2.14b} implies that the index 1 of marginal utility of money in-
come must be a variable with respect to at least one price.

If we adopt the second approach and assume that the initial
money income is fixed, then our budget equation becomes Zp,x, = 7
where » is a constant with respect to every price. Equations (2.7b)
and (2.10b) should then be used. Multiplying by p: and summing for
all ¢ we then have:

E": 0%, ;‘_, 0%, + é 0,
—_—=— T — Ly = —r—,

t:xptapr tqpt ta‘?‘ :=1p‘ ¢ or
2.15) é ol . n ol 2 » ‘ 0x . oA )
(2. t-1p‘apt_ t=1 D 2 or Eplt or -7 or e

n aw "

Ep:a—-*—“—lE?:hx;:Mifr.

#=1 t t=1

Here the equilibrium values of x, and « are again homogeneous fune-
tions of degree zero and A of degree — 1, but now the independent vari-
ables-are the set of prices p,, p., -, #. and the income r.

With this assumption it is quite possible for the index of margi-
nal utility of money income to be a constant with respect to every
price. Indeed in that case we shall have:

WIfy=f(z,2,, ", %,) is a homogeneous function of degree m , then, for
every k, f(kz,, ka,, -, kz,) = k™ f(z,, 25, *--, #;). It follows that
2;‘ # 0f/0z — my .

51 This may also be seen by examining the equilibrium equations (1.2) and
{1.4). If all prices change in the same proportion, (1.2) and (1.4a) remain un-
changed, so that », and w are unchanged. Likewise u, is unchanged, so that A
hecomes A/k .
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E P a_p‘ =7 '57;— — i 0,
or
roa_ _
ior
Substituting into equation (2.7b) we shall then have
o or or 0,
and
8x¢ r .
e

Thus the assumption that money income remains constant when all
prices change plus the assumption that marginal utility of money in-
come is a constant with respect to all prices leads to the proposition
that the income elasticily must be unity for every commodity.’?

F. Effect of a Proportional Variation in the Prices
of Several Commodities

One of the most important propositions proved by Hicks is that
“if the prices of a group of goods change in the same proportion that
group behaves just as if it were a single commodity.”*®* The proof is
as follows:

The value of the inecrement in the demand for x, associated with
a proportionate change in p; is given by:

3(pa%x,) 0%,

- 0%,
— = — T — X g —— - DD se .
P :p Py P 1) P or yif1 Y

(2.16) p.

The term p,(x; — ;) is the expenditure on x; and p,0z,/dr is the in-
crement in the expenditure on x, associated with a change in income.
If the prices of a group of goods x, , x, , - -+, ¥ change in the same pro-
portion, then the value of the increment in the demand for z, is giv-
en by:

ox, 0%,
(2.17) 2 i Ds e = - 2 pe(z, — 2) Ps o= + 2 PiPiLyt.
=5

The value of the increments in demand for the whole group of goods
is then given by:

32 Paul A. Samuelson, “Constancy of Marginal Utility of Income,” cited above.
38 Hicks, p. 312,
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218) 3 Spm,ortem— (Zpeta 7 )(zp.i’-’-‘) +3 S Pt
b1 =1 D 1 1 or 3=1 i=1
Equation (2.18) has exactly the same form as (2.16). The first fac-
tor in parentheses is the expenditure on the group of goods and the
second factor is the inerement in the expenditure on the group of
goeds associated with a change in income. The last term measures
the substitution effect of the price change on the group of goods and

is negative by the third property of the substitution terms.

It follows from this that a group of goods whose prices change
proportionately behaves just as a single commodity. Indeed we may
define a commodity as a class of goods whose prices change propor-
tionately. It follows further that if the prices of a group of goods

remain unchanged, the entire group may be treated as one eommeod-
ity

G. The Individual Demand Functions

Starting with equations (1.2) and (1.4) which determine the
equilibrium position of an individual with a given initial collection of
commodities x, , ., ++- , &5 under a given set of prices P,, Pa, -+ , Pn
we have shown how the equilibrium position varies with variations
in each of the parameters. We have thus established the functional
relationships between the equilibrium quantities demanded by the in-

dividual and the set of parameters. Thus we have derived the set of
demand functions:

(2193) xx:fa(Pupzs'":'pm51152;"',5-:) (3":1:2!""”’)-

If we confine ourselves to the case where the initial quantities are
fixed constants, then we may rewrite (2.19a) in the form:

(2-19b) xa:ga(p1:p_2;"‘:fl‘n) (S=1,2,“',n).

Similarly the equilibrium value of the utility is also a function of
these same prices. Designating this equilibrium level as w , we have:

(220) 'w:'u[%(i‘h .-p2J"'qu)rx2(p1:p21""p")’
“')xn(pl » D2 !"'sp'rl)]
=w(p1)p25""pn)-

#¢In combining a group of goods into one commodity the weights to be used
are proportional to the prices, Thus if we let x, be the combined commodity we
have:

PoXe =12, + Po, + -+ + P, .
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Likewise the value of the index of the marginal utility 4 is a function
of the same set of prices:

(221) lzl(}%;?z:"':]?n)-

The partial derivatives of x, and 1 with respect to p, are given
by equations (2.12) ; the partial derivative of w with respect to p; is
given by (2.13).%%

As we have already pointed out (I, E, above) the funetions z,
and w are homogeneous of degree zero and A of degree —1, so that
they may in fact be written as follows:

P Do Pu 1
Ty — &y (_" R )!

pn,pn’. ’ p‘ﬂ
D:. P -
(2.22) w:w(_i’_f,._,,p 1 ),
pﬂ- pﬂ pﬂ
g:lg(&,%,...,,p“ )
pn pu pn prl

It should be noted again that the demand functions (2.19) and
(2.22) relate to the gross demand for x, , hamely, £o the amount which
the individual has in his equilibrim collection. The net demand is of
course equal to his gross demand minus his initial supply (¥, — ,)
while his net supply equals his initial supply minus his gross demand
{x, — z,). As we have already noted, an increase in the net demand
is algebraically equivalent to a decrease in the net supply.

It should also be pointed out that of the n demand functions in
{2.19) or (2.22) only n—1 are linearly independent. Given the n—1
independent demand functicns, we immediately obtain from the bud-
getary restriction the demand function for the nth commodity:

. - Pz — Pr-
xn::——l(a:]_xl)+—(x2—x2)+...+ t
Pn P

n Dn

(Eﬂ—l - xn-1) + En-

3% We have assumed here that the individual comes to the market with a fixed
initial collection of goods «,, ,, <+ , «,, so that his money income » changes
when the prices change. If, however, we had assumed that the individual comes
to the market with an income that is unaffected by any price change, then the
money income would be an additional independent variable in all our functions.
Thus we should have:

xu:xs(pl!pzs'“:pn:f),
W=w(P, 10y, > PnrT),
X'———-MPI,Pzr"'.Pn:"’)-

See discugsion under Part E of Section IT, above.
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H. The Aggregate Market Demand Functions

To obtain the aggregate market demand functions we need but
sum the demand functions (2.19b) or (2.22) for all individuals.
We then obtain:

(2.23) X =Gu(D1, D2, , Da) C=1,2,0,m)
:Xs(ylﬁ y‘li""y“‘l)’
where X, =3 z, for all individuals, ¥, = p:/Px » and

oX, ax.'_ - 0, N
. a—z((xrxt)—a;) S 2y

from (2.12). As with the individual demand functions, only n—1 of
the aggregate demand functions are linearly independent.

Since x,, has the same properties for every individual it follows
that 3 z,, also has the same properties. Let X,; = ¥ %, . Then we have
from the conditions for the individual substitution terms:

Condition 1: X, =X,
Condition 2: X, <0,

(2.24)

m m

Condition 3: X X p.0: X <0 {m <n),

-1 b=l
Condition 4: I p.X,..=0,
$=1

Condition 5: X p.X.: >0,

g2t

Condition 6: ¥ X p.p: X.: >0 {(m<n).
§=1 t=mtm+1
It should be noted that Condition 3 implies that the determinants
X“ X12 b le
X Xll -X12 le X22 sz
e le X-.ez ! ’ R
Xm*. Xm'2 e Xmm !

shall be alternately negative and positive. As will be seen later this
means that, if we neglect income effects, the market stability condi-
tions must be satisfied if the conditions for the maximization of every
individual’s ufility subject to his budgetary restraint are satisfied.
This point seems to have been overlooked by Hicks (Chapter V, espe-
cially page 71, and Appendix, pages 316-17).
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Following up our definition of complementarity with respect to
individuals we may say that two commodities are complements with
respect to the market if X, < 0 and substitutes if X;, > 0. This is the
definition of true complementarity. We shall also have oceasion, how-
ever, to make use of a concept of gross complementarity: We may say
that X, is a gross complement of X, if the total effect ¢z,/0p, is nega-
tive and is a gross substitute if 6X,/ép, is positive, It should be noted
that this concept is not at all symmetric, since 8X,/9p, is not generally
equal to 8X,/0p, . Indeed the two terms may even have opposite signs.

APPENDIX TO CHAPTER 1
A NorE oN T. Q0. YNTEMA’S DEMAND FUNCTIONS

It may be well at this point to compare our demand functions
with those employed by T. 0. Yntema.

Yntema writes the demand for each internationally traded com-
modity as a function of the money price of that commodity deflated
by the level of domestic prices. If we assume that all domestic prices
change in equal proportion, we may treat the whole group of domestic
goods as a single commodity x, with a price p,. Then in terms of our
formulae, Yntema’s demand functions could be written as:

Pra
Dn

r yiF
(2.25) Xlle(g—), X2=X2(;i), oy X = X ()

This has the following two implications:

1. The quantity demanded of any internationally traded com-
modity does not change if there i3 a change in the price of any other
internationally traded commodity relative to the domestic price level.*”

2. The gquantity demanded of any internationally traded com-
modity does not change if there is a change in income that is unac-
companied by any change in prices. Thus it is implied that the income
effect 9X,/or is zero for every internationally traded commodity. This
can be seen from the fact that when Yntema differentiates the net de-
mand funections (equal to total quantity demanded minus total quan-

T, O. Yntema, A Mathematical Reformulation of the General Theory of In-
ternational Trade {Chicago: University of Chicago Press, 1932).

37 In a later chapter Professor Yntema states that his system can be general-
ized so as to write the demand as a funetion of all prices, but he does not incor-
porate this generalization in discussing the laws of the working of his system.
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tity supplied) with respect to a change in income (resulting from rep-
arations payment) he writes?

2.26 d(X )?)—d(x‘—i‘)d( /D)
(2:26) LA T T G py PP
IT the income effect is not zero then we should have:
2.27) d(X J‘f)—a(x‘ﬁi") d(p./Pn)
(2.2 Y P M
a(X1 - f1)
070 d{r/pn) -

We should arrive at Yntema’'s system of equations as a special
case of our own if we made the following two assumptions:

1. The index of the marginal utility of money income remains
constant with respect to income and with respect to the price of
every internationally traded.commodity. As we saw in Section II, C,
3, this implies that the income effect for each such commodity is zero.

2. The utilities of the » goods are independent of one another,
s0 that the utility function can be written in the form:

U(Ly, Tay ey Bo) = Fr(2a) + fa(ire) +--0+ falz,).

This implies that demand for any internationally traded commodity
is a function only of its price in terms of the numéraire, and is inde-
pendent of all other prices.®

In Section 4 of Chapter V, Yntema extends his technique of analy-
sis by using a different deflator for each price. Thus he writes:

(2.28) Xlxx,(%‘), X, = X(gﬂ )

This is an attempt to take into account the fact that the demand for
any one commedity depends upon other factors besides its own price
and the level of domestic prices.

28 See in particular his equation (95) which forms the basis of his equations
{98) on page 66. I have taken the liberty of modifying the symbols to conform
to mine. It should be noted that Yntema deals with a production rather than an
exchange economy, so that the gross supplies are functions rather than constants.
This is irrelevant for the point at hand,

m’Cm'rq:larf:a Paul A. Samuelson, “Constancy of the Marginal Utility of In-

e,” cited above.
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It is well to keep in mind these differences between Yntema's
approach and mine, since they account for most of the differences in
our conclusions in the static analysis.*®

40 Two other differences in our approaches may be noted at this stage:

1. Yntema begins with the assumption of aggregate demand and supply
functions, instead of deriving them from individual utility functions and from
transformation or production functions.

2, Yntema's system of equations does not include the functions for domestic
commodities or for productive serviees.



CHAPTER 11
EQUILIBRIUM OF EXCHANGE IN A CLOSED ECONOMY

I. CHARACTERISTICS OF THE EQUILIBRIUM POSITION
A. The First-Order Conditions

The equilibrium of exchange for the whole economy requires that
the prices shall be such as to equate the total quantity demanded of
each commodity to the total guantity supplied. We thus have the n
equations

(3-1) Xs"_"'i.s (321,2,---,’)1,)’

where X, =3 z, is t13e total quantity demanded as defined by equation
(2.23), and X, = 3 x, is the total quantity supplied—a fixed constant.
Of these equations, however, one follows from the rest. For in

determining X, we have made use of the individual’s budgetary equa-
tion

(1.2) Psits == ISPy,
which when summed for all individuals becomes
(3.2) 30X, = 3Ip.X,.

Since (3.2) must hold regardless of whether (3.1) holds, it fol-
lows that if n—1 equations are satisfied, the nth must likewise be sat-
isfied.

It would seem, therefore, that we have but n—1 independent
equations to determine the » prices, p,, p,, .-+, P». As we have al-
ready seen, however, the demand for each commodity is really a func-
tion of m—1 price ratios ¥, , in terms of the numéraire:

(3.3) Xs:Xs(yj.:yzs'“:'yn—])s
where

oX, 20X,
(3-4) — P

oYt op,

Thus we have but n—1 unknowns—the price ratios ¥,—to be deter-

— 36—
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mined by the n—1 independent equations of (3.1). Our equilibrium
system (3.1) therefore reduces to the (n—1)-dimensional system

(3.5) ] Xs(ylayzﬂ“;yn-q):)_(s (82_1;21"':%_1)-

The equilibrium system then determines only the m—1 prices ¥, in
iterms of the numéraire. 1t does not, however, determine the absolute
level of the » prices p; in terms of the token money because if does
not determine the value of the numéraire in terms of the token money.

How is the value of the numéraire in terms of the token money
determined ? In the traditional theory of money this is determined by
a supplementary equation, the so-called “equation of exchange.” As-
sume that there is a fixed quantity of money-—a fixed number of coun-
ters—in the economy and that each individual is given a sum of money
in proportion to the value of his income. Given the quantity of money
and the proportion in which money is held against income, it is easy
to determine the level of prices in terms of this token money.

Let m be the sum of money held by an individual and K the pro-
portion of m to his income r; and let M = 3m be the total fixed quan-
tity of money and R = 37 be the total value of income in the economy.
Then we have:

(3'6) mzKrzKEpsa-‘?:puKEysEs (ynEI),
and
(3.7) M=KR=K3p.X,=p.KZy X,.

(Given M and K , the price p, and therefore the general level of money
prices are uniquely determined; namely

M

(3.8) P =——.
KXy X,
1

The essential difference between the determination of the ex-
change ratios between the commodities and the determination of the
money price of the numéraire must be noted at this point. Unlike the
price ratios between the commodities, the money price of the numé-
raire is not a variable whose equilibrium level must be determined by
the interplay of market forces. The mouney price of the numéraire
does not equilibrate the demand and supply for any commodity, since
these are equilibrated by the price ratios between the commodities.
Nor does it equilibrate the demand and supply for money, since these
are assumed to be identical. The money price of the numéraire is not
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a market-determined price at all, but is simply arrived at as a matter
of definition of units. Given the quantity of money and the proportion
in which money is held against income, the money price of the numé-
raire follows by definition.

It is obvious that in terms of this token money, p, or the general
level of prices is directly proportional to the total guantity of money
M, and inversely proportional to the fraction of income K which is
held in the form of money. This is the rigorous interpretation of the
so-called quantity theory of money. It should be noted that in this
form all problems' of index numbers are completely avoided.

1t should be emphasized, however, that the level of money prices
is directly proportional fo the quantity of money, only when our
money is simply a token with no direct utility of its own so that the
quantity of it demanded is identically equal to the quantity supplied
for each individual. Each individual spends all his money on com-
modities which have utility, but gets it back in exchange for the col-
lection of goods which he brings to the market for trade, The exis-
tence of such a money can have no effect upon the equilibrium guan-
tities bought and sold or on the price ratios %, at which they are ex-
changed. Doubling such money will simply double all prices and
leave the price ratios unaffected. If, however, we drop this token
money and take as our money the Walrasian numéraire, a commodity
which has direct utility just as every other commodity, it is clear
from the equilibrium equations that the level of prices in terms of the
numéraire will not be proportional to the quantity of the numéraire.

In other words, if X, , the supply of the numéraire, were to double
there is no reason why %, 9., -+, ¥. should necessarily double,

1 This discussion should be compared with that of Oscar Lange in “Say’s
Law,” op. cit., especially p. 65. Lange writes that the equation of exchange is “an
identity, which holds for any value of p, and, therefore, cannot serve to determine
P, . But k& cannot be constant and must be indeterminate to adjust itself to any
value of p, so that the identity he satisfied.”

I agree, of course, that the equation of exchange is an identity, and that it
could not determine the value of p, if the money price had any “degree of free-
dom,” i.e., if it were a variable whose value depended upon the market demand
and supply conditions for any commodity or for money. My discussion differs
from Lange's only in treating the equation of exchange as serving to define p, .
By definition then, p, eannot take on any value except that whieh is assigned to
it in the equation.

I admit, of eourse, that this is a purely artificial method of determining the
money level of prices. This artificiality is inherent in the whole “neutral money”
approach. I restate it here only te show to what extent the traditional theory of

money can be made consistent with the general-equilibrium theory for the deter-
mination of relative prices.
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B. The Stability of the Equilibrium

The system (3.5) provides us with 2 set of n—1 independent
equations to determine the n—1 price ratios ¥, under a given set of
conditions. The given set of conditions includes:

(1) the preference function for each individual, and

(2) the initial collection of goods for each individual. A change
in these givens will change the system (3.5) and give rise to a new
set of equilibrium price ratios. What we need, therefore, is a tech-
nique whereby we may determine the nature of the changes in the
price ratios resulting from a change in the given conditions.

It is impossible to deduce the direction of change of an equilib-
rium position without specifying the properties of any given equilib-
rium position under given conditions. We have already seen an ex-
ample of this in deducing the laws of the individual consumer’s de-
mand from our knowledge of the properties of the individual’s equi-
librium position. We can deduce similar laws for the working of the
market exchange equilibrium only by specifying the properties of
any given equilibrium positicn. These properties are known as the
stability conditions.

The importance of the stability conditions cannot be overem-
phasized. If we wish to examine the effects of a change in the given
conditions upon the equilibrium position, it is obviously not enough
simply to know that in both the old and the new positions the quan-
tity demanded must equal the quantity supplied. We must know in
addition what would happen to the quantity demanded and the quan-
tity supplied should an accidental displacement from the equilibrium
position occur. Once we know this, then we ean investigate the laws
of change.

The simplest illustration of this sort is to be found in the equi-
librium analysis of a one-commodity market, The stability condition
that is usually assumed for such a market is that a rise in price should
decrease the quantity demanded and increase the quantity supplied.
From this it follows that a change in the given conditions such as an
increase in the demand funection will lead to a rise in price. Our prob-
lem is to specify similar stability conditions in a general exchange
economy,

Hotelling was, I believe, the first to specify the exact stability con-
ditions for an economy in which income effects can be entirely neg-
lected.? Hicks extended this work to include the field in which in-
come effects must be taken into account.?

 Hotelling, op. cit., pp. 590-98 and 600-601.
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The stability conditions as postulated by Hicks are as follows:

Define the “excess demand” for any commodity as the difference
between the total quantity demanded and the total quantity supplied.
In equilibrium, then, the excess demand for each commeodity must be
equal to zero. In a one-commodity market, stability would require
that a reduction in the price of that commodity should lead to an in-
crease in the excess demand for that commodity. The rise in the ex-
cess demand would then tend to restore the price to its equilibrium
level. In laying down stability conditions in a multiple-exchange mar-
ket, however, we must take into account the repercussions that a fall
in one price wili have upon the excess demand and therefore upon the
prices for the other commodities.

In our system (3.5) the unknowns to be determined in equilib-
rium are the n—1 price ratios. To determine the stability conditions
we must therefore consider the effects of a change in a price ratio
upon the gystem (3.5). The conditions of stability of a multiple-ex-
change equilibrium given by Hicks are these:

1. A system will be said to be perfectly stable if a reduction in
y leads to an increased excess demand for X under all of the follow-
ing conditions:

{a) when all other price ratios remain constant;

(b) when only one other price ratio is adjusted so as to
maintain equilibrium in the market for that eommodity ;

(e) when only two other price ratios are so adjusted;
and so on, until we have adjusted all other price ratios,

2. A system is said to be imperfectly stable if a reduction in ¥
leads to an increased excess demand for X only when all other price
ratios are adjusted so as to maintain equilibrium in those markets.

Without loss of generality, let us consider the stability conditions
with respect to a change in 7, . The mathematical condition for im-
perfect stability is given by the system:

d(Xl s 21)_dX1 —ml 8X1 dyt

< {0,
dy, dy, 5 oy, dy,
(4.1) .
d(Xs - Xs)_ ng __"'"1 a'Xs dy;
dy, T dy, S e ET_

(s=2,8,---,n—1).

8 Hicks. op. ¢it., Chap. V and Appendix, pp. 315 ff. The dynamic implications
of the stability conditions have been developed by Paul A. Samuelson in “The
Stability of Equilibrium: Comparative Statics and Dynamics,” Econemetrica,
Vol. 9, April, 1941, pp. 97-120, and extended by Osear Lange in a paper on “The
Stability of Economic Equilibrium,” read before the Econometric Societv at its
meeting in New York, December 28, 1941 (abstract in Ecenometrica, Vol. 10,
April, 1942, pp. 176-177).
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Let
_oX, _ oX, _
(4.2) a’st_ayt_“pnapt (S,t—1,2,---,‘n—1).
Further, let
Qy yy ree g p
(4'3) J____,_ s, L1 U*z, n-1 ,

a'n-x, 1 a’n—l, z a"n-l, n-1

and let J,. be the cofactor of «,, in J. Then from (4.1) it follows that

dax, J

4.4) — =—<0.

( dpl J].l
If the market is to be perfectly stable then dX,/dy, must be neg-
ative regardless of whether the other price ratios remain constant or
are adjusted so as to maintain equilibrium in those markets, For each
additional price that is kept constant we have one less unknown and
one less equation to set equal to zero in (4.1). Solving for every such

system we obtain as the conditions of perfect stability that the deter-
minants

. [/ nas {1 _ .
(4‘5) a:l :"1“22 a;,ﬂ 1
i 2 e L =
Ty Qyp w
a’ll » s,y aqg ’ ]
Qpog,1 Opg, 2 = a’n—l, n-1

shalil be alternatively negative and positive. (Similar conditions must
obviously hold with respect to accidental displacements in every other
price ratio.)

Now @, represents the total effect, or the sum of the income and
the substitution effects of ¥, upon X,:

0X;

"t ope
where the summation is taken with respect to all individuals. If the
market income effects were all zero, then, except for a factor P, , the
determinants (4.5) would become

Xn X12 i Xl,n—l
le X22 e Xz, n-1

0%a

=Pu > [(xs — ) —— ]+p,.X.¢,

(4.6) @y = o

(4.7) X, Xn

Lo x, X,

A e e e e e wom e .
Xn—],l Xn—l,? b Xn-:!.. n-1

These determinants, as we have already shown, are altematiirely nega-
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tive and positive by virtue of Condition (3) of the substitution terms.
It follows, therefore, that if we neglect income effects, the muliiple-
exchange equilibrium must be perfectly stable. Stability can be de-
stroyed only if the market income effects are sufficiently large to over-
come the relationships which prevail between the substitution terms.
It cannot be destroyed by any possible degree of complementarity.
This point, as we have already indicated, was overlooked by Hicks
who argued that the system might be rendered unstable by a suffici-
ently great degree of complementarity.*

The net income effect of y, on X, is given by p,3(x: — .)dx,/0r .
If the rate of change of consumption with respect to income is the
same for all individuals then this net income effect will be zero. In
order that the net income effect should be at all large, ox,/07 must be
considerably different for buyers of x, from what it is for sellers. It
is not too unreasonable to assume therefore that ordinarily the in-
come effects will not be s0 large as to render the system unstable.

II. THE LAWS OF THE WORKING OF THE EQUILIBRIUM SYSTEM

A. Effect of Change in Demand for One Commodity Only

From the stability conditions we can now proceed to deduce laws
of change for the market-equilibrium system. In order to simplify
the analysis let us assume that there is a change in the initially given
conditions such as to inerease the excess demand for only one com-
modity, the excess demand for every other commodity in the equilib-
rium system (3.5) remaining equal to zero. When once we have stud-
ied the effects of an increase in the demand for one commodity we
may readily pass on to the case of a shift in the demands for several
commodities. It is rather difficult to give a satisfactory example of
such a change, since an alteration in the individual preference func-
tions will in general lead to a change in the demand for every com-
modity in the system (3.5).

+ See the following statements by Hicks:

“If income effects can be neglected, and if no complementarity is present,
then the system of exchange equilibrium must be stable. In itself, this i1s not a
very satisfactory result; for whatever may be the case with net income effects,
complementarity, we know, does exist, and is likely to be present in any system
of exchange with which we are likely to be concerned. It is therefore reassuring
to observe that only very extreme degrees of complementarity are at all likely
to produoce instability.” (P. 71.)

_ “It is evident that this condition [4.7] must be satisfied, even if all three
pairs are substitutes; and it will still be satisfied, even if some complementarity
is present, provided the amount of complementarity is not very great.” (P, 317.}
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We may suppose, however, as does Hicks,

... that a small number of the persons trading experience a certain change in
their preferences. The most convenient change to take . . . is an increased desire
for some particular commodity, which they are prepared to satisfy by increasing
their [net] supply or diminishing their [net] demand for the standard ecommodity
[numéraire], their demand and supplies for all other commodities heing unaf-
fected. (P. 73.)

Two points should be emphasized in the study of a case such as this.
it is assumed that the demand function for only one commodity
changes in terms of the numéraire, the demand functions for all other
commodities—complements and substitutes alike—remaining absolute-
ty unchanged. Thus it is assumed, for instance, that af given prices
the amount of tea demanded increases, but the amount of sugar and
the amount of coffee demanded both remain unchanged. Secondly, it
is assumed that the change in tastes is experienced by only a small
group of persons trading, those of all other persons remaining un-
changed. When this occurs, “the same relations of substitution and
complementarity as before persist for all the rest of the market,” and
for practical purposes we may say that the same relations persist for
the market as a whole. This point is of special importance, for, as
Hicks points out:

It is the persistence of unchanged scales of preference for the rest of the market
which enables us to deduce the economic laws from the properties—the unchanged
properties—of these scales of preference.®

This is, of course, a very restrictive assumption, but it appears
useful to consider the effects of a shift in only one of the functions in
(3.5) before investigating the effects of a shift in several of them.

What changes in prices will result from such a change in de-
mand? In the words of Hicks:

The change in prices must be such as to produce an excess supply, from other
persons trading, sufficient to satisfy the increased demand from the first group.
Now the stability conditions have already told us what changes in prices will
lead to an excess supply in the market for X, while other markets remain, as
they should, in equilibrium. The stability conditions thus enable us to say what
will be the effect of such an increase in demand.

First of all, the price of X itself must be raised. This follows even if all
secondary reactions through other markets are allowed for. The system can only
be stable at all (even imperfectly stable)} if a rise in the price of X (all secondary
reactions considered) makes the supply of X greater than the demand. (P. 73.)

What about the effect on other prices? If the market for only one

5 J. R. Hicks, “A Comment,” Review of Economic Studies, Vol, 8, No. 1 (Octo-
ber, 1940), pp. 64—-65. See also Oscar Lange, “Complementarity and Interrelations
of Shifts in Demand,” ibid., pp. 58-63.
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other commodity were affected we could easily determine the effect
on the price from the stability conditions. Thus suppose that there is
an increase in the demand for X, (in terms of the numéraire X,)).
- Then y, must rise. If only one other price y, were affected, we should

have from the stability conditions (4.1)
oX, + X, dy;

0=
ays a?h dys

or
dy: X, /23X,

dyn 3% 3y t )

Now 0X,/8y. is negative from the stability conditions and 8X./dv,
will, if we neglect income effects, be positive or negative according as
X, and X, are substitutes or complementary goods. Neglecting in-
come effects, therefore, the price of X, will rise if X; and X, are sub-
stitutes and will fall if they are complementary.

If more than one other price is affected then we have to take into
account the various indirect effects between the markets. If X, and X,
are substitutes for X, their prices will both tend to rise, but if X, is
complementary to X,, the indirect effect of X, on X, through X, will
be in the direction of a price fall. On the other hand, if X, is comple-
mentary to X, its price will tend to fall, but if it is a substitute for X,
the indirect effect through X, will be in the direction of a rise in price.
If both X, and X, are complementary to X, their prices will tend to
fall, but if X, is complementary to X; the indirect effect will be a rise
in price. In the words of Hicks:

Indirect effects through third markets thus cobey the rule that an increased
demand for X will raise the prices of those goods which are substitutes of sub-
stitutes, or complements of complements, for X; it will lower the prices of those

goods which are complements of substitutes, or substitutes of complements. (P.
74.)

Since the direct and indirect effects may work in opposite direc-
tions it follows that the total effect is not restricted with respect to
sign. A substitute for X which is a substitute only for its substi-
tutes and a complement only to its complements will be affected in
the same direction as X . A complement of X which is a complement
only to its substitutes and a substitute only for its complements will
move in the oppesite direction from X. If there were no complementar-
ity at all throughout the entire system, then a rise in the demand for
X would increase not only the price of X but the prices of all other
commodities as well.

Income effects may, of course, complicate the matter, but we
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shall assume throughout that they are not sufficiently large to offset
the relationships of substitution and complementarity. In other
words, we shall assume that the total effect of a price change upon
the demand for any commodity is in the same direction as the substi-
tution effect; namely, that o, has the same sign as X,;. This means
that if two goods are true substitutes (as determined by the sign of
X,.) they are also gross substitutes (as determined by the sign of a,.).
It should be recalled, however, that while the true relationships of
substitution and complementarity are symmetric (X,, = X.) the
gross relationships are not (a.; ¥ @.,).

Hicks’s treatment of the laws of the working of the equilibrium
system may be considerably simplified by a mathematical restatement.
Let o be the parameter with respect to which the demand for X, in-
creases. Then upon differentiating the equilibrium systemr (3.5) to-
tally with respect to « and letting 8X./0y; = a,; (as before), we obtain

Y. dyy AYn
and,a T @y i i ol T =0,
dy, d’yz A1 X,
(48) Qgy da + d{l + - +a'x n-1 d(l == 2
dih dy. dyu—,
LY _d? + e da L e i SR d{l

The determinant of this system is given by J in equation (4.3). In
terms of this determinant and the cofactors J,, the solution of (4.8) is
dyi aXx Jst

da Ba J

From the stability condition for market equilibrium J,./J is negative.
Consequently ¢, will increase if X, increases. The changes in the oth-
er price ratios are not restricted in sign. If, however, all commodities
are substitutes and the income effects are not sufficiently large to off-
set the substitution relationships, so that every a,, (s # t) is positive,
then every J,;/J will be negative® and all price ratios will rise as a
result of the increase in the demand for X, . o

The meaning of (4.9) may be made clear from the following con-
siderations, We have written the n—1 independent demand functions
in the form

(4.9)

(t=1,2,---,2—1).

§ For proof see the Appendix to this chapter.
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(3-3) Xs:Xu(ylryz:'“yyn-l) (3:1,2,---,??.‘—1).
These equations may be inverted and written in the form
(4-10) yi:yn(XI!-XE)"')Xn—l) (s:]-jzj"';n_']-)y

showing the n—1 price ratios as functions of the (n—1) independent
quantities demanded. For these equations it can easily be shown” that

oY It
(4.11) EZ = T
Consequently we have
d aX, o
(4.12) Ve Y

da Do -B_X_;

We have already defined gross complementarity between X, and
X; in terms of the sign of a,, = 0X,/0y. . Let us call that gross com-
plementarity in the direct sense. We may similarly define the concept
of gross complementarity in the inverse sense. We may say that X,
is a gross complement of X, in the inverse sense if a rise in the quan-
tity of X, leads to an increase in the demand-price for X, (9y./0X, > 0)
and is a gross substitute in the inverse sense if it leads to 2 lower de-
mand price for X, (9y,/2X, < 0). Then equation (4.12) tells us that
an increase in the demand for X, will lead to a rise or fall in ¥, accord-
ing as X, is a gross substitute or gross complement of X; in the in-
verse sense.

Two points need special emphasis. (1) The concept of gross com-

7 The proof is simple. Differentiate the system (8.8) with respect to X;. Let-
ting 9X,/%y, — a,, as before, we have:

ay], ayz ayn—l
&, ——— @, —— e a —
11 aXt 12 3Xt -"I" + 1,71 aX‘ ’
CN Dy, . Yy
a, — — [ et :0
21 aXt + ﬂaX' + + G‘Z.n—l aXt »
dy %Y, . WYna
;S a,, —— - da — =1
1 aXt + 7] aX: + + £m—-1 ax, ’
3y, oy, oy
Ay X, + a4, 372 i R il - R ‘EXL"‘“= 0.
2 ¢ ¢
The determinant of this system is given by J in equation (4.3). The solution is
therefore
ays Jn
X, J

Note that since a,, % a,, we have J, 5= J,,.
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plementarity in the inverse sense is not symmetric: 8y, /0X, # ov,/0X,.
(2) Two goods may be substitutes in the inverse sense and comple-
ments in the direct sense, and conversely.s

B. Effect of Change in Demands for Several Commodities

The effect of a change in the demands for several commodities is
simply the combined effect of the change in demand for each com-
modity.

If the gross demands for two commodities X, and X, both rise
(namely, if the net demands increase, or the net supplies decrease)
then the direct effects of the change will be a rise in the prices of both
commodities. If the two commodities are gross substitutes (in the
inverse sense) then the indirect effect will work in the same direction
as the direct effect. If, however, the two commodities are gross com-
plements (in the inverse sense) then the indirect effect will work in
the opposite direction from the direct effect. In that case it is possible
for one price, but not for both, to fall.

If the demand for X, rises and that for X, falls, then the direct
effect will be for y, to rise and y, to fall. If the two goods are gross
complements in the inverse sense then the indirect effect will work in
the same direction as the direct effect. If, however, the two goods are
gross substitutes in the inverse sense, then the indirect effect will
work in the opposite direction from the direct effect, and it will be
possible for both prices to rise or both to fall.?

8 It is only in the case of a two-commodity system that complements (substi-
tutes) in the direct sense are necessarily complements (substitutes) in the in-
verse sense.

@ The proof of these statements is simple. If the demand for X, and X,
changes, then .n the tth equation of (4.8) we shall have a term —8X,/8q on the

right-hand side. The solution will then be given by

dya aXt Jsa (2.4 4 Jta aXn aya oX [ ays
PR R R e R - il ey ol
(1)
dy, 0X, Jy OX, Jy . oX, %y, ©°X,0,
de W J Ba J o dX, da X,
From the market stability conditions we have
(2 Jn.s aya <0 Jtt ayt 0
) 7 -—-aX.S ’ _J——'@_X_,- <0,
J Fyudy—d,, 7 3y, dy, Oy, dy
(3) nt:_; as Vit at i-a: ____s___: _ __:_£> 0.
J J? X, X, oX,eX,

a. If the demands for both X, and X, rise, then 8X,/9a >> 0 and 2X,/8a >> 0.
We have then the following possibilities:
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Using this approach we may obtain a very simple explanation of
Edgeworth’s Taxation Paradox. If a tax is levied on the sale of X,
the direct effeet is to lower the net supply function for X, and to in-
crease the net supply function for a substitute X;. The direct effect
of this change is therefore to raise the price of X, and to lower the
price of X;. The indirect effect, however, is to lower the price of X,
and to raise the price of X, . It is therefore possible for both prices to
fall.e

In the general case where the demands for all of the n—1 com-
modities change, the solution is given by

dy. L X, Ju o0Xy Ja 60X n1 a1t
da  da J b J 8o J
4.13
(4.13) _oX, oy X oy, oXui o,
20 39X, da 0X. do. 28Xy

12 The proof that Edgeworth’s Taxation Paradox was valid even for the case
of pure competition was first given by Hotelling, op. cit.

(1) If the poods are pross substitutes in the inverse sense, then
e o, T b, theretore 5 0and L > 0
. —_—< 0 erefore — and —— .
ox, - 8X, da da
(2} If the goods are gross complements in the inverse sense, then
oy, o dy, >0
é’i.’; > ’ aXs r
and we have the following possibilities:
{a) In the normal case both

dy dy,
—_ > 0 a.nd — > 0.
We may have, however:
dya dy, X, dy, X, oy,
or
dy, dy,

0X, oy, I 09X, 9y,
903X, |  Be 3X,

The case of both dy . /do < 0 and dy,/do < { is exeluded by the stability condi-
tions given above.
b. 1f the demand for X, rises and that for X, falls, then

(c} T<0and——>0

P o o
We then have the following possibilities:
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The effects of an alteration in the total quantities of the initial
supplies of the various commodities or in their distribution may easily
be investigated by means of the same technique. For if the initial sup-
plies X, change, this means that there will be some change in the ag-
gregate market demand functions of the system (3.5). The changes in
the price ratios must then be such as to equate the quantity demanded
and the quantity supplied for each commodity. We shall study such
a problem in detail in the next chapter.

APPENDIX TO CHAPTER II
A THEOREM IN DETERMINANTS

In the text we showed that if all commodities are gross substi-
tutes for one another, then all prices will rise whenever the demand
for one of them rises. Since the price change resulting from the
change in demand is given by

dyt - aXs Jat

do b J’
every J,:/J must be hega-tive if every a,, is positive for s # t. {(By
assumption every a;; is negative.)

(1) If the goods are gross complements in the inverse sense, then
3y, Y, dy dy

8 t
e | 0; therefore — > 0 and — < 0.
%, X, dw ~ MG S
(2} If the goods are gross substitutes in the inverse sense, then
% o, Xco
ﬁ: < ¥ -a}.—s ’

and we have the following possibilities:
In the normal case

dys dyt
(3) da >0anda<0.
We may have, however,
dy, dy, _|eX, By, oxX, dy,
(b) E;—)Oand;;>01f E‘(‘;"a‘—%; "a—q—-a—-}(-: y
. dy, dy, ] 30X, Y, 2X, 9y,
(c) da <03nd'a—;<0]f E‘a;':l BE-BTX:; .

The case dy,/do. < 0 and dy,/da > 0 is excluded by the stability conditions

given above,

It should again be pointed out that in a two-commodity system gross comple-
ments {or substitutes) in the inverse sense are also gross complements (or sub-
stitutes) in the direct sense,
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The mathematical proof may be obtained by induction, We first
show that if the theorem holds for a determinant of rank n—1 it will
hold for one of rank n. We then show that the theorem holds for &
determinant of the lowest rank possible and the proof is complete,

Let

Oy Wy o By e a'u' wee gy
Qor Qyp == By =vr By <ve Oy
Qiy  Gig cor By v Oy oee Oy
J= . . .o
iy Wy *or @y e Gy cer Qg
Opr Oy =vr Gy vve @y o0 Oy

Let J,, be the cofactor of a,, in J and let J,.., be the cofactor of ¢ in
J. . Then by assumption we have:

(1) a’sa<0 (821,2,---,‘}1),

(2) a,>0 (s#1),
Jss

(3) 7<0.

Suppose now that our theorem holds for a system in which the
sth commodity is omitted, so that

J
(4) -Ji“"—*<o (k and £+ 5) .
From (3) and (4) it would then follow that
(5) Joae/d > 0.

Now expand the cofactor J,; of the term a., in terms of the elements
of the sth column, and divide through by J. Then we have:

Jat Jst,‘ls Jst,za Jst,(s-:t)s
(6) _"}_ = s J + sy J + ..o+ a’sﬂ,s
Jst,(a-!-i)s Jst,»s
+ Q41,5 SRRl i 7

Now we know that™

11 Maxime Bocher, Introduction to Higher Algebra (New York, 1958), p. 38
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Jatha - JasJkt

88kt

51

Substituting into (6) and making use of conditions (2) and (5), we

T Jstgpe— =—
(7) £k 7
find that
(8) L
7 i

Thus, if the theorem holds for a system containing only n—1 com-
modities, it holds also for one with » commodities.
It is sufficient now to show that condition (4) holds for a deter-

minant J of the lowest rank.
For n — 3 we have:

a’ss
J=| a,,
L
o | Oy
’ISS -_ a
et
Jss,kt = Ty

Consequently J; 4./ J.s < 0 and the proof is eomplete.

o8

Qg <Or

Qrc
>
<0,



CHAPTER I

EQUILIBRIUM OF EXCHANGE IN AN INTERNATIONAL ECONOMY

In the preceding chapter we presented the basic properties of a
general-equilibrium system for a closed exchange economy. It should
now be a relatively simple matter to extend this theory of exchange
to the case of trade between several countries. The analysis in this
chapter will proceed in several stages. In the first section we shall
deal with the problem of international exchange upon the assump-
tion that there are no unilateral payments such as indemnities, gifts,
et cetera, and that there are no cost barriers to international trade
such as transportation costs, tariffs, and the like. In the succeeding
sections we shall modify our system to take into account unilateral
payments and to show the effects of changes in such payments. In
a final section we shall consider the effects of “impediments” to inter-
national trade.

I. INTERNATIONAL EXCHANGE IN THE ABSENCE
OF UNILATERAL PAYMENTS

A. Under Assumption that All Commodities
Are Traded Internationally

The theory of exchange given in the previous chapter is directly
applicable to the field of international trade under the simplified as-
sumptions of this section. Each country may have its own unit of
account and consequently the absolute level of money prices in terms
of the token or counter money may be different in each country. But
under pure competition the price ratios between internationally trad-
ed commodities must be the same for all countries in the absence of
transportati.on costs. Since our equilibrium system of exchange (3.5)
determines only the price ratios ¥, {prices in terms of some standard
commodity or numéraire) and not the absolute level of prices p, in
terms of a token money, a strictly analogous system may be used to
determine the price ratios in an international economy.

Let the number of commodities in all countries taken together be
n. In each country there exist demand functions for each of the »
commodities of the type {3.3). Equilibrium requires that the n—1
price ratios shall be such as to equate the demand and supply of all
countries taken together for each commodity. let the superscripts

52



EQUILIBRIUM OF EXCHANGE IN AN INTERNATIONAL ECONOMY 53

(1}, (2}, ---, (v) refer to the respective countries. Then we shall
have in equilibrium:

(5.1a) XQP+ XD 4.+ XO=X® +X® ... 4 X0
(s=1,2,---,n—1).

If we define I, = X, — X, as the import demand (if positive) or the

export supply (if negative), then equation (5.1a) may be rewritten
in the form

(5.1b) IO+ [® 44 I =0 (s=1,2,.--,n-1),

which states that for each commodity the net import for all coun-
tries taken together must equal zero. These n—1 equations are suf-
ficient to determine the n—1 equilibrium price ratios.

Superficially it might appear that we have an additional equa-
tion for the nth commodity, namely, I'?) + I + ... + I® = ¢, In
determining I, for each country, however, we have already made use
of equation (5.2), which, restated in the more familiar form,

Eps(Xa—Xa) =227Js=0,
1 1

simply means that for each country the total value of its imports must
equal the total value of its exports. Since this equation must hold for
each country regardless of whether (5.1) is satisfied, it follows that
if (5.1) holds we also have I} + I® + ... + [ =0,

The conditions of stability for the equilibrium of international
exchange are likewise strictly analogous to those given for a closed
economy. Perfect stability of the international economy requires that
an increase in the price ratio of any one commodity shall lead to a
reduction in the world excess demand for that commodity in all of
the following cases:

(a)}) when all other price ratios remain constant,

(b) when only one other price ratio is adjusted so as to maintain
equilibrium in the world market for that commodity,

(¢) when only two other price ratios are so adjusted, and so on
until all other price ratios are adjusted.

Imperfect stability requires only that there shall be a reduction
in the world excess demand when all other price ratios are adjusted.
Thus we have the conditions that

d(](? + I(? 4 e+ I(’l”)

{5.2a) ann <@,
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D + I + oo D)

(5.2b) o, =0 (s=2,3,.-.,n—1).

Let us extend the definition of ., to an international economy:

a([(:) -+ I(? 4+ e 4 I(:)) a(X(:) + Xti) + cee 4 Xh;))

5.3) u,; = =
(5.3) . oY+ Y1

(sinece X, == a constant).

Then the principal minors (4.5) of successive orders of the determi-
nant (4.3) J = |a,| must again be alternatively negative and posi-
tive.! As in a closed economy the system must be perfectly stable so
far as the substitution effeet is concerned by virtue of the properties
of the individual demand functions. We shall assume, as before, that

the income effects are not sufficiently large to render the system un-
stable.

The only new problem introduced by the theory of infernational
exchange is the defermination of the absolute level of money prices
in each country in terms of its own token money. Let e;; be the num-
ber of units of the token money of country (¢) obtainable for one unit
of the token money of country (1). Since the money prices of interna-
tionally traded commodities must be the same in all countries when
allowance is made for the exchange rate, we have:

(5.4) e”p(:)zp'(:)3 (1:=1,2,3,---,1); ey = 1).

Let K be the proportion of one’s income held in the form of money
by individuals of country (), and let M% be the number of units of
the token money in country (7). Then by the reasoning given above in
connection with eguations (3.6) and (8.7) we have for each country:

(5.5a) M® =pt KE" Ys f:n ;
1
or, when we convert all currencies into that of the first:

M n -
= p(l) K#® 2 Y X,

el i 371

(5.5b)

Summing for all countries we have:
v (4) v n —
(5.6) s po S ko Sy, X0,
i 1 1

2 11

1 Yntema postulates a different set of stability conditions for his system of
equations. See his book, A Mathematical Reformulation of the Theory of Inter-
national Trade, (Chicago: University of Chicago Press, 1932).
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If the exchange rates ¢,; are fixed then P} is determined from
equation (5.6) when the total sum of money for all countries ex-
pressed in units of the first is given. The level of money prices in the
other countries p‘¥ is then given by equations (5.4) and the distribu-
tion of the total quantity of money amongst the countries by equations
(5.5). On the other hand, if each country determines for itself the
quantity of money which it wants to hold, then the level of money
prices is determined in each country by equations (5.5a). The ex-
change rates rather than the distribution of the total quantity of
money are then the unknowns and these are determined by equations
(5.4). _

The purchasing-power-parity theory may be restated in such a
way as to give it the same limited validity as may be aceorded to the
quantity theory of money. Assume that the factors which determine
the equilibrium price ratios are given, Then by equations (5.5a) the
ratio of the price levels for any two countries is directly proportional
to the ratio between their quantities of money (for given K and
KW}, while by (5.4) the exchange rates between their currencies is
inversely proportional to the ratio between their quantities of money.

B. Under Assumption that Domestic Commodities Exist

Domestic commodities may be introduced into our equilibrium
system (5.1) without any difficulty. A commodity is defined as do-
mestic to a given country if the quantities demanded and supplied of
that commodity in every other country are identically zero. Commod-
ities in different countries must be treated as different when they are
not transportable, even though they may be physically identical. We
may therefore define a domestic commodity as one whose transporta-
tion costs to every other country are infinite,

For the individuals in each country the utility functions and bud-
get equations (1.1) and (1.2) must obviously exclude the domestic
commodities of other countries. If we again let one of the interna-
tionally traded commodilies serve as the numéraire X, and express
the prices of all commodities in terms of X, , then we can again write
the demand functions for each commodity in every country as in
(3.3}. The equations of equilibrium are again given by (3.5), with
the only proviso that if X, is a domestic commodity for country (),
the demand for and supply of (and therefore the import demand or
export supply of) X, in every other country is identicelly equal to
zero. The equilibrium equation for that commodity therefore reduces
to the condition that the demand for X, shall equal the supply in

‘country (5):
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X=X or 19 =0.

Except for these modifications the entire preceding'analysis of the
equilibrium of international trade remains intact.?

11. INTERNATIONAL EXCHANGE UNDER UNILATERAL PAYMENTS

Only minor modifications in our equilibrium system are required
to take into account the existence of unilateral payments. We dis-
tinguish between two cases in our analysis, one where the valve of
payments in terms of a standard commodity or numéraeire is a fixed
constant and the other where it is a variable,

A. Value of Payments Assumed Constant

1. Delerminaiion of the equilibrium price ratios
Assume that country (i) receives () or pays (—) a sum equalio
Z® when expressed in terms of the numéraire X, . The sum of Z'9
for all countries is, of course, zero. Assume further that of this
amount, each individual in the country receives (+)} or pays (—) an
amount z which depends in a known way upon the magnitude of Z*9,

(6.1) z=z(Z"),

Then the individual’s demand funetion for every commodity will de-
pend not only upon the price ratios and the initial supplies of every
commodity but also on the amount of his unilateral payments or re-

ceipts. Indeed his budget equation expressed in terms of the nu-
méraire will be:

(6.2) SU =3y, +2;

and his demand function will therefore be

(633) 938-_“—9:;(%,%,“',@"—1,5«"_1 :52:"'5511;2)-

If the initial supplies of all commodities are constants, then the de-
mand funetion becomes

(6-3]0) xs—__ms(yl sYa s !ynklsz)-

2 Yntema omits the equations for domestic commodities from his equilibrium
system. He therefore has to introduce the balance-of-payments equation explic-
itly as an independent equation in hig final system. We retain the eguations for
the domestic commodities, so that the balance-of-payments equation follows auto-
matically from our equilibrium system.
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In this equation ox,/0y, = p. 0%,/6p, may again be obtained from equa-
tion (2.12):

0x, o0& s 0,
(6.4) — =P —pn(xt—ma)—+pﬂxu

oY G/ or
A change in the individual’s payments or receipts represents an equal
change in the value of his income expressed in terms of the numéraire.
We have therefore:

ax8 axs axs
(6.5) —= =P —.

o0z a{r/py) ar
Since the individual’s payment or receipt is a funetion of the total
amount of the country’s payments or receipts, we may replace z in
the demand function (6.3b) by Z:

(6.3¢c) B =2 Yy s Yo voe s Yuor s £171).

The effect of a change in Z upon the individual’s demand is then
given by:
ox, ox, dz
(6.6) == —.
aZvr  dadZih
Summing (6.3¢) for all individuals in the ith country we have for the
aggregate market demand functions X®;

(6.7) X‘i’IX‘};)(yl,yﬁ.---,’yn-;,Z‘”) (321,2,...,?@)_
For this equation we have:

pX» o,

??.jt_:E o for all individuals in country (1),

(6.8)

X wy
Y0 =3 ( 4z )for all individuals in country (7).

It is clear that 82X /639 will depend upon the way in which the total
payments are distributed among the individuals in the eountry.

As before, equilibrium requires that the total quantity demanded
of each commodity by all countries shall be equal to the total quantity
supplied, or that the net lmport demand for all countries shall be zero
for each commaodity.

We therefore have
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(6.92) XD+ XO® g4 XO =X 4 X .4 X

(3:1,2,,“,%_1),
or

(6.9b) IV I3 4o + [ =0 (s=1,2,...,n—1).

Given the value of each country’s payments or receipts in terms
of the nth eommodity, these n—1 equations are sufficient to determine
the n—1 price ratios. Again we have but n—1 independent equations
rather than n because in determining the individual’s demand func-
tion we have made use of the budgetary equation (6.2), For the coun-
try as a whole this implies:

(6.102) Sy =70,

and for all countries taken together

v} =

(6.10b) =2 I‘”—‘EZ“)—O

=1 8=1
Since (6.10b) must hold whether or not equilibrium exists it follows
from (6.9b) that IV + I® + ... + [® =0,

The conditions of stability of the equilibrium remain unchanged,
since the only new terms which we have introduced into our demand
functions (6.7) (the unilateral payments) remain unaffected by a
change in any priee ratio.

2. Determination of the absolute level oy money prices

We may make two alternative assumptions concerning the deter-
mination of money prices when unilateral payments take place. We
may assume, as does Robertson, that the quantity of money held in
each country is proportional to the income excluding reparations re-
ceipts and including reparations payments. In this case the level of
money prices and the distribution of the total quantity of money
amongst the countries (or, alternatively, the exchange rates) can be
determined just as before by means of equations (5.4), (5.5), and
(5.6). On the other hand, we may assume, as does Viner, that the
quantity of money held in each country is proportional to ineome in-
cluding reparations receipts and excluding reparations payments.® In

3 See ). H. Robertson, “The Transfer Problem,” in A. C. Pigou and D. H.
Robertson, Economic Essays and Addresses (London, 1981), pp. 170—81 d. Viner,
Studies in the Theory of International Trade (New York, 1937), pp. 365-’74 D
H. Robertson, “Indemnity Payments and Gold Movements » Qua.rterly Journal

of Eeonomics, Vol. 53, No. 2, February, 1939, pp. 312-14; J Viner, “A Reply,”
ibid., pp. 314-17; D. H. Robertson, “ReJomder, ibid., p. 317
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that case equations (5.4) to (5.6) must be replaced by the following
three equations:

(6.11a) M =p K (}3 v X + z> |
M(i) n - .
(6.11b) ——=p® K® (E ¥ X+ Z0 )
and
v i » n _
(6.12) S—=pDIK® | Ty, X + 2 )

Note that, since T, Z® = 0, (6.12) reduces to (5.6) if
KO =FK@—...—= K™

B. Value of Puyments Assumed Variable

In the general case the unilateral receipts or payments Z of
any country will be a function of all of the economic variables in the
system. Here we shall assume that the receipts or payments are a
function of the value of the country’s initial supply (exelusive of uni-
Iateral receipts and inclusive of unilateral payments) of every com-
modity. We shall further assume that all secales of preferences as well
as all initial supplies of all commodities are given. Then Z® becomes
a function only of the n — 1 price ratios. Let us include in our fune-
tion a parameter o with respect to which Z may shift. Then we have
the known function: '

(6.18) ZH’):Z“)(ylryz;"'yyn—lga)-

Similarly we may assume that the distribution of the total payments
or receipts amongst the individuals in the country is also a known
function of the price ratios and of Z:

(6.14) 222(%,yz,---,y,,,,,Z“)).

The individual’s budgetary eguation (6.2) remains unchanged and
we may again write his demand functions in the form:

(6.15) xs:%(%,yz,“',ynq,z)-

In this equation, however, z is no longer a constant with respect to
the price ratios but is instead a funetion of them, Consequently equa-
tion (6.4) must be replaced by:
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Y P, Sy, | or

Equation (6.5) for dx./¢z remains unchanged. Given the n—1 price
ratios, the individual payment or receipt is a function of Z which
in turn is then a function of the parameter of shift o . Thus we may
replace 2z in the individual’s demand function (6.15) by a:

X, 0% - oz \ ¢z,
(6.16) =P = Pu (xt — ¥ +’_‘-_)_—_Lpn Lst.

(6.17) xa:%(%,yz,'“,yn—uﬂ)-

The effect of a change in « upon the individual’s demand is then given
by:

6.18 8x, 0%, 02 YA

(6.18) 90 9z 929 da

Summing {6.17) for all individuals in the ith country, we have for the
aggregate market demand functions X¢;

(619) X(:J:X(:)(y“ Y2y yﬂ—l?a) .

The rest of the analysis remains unchanged. Equilibrium is given by
equations (6.9), except that X' is now defined by (6.19) instead of
(6.7). Similarly the stability conditions remain unchanged except for

the faet that 38X, /0y, refers to the partial derivatives of (6.19) rather
than (6.7).

IIl, EFFECTS OF CHANGES IN UNILATERAL PAYMENTS
A. On the Equilibrium Price Ratios

The preceding section dealt with the determination of the inter-
national equilibrium when unilateral payments take place. If the to-
tal payments of a eountry are constant with respect to the price ra-
tios, then the equilibrium position depends upon the value of the con-
stant Z. If the fotal payments are a function of the price ratios, then
the eguilibrium position depends upon the value of the function, which
is assumed to change as the parameter of shift o changes. In the first
case we may study the effects upon equilibrium of a change in Z; in
the second the effects of a change in «. In both cases we may make
use of the same technique which we previously adopted in studying
the laws of the working of the general equilibrium for a single coun-
try. For the change in Z or in « involves a change in the world dis-
tribution of incomes and therefore leads to a general shift in the de-
mands for all commodities. We have already seen how to determine
the effects of such changes. '
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It is conceivable though highly improbable that any increase in
the demand for each commodity on the part of the receivers of pay-
ments should be exactly offset by an equivalent decrease in the demand
on the part of the payers. In that case there would be no change in any
price ratio whatsoever,®* Suppose, however, that there is a net in-
crease in the demand of the world as a whole for only one commodity
X, , which is offset by a net decrease in the world demand for the
numéraire X, . In other words, suppose that the change is such that,
at the old price more of X, is wanted and more of X, is offered, the
demands for all other commodities remaining unchanged. Then the
price of X, in terms of X, must rise, since equilibrium can be main-
tained only if an excess supply is induced from those who possess
X, , sufficient to satisfy the increased demand, The price ratios of sub-
stitutes for X, in whatever country they may be will also tend to rise
unless they are also substitutes of complements of X, , in which case
they may fall. The price ratios of complements of X, will tend to fall
unless they are also complements of complements of X, , in which case
they may tend to rise. If we make use of the inverse demand func-
tions, writing the price ratios as functions of the quantities, then we
may say, as before, that the price ratio of X; will rise or fall accord-
ing as it is a substitute or a complement of X, in the inverse sense.

If the net world demands for two commodities rise, the direct
effect will be for both price ratios to rise. If the two commodities
are substitutes in the inverse sense, the indirect effect will work in
the same direction as the direct effect; if they are complements, it
will work in the opposite direction. The total effect may then be that
the price ratio for one commodity may fall.

Tf the world demand in terms of the numéraire changes for every
commodity, then the results may be obtained by combining the effects
of the individual changes. If there is no complementarity present
throughout the system and if the total world demand for each com-
modity in terms of the numéraire changes in the same direction, then
all price ratios will move in that direction in all countries.

Mathematically, the general solution is obtained by differentiat-
ing the equilibrium system (6.9) totally with respect to changes in
reparations. If Z ig a constant with respect to the price ratios, then
the demand functions X** are defined by equation (6.7). The differ-
entiation of the equilibrium system (6.9) is then with respect to Z .
If Z is a function of the price ratios, then the demand funections X ‘:’

1 Such a result is, of course, impossible if there are domestic commodities
for which the income elasticity is different from zero, since a change in the de-
mand for the domestic commodity in any country cannot be offset by opposite
changes in other countries,
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are defined by (6.19) and the differentiation of the equilibrium sys-
tem (6.9) is with respect to o . The same set of equations may be used
to determine the changes in the equilibrium position resulting from
changes in Z or in o, provided that we mterpret the formulae appro-
priately.

Let

, o , X
7.1 Gy =2 — = E

(1) ‘ % 0Ye = O
be the partial derivative of 3 _ I’ with respect to y;. The value of
this derivative will, of course, be different according as we are deal-
ing with the demand functions (6.7) or (6.19). Further, let

aI(t) X(’l)
=S B = o 7
(7.2) b 2 Z”d E ZudZ
when we are referring to (6.7); and et
IO Xy
(7.8) b= —da=—3 do
=y OUC i1 OO

when we refer to (6.19). Then upon differentiating the equilibrium
system (6.9} we obtain:

@y dyy + Gy dyy +oee @51 dyn, = —by,

7.4)
( ) Uy dy1 + Oy d'y2 + ...+ az,n—ldyn—l = —p, s

i Yyt Coro e+ ot Oyama B = —bcs
The determinant of the coeflicients in this system is given by
(7.5) J = |y
and the solution is given by
by +bados + oo+ bpsy Fnops
J

(7.6) dy, = —

Again making use of the inverse demand functions in which the prices
are the dependent variables, we have:

1.7) o, T
o zxm) J

1=1
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Substituting into (7.6), we have:

a 8 8 3
dys—._——— b, il —|—b2 a”y +...+bnk1._ﬂ,‘_)§y______.
(7.8) a( S X ) a( TXO ) a( zxggl) -

i=1 i3 i=1
In the general case dy, may be positive, zero, or negative. If for each
commodity the rate of change of demand with respect to income were
the same for all individuals in the world, then all ’s would equal zero
and there would be no price change whatsoever. On the other hand, if
every b were of the same sign and there were no complementarity in
the system, then dy. for every s would have the same sign as the b’s.’

B. On the Absolute Level of Money Prices

The change in the absolute level of prices in terms of the token
money in each country depends upoen the type of monetary standard
which prevails.

1. If the exchange rates between the currencies are constant,
then p'? is determined either by equation (5.6) or by equation (6.12)
according as we adopt Robertson’s or Viner's assumption. For the
former we have:

wo  SEa(Zuxe)
n i1 =1 s
(7.9a) ey == P ;
» SKO 3y X
. s
=1 a=1
for the latter we have:
dp®> SK®»d (2 s i(i) + Zm )
(7.9b) = — —
" G (E s X5 + Z'(”)
i=1 5=1 s

The proportional change in the absolute level of prices in each of the
other countries ig of course the same as for the first country:

dp(‘i) dp(ﬂ

pfi) = p(l) )
The change in the quantity of money held in any one ecountry is then
obtained either from (5.5) under Robertson’s assumption or from
(6.11) under Viner’s assumption; for the former we have:

¥ See the Appendix to Chapter IT.
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dM[.,',) dp{i) d'E'ys X(:]
(7.102) = .

= + .
Mw 12) " — 4

P SU XD
£=1

for the latter we have:

&=}
(710b) M@ = p.(i}

Sy, fl:) + Zw
4=1

2. If, on the other hand, the countries are on independent cur-
rencies, each one fixing M for itself, then p* is determined from
(5.5) according to Robertson or from (6.11) according to Viner. In
that case dp'?’/p‘D is obtained by differentiating these equations as in
(7.10) and setting dM® = 0 . Thus we have:

dp® déys X
(7.11a) Tl according to Robertson;
T SyX@
or b
dp(i) d(éya }_((:J + 2 )
(7.11b) : : _— :zl according to Viner.
n Eys X(:J —+ Z(il

The' effect on the exchange rates is then determined from (5.4):
deli d:p (‘;) dp(;)
('7.12) = -

e p(i} p(:;)

Iv. EFFECTS OF “IMPEDIMENTS” TO TRADE

The classical literature on the theory of international trade—par-
ticularly the theory of Marshall and Edgeworth—deals at great length
with the problems of “impediments” to international trade. The im-
pediments generdlly considered are taxes on imports or exports and
transportation costs. The essence of such impediments is that they
create divergences between the prices paid by the importers and those
received by the exporters. While such divergences complicate our
general-equilibrium analysis, they do not alter it fundamentally. The
demand and supply functions give for each commodity the quantities
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demanded and supplied at any given set of prices, A tax on the pur-
chase of a given commodity simply represents an addition to the pur-
chase price, while a tax on the sale of a commodity represents a sub-
traction from the sales price. If we know the demand functions for
the buyers and sellers on whom the tax is imposed and if we also know
the demand funetions for the recipients of the proceeds of the tax,
then we can readily determine the effects of the tax.’

The analysis will proceed by stages as follows: We shall first
assume that the government spends the proceeds of the tax on the
numérdaire only. We shall next assume that the government spends
the proceeds on the taxed commodity only. Third, we shall assume
that the government has known demand functions for each of the
commodities in the system. Finally we shall assume that the govern-
ment redistributes the tax proceeds amongst the individuals in the
economy, If it gives the proceeds to a foreign government then we
have the case of reparation payments which are not constants but
functions of the sales or purchases of specified commodities.

A. Under the Assumption that the Government Spends the Tax
Proceeds on the Numéraire Only

It is assumed that the government spends the proceeds of the tax
on the numéraire only, its demand and supply for the other n—1 com-
modities being identically zero. Under this assumption only the pri-
vate demand and supply functions for the n—1 commodities need be
considered in examining the equilibrium under the tax. It is further
assumed that the private demand and supply functions are totally un-
affected by the government “consumption” of the numéraire. It is
therefore readily possible to determine the effects of the tax on the
private demand and supply functions.

1. Import taxes

Let 7' measured in terms of the numéraire be the duty levied on
the imports of X, by country (). Let y; be the prica in terms of the
numéraire received by the foreign exporter of X, . It is assumed that
) is some known function of y,. The two special cases of this func-
tion which have received attention in the literature are (1) the case
in which +® is a constant, and (2) that in which it is proportional to
7: . The former is designated as a specific tax, and the latter as an
ad valorem tux. The total price for X, in the importing couniry is
Y, + ‘r(i) in terms of the numéraire. Thus for every unit of X, bought,

% Our entire analysis will run in terms of taxes, but it is equally applicab’e
to transportation costs.
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the importer must pay over the equivalent of y, anits of the numéraire
X, to the exporter and the equivalent of ‘¥ units of X, to the Gov-
ernment. Domestic sellers in the importing country receive, of course,
the full amount of the price including tax, or y, + =2, If we agsume
that the government spends the total proceeds of the fax on the nu-
meraire X, , and that its use of the numéraire does not in any way
affect the civilian demand for any cominodity, then a very simple re-
lationship exists between the civilian demands for any commodity be-
Tore and after the tax. At the price ratio (to the exporter, ie., less
tax) y,, the quantity demanded of any commodity by the importing
country (given all other prices and the distribution of income) would
now be the same as it had been before the tax at a price of ¥, + 2.
Unless X, were a markedly inferior good in the importing country for
which the income effect were greater than the substitution effect,” the
import tax would thus lead to a decline in the total demand for X, .
If we assume that there are no effects on and through other markets
it would then follow from the stability conditions, that, except in the
abnermal case just noted, y,—i.e., the net price less the tax—must
fall. The extent of the price decline would depend upon the net export
supply curve for the rest of the world taken together. If, as is nor-
mally true, the net export supply is such that less would be exported
at lower prices, then y. would {all by less than the tax. If, on the other
hand, the net export supply were such that more would be exported
at lower prices, then the price (less tax) would fall by more than the
tax.®

" That this case is not inconsistent with our stability conditions has already
been shown above. For stability we require that the sum
a7 oI (2 a1,

+o
8ys 3y, oy,

for all countries taken together shall be negative, and not that each one shall be
negative. The classical stability conditicns for international trade, however, are
different from ours and explicitly rule out such cases. See Alfred Marshall,
Money, Credit, and Commerce (London: 1923) Appendix J.

5 This corresponds to the classical distinction between elastic and inelastic
reciprocal-demand curves. In our notation let I,© be the quantity of "X, im-
ported by country (1) and 1,¢2) the quantity of X, exported by country (2).
The price y, represents the terms of trade or the exchange ratio between the in-
ternationally traded commodities X, and X,. It is assumed that there are only
two commodities in the system. Then for the country which imports X,, the
reciprocal-demand curve is defined as elastic or inelastic according as the elas-
tieity of the import demand I,(1) with respect to y, iz numerically greater than

or less than unity. If it is greater than unity an increase in the value of its
imports in terms of its exports will give rise to & proportionately greater decline
in its quantity of imports demanded, so that the quantity of its exports will de-
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As soon as we take even one other commodity into account we
must modify our conclusions.® If X, is complementary with X,, then
the tax on X, will not only decrease the import demand for X, but will
also decrease the import demand or increase the export supply for X,
in country (7). The direct effect will therefore be to reduce both #,
and y,. But the indirect effect of the decline in demand for X, is to
increase y,, while the indirect effect of the decline in demand for
X, 18 to increase y; .'* It is therefore possible that both ¥, and ¥, will
fall, or that either (not both) will rise. On the other hand, if X, is a

? See Chapter I, Sec. II B.
1¢ In the traditional discussion of the effects of tariffs only the direct effect
on the imports and exporis of other goods is considered while the indirect sub-

stitution effects are ignored. Hotelling, however, does take these substitution
effects into account. See his “Edgeworth’s Taxation Paradox,” loe. cit.

cline. If it is less than unity, the converse will be true. (It may be noted that
the definition of elasticity for the reciprocal-demand curve is analogous to the
definition of price elasticity for domestic demand curves, the export commodity
serving as the numéraire or as “money.”)

For the country which exports X, , the reciprocal-demand curve 1,2 ig de-
fined as elastic or inelastic according as the slope of I,{2) with respect to ¥, is
negative or positive. Thus if it is elastic, an increase in the value of its exports
in terms of its imports leads fo an algebraically smaller value of I,#) or to a

numerical increase in the quantity of its exports. If it is inelastic the converse
is true.

.. In the special case in which there are only two countries and two commod-
ities, if country (1} has an import tax of v, on X, , its import demand I, will

be a function of the price including tax, ¥, + 7, . The export supply curve of
country (2), ,¢2}, however, remains a function of the priee less tax, y, . Equi-

librium requires that the import demand plus the export supply (negative) shall
be zero: I, W (y, + 7y + I,20 = 0. To determine the effects of a change in the

tax we have:
df, 0 + 1,y (W L L@)dy, &L

JE— —21]
dr Dy dr By, !
or
af (v
dyy 3y,
dr aIl(l) + 311(2)
o, 9y,

From the stability conditions the denominator iz negative. Consequently dy,/dr

will be negative exeept in the unlikely ease (completely ruled out in the classieal
slizabj]ity conditions) when the import demand eurve in country (1) is positively
sloping. .
If the reciprocal-demand is elastic in country (2), then
or, @ dy,
e 0 apd —>—1,
ay' dr

so that the price will fall by less than the tax. If it is inelastic then the signs
are reversed, and the price will fall by more than the tax.
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substitute for X, , the tax on X, will decrease the demand for X, but
will increase the import demand for, or decrease the export supply of
X, . The direct effect of the tax will therefore be to reduce ¥, and to
increase %; . But the indirect effect of X, on X, will be to reduce ¥:
while the indirect effect of X, on X, will be to increase 4, . It is there-
fore possible that both y, and ¥, should fall or that both should rise,
or that ¥, should fall and ¥, should rise. (It should be understood that
9. refers to the price less tax).

2. HExport taxes

Similar statements can be made with respect to a per-unit tax on
exports. Let 7 be the tax levied per unif of exports of X, by coun-
try (¢), and let y, be the price in terms of the numéraire paid by for-
eign importers of X,. Then the net price received by the exporters of
X, is y'¥ — #2, If the proceeds of the tax are spent by the govern-
ment on the numéraire only, and if the government’s use of the nu-
mératre does not affect the civilian demand for any commodity, then
at the market price ¢, (including the tax) the quantity demanded and
supplied of any commodity by the exporting country (given all other
prices and income)} would now be the same as it had been at a price
of 4, — 7' before the tax.

If, as is normally true, the supply function is such that less would
be supplied at a lower price than at a higher price, then the levy of
the ‘export tax is equivalent to a fall in the supply of X,. From the
stability conditions it would then follow that the price of X, (includ-
ing the tax) must rise. Unless the net import demand for X, in the
rest of the world were so abnormal that more would be imported at
higher prices than at lower prices, the price would not, however, rise
by the full amount of the tax, This latter possibility is ruled out by
the classical stability conditions but not by ours.

If, however, the income effect of the price change is so great that
more is supplied at a lower than at a higher price, then the levy of the
export tax is equivalent to an increase in the supply of X, and its
price including the tax will actually fall.®* This is possible even under
the classical stability conditions.

11 The distinction made here again corresponds to the classical distinetion
between elastic and inelastic reciprocal-demand curves. Let I,(0) be the guantity
of X, exported by country (1) and I,¢® the quantity of X, 1mported by country
(2}. If there is an export tax of 1-1(1) then the export supply will be a function
of the price less tax y, — 7,¢1). The foreign import demand will, however, be
a function of the price including the tax, y, . Equilibrium requires that

LW (y, — ) + I () =0,
Differentiating with respect to 7,10 we have:
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When we take a second commodity into account parallel modifica-
tions are required. If X, is complementary with X, the tax on X, will
not only decrease the export supply of X, (in the normal case) but
will also decrease the export supply or increase the import demand for
X:. The direct effect of the tax will therefore be to raise the price
(including the tax) of both X, and X,. But the indirect effect of each
on the other will be to lower the price. Both prices may therefore rise
or one may rise and the other may fall. But both cannot possibly fall.
If, however, X, is a substitute of X, then the tax on X, will decrease
the supply of X, and increase the export supply or decrease the im-
port demand for X,. The direct effect of the tax will therefore be to
raise the price of X, and to reduce the price of X,. But the indirect
effect of X, on its substitute X, will be to raise its price, while the in-
direct effect of X, on X, will be fo reduce its price. The price of X,
(including the tax) may therefore rise and the price of X, fall, or
both may rise in price, or both may fall.

B. Under the Assumption that the Government Spends the Tax
Proceeds on the Taxed Commodity Only

The civilian demand and supply functions change exactly as de-
scribed in the previous section. However, since it is now assumed
" that the government also demands the taxed commodity, it is no long-
er possible to determine the new equilibrium by means of the civilian
demand and supply functions alone. Instead, we must add the gov-
ernment demand to the private demand funections in order to deter-
mine the new equilibrium.

1. Import taxes
We assume as in Section A that country () levies a duty amount-

811(1)

dy, Iy — 1)
dr M L "

a (yl - T) ayl
The denominator is negative from the stability conditions. The possibilities are
now as follows:

(a) 1f the reciprocal-demand curve for the exporting country is elastic the
exports increase with increases in price. The numerator is therefore negative and
dy,/dr is positive. It ig less than 1, however, so that the market price (includ-
ing the tax) rises by less than the tax except in the unlikely case ruled out by
the classical conditions when 31 (?)/ayl > 0.

(b) 1If, however, the reciprocal-demand curve is inelastic, then the numera-
tor is positive and dy,/dr < & or the market price (including the tax) will ac-

tually fall.
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ing to r® on its imports of X,, and that y, is the price of X, received
by the exporters and y, + r‘} is the price paid by the importers, The
quantity of X, demanded by the civilians of country (i) at a price of
9. is therefore the same as it had been before the tax at a price of
¥, + 7. To the exporters the civilians pay an amount equal to y,
times the quantity they import and to the government they pay the
amount 79 times the quantity they import; so that the total amount
they now pay out at the price y, is equal to the amount they would -
previously have paid at the price ¥, + r’, By assumption the govern-
ment spends the full tax proceeds on the taxed commodity. Conse-
quently, taking the government and civilians together, the amount
spent on the import commodity at each price y. will be the same as
the amount that would previously have been spent at a price y, + .
The new import demand curve for the government and civilians com-
bined may therefore be obtained by shifting the old curve so that at
each price ¥y, the import quantity demanded will be equal to the quo-
tient of (1) the amount previously spent at a price of y, + +' di-
vided by (2) the price ¥, .

In contrast to the discussion in Section A in which it was as-
sumed that the government spent the tax proceeds on the numéraire
rather than on the taxed commodity, it is now possible even under
classical conditions for the import demand curve to rise. If the civil-
ian import demand curve is inelastic (in the case of two commodities
if the reciprocal-demand is inelastic) then civilians would spend a
larger amount on imports at a higher import price than at a lower
one. Consequently, since the quantity demanded by the government
and civilians combined at each price ¥, is equal to the amount previ-
ously spent by civilians at a price of y, + »©, divided by ¥., it follows
that if the civilian import demand is inelastic, more imports will now
be demanded than previously at each price y.. The import demand
curve would, therefore, rise as a result of the tax and the import
price (less tax) would be higher in the new equilibrium.

Thus the tax on imports turns out to be analogous in its effect to
a tax on exports when the tax proceeds in both cases are spent on
the import commodity.

2. FEuxport taxes
We now assume as in Section A that country (7) levies a duty of
7 on its exports of X,, and that y, is the price of X, paid by the im-
porters and y, — v’ is the net price received by the exporters. The
quantity of the export commodity supplied by the civilians of country
(#) at a price of y,. is, therefore, the same as it had been before the
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tax at a price of . — V. From the importers the civilians receive
an amount equal to ¥, times the quantity they export. Of this they
turn over to the government an amount equal to '» times the quan-
tity exported. In this case, however, the government spends the en-
tire tax proceeds on the taxed export commodity. It is convenient to
assume that the suppliers are taxed on sales fo the government as well
as on their exports. Under this assumption the price to the govern-
ment will be the same as the price to the foreign countries,

Let the quantity previously supplied at a price of y. be ¢, and
the quantity previously supplied at the price ., — +'? (and now sup-
plied at a price of %,) be ¢.. The government receives in tax an
amount r, q. which it spends on the export commeodity. The amount
exported at the price y,, therefore, will be the amount supplied at ¥,
less the amount taken by the government,” or ¢, = r, ¢./¥,. This
amount is less than that previously exported at y, under the classical
stability conditions {although not necessarily under ours). For un-
der the classical conditions the walie of the amount supplied at a
lower price must be less than that of the amount supplied at a higher
price. (This is simply the reverse of the condition that the quan-
tity demanded at a higher price must be less than that demianded at
a lower price). This means that

(yr - Tr‘)qz < Yr 1,
or
_ Tr 2

Y-

1t follows, therefore, that when the government spends the entire tax
proceeds on the taxed export commodity, the export supply function
will (except in the most extreme instance) fall. The price of the ex-
port commodity in terms of the numéraire will, therefore, rise. In a
two-commeodity system the terms of trade would change in favor of
the tax-levying country.

Thus a tax on exports is analogous to a tax on imports when the
proceeds in both cases are spent on the export commodity.

q: <.

C. Under the Assumption that the Government Spends the Tax
Proceeds on All Commodities

The excess-demand functions of the civilians will again shift in
the manner indicated in the two preceding sections. Adding the gov-

12 For the sake of convenience it is assumed here that the government is the
only domestic consumer of the export commodity. This assumption may readily
be dropped.
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ernment demands to the civilian demand functions, we readily obtain
the country’s import demand (and export supply) functions after the
imposition of the tax. This may readily be shown in mathematical
form. The analysis will be carried through for the case of an import
tax, but it is applicable with only slight modifications to export taxes.

In the case of an import tax on X,, the individual civilian bud-
get equations become

(it n)x Yoyt b= (g + DTy F Yo Ty F ot Ty
The civilian demand functions then take the form:
3?,:373(?[1 + TiyYa, -, yn—1)°

Summing for all civilians and subtracting the supply from the de-
mand, we obtain the civilian import demand (and export supply)
functions:

I(:):I(g)(yl -+ 71,yz,---,ym) ,

the superseript (¢) denoting that the equation refers only to civilians.
The government receives in import taxes an amount equal to -, I,
which it spends according to given demand functions on the n com-
modities. Tts budget equation is thus

{g) (g - g) — (3]
Va2l + gy x'Q + oo+ 20 =g I

and its demand functions are then given by:
x(? - x‘i) (ylryav sy UYn1, T I‘i)) .

It is assumed that the government demand functions have all of the
basic properties of the individual demand functions. Summing the
gévernment and the civilian demand functions we obtain the total
import demand (and export supply) functions for every commodity
for country (i). As before equilibrium requires that the total world
demand for each commodity shall be equal to the total world supply.
Letting country (1) be the tax-levying country, we have as our equi-
librium equations:

I‘z)_l—x(:)‘{'éI(::):O (3:1;23”‘1""’“1)'
i=2

[7¢9 1s the civilian import demand in country (1), and z‘9 is the gov-
ernment demand in that country.] The imposition of an import tax
7 will shift both the civilian and the government demand functions
in country (1). The resulting price changes will have to be such as
to equilibrate the total world demand for each commodity with the
total world supply. Let
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after  ape dx®» [ afw
& 8 2 1 L &

Qs —

+ + + .
I oY+ Ta(rl‘?) 2, % oY,
ol ox® ax e ol
& 8 & 1

3

= {c}) - d
[3(y1+r) +a(71‘?)11 Ta(‘TI(?)a(?h‘*‘r)J T

Then, differentiating the equilibrium equations above with respect to
r, we obtain a system of equations formally identical with the system
(7.4) which we developed and solved in dealing with the effects of rep-
arations payments.

The basic difference between the two systems is that whereas in
the case of reparations the “disturbance” is one of a redistribution of
income between countries, in the present case the disturbance congists
of {1} the change in the price to the civilians of the importing country
resuiting from the imposition of the tax and (2) the acquisition of
additional income by the government. Since the demand and supply
functions tells us how each of the affected consuming units reacts to
each such change, it is readily possible to determine the combined
effect on the equilibrium system.

D. Under the Assumption that the Government Redistributes
the Proceeds of the Tax

1. Amongst its own residents only
In this case if an import tax is levied on X, , the individual civili-
an budget equation becomes

(mn +tr)e +ya, +-r+a,= (v, + T);1+y2;2+'“+5n+2

where z represents the amount of the tax proceeds received by the
individual. Ii is clear that the individual’s reaction to a change in the
tax will depend upon the relationship between the tax he pays and the
amount of the proceeds he receives from the government,

If the individual knows that the government will redistribute to
him the full amount of any excise tax he may pay, then the tax will
obviously have no effect upon his demand or supply for any com-
modity.** We shall, therefore, assume that each individual treats his
portion of the redistributed tax funds as a fixed constant, completely

13 This can easily be seen by writing z =— = (x, — —El) in the individual’s
budget equation. All the tax terms will then cancel out and we shall have:

Ey'-fri:.:}lyimi,

or the same budget equation as exists under a completely tax-free system.
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independent of the amount of excise taxes he pays. Under these con-
ditions the individual is subject to two types of changes: (1) a price
change represented by the excise tax, and (2) an income change rep-
resented by the receipt of a portion of the rcdistributed funds. The
problem in this section is, therefore, analogous to that of the pre-
ceding section with the sole difference that the income change is ex-
perienced by the same people who pay the excise tax rather than by
an outsider—i. e., the government. But if we know how each indi-
vidual reacts to a change in income and also how he reacts to a change
in price, there is no special difficulty in determining the effects of the
imposition of a tax whose proceeds are redistributed.

2. Amongst the residents of a foreign country

Thig is an extension of the problem of reparations to the case in
which the payments are a function of the country’s imports or ex-
ports, the level of the function depending upon the rate of excise
taxes imposed. In view of the analysis of the preceding cases the so-
Iution of this problem is readily apparent. The taxes represent a
change in price which in turn affects the quantities demanded and
supplied. The proceeds of the tax are distributed abroad to the repa-
rations-receiving country where they affect the demand and supply
functions through the change in income. The new equilibrium is the
r-sultant of these changes taken together. If we let superscript (R)
denote the receiving country and write:

, I o) CHN B2

g =— + ’
’ 21 . | oy 3(-IM)

I aI®

bl:__'_d

v
ayl T B(TI(;))II dfs

then the solution is again given by the system (7.4).

The analysis may readily be extended to the case in which the
government of the receiving country reduces or abolishes an excise
tax as a result of its reparations receipts. It may also be extended to
the case of a bounty by treating the latter as a negative tax.



CHAPTER 1V
THE SPECIAL CASE oF Two COMMODITIES AND Two COUNTRIES

I. THE “TERMS OF TRADE”

It will be instructive to apply our analysis to the special case gen-
erally considered in the literature in which there are only two coun-
tries and only two commodities and in which transportation costs are
zero. Let there be two countries, (1) and (2}, and two commodities X,
and X, , the second commodity serving as numéraire. Let country (1)
import X, and export X, and let country (2) export X, and import X, .
Let y, be the “terms of trade,” defined as the value of a unit of X, in
terms of the numéraire X, , and let Z be the value in terms of the
numéraire of the reparations paid by country (2) to country (1). We
shall assume, for the sake of simplicity, that the amounti Z is fixed
regardiess of the value of %, . Then we bave for country (1) the bud-
get equation

(8.1) IO +I0=27,

where IV is the volume of its imports (+) of X;, and I'? is the vol-

ume of its exports (—) of X, . Similarly for country (2) we have the
budget equation

(8.2) wle +I0=—7,

where I® is the volume of its exports (—) of X;, and I'? of its im-
ports (+) of X,. Imports and exports of X; (and therefore of X;)
are functions of y, and Z .

In equilibrium the import demand for X, must equal its export
supply, or

(8.3) I 4@ =9.

From (8.1) and (8.2) which must be true regardless of whether equi-
librium prevails it then follows that IV + I® = 0,

If there is a change in the reparations then we have
dI(l) dI(2)
1 1

(8.4)

or

az Taz O
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I dy,  oIv AP dy,  Bl®
+ +
0y, dZ ¥ 0Z o, dZ oZ

Solving we obtain

(8.5)

=0,

aI(:l ol
(86) dz ~ w e
1
+
0t oY

Since the denominator is negative from the stability conditions,
it follows that the change in the terms of trade y, will be of the same
sign as the sum in the numerator. In the normal case if X, is not an
inferior good in either country, the import demand for X, in the rep-
arations-receiving country will increase while the export supply in the
reparations-paying country will increase., Consequently the first term
in the numerator will be positive while the second will be negative.
The terms of trade will therefore change in favor of the paying coun-
try, remain unchanged, or change in favor of the receiving country
according as the first term in the numerator is greater, equal to, or
less than the absolute magnitude of the second term. Exactly the re-
verse is true if X, is an inferior good in both countries. If, however,
X, is an inferior good in only one country then the terms of trade will
definitely change in its favor.

The solution may easily be demonstrated graphically either on
Viner’s “terms of trade” charts (which correspond to ordinary de-
mand and supply diagrams) or by the use of the Marshallian recipro-
cal-demand curves.

In Figure 3, let I o be the import demand for X, of country (1)
and let —I? be the export supply of X, of country (2), drawn with its
sign reversed so as to make it positive. The intersection of the two
curves represents the equilibrium point, with a price (in terms of the
numéraire) of Ob and a volume of imports of Oa. The normal position
of the two curves is that shown in Figure 3, where the import-demand
curve ¥ is negatively sloped and the export-supply curve —I® is
positively sioped. It is possible, however, for —I® to be negatively
sloped, or even for I¥ to be positively sloped, provided that the slope
of IV with respect to the price axis is algebraically smaller than that
of —I®. The stability conditions exclude the possibility of a positive-
ly sloping demand curve alongside a negatively sloping supply curve,

Let country (2) pay reparations to country (1). If X, is not an
inferior commodity in either country, then the receiving country’'s
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FIGURE §.—DETERMINATION OF EQUILIBRIUM BY MEANS OF
“TFTERMS OF TRADE” CURVES.

demand for X, will increase while the paying country’s demand will
decrease or its export supply increase. Conseguently both curves will
shift to the right. The imports of X, will definitely increase, but the
direction of change in %, will depend upon the relative shifts in the two
curves. If X, is an inferior good in both couhtries then both curves
will shift to the left, the imports of X, will decline and the direction
of change in ¥, will again depend upon the relative shifts in the two
curves, If, however, X, is an inferior good in only one country, then
the curve for that country will shift to the left and the terms of trade
will change in its favor.

From equations (8.1) and (8.2) it follows that once we are given
the import demand and export supply for X, in the two countries we
immediately have the export supply and import demand for X, in the.
two countries. These are, respectively,

(8.7) I(;):Z_?Jl-[‘i),
and
(B.8) I‘:’:“ZH‘y, I‘f’.

Instead of the curves for I and —I'® we could therefore have drawn
the curves —I‘? and I®* which can be derived directly from the for-
mer two and we should have obtained identical results.

Instead of the terms-of-trade diagrams we might make use of the
Marshallian reciprocal-demand curves. In Figure 4 let the horizontal
axis represent I imports into country (1) of X, and —I® exports of
X, from country (2}, and let the vertical axis represent —I O exports
of X, from country (1) and 7® imports of X, into country (2). At
each given price y,, country (1) is willing to import a quantity 7@ as
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FIGURE 4,—DETERMINATION OF EQUILIBRIUM RBRY MEANS OF
RECIPROCAL-DEMAND CURVES.

seen in Figure 3 and must therefore export an amount —1I ) as deter-
mined by equation (8.7). For this country we can therefore draw up a
reciprocal-demand curve OD, , showing the volume of its exports of X,
(by the ordinate of each point) which it will be willing to supply for a
given volume of imports of X, (the abscissa of each point). A sgimilar
curve 0D, can be drawn up for country (2) showing the volume of its
exports of X, (the abscissa) which it will be willing to supply for
each given volume of imports of X, (the ordinate). The point P of
intersection of these curves, where the quantity of imports of either
commodity is equal to the exports, is the point of equilibrium. If Z
is equal to zero, namely, if there are no reparations, then %, corre-
sponding to any point K on D, or K’ on D, is given by the slope of the
vector through O to that point. If, however, Z is different from zero,
then %, corresponding to K or K’ is the slope of the vector through O
to a point Z units vertically above K or K' respectively; i.e.,

—I9+Z I®+Z

BT T e ¢

1 1
In Taussig’s terminology ¥, represents the net barter terms of trade,
while the slope of the vector to the point on the reciprocal-demand
curve itself represents the gross barter terms of trade.

The reciprocal-demand curve of country (1) is elastic, has unit
elasticity, or is inelastic according as the slope of OD, with respect to
the horizontal axis is positive, zero, or negative. Similarly the recipro-
cal-demand curve of country (2) is elastic, has unit elasticity, or is in-
elastic according as the slope of OD, with respect to the vertical axis
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is positive, zero, or negative. It is even possible by our stability con-
ditions for OD, to bend around backwards so that a vertical line would
cut it twice, or for OD, to bend backwards so that a horizontal line
would cut it twice.r This would mean that more would be imported
at a higher import price than at a lower one; i.e., it would correspond
to a positively sloping import-demand curve in Figure 8, a possibility
which must be included if the import good is an inferior commodity
in the importing country and the income effect of the price change is
large. From the stability conditions, however, it follows that if either
curve has this shape in the neighborhood of the equilibrium point,
~ then the other curve must be elastic.

For the sake of convenience let us assume that Figure 4 is drawn
for a case in which there are no reparations, so that Z = 0. Now let
country {2) pay to country (1) a sum in reparations equal to Z when
measured in terms of the numéraire X, . Then OD, must shift in such
a way that at any given price in terms of the numéraire X, , imports
of X, are equal to the exports of X, (with sign reversed) minus the
reparations, both expressed in terms of the numéraire. But there is
an infinite variety of such shifts, depending upon the magnitude of
oI'2/eZ or the propensity to consume X,. [Given 3% /2Z the term

oI /37 is uniquely determined from (8.8).]

Graphically we may illustrate this shift as follows: In Figure 5 let
OD, be the reciprocal-demand curve for country (2) drawn for Z =0,
namely, before reparations. The price ratio ¥, , corresponding to any
peint P along OD, is given by the slope of the vector OP or Oa/0b,
Now if country (2) pays a sum of reparations Z to country (1), the
price ratio Oa/Ob will correspond to some point on a line parallel to OP
but Z units below it, namely, on the line QT, where PR = Z . In other
words, after reparations, the exports of X; and the corresponding im-
ports of X, at a price of Oa/0Ob will be represented by the co-ordinates
of a point lying somewhere along Q7. Just where it lies along QT
depends upon the rate of change in the export supply of X, with re-
spect to a change in income, or upon 8/ /27,

a. If, at the given price ratio, country (2) is willing to consume
the same amount of X, after the reparations payments as before, then
ol /3Z = 0 and the export supply will remain unchanged. (This
means, of course, that the rate of change in the import demand for
X. with respect to income is unity,) The new point corresponding to

the price ratio Oa/0Ob will therefore be at R, or Z units directly be-
low P.

1 Marshall’s stability conditions which differ from ours exclude this possibil-
ity. Alfred Marshall, Money, Credif, and Commerce (London, 1923), Appendix J.
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FIGURE 5, —EFFECT OF UNILATERAL PAYMENTS UPON THE
RECIPROCAL-DEMAND CURVE,

b. If, on the other hand, X, is a superior good, then when the in-
come of country (2) declines by Z units it will demand less of X, or it
will be willing to export more of it. (This means, of course, that
ol /oZ < 1.) The new point corresponding to the price ratio Oa/Ob
will therefore be to the right of R. How far up along QT it will be

- depends upon 82" /0Z. If X, is not an inferior good, then the point
will He between R and S {where PS is horizontal). If X, is an inferior
good, however, then it may lie even to the right of S, for country (2)
will now demand more of X, than it did formerly at any given price
ratio.

e. If X, is an inferior good, country (2) will demand more of it
after the reparations payments. Less of X, will, therefore, be exported
at the price Oa/0Ob than before, and the new point corresponding to
this price will be to the left of E.

Parallel statements hold for the receiving country. In Figure 6,
let the curve OK be the reciproeal-demand curve for country (1) before
reparations, the point K showing that when y, — Oc¢/Gd, country (1)
will be willing to import Od units of X, and to export Oc units of X,.
Now if country {1) receives a sum Z in reparaiions then the point
corresponding to the price ratio Oc/Od will lie on a line parallel to the
vector OK but Z units below it, namely, on the line QT. If, at the given
price Oc/0d, country (1) is willing to eonsume just as much of X, aft-
er the reparations receipts as before, then oIV /0Z = 0, and the new
peint corresponding to the price ratio Oc/Gd will be at E which is Z
units vertically helow K. If X, is a superior good, the new point wi l
lie to the right of E but below S (where KS is horizontal) unless X, is
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F1GURE 6.—EFFECT OF UNILATERAL RECEIPTS UPON THE
RECIPROCAL-DEMAND CURVE.

an inferior good, in which case the new point may even lie above the
curve OK. Conversely, if X, is an inferior good then the new point
will lie to the left of K.

We may now briefly summarize the effects of reparations upon
the terms of trade. In Figure 7, let 0D, and OD, be the reciprocal-de-
mand curves for-countries (1) and (2) respectively before reparations.
The point P is the equilibrium point with a price ratio equal to O«/Ob
and with imports of X, equal to Ob and of X; equal to Oa . If in each
country the income elasticity of demand for X, is zero, namely, if
oIV /7 = 3(—I®)/9Z = 0, then after reparations the curves OD,
and OD, will both shift vertically downwards by Z units, as in Figure
7. The new point of intersection will be directly below the old, the
terms of trade will remain unchanged, the exports of X, will remain
unchanged, but country (2) will now import Z units less of X,.

If, however, o[} /0Z and 8(—I?®") /0Z are both different from
zero, then OD, will shift in such a way that the point P (on OD,)
will fall somewhere on RT, say, at S, and OD, will likewise shift
so that the point P (on OD,;) will fall somewhere on RT , say at S@,
If 210 /0Z = 2(—1®) /0Z then 8™ and §* coincide, the new curves
intersect along RT', and the terms of trade remain unchanged. If
X, is a superior good in both countries then the new point of inter-
section will lie to the right of B, so that the paying country will not
only import less of X, but also export more of X,. If on the other
hand X, is an inferior good in both countries, then the paying country
will, in fact, export less of X, than it did prior to the reparations,
but this decline will be offset by a greater drop in the imports of X,
than in the previous case.
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FIGURE 7—EFFECT OF UNILATERAL PAYMENTS UPON THE EQUILIBRIUM POSITION.

If oIV /87 is different from ¢(—1'?’) /0Z then the terms of trade
will change in favor of that country for which the rate of change is
algebraically smallest. Thus if S is to the left of §® the new recip-
rocal-demand curves will intersect below the line BT and the terms of
trade will change in favor of the receiving country. Conversely, if
S jg to the right of S the new curves will intersect above the line
RT and the terms of trade will change in favor of the paying country.
This is valid regardless of whether X, is a superior or inferior good.
It follows, therefore, that, if X, is an inferior good in one country only,
the terms of trade will necessarily change in favor of that country.?

We may now analyze the factors determining the magnitude of
the change in terms of trade for a given net change in the demand
for X,; namely, for a given magnitude of the sum in the numerator
of (8.6). Suppose that the numerator is negative, so that y, declines,
Then it can easily be seen that for a given magnitude of the numer-
ator the extent of the fall will depend upon the terms in the denomina-
tor of (8.6). Given the value of 87®/oy,, then dy, will be smaller
numerieally, the smaller is o7 “Il/ay1 algebraically. In other words, the
greater the elasticity of reciprocal demand in country (1), the small-
er numerically will be the favorable change in her terms of trade ¥, .
Given the value of 81V /3y, , then dy, will be the smaller numerically,
the smaller is 81¢® /oy, algebraically. This means that the greater the

2 Marghall’s error in the analysis of the effects of unilateral payments was
twofold: 1. He shifted onlv the reeciprocal-demand curve of the paying country

but not that of the receiving country. .2. He implicitly assumed a zero income

elagticity in the paying country for the receiving country’s commodity. Mar-
shall, op. ¢ii., Appendix J.
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elasticity of reciprocal demand in country (2), the smaller numerically
will be the unfavorable change in her terms of trade. Analogous
statements can be made for a rise in ¥, .

Thus far we have investigated the effects of a change in repara-
tions upon the equilibrium by examining the effects on the demand
funetions

19 =G%(y, Z),

(8.9) 1(12) = thzs (y.,2).

We might just as well have written these demand functions in the in-
verse form, treating y, as the dependent variable:

p=HO (D, 7)),

(519 p=HYUD, 7).

In equilibrium the import demand price must equal the export supply
price, or

(8.11) Hv=H®,

The effect of a change in reparations is then obtained by differentiat-
ing (8.11) totally with respect to Z:

pH™ I 3HW  3H® dI®  gH®
1 1 i 1 1 1

(8.12) t—= +—.
aIw dz 8z oAw dZ = 9%

But since I' = —I® it follows that dI'V/dZ = — dI®/dZ and there-
fore
oH®  oH®

Ay =

_9Z  oZ
dZ oH® eHwW

(8.13)

+
or® - prwm
Apgain the denominator must be negative from the stability condi-

tions, so that dIV/dZ will vary in the opposite direction from the
numerator. If X, is a superior good in both countries then

sH® eH® are

7 < (0 and 7 >0, so that =7

In other words, if X, is a superior good, country (1) will increase its
imports of X, after reparations. If it is an inferior good in both coun-

> 0.
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tries all of the signs in the expressions above will be reversed and the
imports of X, will decline. If it is neither an inferior nor a superior
good in either country, then the terms in the numerator of (8.13)
are zero, and there is no change in the imports of X,. This con-
firms our previous findings in connection with equation (8.6}.

The change in the terms of trade is given by either side of equa-
tion (8.12). We may now ask the question: For given shifts in the
reciprocal-demand curves, namely, for given 0H*/0Z and 2H'? /o7,
what are the factors determining the magnitude of the change in the
terms of trade? It should be noted that this question is not the same
as the one we asked in the preceding discussion of equation (8.6).
There it was assumed that there were given changes in the quantity
demanded and offered at each given price. Here it is assumed that
there are given changes in the price at which each given quantily is
demuanded and offered. This difference may easily be illustrated by
means of Figure 3. The first question relates to a given horizonial
shift while the second question relates to a given vertical shift in the
iwo curves.

Making use of equations (8.12) and (8.13) we have for the
change in the terms of trade:

aH(i) aH(i) aH(:) 'BH(;)

+
J J2)
o, AP 0Z WP 0z
(8.14) =
dz CH®  oH®

arm - I

Again we confine ourselves to the case where dy,/dZ < ¢. To deter-
mine how dy./dZ varies with each of the terms in the denominator for
given ¢H® /3Z and oH'Y)/0Z , we need but differentiate this equation
_ partially with respect to each of these terms. Let us rewrite equation
{8.14) in the form

ab + ed
(8.15) w= .
a—+c
Then we have
ow c(b—d)
(8.16) — e~
dga (a+¢)?
and
i —a{b—d
(8.17) w.oTe—d

9 (a+o)
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If X, is a superior good in both eountries and if the reciproeal demand
of the paying country is elastic, then both factors in the numerator
of (8.16) are negative and dw/da is positive. This means that the
larger aH /91 is algebraically, the larger will dy,/dZ be algebrai-
cally. Stated in terms of elasticities, the more elastic the reciprocal
demand of country (1), the smaller is the fall in v,; ie., the less
does ¥, change in its favor,

If, on the other hand, X, is an inferior good in both countries, or
the reciprocal demand of the paying country is inelastic, then dw/ae
is negative.* This means that the more elastic the reciprocal demand
of country (1), the smaller is the fall in ¥, .

Equation (8.17) may be interpreted in a parallel manner. If X,
is a superior good in both countries then (b—d) is negative and 2w/ac
is negative. The latter will also be true if X, is an inferior good in both
countries and the import demand of country (1) for X, is positive-
ly sloped. This means that the larger 3H /oI is algebraically, the
smaller is dy,/dZ algebraically. Stated in terms of elasticities, the
more elastic the reciprocal demand of country (2), the greater is the
fall in 4, ; namely, the less favorable does ¥, become for country (2). If
on the other hand, X, is an inferior good in both countries and the
import demand of country (1) for X, is negatively sloped, then dw/ac¢
is positive. This means that the more elastic the reciprocal demand of
country {2), the smaller is the fall in %.. Analogous statements can be
made with respect to a rise in y, .

If we take the ‘“normal” case in which X, is-a superior good in
both countries and consider a shift in the two reciprocal-demand
curves leading to a fall in ¥, , then the results we have obtained may
be summarized as follows:

For a given decline in the quantity of X, demanded at a given
price by both countries taken together, the fall in %, will be smaller,
the greater is the elasticity in the importing country and the greater
is the elasticity in the exporting country. For a given decline in the
price at which a given quantity of X, will be demanded by both coun-
tries taken together, the fall in y, will be smaller, the greater is the
elasticity in the importing country and the smaller is the elasticity in
the exporting country. The lack of symmetry with respect to the
elasticity of the exporting country should be emphasized. It is the
source of the difference between Viner’s and Marshall’s resuits in their
analysis of the effects of differing elasticities on the magnitude of the
change in E’s demand for G-goods. Viner confined himself to a shift

31t is impossible for X, to be an inferior good and for the exporting coun-
try’s reciprocal-demand curve to be inelastic at the same time.
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of the first type, whereas Marshall’s analysis relates to a shift of the
second type.*

_IIL. MONETARY ASPECTS

Having determined the effects of changes in unilateral payments
upon the terms of trade %, and upon the imports and exports of X,
and X,, we may now proceed to the monetary aspects. These will
depend upon whether we adopt Viner's assumption that the quantity
of token money held is proportional to income including unilateral
receipts and excluding payments, or Robertson’s assumption that it
is proportional to income excluding receipts and including payments.

A, Under Viner's Assumption

Let P equal the total value (in terms of the numéraire) of the

income of a country, including its unilateral receipts and excluding
its payments: .

(8.18): P =)_f(1)y1 + }_((.1) + 7z
1 2

and

(8.19) P :f(f)% + X(;) -z,

where the barred X’s relate 1o the initial supplies of these commod-
ities before trade. Consequently the change in P is given by:

(8.20) dP® =XWdy, + dZ
and
(8.21) . dP® = X®dy, — dZ.

If the exchange rate is assumed fixed, then the relative change in
money prices [see (7.8)1 will be given by:

dp, —K@ dpar— K@ gp@
;:: Ko pay + K@) pa

(8.22) _ _
, K@ (Xdy, + dZ) + K® (X2dy, — dZ)

K (XVy, + X + Z) + Ko (XOy, + X — Z) "

¢ Viner, op. eit., pp. 542—-46: Marshall, op. ¢it. This peint was made by D. H.
Robertson, in “Changes in International Demanéd and the Terms of Trade,” Quar-
terly Journal ef Economics, Vol. 52, (May, 1938), pp. 539-40.
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If there is no change in the terms of trade and if the K’s (the recip-
rocals of the “velocities”) are the same for both countries, then there
will be no change in monetary vrices at all. If the K’s are different
(but the terms of trade remain unchanged), then money prices will
rise or fall according as K for the paying country is greater or smaller
than that for the receiving country ; namely, according as the ‘“veloc-~
ity” in the paying country is smaller or greater than in the receiving
country.®? If the K’s are the same but the terms of trade (y,) do
change, then the money prices must change in the opposite direction
from the change in the terms of trade. This will generally be true
even where the K’s are different, unless the K of the country which is
favored by the change in the terms of trade is extremely large in com-
parison with that of the other country.

The relative change in money prices will of course be the same
in both countries. The absolute change in the money prieces in country
{2) will be equal to e, times the absolute change in the money prices
in country (1). [See equation (7.9).]

From equation (7.10) we have for the change in the quantity of
money held in the two countries:

dMw K& (P gpa) — p(ll) ape)

MW PO (KW P 4 Ko pay

(8.23)

dM®» —KWw(pm Jpa — pm dpe)

Mo P (K0 po + K& p)

If the terms of trade remain unchanged then the numerators of
(8.23) reduce to K@dZ (P® 4+ P®)and — KWdZ (PW + P®), This
means that the receiving country will gain money from the paying
country.®

To obtain the absolute change in the quantity of money in country
{1) resulting from the reparations we simply multiply both sides of
the first equation of (8.23) by M® = K®Wp®»P® and simplify. We
then obtain

5 These conclusions confirm Viner’s analysis in his Studies, pp. 371-T4.

6 This result is based on Viner’s assumption that the quantity of money held
in each country is proportional to the value of the income including reparations
receipts and excluding reparations payments. If we adopt Robertson’s assump-
tion that the guantity of money is proportional to income excluding receipts and
including payments, then there will be no trangfer of money at all when the terms
of trade remain unchanged. Robertson, “The Transfer Problem,” op. e¢it., p. 172;
Viner, Studies, pp. 366—74; Robertson, “Indemnity Payments and Gold Move-
ments,”’ Viner, “A Reply,” and Robertson, “Rejoinder,” op. cit.
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p(;)dz
(8.24) dM® =

P P
Km (Pu) + P(z)) * K (Pu) + P(:n)

Let £ be the fraction of its income (expressed in terms of the nu-
méraire} which country (1) devotes to imports of X, and let /® be the
fraction of its income which country (2) devotes to imports of X;. (In
the general case f and f® will vary with variations in y and Z.)
Then we have

le(:1 = fmpm .

(8.25) [® = fope,

Making use of (8.25) we obtain for the value of P®/(P" + P®):
I(;)

—— fﬂ)I(m

P(!) f(ﬂ) 2

8.26a = = ‘
( ) Pu) 4+ P(z) y]I(:) I(i) f‘mle(}) + f(l\](';)

+
f(I) _f(?)

Prior to the reparations we have in equilibrium y,J? = I, so that
{8.26a) reduces to:

P@ fh)
(8.26b) - = .
PO 4+ P fm -+ ftz)
Similarly:
P f(zl
(8.27)

P 4 p@ — fm + fm

Substituting from (8.26b) and (8.27) into (8.24) and letting
V =1/K, we obtain:

PpRAZ (fO + f)

{8.28) dM® = .
f(l)Vu) -+ fcz)sz)

In this equation p‘)’dZ equals the volume of the change in rep-
arations expressed in terms of the money in country (1), the V’s are
the “velocities” of circulation of money, and the f’s are the fractions
of the income spent upon imports by each country.

It can easily be shown that if f©© and f* are constants it is nec-
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essary for their sum to equal unity if the terms of trade are to re-
main unchanged.’

In this case the gain in money in the receiving country turns out
to be:*®

7 The proof is simple,
From (8.25) and (8.18) we have

y [0 = fO PO = ) (X, oy, + X, 00 - Z),
. . 2

(a) 1, = fin P2y = ) (flmyl + X,® — Z).

Equilibrium requires that for every given amount of reparations Z:

(1} the terms of trade y, shall be such that the imports of X, by the re-
eeiving country (1) shall equal the imports of X, by the receiving country (2)
plus the amount of the reparations; and

(2) for terms of trade y, above the equilibrium level (less favorable to the

receiving country) the import demand of country (1) shall be less than the sum of
the import demand of country (2) and reparations,

This means that
{b) y [ =1, 4+ Z,
and, on the assumption that f(*' and f{2) are constant, that
(e) My, — I, — Z]
¢y,
Substituting from (a) into (b), transposing, and factoring out ¥, , we obtain
Z(1 — f1) — fe21) fm)}_[ztz) — X, m
1:f(1)flm — X @ + fmjflu) — f(z)X‘tz)'

= [ X, () — fOX (D < 0.

(d)

) The change in terms of trade as Z changes is given by the coefficient of Z
in this equation. Since the denominator is negative from the stability conditions

{e), it follows that

dy, < :
(e) =0 accordingas 1— 1 — fi2—0;

a4z >
namely, the terms of trade will change favorably for the receiving country, re-
main unchanged, or change in favor of the paying country according as the sum
of the fractions of each eountry’s incomes devoted to imports is less than, equal
to, or greater than unity.

See also Viner, Studies, pp. 329, 338 ff.

& The reader may check this formula against the cases given by Viner in his
Studies, Table 5, p. 370. There p,VdZ — 800, 11 = 1/3, ft¥) = 2/3.

Forcase A, V=1, Ve —1, dMtr=2600;
Forcase B, V) —2, Ve —1, dM) =—450;
ForcaseC, VO —1/2, V@& =1, dM®)=720,

In his discussion of the relaiionship between specie movements and velocity
of money, Professor Viner makes the following statement with regard to the case
considered in the text where ! and 72} are constants and their sum is equal to
unity:

“ _ .. assuming no change to occur in either country in the final purchases
velocity of money, the greater is the weighted average final purchases velocity of
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p(l)dz

(1) —

(8.29) M fFOVO 4 faye :
If the terms of trade do change, then the relative change in the
quantity of money in each country is given by equations (8.23). Pro-
fessor Viner argues that if we adopt the assumption that the quantity

money in the two countries combined, the smaller will be the amount of money
necessary te be transferred to restore a disturbed equilibrium, other things re-
maining the same.” (P. 368.)

It can be seen from (8.29) that this conclusion is not universally valid. For
the sake of illustration let us take the ecase where the exchange rate between the
two currencies is unity. Thke weighted average final purchases velocity is then
defined asg ’

MLy 4 perye

Moy + M2

In Viner’s illustration M — 3000 and M — 1500, so that the weighted aver-
age velocities are:

[} —

Case A, v—1,
Casze B, v—5/3,

Case C, v—2/3.
For these cases Viner's generalization appears to be valid, since the money flow
varies inversely with v. If, however, we take the following case, the generaliza-
tion breaks down:
Case D, Vr—=38/5, V& —=3/2.
For then we have:
dMY =500 and v=—=9/10.
In fact the transfer of money will be less than 600 with a weighted average ve-

locity less than unity for all V(1) and V{2 such that the following two inequalities
hold simultaneously:

600
A= < 600,
V)3 + 2V /3
3000 V() +1500 V(2
<1
4500

V) 4 2y > 3,

(a)

k —

This means that

(b}
2V L Vin < 3,
which includes the limitation that
1<V < 8,
(c)
0V &1,

Similarly the transfer of money will be greater than 600 with a weighted average
velocity greater than unity for all V() and V® such that the inequalities in (a)
are reversed. This means that the inequalities in (b) are also reversed and that

LV 3,
@)
<V <1,

Since in all of his illustrations Professor Viner chose V() — 1, he failed to
observe that his generalization was not valid for all cases.
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of money held in each country is proportional to the money value of
income including reparations receipts and excluding reparations pay-
ments, the receiving eountry musi always gain money from the pay-
ing country no matter how the terms of trade change.®

It can be shown that this conclusion is not universally valid. In-
deed, the receiving country may conceivably lose money not only when
the terms of trade turn against her, but even when the terms of trade
change in her favor.

It is obvious from the equations for the amounts of money hold-
ings in each country that the country which has the algebraically larg-
er percentage change in real income (measured in terms of the nu-
méreire) will gain moneyv from the other. Neormally the country re-
celving reparations will experience a rise in its real income (income
being defined as including reparations receipts and excluding repara-
tions payments), while the country paying reparations will experience
a decline. The receiving country will, therefore, normally gain money
from the paying country. If, however, the terms of trade change suf-
ficiently in favor of the paying country its real income may rise in
greater proportion than that of the receiving country, in which case
the paying country will gain money. The larger the receiving coun-
try’s propensily to import and the smaller the paying country’s pro-
pensity to consume its own export commodity the greater will be the
rise in the terms of trade in favor of the paying country. Likewise
the less elastic the receiving country’'s import demand and the less
elastic the paying country’s export supply with respect to the terms
of trade (i.e., the less elastic the reciprocal-demand curves of either
country), the greater will be the rise in the terms of trade in favor
of the paying couniry.

If the terms of trade change against the paying country its real
income will, of course, decline. If, however, the receiving country’s
supply of the commodity which it imports is sufficiently large rela-
tive to that of the paying country, its real income may decline in even
greater proportion than that of the paying country. In this case too,
the receiving country will lose money to the paying country. It will
be shown, however, that this is possible only under very restrictive
conditions.

The proof of these statements is as follows:

From (8.23) the receiving country will lose money whenever the

® See Viner, Studies, p. 366: “In its most extreme application this erroneous
doctrine has led to the conclusion that if unilateral payments should perchance
result in 4 relative shift in price levels in favor of the paying country, the move-
ment of specie will be from the receiving to the paying country!” See also Viner’s

reply to Robertson in the Quarterly Joumal of Economtcs, Vol. 53, February,
1939, pp. 314-16.
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proportionate change in its real income is algebraicalty smaller than
that of the paying ecountry:
dp dpP®
—Po — <.
dZ dz

Substituting from equations (8.20) and (8.21) we have:

(8.30a) p®

d - —
(8.30b) _’!h (POX® — PO X)) 4+ Py 4 P L 0.
dz ! 1

Dividing through by P® + P and making use of (8.26) and (8.27),
we obtain

dy f(l)i(l) . f{z)ita)

1 1 1

(8.30¢) —~( . ) < -1
dZ f(l) + f(21

Normally fOX o — foXx ® jis negative. Indeed as we showed in
footnote 7 this expression is necessarily negative if the fractions jv
and f* are constants. Consequently if the rise in the terms of trade
in favor of the paying country is sufficiently large (8.30c) will be
satisfied and the receiving country will lose money. From equation
(8.6) we obtain the factors affecting the magnitude of dy,/dZ cited
above,

If f% and f* are not constants but appropriate functions of
the terms of trade y, then it is possible for fvX M — fOXE to be
positive.,’* In that case the receiving country would lose money if the
terms of trade fell sufficiently, since its real income would decline in’
greater proportion than that of the receiving country.

B. Under Robertson’s Assumplion

Robertson assumes that the quantity of money held in each coun-
try is proportional to income excluding reparations receipts but in-

10 As we saw in footnote 7 the stability eonditions require that
B[ylll(l) — I, —~ Z]

< 0.
dy,
Substituting from equations (a) of footnote 7, we have
[y I, — I, — Z] _ — _ apy afte
=fOX, ) — fOX (D L X gy X Dy, < 0.
%y, %y, %y,

If the difference between the last two terms is negative and sufficiently large nu-
merically, then the difference hetween the first two terms may be positive.
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cluding reparations payments. Instead of (8.23) we shall then have
for the transfer of money:

dM  K@®[(p® + Z)f“l’d/t L (P — Z))_f‘ﬁ’dyl]
(8.31)

M (PO — ) [K® (P — Z)+ Ko (P® + Z)]

In other words, the gain or loss of money by the receiving country
will be directly proportional to the expression in brackets in the nu-
merator of (8.31). It follows, therefore, as Robertson showed, that
if the terms of trade ¥, remain unchanged there will be no transfer
of money between the two countries. Robertson also states that
under his assumption money will be lost by the country against whom
the terms of trade change. This means that dM® /dy, must be nega-
tive, or that

(8.32) (P + Z) X0 — (P — Z) X < 0.

If we start with a situation in which the initial reparations payment
(before the change) is zero, then condition (8.32) becomes:

{8.33a) gy 2t _}_((:) — pw X:? <0,
or, stated in terms of the fractions f,
(8.33b) o Xt:) — f X"f’ <.

1f, as Robertson assumed, the importing country has no initial
supply of the commodity which it imports (X® = 0), then (8.33)
must be satisfied, and Robertson’s conclusions are valid. As we have al-
ready seen, however, it is quite consistent with the stability conditions
that X a shall be so large that condition (8.33) is reversed. In that

case the country against which the terms of trade changed would
gain money,



CHAPTER V

THE GENERAL FEQUILIBRIUM OF PRODUCTION
IN INTERNATIONAL TRADE

I. DESCRIPTION OF EQUILIBRIUM

Thus far we have been considering an economic world in which
no production takes place, but in which the only economic activity is
that of exchange. Individuals are assumed to come to the market with
fixed supplies of goods and services which they exchange for other
goods and services, The chief problem introduced by the theory of
production is the fact that the supply of ecommodities available for
exchange is not fixed but is itself a variable depending upon the price
system.

Since the mathematical theory of production has alrcady been
treated at length by several writers including the present one,' and
since it has so much in common with the theory of exchange, only a
brief review is required here.

A. The Entrepreneurial Supply Functions

1. The equilibrium of the firm

It is assumed that each firm employs various quantities of pro-
ductive services @, , @., -+, & , t0 produce various guantities of prod-
uets Emry, Towz,s ~+- , Lo . The quantities of some of the services used
as well as of some of the products produced may, of course, be zero.
The transformation function of the firm showing the relationship
between the quantities of the various products that ean be produced
with different quantities of the services is

1 R. G. 1), Allen, Mathematical Analysis for Economists (London: Macmillan
Company, 1938), pp. 369-74 and 505-09; J. R, Hicks, Value and Capital (Oxford:
Clarendon Press, 1939), Chaps. VI-VIII, and the Appendix, pp. 31%-25; Théorie
mathémaetique de la valeur en régime de libre comeurrence, No. 580 of the Ao
tualités scientifigues et industrielles (Paris; Hermann et Cie, 1937), pp. 33—49;
Harold Hotelling, “Edgeworth’s Taxzation Paradox and the Nature of Demand
and Supply Functicns,” Journal of Pelitical Economy, Vol. 40 (1932), pp. 590-98;
Jacob L. Mosak, “Interrclations of Production, Price, and Derived Demand,”
ibid., Vol. 46 (December, 1938), pp. 761-87; Heinrich von Stackelberg, “Angebot
und Nachfrage in der Produktionswirtschaft,” Archiv fiir Mathematische Wirt-
schafts- und Sozialforschung, Band 4, Heft 2 (1938), pp. 73-99.

The summary given here follows along the lines of Hicks’s Appendix.

—0d
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(9.1a) f(ad s sy s Gy Loner » Lipsn 5 205 T) =0,

When the quantities of all the factors and all but one of the products
are given this equation shows the maximum amount that can be pro-
duced of the remaining product. When the quantities of all the prod-
ucts and all but one of the factors are given this equation shows the
minimum amount required of the remaining factor. Corresponding
to the marginal rate of substitution in the theory of exchange we have
two distinct marginal rates of substitution and a marginal rate of
transformation in the theory of production. The marginal rate of
substitution of the factor «; for the factor «; is defined as the decre-
ment in a; which will just offset an addition of a marginal unit of a;
when the quantities of all other factors and the gquantities of all prod-
ucts remain unchanged:
aa‘}' f o,
Ryy—m — —— i

a; ‘aa",’ ffl-j. )

Similarly, the marginal rate of substitution of the product x, for the
product x; is the decrement in x;, which results from producing an
additional marginal unit of x, when the quantities of all other prod-
ucts and the quantities of all factors remain unchanged:

02, fr,
Rit= — — =

ER ox, f’“t )

We have, further, the marginal rate of transformation of the factor
@, into the product z, which is defined as the increment in «, which
the firm obtains from the addition of a marginal unit of &; when the
guantities of all other products and all other factors remain un-
changed:?

R fa,

Ty —= —

@ aa'i, f.r_, .

As was shown by Stackelberg and by Hicks, it is very convenient

2 If but one product is produced with the aid of several factors, then equa-
tion (9.1a) reduces to _
f(wl,az,---,a,,,,x)zo.

This may be rewritten in the ordinary form of a preduction function:
ﬂ'}:x(ml s By y0 v ,(Lm),
where 2z/3a; = — f, /f; is the marginal productivity of a; or the rate of trans-

formation of a; into 2. It is with such a production function that ¥ dealt in my
article, “Interrelations of Production, Price, and Derived Demand,” op. cit.
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for purposes of analysis to treat factors as negative products, writing
T, = — a,(8 = m). Equation (9.1a) then becomes:

(9.1b) f(xl.:xz.a"':x-n) =0.

With this convention we may combine all three marginal rates dis-
cussed above into one broad category of the marginal rate of substitu-
tion of x; for «,, where z; and x; may each be either a product or a
factor:

. d9x: fs
T fr
Let v denote the surplus of the firm, defined as the difference be-
tween the firm’s total receipts and its total costs. Then we have:

W L]

(9.2a) v=—3FPi i+ X DX,
i=1 t=m+1

or, again letting x, = — a, (s £ m),

(9.2h) V=12, + Dua + - + Dplln .

The aim of the firm is to maximize its surplus v subject to the trans-
formation function f. This problem may be treated in a manner
parallel to that of the individual consumer demand. Introducing a
Lagrange multiplier x we have:

(9.3) APy — pflxy, 22, -, X,) =max,
This tmplies that:

d(v—puf) =0, and

(v —uf) <0.

From the first of these equations we obtain the first-erder equi-
librium conditions for the firm:

(9.4)

(9.52) ps—pufs=10,
where
o
TSt
Eliminating u , we have:
(9.5b) L b Lk,
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f Y4 fa 5 fa- P
(9.5¢) h P P T2 P

fo Pu fu D fo  Pa

These correspond to equations (1.4) for the individual consumer de-
mand. They state that in equilibrium the marginal rate of substitu-
tion between any two products or any two factors or between a prod-
act and a factor (namely, the marginal rate of transformation) must
equal the ratio of their prices. The condition that the marginal rate
of transformation between a product and a factor must equal the
ratio of their prices is simply another way of stating the more fa-
miliar proposition that the value of the marginal product must egual
the price of the factor or that the marginal cost of the factor must
equal the price of the product.

In order that the equilibrium position should be stable, it is nee-
essary that the surplus should be a maximum rather than a minimum.
This means that the surplus must decline for small displacements
from the equilibrium position in every direction. If we treat factors
as negative products, then this will be true if the marginal rate of
substitution between products inereases for substitutions in every
direction. If we separate factors from products, then this rule sub-
divides into three parts:

1. The marginal rate of substitution between products must be
increasing ; namely, the decrement in x; resulting from the production
of a marginal unit of x, must grow larger as we continue to subati-
tute x, for x;.

2. The marginal rate of substitution between factors must di-
minish ; namely, the decrement in ¢; which will just offset a marginal
increase in a,; will diminish as more of «; is substituted for a; .

3. The marginal rate of transformation of factor into product
will diminish ; namely, the increment in z, resulting from a marginal
inerease in a; will diminish as more of @; is transformed into x, .

These condifions must hold not enly for substitutions between any
two products, any two factors, or any one product and any one factor,
but also between any two groups of products, any two groups of fac-
tors, or any ene group of products and one group of factors.? Thus, if
in our last rule we treat a; as the entire group of factors and z, as
some one product, we obtain the familiar rule that the marginal pro-
ductivity of expenditure must diminish as expendifure increases or
that the marginal cost of producing any particular product must rise.

The condition that the marginal rate of fransformation between

2 As we have already seen in Chapter I, any group of commodities whose
prices remain unchanged may be treated as a single commodity.
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the entire group of factors and the entire group of products shall be
diminishing explicitly rules out the case of a homogeneous production
function. This means that we must assume that the entrepreneur
possesses some fixed productive opportunity which prevents output
from changing in the same proportion as input, and to which the sur-
plus v may be imputed as earnings.

These conditions are all contained in the second part of (9.4).
Since v ig linear in z,, d*v = 0, and the second condition of (9.4)
becomes d*f > 0 subject to df = 0. This implies that the determinants

0 fl fz 0 f: fz fa 0 fJ fz "t f'n
fl fn f]? 1 f\. fn f12 fla fl fu fm f}u
fz fm f22 fﬂ f:n fez faa ) f2 f21 fz.z f'zn )

fS f31 f32 .f33 | . . . - . .
fn fm fne "t fvm
must all be negative. Again we let F be the last of these determinants,

F,, the cofactor of f,, in F, F,, .. the cofactor of f. in F,,, et cetera.
Then these conditions state that

Fn Fu,za Fn,zz,...,(n-}.)(n-n

F ’ F y H ‘ F H
must all be positive, These conditions are invariant against a substi-
tution of ¢(f) for f as a transformation function (provided ¢ = 0
when f=0). Since the first-order equilibrium conditions (9.5) are
likewige invariant against such a substitution, it follows that the
transformation function like the utility function is arbitrary.

The stability conditions simply insure that the surplus shall be a
maximum, but not that it shall necessarily be positive. In order
that anyone should permanently engage in the process of production
the surplus must_ not only be a maximum but must also be positive.
This implies that not only the marginal cost but also the average cost
of producing each product and each group of products (including the
whole group of all products) must be rising.

2. The supply functions

The equilibrium equations for the ﬁi'm are given by (9.52) plus
the transformation function f{x,, 2., -+, #,) = 0. To determine the
effects of a change in any one of the prlces upon the equilibrium situa-
tion we need but differentiate these equations with respect to that
price.” We then have: '
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+ ...

R

Pe

0%y o,
fl 2
opy (i
aﬂ aﬂ’:l axz
fl“"+ﬂf11 +ﬂf12
op: 0P op:
(9.6) . e e .
ou X, 0%,
fe—— + pfoa— + pfe
P op: iyl
B,u 83;1 ax2
fn 4 ﬂfnl -+ ,uf'ne
op: Py 0Py
The solution to this system of equations is given by:
B;s Fet
(9.7) =,
op:  pF

99

(The double bar is used to indicate the entrepreneurial supply of
products or the entrepreneurial demand for productive services, to
distinguish it from the single bar which designates the initial fixed
supplies of the goods and services and the unbarred variables which
relate to the consumer demand for the commodities.) Comparing the
stability determinants in the theory of production with those given in
the theory of exchange, it is evident that the negative of the term

F'y;/uF must obey the identical rules that are obeyed by the substitu-

tion terms x,; = AU,/U in the theory of exchange. Let us therefore

write:
= Fst
Xyp = — .
ul’
Then equation (9.7) becomes:
o, -
(9.8) = = ®st;
oD

where the same set of rules applies to Z.: in the theory of production

as to x,, in the theory of exchange. In particular, we have:

0%y

oP;

(9.9)

=_;33>0-

This means that the entrepreneurial supply curve for any product is
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positively sloped with respect to its own prlce Since ¢, — — a, for
3 £ m, it follows that:

da, -
(9.10) % < 0,

0P

or the entrepreneurial demand curve for any productive service is
negatively sloped with respect to its own price. The other properties

of the term z,, parallel those of the substitution terms x,; in the the-
ory of exchange. Thus we have:

(1} Xgt — Luy

(2) %.<0,
n-1 n-1

(3) 22@32’;Zt<0,

§=1 =1

(4) Zp =0,

=1

(3) Sp. x>0,

s2t

(6) 3 Sp.pie>0 (m <n).
The sign of &,, = — ax,/dp, provides us with a definition of sub-

stitution and complementarity in production. If Z,; > 0, then z, and 2,
are substitutes. If x, and x. are products, this means that an increase
in the price of one leads to a deecrease in the output of the other. If
they are factors, it means that an inerease in the price of one leads
to an increase in the entrepreneurial demand (equals negative supply}
for the other. If one is a product and the other a factor, it means that
an increase in the price of the product leads to an increase in the de-
mand for the factor, and that an increase in the price of the factor

leads to a decrease in the supply of the product. Normally products
and factors are substitutes.

If z,; < 0, then 2, and z, are complements. If they are prod-
utcts, an increase in the price of one leads to an inerease in the supply
of the other. If they are factors an increase in the price of one leads
to a decrease in the demand for the other. If one is a produet and
the other is a factor, then an increase in the priee of the product leads
to a decrease in the demand for the factor, and an increase in the
price of the factor leads to an increase in the supply of the product.
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Hicks uses the term “regression” to denote complementarity between
a factor and a product.*

It follows from this analysis that the entrepreneurial supply of
any product and demand for any productive service are functions of
the prices of all of the productive services and products the firm uses
and sells, However, from the equilibrium conditions (9.5) we see imme-
diately that these functions are homogeneous of degree zero,so that if
all the prices were doubled the entrepreneurial supply of products
(and demands for productive services) would remain unchanged, We
may, therefore, write the firm’s supply equations for products (and
demands for factors) in the form:

(9'11) ;s:;s(yl;y2r"'syn—l) 821,2,---,')1,,

where 4, = p,/p. is the ratio of the price of X, to the numéraire X, .
Summing for all firms in the country, we obtain the entrepre-
neurial market supply (and demand) functions:

(9.12) X.=X.(th %, Yna)s

where X, = 3 z, for all firms. Since z,, = — 0x,/0p, obeys the
same rules for all firms, it is clear that X,, = — 0X,/0p, = — 3 0z./0p;
also obeys the same rules.

Parallel to our definitions of substitution and complementarity
with respect to consumption we have similar definitions with respect
to production. Two products (positive or negative) will be considered

as substitutes in production if X., > 0 and as complements if X,, < 0.
It should be noted, however, that whereas in the theory of consump-
tion X,, relates only to a part rather than to the total effect of a price

change, here X., relates to the total effect.®

B. The Consumer Demand Functions

The theory of production also requires that some modifications
be made in the theory of consumer demand. In the individual’s utility
function we must now include the quantities of the various produc-

1 Hicks, op. cit., p. 93. I observed but did not name the phenomenon of re-
gression in my article, “Interrelations of Production,” op. e¢it., pp. T78-T79.

5Tn my article, “Inferrelations of Production,” op. cit., 1 subdivided the total
production effect into two parts in two alternative ways:

1. A “substitution effect” which measures the change that would result if
the total expenditure on imput remained fixed, and a scale effect which measures
the change due to the change in expenditure.

2. A “substitution effect” which measures the change that would result if
the total output remained fixed, and a scale effect which measures the change due
to the change in output.
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tive services, in so far as the direct consumption of these services
renders direct utilifty to their users. The budget equation must also
be modified to include on the one hand the consumer demand and
supply for productive services and on the other hand the entrepre-
neurial surplus which may accrue to the individual as owner of the
firm. Instead of the budget equation of the theory of exchange, we
have therefore:

(9.13) Epaxs 2198 r,+v=r,

where v = 3" p, , is the individual’s profits as owner of the firm. As

before, the z, includes both products and factors, the latter being
treated as negative products. The fundamental equation of the mar-
ket consumer demand both for products and for productive services
now becomes:

82X, 2X,

{9.14) =
op: op:

p— = axc
= (2 + 2 — %) —a',r—'!‘Xu,

where the summation is taken over all individuals.® The demand fune-
tions are again homogeneous of zero degree, namely, if all prices (and
reparations payments or receipts) change in the same proportion the
demand for each commodity remains unchanged. It follows that we
can again write the total-market consumer demand functions in coun-
try (¢) in the same form as before, If there are reparations and the
receipts or payments Z‘Y remain unchanged when the price ratios
change, then we have:

(915&) X(i) :X(? (%,'ya,-";%q, Z“)) .

If, however, Z' is a function of the n—1 priee ratios and of a para-
meter of shift a, then we have:”

(9.15b) X(:)::X(:) ('yliyzs“'s'yﬂ—l)a)'

It is understood that if X, is a domestic commodity of a foreign coun-
try, then the demand for it in country ¢ is identically zero, and the

¢ The reason for the additional term Z, is that in differentiating the budget
equation (9.13) we get instead of the first equation of (2.6):

B Bk, — = 83.
Eps—--::a: ———m‘-}-xt—f-Zpa.—._._
&=1 apt apt

But 2*_ p, 0z,/3p, = 0, from Rule (4) for ;.
7 See Chapter ITI, Sections IT-A and 1I-B.
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demand for any other commodity is completely unaffected by its price
(X9 =0 and 0XW/oy, =0).

C. Muarket Equilibrium

Equations (9.15) give us the consumer demand functions for
goods and services in each country (). Equations (9.12) give us the
entrepreneurial supply functions for products and demand functions
for factors. Equilibrium requires that for each product and for each
factor the total-world consumer plus entrepreneurial demand shall
equal the total-world initial plus enfrepreneurial supply. If, as be-
fore, we treat the entrepreneurial demand for factors as a negative
supply, then we may write this condition in the form:

(9.16a) _ - -
XO 4+ XD .+ XO X0 L X0 4 X2 4 X@ .. X X0
& -3 & a 8 & & 8 8
(s5=1,2,---,n—1).

If X, is a product, this equation states that the consumer demand is

equal to the initial plus the entreprencurial supply. If it is a factor,

then the equation states that the consumer demand is equal to the

initial supply minus the enfrepreneurial demand. If it is both a prod-

uct and a factor, then the consumer demand is equal to the initial

plus the entrepreneurial supply minus the entrepreneurial demand.
Let

(9.17) I =X® — jf(:) - )?(;‘)

be the net import demand for X, (if positive) or the net export sup-
ply of X, (if negative) in country (i). Then equations (9.16a) may
be written in the form:

(9.16b) IO +I® 4. 4 [0 =0 (s=1,2,---,0n-1),

which states that in equilibrium the world import demand for each
product and for each factor must equal zero,

As in the theory of exchange we have but n—1 rather than » in-
dependent equations since in determining I’ we have made use of the
budget equation which when summed for all individuals and for all
countries becomes 3¢ 3% [ = 0. Consequently, if (9.16) holds
for n—1 equations, it must also hold for the nth.

The conditions of stability for the general equilibrium of produc-
tion are strictly analogous to those in the general equilibrium of ex-
change. Let a,; be the rate of change in the world import demand for
X, with respect to ¥.:
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v T -
AT U)X (XY -XW)
i=1 =1
(9.18) Qg = =
Y. oy,

Perfect stability again requires that the principal minors of succes-
sive crders of the determinant J = |a,.| shall be alternately negative
and positive. Since a,; is the sum of a market consumer income effect,
a market consumer substitution effect, and a market producer substi-
tution effect, and since both the consumer and producer substitution
effects satisfy the condition that the a,; terms should satisfy, it fol-
lows that the general equilibrium of production like the general equi-
librium of exchange can be rendered unstable only through income
effects. It should be noted, however, that the income effects are much
more dangerous to stability in the equilibrium of production where
consumers deal with firms than in the equilibrium of exchange, where
there are only consumers. This is due to the fact that the entrepre-
neurial demand and supply are not subject to any income effect so that
there is nothing to offset the income effect of the consumer demand
and supply. This is particularly dangerous in the market for factors
where the income effect of a price reduction might conceivably lead
to a greater increase in the supply of the factor than in the entre-
prencurial demand for ii. We shall again assume that the income ef-
feet is never sufficiently large to offset the combined consumer and
producer substitution effects, so that the system is always perfectly
stable.

Analogous to our definitions of market complementarity in an
exchange economy we have similar definitions for a production econ-
omy. We define X, as a market substitute for X, if a rise in the price
of X, leads to an increase in the world import demand for X, (a,; > 0),
as a market complement if the world import demand for X, decreases
(a.. < 0), and as independent if it remains unchanged (e, — 0). We
are assuming that income effects are not sufficiently large to offset
the substitution effects so that we need not distinguish between true
and gross substitutes. The market substitution effect is the sum of
the consumer and producer substitution effects. Consequently com-
maodities which are substitutes (complements) in both consumption
and production will be market substitutes (complements). Commeod-
ities that are complements in consumption and substitutes in produc-
tion will be market complements or substifutes according as the con-
sumption effect is greater or smaller than the production effect. In
general we may assume products to be market substitutes for factors
since the production substitution effect is ordinarily greater than any
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consumption complementarity which might exist. A limited degree
of market complementarity may exist between products and more
especially between factors,

II. THE LAWS OF THE WORKING OF THE
GENERAL EQUILIBRIUM OF PRODUCTION

It follows from the preceding analysis that the laws of the work-
ing of the general equilibrium of production are analogous to those
deduced for an exchange economy. If there is an inerease in the world
import demand for only one commodity X, in terms of the numéraire,
then its price must rise in terms of the numéraire, For a product,
such an increase in the world import demand may be due either to an
increase in the consumer demand or to 2 decrease in the entrepre-
neurial supply. For a factor, it may be due either to a decrease in
the consumer supply or to an increase in the entrepreneurial demand.
The effects on other products and factors will depend upon the mar-
ket substitution and complementarity relationships in, the familiar
way. Substitutes for X, will tend to move in the same direction and
complements in the opposite direction. Substitutes for substitutes and
complements of complements will move in the same direction, while
substitutes for complements and complements of substitutes will move
in the opposite direction.

The effects of changes in unilateral payments in a production
economy may again be analyzed just as in an exchange economy. The
change in payments represents a redistribution of income which leads
to changes in the import demands for various commodities. The so-
lution to this problem is again given by system (7.4), the only change
being that a.; is now defined by equation (9.18) rather than (7.1). It
is instructive to summarize the results which can be obtained up to
this point relating to the effects of unilateral payments. We may dis-
tinguish the following possibilities:

1. Allb,=0.

It is conceivable that in the equations (7.4) all b, should be zero.
This could oceur if there were no domestic commoditieg (or if the in-
come elasticity for each domestic commodity were zero) and if for
each internationally traded commodity the rate of change of demand
with respect to income were exactly the same in the paying as in the
receiving country. In this case all price ratios ¥y, between commeod-
ities would remain unchanged.

2. b, =0 for international commodities only.

This case can occur in one of two ways: (a) if the income elas-
ticity for each internationally traded commodity is zero in every coun-
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try,® or (b) if the rate of change of demand with respect to income
for each internationally traded commodity is the same in every coun-
iry. The effect of the unilateral payments is therefore to increase the
demand for domestic commodities in- the receiving country and to
decrease the demand in the paying ccuntry.” Domestic prices in the
receiving country will therefore have to rise relative to those in the
paying country. The change in the prices of domestic factors will be
in the same direction as products since the two are usually close sub-
stitufes,

The effect on the relative import and export prices will depend
upon the relationships of substitution and complementarity between
the commodities, We may briefly summarize the changes that are
possible under varying assumptions:

(2) In both countries export products are markel substituies
for domestic products and factors, but import products are indepen-
dent of both domestic and export goods. In this case the prices of the
receiving eountry’s exports must rise, relative to those of the paying
country. The commodity terms of trade therefore must change in
favor of the receiving country. The rise in the export prices of the
receiving country is, however, proportionately less than the rise in
its domestic prices,*® since the effect of the reparations has been to
increase the demand for its domestic products (and indirectly for the
factors used to produce those products) relative to the aggregate de-
mand for the export goods. Consequently the output of export goods
in the receiving country will decline. Likewise the demand for those
factors used in producing exports but not domestic products will de-
cline, and their prices will therefore fall relative to domestic prod-
ucts. Conversely, in the paying country the fall in export prices is
proportionately less than the fall in its domestic prices so that the
output of export goods increases.” A

(b) Import products are market substilutes for domestic prod-
ucts, but export products are entirely independent of both domestic
and import products. Import products may, of course, be substitutes

8 This corresponds to the assumption made by Yntema, in all except Section
4 of Chapter V of hiz book. See the Appendixes to this chapter and to Chapter I.

%In case (b} but not in case (a) of this paragraph it is possible that do-
mestic commodities taken as a group should be inferior commodities in each coun-
try. In that case sll of the conclusions of this section would be reversed. i

1 An exception to this rule should be noted in ease there is but one domestie
good (be it product or factor), and one export good. Under the assumptions of
thlrsft paragraph the domestic and export good would then move in the same pro-
portion, .

un Some.export products may be regressive against the factors used to pro-
duce domestic goods or complementary with domestic products. For them the con-
clusions in this paragraph must be reversed.
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for domestic products, both on the demand and on the supply side
since each country may (and generally does) produce many of the
preducts which it imports. On the other hand, export products may
be entirely independent on the demand side and conceivably on the
supply side as well if they are produced by noncompeting factors
of production. Under such circumstances the imports of the receiv-
ing country must rise in price relative to the imports of the paying
country. The change in favor of the paying country will, of course,
be reinforced if the export products are regressive against the do-
mestic factors or complementary with the domestic products.

(¢) Both import and export products are market substitutes for
domestic products (and factors) but are independent of each other.
Whether the export prices rise or fall relative to the import prices or
remain constant now depends upon the relative degrees of substitu-
tion between (1) export and domestic goods in the two _countries on
the one hand and between (2) import and domestic goods in the two
countries on the other. The greater the substitution within the for-
mer class the greater will be the change in favor of the receiving
country, while the greater the substitution within the latter class the
greater will be the change in favor of the paying country. The total
effect on the commodity terms of trade is, of course, the algebraic
sum of these two opposing forces.

(d) Import and export products are market substitutes for do-
mestic products (and factors), and they are not independent of each
other. If the imports are market substitutes for the exports the re-
sults are qualitatively the same as under assumptions (¢} above. If,
however, imports and exports are complementary then their prices
may move in opposite directions even though they are each market
substitutes for domestic goods.

3. b, =0 for domestic goods only,

Reversing now the assumptions of paragraph 2, suppose that the
income elasticity of demand for domestic products is zero and that
the direct result of the reparations is an increase in the aggregate
consumer demand for some internationally traded eommodities and
a decrease in the demand for others, The interesting case for general
analysis is, of course, that in which the increased demand is for the
exports of one country while the decreased demand is for the exports
of the other country. The export prices of the country for whose
goods the demand has increased will then rise relative to the export
prices of the other country, The relative changes in the other prices,
however, cannot be analyzed without additional assumptions about
the relationships of substitution and complementarity between the dif-
ferent commodities.
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(&)} The domestic products and factors are market substitutes
for each other and for the export products of the country bul are inde-
pendent of the import goods. In this case the relative change in the do-
mestic prices of the two countries is the same in direction as the rela-
tive change in the export prices. Let us assume that the reparations
have resulted in an increased aggregate demand for the export goods
of the receiving country and a decreased aggregate demand for the ex-
port goods of the paying country. [This assumption will be retained
in paragraph (b).] Then the “commodity terms of trade” will change
in favor of the receiving country and so will the “double factoral
terms of trade.” The domestic prices of the paying country will fail
relative to the exports of the receiving country but will rise relative
to its own exports.’* The domestic prices of the receiving country will
rise relative to the exports of the paying country, but will fall rela-
tive to its own exports.:®

(b)Y Domestic products and factors are substitutes for each oth-
er and for bolh export and tmport products. In this case domestic
prices of the receiving country will fall or rise relative to domestie
prices of the paying country according as the substitution of domes-
tie products and factors for import products is greater or smaller than
the substitution for export produects. There is thus no necessity that
the “commodity terms of trade” shall move in the same direction as
the “double factoral terms of trade.” The former may move in favor
of the receiving country and the latter in favor of the paying country.
Conversely, if we assume that the direct effect of the reparations is
an increase in the aggregate demand for the paying country’s exports,
the commodity terms of trade will move in favor of the paying coun-
try but the “double factoral terms of trade” may move in favor of
the receiving country. .

4. The more general case in which the reparations directly
change the aggregate demand for every product may be analyzed in
exactly the same manner as were the special cases. Little need there-
fore be added to the previous analysis. In the “normal case” when
domestic products are noninferior, and they are closer substitutes for
export than for import products, the domestic product prices of the
receiving country will rise relative to those of the paying country un-
less the reparations lead to a sufficiently large direct increase in the

12 An exception to this rule must be noted when there is but one domestic
good and one export geod in each country in which case the domestic and export
prices move proportionately.

15 Some domestie products may be net complements of, while some factors
may be regressive against, export goods. The relative change in the prices of
such domestic produets and factors in the two countries will then be in the op-
posite direction from the relative change in the export prices.
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aggregate demand for the paying country’s exports relative to those
of the receiving country. On the other hand, the commodity terms of
trade may turn against the paying country even when the aggregate
demand for its exports directly increases, if the demand for the re-
cetving country’s domestic products rises sufficiently in comparison
with the paying country’s demand for domestic goods, and the export
products in each country are sufficiently closer substitutes for domestic
goods than are import goods.

It should be noted that the present analysis is equally applicable
to the case in which there is a consumer demand for factors of pro-
duction so that the supply of nonproduced (original) factors to firms
is a function of the prices rather than a constant. It may be worth
mentioning that if factors of production are not inferior commodities
in either country, the direct consumer demand for these factors will
increase in the receiving country and decrease in the paying country,
Unless offset by substitution effects through other markets this would
mean that the volume of employment would decline in the receiving
country and increase in the paying country.

In conclusion it may be noted that though we have treated here
only the problem of reparations payments the techniques employed
may be utilized to analyze the effects of any disturbance whatsoever
to the general equilibrium of production under international trade.

APPENDIX TO CHAPTER V

YNTEMA’S GENERAL THEORY OF INTERNATIONAL TRADE

We may now compare our system of equations with those postu-
lated by Yntema.*

1. As we noted in the Appendix to Chapter 1, Yntema writes
the demand for each internationally traded commodity in each coun-
try as a function of the money price of that commodity deflated by the
level of domestic prices. He further assumes that the income elasticity
for each internationally traded commodity is zero in each country.

2. Yntema further assumes that the entrepreneurial supply of
each internationally traded product is also a function of its money
price deflated by the level of domestic prices. We should arrive at
such a funetion by means of our analysis if we made the following
threefold assumption: (a) that the prices of all domestic commodities
and services changed in equal proportion, (b} that each internation-

14 Op, eit.
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ally traded product was made from domestic commeodities and services
only, and (c¢) that all internationally traded goods were produced in-
dependently of one another.

3. It follows that the net import demand, or export supply, is
also a function of the same variable, Thus we may write for each in-
ternationally traded commodity ¢ in country (j)

I) =10 (pD /pit)

where p‘j ' is the price of country j’s domestic commeodity in terms of
its own currency.

4. The deflated price of every commodity in each country may
be expressed in terms of the currency of the first country as follows:

I)(;) p(:) T’(’:’ p(? p(;)
ph = pH o = ( Pl €. "

7 7 1 7 1
The expression in parentheses represents the ratio of the two domes-
tic price levels multiplied by the exchange rates between the two cur-
rencies. Yntema nameg this expression the “net monetary factor” and

represents it by the symbol z,,; . We thus have for each internation-
ally traded commodity in each country:

p(l)

t

IU?:IU)( By ———
t t LY .

4

5. In equilibrium the world net import demand (or export sup-
ply) for each internationally traded commodity must, of course, be
equal to zero. This condition, however, is insufficient to establish equi-
librium In Yntema’s system since he does not explicitly introduce equa-
tions for domestic commodities. Yntema therefore uses an additional
set of equations which states that the balance of payments is zero for
each country in equilibrinm. This implies, of course, the equality be-
tween the demand and supply in each country for its domestic com-
modities taken as a group. Thus Yntema’s system of equilibrium equa-

tions is
J 219 =0 for each internationally traded commodity ¢,
i
I Spd I =0 -{foreachcountry j.
t

He therefore has two sets of equations to deal with instead of one, in
analyzing the effects of disturbances to equilibrium.
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6. The stability conditions postulated by Yntema differ from
those given here, but these differences need not be discussed in this
Appendix,

7. By virtue of the assumptions listed in the first two para-
graphs above, it becomes necessary tc rule out all of case 3 of Section
I1 of the present chapter. Except for one section where Yntema re-
laxes these assumptions somewhat, he therefore confines himself to a
discussion of our case 2.



PART II

INTERTEMPORAL-EQUILIBRIUM THEORY
IN INTERNATIONAL TRADE



CHAPTER VI

INDIVIDUAL CONSUMER PLANNING

We have thus far viewed the economic system from the stand-
point of the interrelationships between markets at a given point of
time. We have now to consider the economy from the standpoint of
the interrelationship between markets through time. The basic fac-
tor in dynamic theory is the fact that decisions of individuals and
firms to buy and sell are part of a general plan which relates not only
to the present but also to the future.

Dynamic theory, therefore, involves two separate types of prob-
lems: first, the determination of equilibrium for any given period of
time, and second, the change of equilibrium through time. The first
problem is similar to that which we encountered in static theory. Tak-
ing the sets of price expectations held by individuals at any one mo-
ment as given, we have to show how their decisions are defermined
at that moment (the equilibrium of the economic unit) and what the
immediate consequences of these decisions will be (temporary mar-
ket equilibrium). The properties of the temporary equilibrium must
be examined and the laws of its working must be deduced. The sec-
ond problem is to show how the decisions are modified in the next
period as a result of the consequences of the previous decisions and
how they thus lead to a new set of consequences (intertemporal equi-
librium). The laws of the working of the intertemporal equilibrium
must also be developed. This second problem is commonly referred
to in the literature as process analysis. For this problem the formal
logic of marginal economics is useless; what is needed is direct em-
pirical investigation of the way in which past and present experi-
ences determine estimates for the future. We shall find it worth
while, however, to indicate the consequences for a given period of
different sets of assumptions as to the way in which such estimates
are formed.

1. PLANNING UNDER CERTAINTY

We shall first assume that all plans are made in a world of sub-
jective certainty, i.e., that each individual and entrepreneur acts as if
he knows for certain what future prices and interest rates will be.

— 115 —
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We shall also assume that in each period loans can be made for only
one period. Since we have ruled out risks by assumption, this means
that all securities available in each period are homogeneous.

A. Derwation of Individual Consumer Demand Functions

If we treat the same commodify for different periods of time as
different commodities, then we may reduce the problem of dynamic
planning to the form of a static problem. If we let x,, be the quantity
of z, planned to be consumed in period i, then we may write the in-
dividual’s utility funection as

(10.1)

U=u(Zy, Xapy-rr sy Tnos a1 s Earyoory Lpypoesa Xar s Xar 5 o0 5 Tz )s

Let e; be the expected value of the individual’s planned “consump-
tion” (of both products and factors) in each period ¢:

(10.2) &, =@yt + Doy + o+ + Doy (t=0,1,2,...,7),

where p,; is the expected price of X, in period ¢ and %, is the quantity
of X, planned to be consumed in period .t Let m; be the expected
value of his (expected) initial supplies of both products and factors,
and let I; be the volume of his expected lendings and b; his expected
~ borrowings. Renewals are included along with new loans both under
lendings and under borrowings. We shall consider lendings as the
purchase of securities and borrowings as the sale of (old) or issue of
(new) securities. Let the rate of interest expected to be collected or
paid in each period on loans made in the preceding period be .. No
interest is paid in any period on loans made in the same period. For
each period the expected value of his initial supplies plus the receipts
of interest and principal previously lent plus borrowings must equal
the expected value of his consumption plus payments of interest and
principal previously borrowed plus lendings. (All expected values for
the current period are assumed io be identical with the actual values.)
Thus we have for each successive period from ¢t =0to t =+

o + (L + i)l +ho=e -+ (1+4i)b, +1,
my+ (1 +i)l, +b=e+ (1+i)bo + 1,
(10.32)  mo + (1 +idl, +ho=es+ (1 +4)b, +1L,
e+ (L+ i)y +br==er+ (14 i) bry + L.

1 The reader should note that the meaning of x,, here is entirely different
from its meaning in Part 1.
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Unless the lendings and borrowings involve different interest
rates—a condition which we have here ruled out by assumption—it is
convenient not to write lendings and borrowings separately in our
budget equations, but to take the difference between lendings and bor-
rowings only, Let ¢; = !, — b, be the net lendings or the difference
between lendings and borrowings for the period ¢. We shall consider
net lendings as the net purchase of securities. (Negative net lendings

represent net borrowings.) The budget equations (10.3a) may now
be rewritten in the form:

e {1 T 4)e; =€, + ¢,
m; -+ (1 +34)e, —e +cy,
(10.3b) m,+ (L+4)e, =e + e,

mr + {1+ i)er, =er -+ e,
The » + 1 budget equations (10.3b) may be reduced to a single bud-
get equation over the planning period as a whole by discounting the

values in these equations to the current period and summing for all
periods. If we let 3, = 1 then we shall have

(10.4a) _
t:éo Bo ﬁl"'ﬁtmtzéjﬂnﬁl"'ﬁ:& + BofrrPres— 1+ %) e

This equation states that the present value of the individual's stream
of current and expected initial supplies of commodities must equal
the present value of his stream of current and expected consumption
of commodities plus the present value of the sum of securities which
he plans to hold at the end of the planning period minus the value of
his initial security holdings.

Let ¢ =, 8, --- f=¢7 — {1 + 1,) ¢_; be the present value of the sum
of securities which he expects to have acquired or sold during the
planning period. It is assumed that the individual’s plan to acquire
(or sell) securities is a funetion f of the present value of his stream
of current and expected initial supplies of commedities, This func-
tion may be zero, positive, or negative. If welet m =37 B, f,--- S
and e = X7 B, B, --- Bee:, then the budget equation (10.4a) may be
written in the form

(10.4b) m=e+c=e—+f(m).

It is obvious that, given m and f (or ¢), the individual is definitely re-
stricted with respect to his expected total value of consumption e for
the planning period as a whole. For the more he consumes in any
one peried the less he will be able to consume in other periods if he
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is to acquire a fixed sum of securities ¢ during the planning period.
Let ¢ = m — ¢ be the difference between the value of his initial sup-
plies of commodities and the value of the securities which he expects
to acquire during the planning period.- Then o represents the present
value of his planned allotment for consumption on ecommodities for
the whole planning period, or what we shall call the capital value of
the individual’s plan. It is clear that the capital value of the plan
plays the same role in dynamic theory as does “income” in static
theory.

The problem of the individual consumer is to choose his consump-
tion in each period in such a manner as to maximize his utility func-
tion (10.1) subject to the budget equation (10.4). Introducing a La-
grange multiplier 1, we have

(10.5) ulxn) — 2 [ é {(BoBr+r Bi(es —m)}+ ¢ ]:max.

(’)‘:1,2,---,?’1;
t=0,1,2,---,'r).

As in static theory the individual consumer under pure competition
is assumed to take the current prices p,,» (and the current discount
ratio §;) as fixed constants, which are independent of the total value
and distribution of his consumption of commodities. Given his ex-
pectations as to future prices and disecount ratios, we may therefore
obtain his equilibrium selection of commodities just as in static theory
by setting the partial derivative of (10.5) with respeet to x.. equal to
zero, Analogous to the static individual equilibrium conditions we
therefore obtain the n(r + 1) dynamic conditions:

ou

(10.6a) — =4 fo 1+ Bt Dre,
axrt

or, upon eliminating 1,

(10.6b)

u / ou __ﬁoﬁ1"'ﬁnpsv
axav / axrt ﬁo ﬂl b ﬁt Drs ’

Equations (10.6b) state that the marginal rate of substitution
between any two commodities planned to be consumed at any two
dates must equal the ratio of their expected discounted prices.

The stability conditions are strictly analogous to those in static
theory. The marginal rate of substitution between any two commod-
ities at any two dates must be diminishing for substitutions in every
direction.

The n{r + 1) — 1 equations (10.6b) together with the budget
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equation (10.4) permit us to determine the n(r + 1) quantities
planned to be consumed in each period, once we are given the current
and expected prices and interest rates. We may, therefore, write the
expected consumption of each commodity in each period in the form:

(10.7)

Tt = Zre(Pio s Poos "5 Pno s S1Pua s B2ty By oy Bifa e Babir
ﬂlﬁz"'ﬁTPZT’"':ﬁlﬁ2"'ﬁ7pn7) (t:(): 1!2 "y T)'

Similarly, the current and planned value of consumption in each peri-
od ¢; [as defined by equations (10.2)] is also a function of these same
parameters.

It is important to note that the equilibrium conditions (10.6)
imply that the marginal rate of substitution between the expected
values of consumption of any two dates ¢ and ¥ must equal the dis-
count factor used in discounting values of the latter date to values of
the earlier date. In particular this means that the marginal rate of
substitution between current consumption and the expected consump-
tion for any future period must be equal to the discount factor used
to discount values of that period to current values. Thus we have
from equations (10.6)=

ou 1 Bu
(10.83.) —_—= =J~ﬁoﬁ1"'ﬁh
0e; Dt 0% py
fu o ﬁu ﬁ By
(10.8b) — S B Br - B

e,/ e, ﬁn By By

It should be understood that equations (10.8) are defined for a
given set of prices and price expectations.

The meaning of equations (10.8) may be clearer if we cobserve
that the problem of maximization of utility over time may be subdi-
vided into two parts: (1) the problem of choosing in each period the
optimum bundle of commodities for any given total value of consump-
tion, and (2) the problem of determining what the total value of con-
sumption in each period shall be. Assuming that the individual al-
ways chooses the optimum bundle of goods for each given value of
consumption, then his total utility through time may be written as a
function of the value of his consumption in each period:

"—_u(eore1 :"',er)-

2 This follows from the fact that
ou . Oe du

e —_— from equation (10.2)].
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Maximizing this function subject to the property restriction (10.4)
gives us the set of equations (10.8). Here we may consider the to-
tal consumption value in any given period ¢ as a single commodity
and the discount factor g, §, --- B as its “price.” The + equations
{10.8b) together with the budget restriction (10.4) determine the
consumption for each period as functions of the current and expected
discount ratios when the set of current and expected prices is given.
Thus we may write:

(10-9) et:ez(ﬁl7ﬂ1ﬁ2:"':ﬁlﬁ2"'ﬁ7) (i‘:0,1:2"'97)'

The stability conditions are exactly the same as in the static equilib-
rium of the individual consumer, except that ¢, is substituted for x;
and (- -+ 1) for n. From the budget equations (10.3b) it follows that
the volume of net lendings or net purchases of securities in each peri-
od is also a funection of these same parameters.

It should be emphasized that the stability conditions imply that,
for given current and expected prices and given expected discount
rates, there will be a determinate value of current total consumption
and, therefore, a determinate sum of net lendings corresponding to
each value of the current discount ratio 8,. (Multiple equilibrinm
points are ruled out by assumption.) This means that for each given
interest rate there will be a limited rather than an indefinitely large
sum of net lendings for all lenders taken together. In an exchange
economy, therefore, the equilibrium interest rate would be determincd
at a point where the sum of net lendings for all lenders taken together
would be equal to the sum of net borrowings (= negative net lend-
ings) for all borrowers taken together. It follows that even in an
economy such as we have assumed, where all risk of default and of
changes in capital values is ruled out, and where there is no cost or
frouble in buying or selling securities, there would still generally be
some rate of interest. The rafe of interest would be the price neces-
sary to induce lenders to forgo consumption to a sufficient extent to
make their net lendings equal to the demand for loans by borrowers.
The only point to remember here is that in such an economy no one
would hold his surplus funds in the form of money, since everyone
would invest them only in interest-earning bills. There would thus be
no true demand function for money, and no true money would exist.

An interesting point which may be discussed here is the question
of whether the rate of inferest can possibly be zero in an exchange
economy, The answer {0 this question depends upon the assumption
we make concerning the marginal rate of substitution between the
current and planned consumption of the same commodity. The sta-
bility conditions, as we have already noted, require that the marginal
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rate of substitution between z,, and z,, should diminish as more of
Z,, is substituted for xz,, . Suppose, however, that though diminish-
ing it is always greater than unity, namely, that no matter how much
of #,, and z,, the individual plans to consume, the substitution of an
additional unit of z. for an additional unit of z,, would always in-
crease the individual’s utility. Then

—0%y __ OU / ou Dro
Oy o ]61 P

OF o - 0% ro
Suppose further that future prices are expected to be the same as cur-
rent prices. Then we have

>1.

lE1+i>1,ori>0.
1

Thus if we adopt the assumption that the marginal rate of substitu-
tion between current and planned consumption of commodities is
greater than unity, then the rate of interest must be greater than zero
if future prices are expected to be the same as current prices. Only
if we drop this assumption can the interest rate be zero in an exchange
economy in which future prices are expected to be the same as cur-
rent prices.

The objection is sometimes made that at a zero rate of interest
each individual would borrow indefinitely large sums since he could
pay off each loan by reborrowing. This argument is not valid, how-
ever. There is no more reason why he should borrow indefinitely at
a zero rate of interest than at any other rate, for no matter what the
rate of interest may be, he could under pure competition always repay
an old loan fogether with the interest by reborrowing. We must
therefore assume that there is some factor which prevents the indi-
vidual from borrowing more than a fixed amount as shown by the
budgetary restriction (10.4). In an economy in which we do not ab-
stract from risk and uncertainty it is easy to see what that factor is.
In a riskless economy, however, we must assume that there is some
arbitrary psychological or institutional factor which limits the extent
of an individual’s borrowings.

EB. Properties of the Dynamic Demand Functions

1. Variation of current and planned consumption with changes in
the capital value of the plan

It should be obvious by comparing the dynamic-equilibrium con-

ditions (10.6) and (10.4) for the planned consumption in each period
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t with the static-equilibrium conditions for determining the consump-
tion of individual commodities in a static economy, that the capital
value of the plan plays exactly the same role in a dynamiec economy
as does “income” in a static economy. An increase in the capital value
of the plan, all current and expected prices and interest rates being
given, will, therefore, lead to an increase in the current and planned
consumption of cvery commodity that is not an “inferior” good. It
is just conceivable that all commodities in a given period should be
inferior so that an increase in the ecapital value of the plan will lead
to a decrease in the total value of consumption for that period. This
case, however, may be ruled out as extremely unlikely, although not
inconsistent with the stability conditions for equilibrium. An increase
in the capital value of the plan for given current and expected prices
and interest rates may oceur in one of two ways: (1) an increase in
the expected value of initial supplies of commodities m.; and (2) a
decrease in the sum of securities ¢ whic¢h the individual plans to ac-
quire during his planning period. Either of these changes will, there-
fore, ordinarily lead to an increase in consumption in every period.

2. Variation of consumption with changes in prices

The effect of any isolated change in the expected price of some
commodity (all other prices and interest rates being given) may be
analyzed into two parts, just as in statie theory. There is first a sub-
stitution effect due to the relative changes in the discounted prices of
the commodities planned to be bought at different dates. This substi-
tution effect will tend to decrease the planned consumption of the
commodity whose price has risen. It will also lead to an increase in
the current and planned consumption of substitute commeodities and
to a decline in that of complements, It should be emphasized that the
various commodities are interrelated both in a given period of time
and over different periods of time. Thus a rise in the expected price
of milk will tend to increase eurrent consumption of milk. Milk today
is a substitute for milk tomorrow. On the other hand, an expected in-
creage in school tuition might deter a student from entering school in
the current period, since he might not be able to complete his training.
School training today would then be complementary to school training
tomorrow.

In addition to the substitution effect of a price change there ig in
the dynamic system a “capital effect” which corresponds to the in-
come effect in a static system, For apart from any substitution effect,
a change in the expected price of any commodity will be equivalent
to a change in the capital value of the plan. An increase in the ex-
pected price of any given commodity will be equivalent to a reduc-
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tion in the capital value of the plan for a. person who plans to buy
that commodity, and to an incresse in the capital value for one who
plans to sell. The converse holds for a reduction in the expected price.

The total effect of a price change is the sum of its substitution
and income effects. For noninferior commodities the capital effect
works in the same direction as the substitution effect for buyers, but
in the opposite direction for sellers. For sellers, therefore, an increase
in the expected price of a given commodity might lead to a planned
increase in its consumption (namely, to a planned decrease in its
sales), This, as we have already seen in static analysis, is particularly
applicable to the sale of labor services.

The effect of a single price change upon the current or planned
total value of consumption in any period is made up of the weighted
sum of the effects upon the consumption of the individual commeod-
ities in that period. It is clear, therefore, that such a price change
may lead either to a decrease or to an increase in the value of con-
sumption.

The effect of an isolated change in the current price of a com-
modity, on the assumption that all other current prices and all ex-
pected prices remain unchanged, may be analyzed in exactly the same
manner as an isolated change in the expected price of a commodity.
There will be a substitution effect away from the current consump-
tion of the commodity whose price has risen. The current and planned
consumption will rise for substitute commodities and decline for com-
plements. In addition to the substitution effect, we must take into ac-
count the “capital effect” which works in the same direction as the
substitution effect for buyers but in the opposite direction for sellers.

This analysis of the effects of a change in the current price, how-
ever, is not very satisfactory since it forces us to confine ourselves
only to those cases in which the change in the current price has no
effect upon the expected price of any commodity. We want a tech-
nique which will enable us to allow for the effects of current price
changes upon future price expectations.

This is not very difficult, however. For if the expected price
changes as a result of the eurrent price then we are dealing with a
case in which two prices change simultaneously, the price of the cur-
rent commodity and that of the future commeodity. And the effects
of a simultaneous change in two or more prices may be determined
simply by combining the individual effects. Thus if one price rises
and another falls there will be a substitution effect away from the
commodity whose price has risen in favor of the one whose price has
fallen. If both prices rise or both fall there will be a substitution ef-
fect in favor of that commodity for which the proportional price rise
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is smaller, or the proportional price decline lIarger. If the proportional
rise (or fall) in price is the same for both commodities then there
will be ho substitution effect between these two commodities, but there
will be a substitution against (or in favor of) these two commodities
taken together relative to other commodities. Indeed, as we have al-
ready seen, a group of goods whose prices change in the same pro-
portion behaves just as if it were a single commodity.? This analysis
of simultaneous price changes enables us to allow for possible resuit-
ing changes in price expectations when analyzing the effects of
changes in current prices. Before going on to this analysis, however,
we need to introduce the concept of elasticity of expectations.

3. Blasticity of expecluation

Expectations of future prices may be assumed to depend upon
two different sets of factors: (1) factors unrelated to the course of
past and present prices such as crop reports, the weather, the political
news, and the like, which induce autonomous changes in price expec-
tations; and (2) the course of past and present prices. The first set
of factors is outside the scope of our analysis; they may be considered
as the “shocks” to which the economic system is constantly subjected.
The second set of factors, past and present prices, may be further
analyzed.

From the point of view of the current period, past prices are
simply data. If their influence on price expectations were completely
dominant we could take the latter as data too. We could then analyze
the effects of changes in current prices upon the assumption that price
expectations remain unaffected. This is the case which we considered
in the previous section. In general, however, past prices are not the
completely dominant influence upon price expectations, so that we
must take into account the effect of current prices. For this pur-
pose, Hicks has introduced the concept of elasticity of expecta-
tions.* He assumes that, given the set of past prices, the price of X
that is expected to rule in any given future period is some function of
the current price of that commodity. He then defines the elasticity of
a particular person’s expectation of the price of X as the ratio of the
proportional rise in the expected future price of X to the proportional
rise in its current price. Thus, given the set of past prices we have
for each individual the expectation functions

pa't — f-rt (pro)
and the corresponding elasticities of expectation,

3 See Chapter I, Section II, subheading 6.
+ Hicks, Value and Cepital (Oxford, 1939), p. 205.
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If expectations are completely inelastic (¢ = 0) then we have the case
in which the expectations are given data, unaffected by current prices.
If the elasticity is unity then the expected price changes in the same
proportion ag the current price. This means that the ratio between
the current and expected price remains constant.” Two extreme cases
may also be mentioned. If the elasticity is greater than unity, then
the proportional rise in the expected price is greater than the pro-
portional rise in the current price. If the elasticity is negative a rise
in the current price leads to a decline in the expected price.

We may now briefly consider the effects of a change in the cur-
rent price of a commodity under varying assumptions as fo the elas-
ticity of expectations,

1. If the elasticity is less than unity, then a rise in the current
price will be accompanied by a less than proportional change in the
expected price. There will, therefore, be a substitution effect against
present in favor of future eonsumption. The analysis here is gualita-
tively no different from that which we obtained in the case of zero
elasticity of expectation.

2. In the case of unit elasticity of expectation, the proportional
change in the expected price is equal to that of the current price.
There is, therefore, no substitution effect between the current and the
planned consumption of the commodity. Indeed we can freat the com-
modities of different dates as the same commodity, and say that there
will be a decline in the planned consumption of X over the planning
period as a whole. This does not mean, of course, that the decline will
be evenly divided over all the periods. Indeed, we may expect current
consumption in most cases to decline less than planned consumption,
since it is generally rather difficult to change one’s buying habits very
rapidly. Likewise in case of a decline in price with unit elasticity of
expectations we may generally expect current consumption to rise
less than future consumption. In other words, the longer the lower
price is in effect the greater will be the rise in consumption, other
things being equal. This difference between short-run and long-run
demand corresponds to the well-known difference between short-run
and long-run supply. '

3. The results under elastic price expectations are in striking

* This is not the same as saying that changes in current prices are expected
to be permanent, unless the initial expected price is the same as the current price,
namely, unless we are at that point of the expectations function which lies on the
45-degree line through the origin. Cf. Erik Lindahl, Studies in the Theory of
Money and Capital (London, 1939), p. 49.
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contrast to those given above, In this case a rise in the current price
is accompanied by a more than proportional rise in the expected price.
There is, therefore, a substitution effeet away from future eonsump-
tion in favor of current consumption. A rise in price leads to an in-
crease and a fall in price to a decline in current consumption.

It is a simple matter to extend this analysis by assuming that the
expected price of each commodity is a function of the current prices
of all commodities:

Prtzfn(??m:’pzo,"';’pnn).

We then have both partial and total elasticities of expectations, the
partials relating to the effects of changes in single current prices and
the totals relating to the effects of changes in all current prices. One
total elasticity is of especial importance, that elasticity which relates
to the effect of a proporticnal change in all current prices. If this
elasticity is unity, then a proportional rise in all current prices will
raise the expected price of X in the same proportion; if it is less than
unity then the expected price will rise in lesser proportion, and if it
is greater than unity, in greater proportion.

If all current prices rise in the same proportion then all current
commodities may be treated as a single good. If all price expectations
are inelastic, then there will be a substitution effect against current
in favor of future consumption. If the individual is a current seller
he will want to sell more; if he is a buyer, he will want to buy less.
If all price expectations are elastic, then the substitution effect will
work in the opposite direction. An interesting case to consider at
this point is one in which all price expectations have unit elasticity.
In this case all current and expected prices change in the same pro-
portion. There is therefore no substitution between current and fu-
ture consumption, and all commodities both eurrent and future may
be treated as a single commeodity. Does this mean that the individ-
ual’s planned consumption of every commodity both current and fu-
ture will remain unchanged? In our static analysis we saw that if
the prices of all commodities change in the same proportion the indi-
vidual’'s demand for every commodity remains unchanged. Is the
same thing true in our dynamic analysis?

To answer this question we should first recall the basis for our
conclusion in gtatic analysis. A change in price of a given commodity
gives rise not only to a substitution effect but also to an income effect.
If all prices change in the same proportion there can be no substitu-
tion effect between the commodities. Can there, however, be an in-
come effect? In our static analysis we saw that there cannof be.
A given proportionate change in the prices of all commeodities changes
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the individual’s income in the same proportion and leaves his budget
equation completely unchanged. Both the income and the substitu-
tion effects are therefore absent and ithe demand for every commodity
remains unchanged.

Will there be a capital effect in our dynamic analysis if all cur-
rent and expected prices change in the same proportion? The answer
to this guestion depends upon the elasticity of the capital value of the
individual’s plan with respect to a proportionate change in all prices.
If the capital value of the individual’s plan changes in the same pro-
portion as the prices, then his budget equation remains absolutely un-
changed. In that case his planned consumption of every commodity,
current and future, will remain unchanged. If, however, the capital
value of the individual’s plan rises less than in proportion to the rise
in prices, then the price rise is equivalent to a decline in the capital
value of his plan under constant prices. His planned consumption
over the peried as a whole will therefore decline. Conversely if the
capital value of his plan rises more than in proportion to the rise in
prices, his planned consumption over the entire period will rise.

The capital value of the individual's plan hag been defined as the
difference between (1) the discounted value of his current and ex-
pected initial supplies of commodities and (2) the dizscounted value
of the securities which he expects to acquire during the period. The
discounted value of his initial supplies will, of course, change in the
same proporlion as the change in prices. Consequently if the dis-
counted value of the securities which he plans to acquire is zero or if
it changes in proportion to the price change, the capital value of the
plan will also change in the same proportion as the price change.
Otherwise the capital value of the plan will change in greater or lesser
proportion than the change in prices aceording as the diseounted val-
ue of the securities which he plans to acquire changes in lesser or
greater proportion.

Hicks assumes throughout his analysis that a proportionate rise
in all current and expected prices will leave the consumption of every
commodity unchanged. He therefore assumes implicitly, not explie-
itly, that the discounted value of securities which a person plans to
acquire or sell over the entire period of his plan will change in the
same proportion as the change in prices. There appears to be no rea-
son for confining the analysis to this case only. Indeed, as we have
already seen, if all current prices rise in the same proportion the net
volume of current lendings will ordinarily not change in the same pro-
portion. By generalization from this result, it would appear that the
net volume of lendings over the period as a whole will ordinarily also
fail to move in the same proportion as a change in all ctirrent and
expected prices.
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4. Variation of consumption with changes in interest rates

As has been shown above, if current and expected prices are con-
stant, then we may treat the total value of consumption in each period
as a single commodity. The discount factor which we use to discount
values of each period to current values may then be treated as the
“price” of the consumption value for each period. It follows immedi-
ately, therefore, that we may analyze the effects of changes in inter-
est rates in exactly the same manner as we have analyzed the effects
of price changes.

Thus suppose that the discount factor g, rises bul that the
change in §, is accompanied by an inversely proportional change in
the expected discount ratio 3., so that all other discount factors 8, .,
8. B2 Buy -, o B -+ Pfr vemain unchanged. Then the effect of the
change may again be subdivided into a substitution effect and a capi-
tal effect, There will be a substitution effect against consumption in
the period 1 in favor of consumption in other periods. Ordinarily
this would mean that current consumption would tend to rise (unless,
as is highly improbable, current consumption should be complemen-
tary to planned consumption for period 1). The rise in f§, is,
however, also equivalent to a change in the capital value of the plan,
so that the capital effect must be added to the substitution effect in
order to obtain the total effect.

A glance at equations (10.6) and (10.4) shows that the effect of
a change in j, accompanied by an inversely proportional change in
B is exactly the same as the effect of an equal proportional change in
the expected prices of all commodities for the period 1, all interest
rates and all other prices remaining constant.

To study the effects of a change in g, unaccompanied by any other
changes in expected discount ratios or prices, we must again make use
of the familiar property which permits us to treat commaodities whose
prices change proportionately as a single commodity. If only 5,
changes, then the “prices” of all econsumption values e from the peri-
ods t = 1 to r will change proportionately. We may, therefore, group
them together and treat them as a single commodity. Let us, there-
fore, define the “composite commodities”

(10.10) er=6 + e, + fifses + oo 4 Bofa--- pres
(10.11) My =My + fas + Boflsms + - + Baffs -+ frms .

In equilibrium the marginal rate of substitution between future and
current consumption must equal the current discount ratio:
du /ou

{10.12) -é_c: 'é"e_;:ﬁ.l.
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A rise in f§, (a decline in the current rate of interest) will therefore
lead to a substitution effect against future in favor of current con-
sumption, Conversely, a decline in 8, will lead to a substitution effect
against current in favor of future consumption.

If the elasticity of expectations of the discount ratios for each pe-
riod is positive, then the proportional change in the “prices” 8., 8. 8:,
-+=, B1 Bs -+ f- is greater for the later periods and smaller for the ear-
lier periods. Thus if §; rises and the elasticity of expectations is posi-
tive there will be a substitution effect against later in favor of earlier
consumption. The earlier the period, the greater the substitution ef-
fect in favor of consumption; the later the period, the greater the
substitution effect against consumption.

II. PLANNING UNDER RISK

In the previous section we have assumed that the expectations of
the individual as to future prices and interest rates are subjectively
certain. We have now to drop this assumption and to consider the
necessary modifications in our analysis which result from the fact
that the individual does not generally have certain expectations con-
cerning future prices and interest rates. Thus he will ordinarily have
not a single-valued expectation as to what the price of X, in period
t may be but a whole probability distribution of possible prices.
Among the various possible prices he may consider one to be the most
probable price expectation or perhaps the mean price expectation.
We cannot assume, however, that the individual will react in the same
way to an uncertain as to a certain price expectation of a given mag-
nitude. Obviously he will want to make some sllowance for the fact
that the future price is uncertain, the degree of allowance depending
not only on the extent of the uncertainty but also on the degree of his
aversion to risk. With respect to interest rates there is not only un-
certainty as to what future interest rates may be but there iz also
risk of default on both present and future loans. Moreover securities
issued by different persons may be subject to different degrees of risk
so that we can no longer consider all securities as homogeneous. Our
problem will therefore now contain many different kinds of securities
rather than just one.

We shall assume that corresponding to each probability distribu-
tion of expected values or interest rates there is a certain unique
price or interest-rate expectation, which we may call the representa-
tive expectation, such that the individual reacts in the same manner
to the probability distribution as he would to the representative ex-
pectation. (The magnitude of the representative expectation will,
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of course, be different for different individuals.) With this assump-
tion we may replace the probability distribution of prices or interest
rates by its representative expectation. Formally therefore our analy-
sis will involve only single-valued expectations just as in planning un-
der certainty.

The analysis will differ aceording as we do or do not assume that
the representative expectations are constants, unaffected by the
amounts of each commodity purchased or the sums lent on each com-
modity.

A. Under Assumption that the Representative Expectations
Are Fixed Constants for Each Individual

Under this assumption the individual’s problem of planning un-
der risk is formally the same as planning under certainty. It is true
that there may now be many securities rather than just one. But each
individual will invest all his surplus funds in only one kind of secur-
ity, that security in which the representative interest rate is the great-
est. He may, of course, invest in several securities if the representa-
tive interest rate is the same on all of them. But in that case he will
be completely indifferent as to the relative proportions in which he
holds these securities, and we may treat them all as the same security.
_ If the risk of default is the same on all securities, then all loans
will have to be made at the same rate of interest. That rate of inter-
est will have to be sufficiently high so that the volume of net lendings
will equal the net borrowings. If, on the other hand, the risk of de-
fauit is not the same for different securities, then the rate of interest
will not be the same. In fact if there is one kind of security which is
considered perfectly safe, there may be many individuals who will
prefer to hold that security even though it earns no interest rate,
rather than to hold a security which does earn interest but which is
subject to risk of default, We may define such a security which is
free from risk of default and which earns no interest as true money.
We have here, therefore, one element in the explanation of why peo-
ple may hold their surplus funds in the form of money. An individual
will hold money if the representative interest rate on any other se-
eurity is equal to or less than zero.

B. Under Assumption that the Representative Interest Expectations
Are Functions of the Amounts Invested in Each Security

It has just been shown that if the representative interest expec-
tations are constants, then each individual will invest in only one kind
of security, that security in which the representative interest rate is
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the greatest. In order to obtain a situation in which the individual in-
vests in many different securities we must assume that the represen-
tative interest rates are functions of the amounts invested in each
security.

Let there be ¢ different securities in each period and let the sums
invested in the different securities be ¢, , ¢4, -+, ¢o: . The representa-
tive rates of interest expected in each period on the securities bought
in the preceding period are %,; , %, -++, %oz . Let a;;, =1 + %;;. Then
@;:€; .- 18 the representative expected value in the period ¢ of the sum
¢;.r invested in the preceding period in the given security. For the
sake of simplicity we shall assume that each representative interest
rate and therefore each a;; is a function only of the amount invested
in that security:

(1013) aj[:ajt(c?"t.q) (_7':1,2,---,9;321,2,---,1).

We may now rewrite the individual’s budget equation (10.3b) as fol-
lows:
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where
(10.15) Ct b Gy + oo+ Car=¢ (t=0,1,2,.--,7—1).

The equations in (10.14) state that for each period the representa-
tive expected value of the initial supplies of commodities plus the
fotal of the representative expected values of the securities must be
equal to the planned value of consumption plus lendings (including
renewals) in that period. We assume as before that the individual
attempts to maximize his utility function subject to his set of budg-
etary restrictions.

Let us call the rate of change of the representative expected value
of any security with respect to the amount invested in it the represen-
tative expected marginal value of the security. Then, given the cur-
rent and representative expected prices of commeodities, the equilib-
rium conditions for the total expenditures and for lendings on each
kind of security are these:

1) The representative expected marginal value must be the
same for every security in any given period.

2) 'The marginal rate of substitution between the values of con-
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sumption of the periods £ and ¢ + 1 must be equal to the representa-
tive marginai value for each security bought in the period ¢. These
conditions may be shown mathematically as follows:

Introducing the Lagrange multipliers i, and g, , we have

(10.16) G=u(€, 8,6 ,---,6) — Ao, + ¢ — Mo — k]
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t=n

Sefting the partial derivatives with respeet to each variable equal to
zero we obtain the following equilibrium conditions:
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Eliminating the Lagrange multipliers we obtain the set of equations:
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(t=0,1,2,---,s—1;7=1,2,.--,4).

The 6r equations (10.18) together with the 2+ + 1 eguations
(10.14) and (10.15) are sufficient to determine the equal number of
unknowns® e, (f=0,1,2,--,7),¢, (t=0,1,2,...,r— 1), and
e {j—=1,2,-..,6;t=0,1,2,..., 7 — 1) as functiong of the ¢+
representative interest rates ¢;, (¢ =1,2, ---, 7).

61f we want to determine the consumption of each individual commodity
rather than the total consumption value in each period, we make use of the fol-
lowing relation:
ou du  de, ou 3(§2 Pri @)
ox,, Ode, ox,, e, oz,
If the representative price expectations are independent of the planned con-
sumption, then the equation reduces to (10.8) above.
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The right-hand side of (10.18) is the representative marginal
value of the security ¢;;. The equilibrium conditions (10.18) thus
state that the representative marginal values must be the same on all
securities bought by the individual in any given period and that the
marginal rate of substitution between the values of consumption in
the periods (£ + 1) and ¢ must equal this marginal value.”

Now suppose that an individual holds some of his surplus funds
in the form of money, a security which is completely free of risk of
default and earns no interest. Then since the marginal value of money
1s unity, the representative marginal value for all other securities
which he holds in that period must be unity by virtue of (10.18). It
follows, therefore, that the marginal rate of substitution between his
present and future consumption is also unity. His representative in-
terest rate is therefore wero. In other words, for that individual in-
terest is not a payment for refraining from consumption. The interest
he receives on securities other than money is to him not a pure interest
rate but simply a risk premium. If everyone held some of his surplus
funds in the form of money then there would be no pure interest in
such a community, all interest payments being simply risk premiums
rather than payments for refraining from consumption. It should be
noted, however, that it is only if surplus funds which are set aside
for future purchases are held in the form of money that interest be-
comes only a risk premium. If money is held only temporarily in any
given period for consumption in the same period, all other funds that
are set aside for purchases in future periods being held in the form
of interest-bearing securities, then the interest rate is not simply a
risk premium but also includes pure interest in payment for forgoing
present consumption. In other words, since funds that are invested
in any given period do not draw any interest in that period but only
in the next period, the temporary holding of money within any given
period for consumption within that period does not at all imply that
the individual is willing to forgo present consumption without re-
ceiving any interest.

"It will be observed that if all securities are free of all risk, conditions
(10.18) reduce to (10.8) as they obviously should. In other words, if securities
are free of risk, all seeurities in any given period are homogeneous and the equi-
librium conditions are only that the marginal rate of substitution between expen-
ditures for two periods shall be equal to the discount ratio.

The reader may readily extend the analysis of this entire section by assum-
ing that each representative interest rate is a function of the amounts invested
in every security, or that:

W= (€ 5018 sqs 1€ ).
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II. NONHOMOGENEITY OF SECURITIES FOR
REASONS OTHER THAN RISK

A. Differences in Cost of Making Transactions in Securilies

Securities may differ not only in the extent of risk but also in the
cost and trouble involved in purchasing and selling them. It should
be obvious that this cost may be treated in exactly the same way as
risk. Thus suppose that all securities are free from risk, but that they
are not all generally acceptable. Assume that only one security, money,
is generally acceptable, so that in order to acguire securities indi-
viduals must make separate transactions (exchanging money for se-
curities) which involves them in cost and trouble. Then the interest
on securities must include an element as payment for the cost and
trouble involved in buying and selling them, Here we have an addi-
tional explanation of why some individuals may hold their surplus
funds in the form of money. They will do so if the interest paymenis
on securities are only enough, when allowance is made for risk, to
cover the cost and trouble of buying and selling securities,

The fact that only money is generally acceptable provides us also
with an explanation of why people hold money temporarily within
any given period for purchases within that period. Barter is more
costly than exchange of goods for money. It should again be noted
that if people hold money only for convenience in buying during the
period but invest all of their surplus funds in interest-bearing seeur-
ities, then the interest they receive is not only a payment for risk and
the cost of buying and selling securities but also includes an element
of pure interest in payment for forgoing present consumption.

B. Differences in Length of Time for which Loans Run

We have assumed throughout this chapter that loans in each peri-
od can be made for one period only and must be repaid with interest
af the beginning of the next period. We shall now indicate very brief-
ly the consequences of taking into account differences in length of
time for which loans run.? ,

If all securities were completely free of risk of default and if fu-
ture rates of interest on loans of one period were definitely known,
then a very simple relationship would have to exist between short-

8 For a more detailed discussion see J. R. Hicks, Value and Capital, Chaps.
XI-AII1; F. A, Lutz, “The Structure of Interest Rates,” The Quarterly Journal
of Economics, Vol. 53, No. 1 (November, 1940), pp. 36-63; F. R. Macaulay, Some
Theoretical Problems Suggested by the Movement of Inlerest Rates, Bond Yields

and Stock Prices in the United States since 1856; T. de Scitovszky, “A Study of
{)rslterest and Capital,” Economica, Vol. 7T, (N.8.), No. 27 {August, 1940}, pp. 303-
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and long-term rates. The long-term yield ratio would have to be equal
to the geometric mean of the short-term yield ratios.* Thus if we let
R, be the current long-term rate for loans of # weeks, then assuming
that future short-term rates are definitely known we must have

A+R) "=+ (1 +2) - (L+1,).

For if these two were not equal it would pay to borrow long and lend
short or vice versa, and thus arbitrage transactions would restore the
equality.

If, however, the future short-term interest rates are not definite-
Iy known, then considerations of risk enter into the analysis. The
risk is again of two kinds: (a) risk of default, and (b) risk of
changes in yield (or risk of changes in prices of securities running
for more than one period). Again we must distinguish between the
cases where the risk allowance is a4 constant and those where it is a
function of the amount invested. If the risk allowance is a constant,
then the individual will hold only one kind of security in each period,
that security in which the expected true yield from that period to the
next (equals nominal rate of interest plus expected capital gain or
minus expected capital loss), adjusted for risk, is the greatest. Those
individuals for whom the expected true yield on every interest-earning
gecurity is less than unity will prefer to hold their surplus funds in
money instead.

If, on the other hand, the risk allowance is a function of the
amount invested in each security then we again have the condition
that in each period the individual will distribute his lendings amongst
the various securities in such a way as to equalize the representative
marginal value of all securities when allowance is made for risk of de-
fault and risk of changes in capital value. Moreover, these representa-
tive marginal values must equal the marginal rate of substitution be-
tween expenditures in this and the next period. The marginal value of
money is unity so that if part of an individual’s surplus funds is held
in the form of money the marginal rate of substitution between the
values of his consumption in this and the next period is unity. This
means that he carrieg his current consumption up to the point where
his time preference rafe is zero, so that no price is paid for inducing
him to refrain from additional consumption. Consequently, to an indi-
vidual who holds part of his surplus funds in the form of money the
interest on securities is payment only for the following factors: (1)
cost of purchasing the securities, (2) risk of default on interest and
principal, and (3) risk of changes in capital value of the securities. To

» The formula assumes that interest is paid only when the loan is repaid.
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" those who hold all of their surplus funds in interest-bearing secur-
ities, however, there is also an element of pure interest as payment

for forgoing consumption.



CHAPTER VII
ENTREPRENEURIAL PLANNING
1. UNDER CERTAINTY

A. Derivation of the Demand and Supply Functions for the Firm

After the rather lengthy treatment of the planning of the indi-
vidual as a consumer, the theory of entrepreneurial planning may be
summarized very briefly.’ In this section we assume as before that
loans in each period can be made only for one period, with a rate of
interest to be collected in the next period equal to 4,, and a cor-
responding discount ratio equal 10 f¢.. = 1/(1 + 4;,). Let the number
of periods over which the firm makes its planbe r + 1. Leta; (1 =1,
2,--,m;t=0,1, -, 7) denote the quantity of the ith factor in the
period tand let 24 (j =m +1,m + 2, .-, n; t=0,1,2,-,7)
denote the quantity of the jth product in the period ¢ .2 It is assumed
that each firm may be characterized by a dynamic transformation
function indicating the relationship between eurrent and expected in-
puts and outputs for the r + 1 pgriods. Again treating factors as neg-
ative products and writing a;; = —z,; (1 =1, 2, ..., m) we have as
our known transformation function:

(11.1) f(xm:xzn,“‘:xm;xu;xm;"':xm:
"’xlfym21':"')xn7) =O.
Let p.(r=1,2, .-, n) be the expected price of the commodity z,

(product or factor) in the period ¢. Let k; = 37 i a:: be the ex-
pected value of the inputs of the period ¢, wy = 2% Pt %z, the ex-
pected value of the outputs, and v: = w; — k¢ = Z"_ P~ 2.+ the excess
of the expected value of the output over the expected value of the

1 For supplementary material the reader is referred to Hicks, Value and Capi-
tal, Part IV, Chaps, XV-XVII, See also J. Marschak, “Money and the Theory of
Assets,” Econometrica, Vol. 6 (October, 1938), pp, 311-25; Sune Carlson, 4 Study
on the Pure Theory of Production (London, 1939), Chap VI; Erik Lindahl, Stud-
ies in the Theory of Money and Capital (London, 1939}, Part III; A. G. Hart, An-
ticipations, Uncertainly and Dynamic Planning {(Studies in Business Adminis-
tration, Vol. 11, No. 1 [Chicage: University of Chicage Press, 1940]).

2 A word of warning with respect to notation may be in place here. The sym-
bols @, and x;, each had different meanings in Part I. They will be used through-

out Part Il only in the sense given above.

— 137 —
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input. We shall call v, the expected surplus (positive or negative)
of the period t. The present value of any surplus », is simply its dis-
counted value. The aim of the firm is assumed to be to choose that
stream of current and planned inputs and outputs which will have the
maximum present value. We shall call the present value of any sur-
plus its capital value, and the present value of the whole stream of
surpluses we shall call the capital value of the plan, C. Again letting
Bo = 1 we have

(11.2) C=3fobr--B:0: =2 ZPo B s Drt Zre.

=0 L=0 ¥=1
The aim of the firm is to maximize the capital value C subject to the
transformation function f. Introducing a Lagrange multiplier 1, we
have

(11.3) C — if=max.

As in static theory, the firm under pure competition takes the
current prices and current discount rates 5, as fixed constants which
are independent of its outputs and inputs. Given its expectations as
to future prices and discount rates, we may, therefore, obtain the
equilibrium current and planned outputs and inputs just as in static
theory by setting the partial derivatives of (11.8) with respect to 2.,
equal to zero. Analogous to the static conditions we, therefore, obtain
the n(r + 1) dynamic conditions:

of
axrt

(11.42) i

= Bo e Be Dre,

or, upon eliminating 1,
of 7 of _ BobrFepn
0% re axsu }'30 481 e ﬁs Dsn '

Equations (11.4b) provide us with equilibrium conditions that are
strictly analogous to those given in static theory:

(11.4b)

1a. The marginal rate of substitution between any two pianned
outputs for any two dates must equal the ratio of their discounted
expected prices.

1b. The marginal rate of substitution between any two planned
inputs of any two dates must equal the ratio of their discounted ex-
pected prices.

1c. The marginal rate of transformation of a planned input of
any date into a planned output of any date must equal the ratio of
their discounted expected prices.
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Again making use of the familiar principle that a group of com-
modities whose prices remain unchanged may be treated as a single
commodity, we may restate some aspects of the equilibrium conditions
in several more familiar forms. Using the expected prices of inputs
and outputs as weights, let us group together all inputs of a period
into the single commodity %, , all outputs of a period into the single
commodity w, , and all combined inputs (— negative outputs) and out-
puts of a period into the commodity v, . The price of each such com-
posite commodity is unity, and the discounted price is simply the dis-
count factor 8, 5, --- 8. . We have therefore as special cases of the
rules given above:

2a. The marginal rate of substitution between the values of out-
put for any two periods must equal the ratio of the discount factors
for the two periods.

2b. The marginal rate of substitution between the values of in-
put for any two periods must equal the ratio of the discount factors
over the two periods.

2¢. The marginal rate of transformation of the value of input
for any period into the value of output for any period must equal the
ratio of the discount factors over the two periods. For inputs and
outputs of the saine period this reduces to the condition that the mar-
ginal rate of substitution must equal unity.

2d. The marginal rate of substitution between the surpluses of
any two pericds must equal the ratio of their diseount factors.

Let us form new composite commodities by taking the capital values
as of the first future period t = 1 of: (1) all future inputs, (2) all
future outputs, and (3) all future surpluses. Thus let us define the
composite commodities:

kf:kl +ﬁ.‘2k2 +"‘+ﬁ2ﬁ3"‘ﬁrk1,
Wi = Uh +;62'w2 + . +ﬁ2ﬁ3"'ﬁ1w7,
Uy =1, +)82'U2 +"'+ﬁ2ﬁ3"'ﬁr'v-r-

The discounted price for each such commodity is simply the diseount
ratio, §, . Consequently we have the following rules:

3a. The marginal rate of substitution between the value of cur-
rent output w, and the value of future output w, must equal the dis-
count rate 8, .

3b, The marginal rate of substitution between the value of cur-
rent input %, and the value of future input %, must equal the discount
rate §, . '
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3c. The marginal rate of transformation of the value of current
input %, into the value of future output w; must equal the discount
rate §,. This is a translation of Keynes’s principle that the margi-
nal efficiency of capital must equal the rate of interest.

3d. The marginal rate of substitution between current and fu-
ture surplus must equal the discount rate g, .3

The stability conditions are also analogous to those in statie the-
ory except that our system now consists of n( + + 1) commodities, n
for each of + + 1 periods. The marginal rates of substitution must
therefore salisfy the following conditions:

ia. The marginal rate of substitution between any two planned
outputs of any two dates must be increasing; namely, the decrement
in output z, resulting from a planned increase of a marginal unit of
output x,, must increase as additional x,, is substituted for x...

1b. The marginal rate of substitution between any two planned
inputs of ahy two dates must be diminishing; namely, the decrement
in the input @;; which just offsets an increase of a marginal unit of
the input a;, diminishes as addifional «;, is substituted for a;,.

1c. The marginal rate of transformation of any planned input
@, into any planned output x,, must be diminishing; namely, the in-
crement in ,, resulting from an increase of a marginal unit of the
input a;, diminishes as additional a;, is transformed into ,, .

As in static equilibrium, these rules must hold not only for single
commodities, but also for groups. In particular therefore similar
rules must hold for the composite commodities &, w, and v. Thus
the marginal rate of substitution of current surplus v, and fu-
ture surplus v; must satisfy these rules. It is these stability con-
ditions which make it unprofitable for the firm, given the discount
ratio f, , to increase its current input (or decrease its eurrent output)
indefinitely in order to increase its future surplus. These stability con-
ditions imply the existence of some fixed resources which give rise to
diminishing returns to the variable factors included in the transfox-
mation function and thus prevent an indefinite increase in current in-
put.

The same question about the possibility of a zero rate of interest
arises in a producfion economy as well as in an exchange economy.
Suppose that people expect future prices and interest rates to remain
at current levels. Could the rate of interest then drop to zero in a
production economy even if there were nothing to prevent it from

3 For analogous conditions in the theory of consumption see Chap. VI, Sec-
tions IA and IB—4.
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reaching zero so far as consumption is concerned? The answer to
this gquestion depends upon the assumption we make concerning the
marginal rate of {ransformation of current value of input into future
value of output. From the stability conditions this marginal rate
must diminish with additions in current input. Suppose, however,
that this marginal rate is greater than unity; namely, that an addi-
tional dollar of current input adds more than a dollar to the expected
value of output. Then we have:

Sy

1 ,
—=-—=1+¢>1, or 1>0.
oy ,31

In this case therefore the rate of interest would have to be greater
than zero. This assumption appears to be the basis of Knight's argu-
ment concerning the impossibility of a zero rate of interest.

The n{+ + 1) — 1 equations (11.4b) together with the transfor-
mation function (11.1) permit us to determine the n(r + 1) quan-
tities of inputs and outputs planned for each period, once we are giv-
en the current and expected prices and interest rates. We may, there-
fore, write the planned supply function for each product and planned
demand function for each factoy (eguals negative product) in the
form |

Tvr::«;ﬂ(?’m:’ﬂzo"“,pm;ﬁﬂou; ﬁlpzl s"';ﬁipm !"‘,151 ﬂz"'ﬁ‘l’plf)
iR ﬁz"'ﬁ'rpz?: "',ﬁ1 ﬁz"'ﬁ'rpn'r)-

Given the volume of its interest and dividend receipts for the period,
it follows that the firm’s net purchase {equals purchase minus sales)
of securities (or net loans) during each period is also a function of
the same current and expected prices and interest rates.

1 “In particular it is certain, a priori, that with other things held constant—
meaning, especially, if there are no new inventions or other changes opering up
new demand for capital-——the rate [of interest] could never fall to zero. This is
possible only if society as a whole approaches a state of complete satiation in
which there would be no economie values and all economic categories would lose
meaning. For it is certainly inadmissible to assume that society could reach a
state in which no additional eapital could be employed to any advantage whatever,
before all other factors or their services became free goods.” Frank H. Knight,
“The Quantity of Capital and the Rate of Interest, I1,” Journal of Political Econ-
omy, Vol, 44 (October, 1936), pp. 623-24.

Professor Knight also contends that the marginal rate of transformation of
current input into future output diminishes only at a very gradual rate, so that
even a small rise in 8, {a small decline in the interest rate) would lead to a very
large increase in current input to be transformed into future cutput.

“The heart of a correct theory of interest is the faet, corresponding more or
less to infinite ‘elasticity of demand for capital,’ that the investment market is
capable of absorbing savings at the maximum rate at which they are forthcoming,
with only a very gradual decline of the rate of return through time, other things
equal. . . " Frank H. Knight, “Capital, Time, and the Interest Rate,” Economica,
New Series, Vol. 1, (1934), p. 285.
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B. The Properties of the Dynamic Demand and Supply Functions
for the Firms

1. Variation of demand and supply with changes in prices

The properties of the dynamic functions for the firm are ana-
logous to those of the static functions. A rise in the expected price
of any product, all other current and expected prices and interest
rates being given, will lead to an increase in the planned output for
that date. It will also lead to an increase in the current and planned
output of eomplementary products, to a decline in the current and
planned output of substitutes, and to an inerease in the current and
planned input of factors of production, except those which may be
regressive againgt the product whose price rose,

A rige in the expected price of any faetor, all other current and
expected prices and interest rates being given, will lead to a decline
in the planned input of that factor for that date. If will also lead to
a decline in the (current and planned) input of complementary fac-
tors and an increase in input of substitutes, and to a decline in out-
puts of products except those which may be regressive against the
factor whose price rose.

To analyze the effect of a change in a current price we must ;a.gain
make some assumption as to the elasticity of price expectations. If
the elasticity is zero, then expectations remain unaffected by current
price changes and we may analyze the effects of the latter change in
the same way as we analyzed the effecis of changes in expected prices.
If, however, the elasticity of expectations is unity then a change in
the current price gives rise to a proportional change in the expected
price so that we may lump together the outputs or the inputs of dif-
ferent dates and treat them as one commodity. Thus if there is a rise
in the current price of a given commodity, its planned output over the
period as a whole will rise. This does not mean, of course, that the
increase in output will be spread evenly over all periods. For technical
reasons the additional output which can be produced in the current
period or planned for the near future is generally very small in com-
parison with that which can be produced in the distant future. This
simply means that the short-run increase in output will generally be
less than the long-run increase. Indeed it is even possible that the in-
crease in the price of the product should lead to a decline in the cur-
rent output (balanced by a greater increase in planned future output).
Thus an increase in current prices accompanied by a proportional in-
crease in expected prices may induce a firm even to shut down tem-
porarily for alterations designed to increase its capacity.’ If we take

5 See also the example of South African gold mining cited by Hicks, p. 210,
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a period of sufficient length, however, such cases would be extremely
rare,

Similarly, if the current price of a factor changes and the elas-
ticity of expectations is unity, we may treat the inputs of different
periods as one commodity and thus conclude that there will be a
change in the input of that factor over the planning period as a whole.
Again the change will not be spread evenly over all periods; the effect
will probably be much less for current inputs and inputs of the near
Tuture than for more distant inputs. The reason for this is again the
technical difficulty of short-run adjustments.

The case of elastic price expectations gives us even more striking
results. Since an increase in the current price is accompanied by a
more than proportional increase in the expected prices, it follows that
an increase in a product price will lead to a current decline in the out-
put of that product, and an increase in a factor price will lead to an
increase in the current input of that factor.

If all current and expected product prices rise in the same pro-
portion there will be no substitution between any products of any
date. Output as a whole will increase and so therefore will inputs.
Similarly if all current and expected factor prices rise in the same
proportion there will be no substitution between any factors of any
dates. Input as a whole will decline and so therefore will outputs. If
all current and expected product and factor prices rise in the same
proportion there will be no substitution anywhere for the firm. Ail
outputs and inputs will therefore remain unchanged. This may readi-
Iy be seen by multiplying the equilibrium conditions by a constant.
Analogous to the conditions in static theory, therefore, the demand
for each factor and the supply of each produet is a homogeneous funec-
tion of zero degree of the entire set of prices.

2. Variations of demand and supply with changes in interest rates

It has been shown that, if current and expected prices are given,

we may treat the surplus in each period as a single “commodity” »,

with a “price” equal to the discount factor 8, 8, --- 8: . Consequently

we may analyze the effects of changes in interest rates in exactly the
same manner as changes in prices.

If there is a rise in the current diseount ratio 8, , accompanied by
an inversely proportional change in 8., so that the discount factors for
all other periods f3, fi. --- B remain constant, then the planned surplus
for the next period v, will rise. There will also be a decline in the
planned surpluses for periods which may be considered as substitutes
for that period, and an increase in the planned surpluses for comple-
mentary periods. Thus a decline in the current rate of interest that
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is accompanied by a corresponding increase in the expected interest
rate for the next period will normally lead to an increase in input and
a decrease in output of the current period and to a decrease in input
and an increase in output in the next period. The effect is exactly the
same as for a proportionate rise in all expected prices for the given
period, all other expectations remaining unchanged.

If the change in §, is unaccompanied by any changes in the ex-
pected interest rates or commodity prices, then the “prices” §, g --- 8.
of all future surpluses v; will change proportionately. We may there-
fore combine these into a single composite commodity, future surplus
v;, which represents the sum of the planned future surpluses dis-
counted up to the first future period ¢ = 1. From the stability con-
ditions it then follows that a rise in 8, will increase the planned fu-
ture surplus v, and decrease the current surplus. Thus a decline in
the current rate of interest (a rise in §,), all interest-rate expecta-
tions and all current and expected prices being given, will normally
lead to an increase in input and a decrease in output of the current
period and to a decrease in planned input and an increase in planned
output of future periods. The effect is identical with that of a propor-
tionate decline in all current prices under zero elasticity of price ex-
pectation.

It is again of interest to consider the effects of a change in the
current discount ratio upen the assumption that the expected discount
ratio for each future period changes proportionately. In that case
the proportional rise in the “prices” of the surpluses 8., 8. 6., -,
B B2 +++ B+ is greatest for the later periods and smallest for the earlier
periods. Such a rise in 8, will, therefore, lead to a substitution effect
in favor of the later against the earlier surpluses.

It should be noted that a change in 8, is unlikely to have a very
large effect upon the current surplus because of the difficulty of mak-
ing large adjustments in the short run.

II. UNDER RISK

The modification of the theory of production to take account of
risk follows along the same lines as in the theory of exchange. In-
stead of the single definite price or interest rate the individuai firm
has a whole probability distribution of expectations. As before we
take one price or interest-rate expectation as representative of the
whole probability distribution in the sense that the firm reacts in the
same way to the probability distribution as it would to the represen-
tative expectation if it were certain, If this representative expecta-
tion is independent of the amounts bought and sold, borrowed or lent,
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then the formal analysis is exactly the same as in planning under cer-
tainty. The firm behaves just as if it had but one definite price expec-
tation for each commodity in each period, and but one definite expee-
tation as to the prevailing interest rate in each period. Although there
may be many different securities with different interest rates in each
period, the firm concerns itself with only one security, that security
for which its representative interest-rate expectation is the highest.
Formally therefore the analysis is identical with that of planning un-
der certainty.

If, however, the representative price expectations are functions
of the amounts bought and sold or if the representative interest-
rate expectations are functions of the amounts borrowed or lent, the
analysis must be modified considerably. Indeed in the latter case we
must drop the entire assumption that the firm can be treated as a sep-
arate entity apart from its owners. This assumption was, of course,
not essential to our analysis. Exactly the same results would have
been obtained if we had merged the activities of the firm with those
of the individual. We could then have assumed that each individual
attempts to maximize his utility subject not only to his budgetary re-
strictions but also to the given technological conditions of production
(i.e., his production function) by means of which he obtains a por-
tion of his income., ¥ was, however, a useful simplification since it
permitted us to treat the consumption and production aspects sepa-
rately. Thus we could assume that the individual as owner of the firm
always maximizes his surplus or his discounted stream of expected
surpluses, (i.e., the capital value of his plan). This increases his in-
come and therefore makes it possible for him to increase his utility.

Under the present assumption, however, this separation of firm
and individual is no longer possible. For as we have already seen in
our consumption analysis, if the representative interest-rate expecta-
tion is a function of the amount invested in each security then the in-
dividual will invest in every security up to the point where the repre-
sentative marginal value is the same for all securities.* These differ-
ent securities will ordinarily have different interest rates. Only the
marginal return is equalized. It is only this marginal rate, therefore,
which is relevant in discounting future values to present values. But
this marginal rate exists only in equilibrium. Consequently the capi-
tal value of the production plan or the discounted stream of surpluses
can be determined only in equilibrium. We cannot therefore speak of
the firm’s maximizing the capital value of its plan, sinee this capital
value cannot be defined except in equilibrium. The way out of this
difficulty has already been indicated in the preceding paragraph.

8 See Chapter VI, Sec. IT B,
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We assume that the individual atlempts to maximize his utility
subject not only to his budgetary restriction but also to his known
production or transformation function. Let

U=U(Z o, Taosor s Lnos vy Lirs Loz s 0y Lnr)
be the individual’s utility function. Let his budgetary restrictions be

Mo+ vy + k& =g, t €y,

My + 0+ —6 + ¢,

m2+v2+2ﬂj20ﬂ :62+C2,

Y7 -+ Dy + E U7 €; 71 — €, + Cr,
where, as before,

my = 3p,x,, is the value of the individual’s initial supply of goods

T in the peried ¢;
¥y = XPa%,, is the surplus earned through production in the pe-
4 viod t;

€, == 3.2, is the planned value of consumption in the period ¢;

r
¢, = XcCj; is the total amount invested in various securities in
i the period ¢;

a;: =1 + %;; , where i;, is the representative interest rate expect-
ed on the security 7 in the period .

Finally, let the transformation function be as before
[

F(Zr0s ooy ooy Bugy oo oy Loz s Lary <o, Tur) = 0.

We assume for the sake of simplification that the representative
interest-rate expectation is a function of the amount invested in the
one security alone.

Introducing the Lagrange multipliers x, 1, p, we have

=1 i=1

T £
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Setting the partial derivatives with respect to each variable equal
to zero, we obtain as our first-order conditions:
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Eliminating the Lagrange multipliers, we have

of
ou —
axrt _ ax'rt _ Dry d(af,“l cf‘)
o of D, te1 d Cst .
O&s 14 =
e axs,tﬂ

This set of equations states that:

1. The marginal rate of substitution between any two commod-
ities of any two periods must be the same with respect to both con-
sumption and production.

2. The representative marginal value of any security in any
given period must be the same for all securities held by the individual.

3. The marginal rate of substitution between any two commod-
ities of successive periods must be equal to the ratio of their represen-
tative expected prices, multiplied by the marginal value of securities.

These equations, together with the budgetary and production re-
strictions, determine the amount of each commodity the individual
plans to produce and consume in each period, and the amount he plans
to invest in each security.

If the producer holds none of his surplus funds in the form of
money, then it is evidence that his representative marginal value of
securities is greater than unity and that therefore his marginal rate
of current and expected transformation of current input value into fu-
ture output value is greater than unity. This is so even though he holds
money within any given period for purchases of inputs within the
same period, since no return can be obtained in any period for funds
invested within the period. In normal times people generally do not
hold investible funds in the form of money, so that the interest on se-
curities does include an element as payment for the “marginal pro-
ductivity of investment.” In periods of stagnation, however, people
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do hold investible funds in the form of money. This is evidence that
their marginal rate of transformation of current input value into fu-
ture output value is unity. The interest which they then receive on
securities is simply a risk-premium and a payment for the cost and
trouble of buying and selling securities.

The existence of rigk has a very important bearing upon the plans
of the producer. The greaier the risk the lower is the effective “ex-
pected price” which the producer uses in his plans for future output.
Since the more distant future is generally more uncertain than the
near future, the allowance for risk for the more distant periods will
be very great and the effective expected price will, therefore, be cor-
respondingly low. It follows, therefore, that a decline in the interest
rate may have very little effect even upon plans for future input and
output. That it will have little effect upon current inputs and outputs
we have already seen.



CHAPTER VIII
MARKET EQUILIBRIUM IN A CLOSED ECONOMY

1. EQUILIBRIUM AND STABILITY CONDITIONS

Having determined the demand and supply functions for each
economic unit, we now proceed to determine the temporary market
equilibrium for the current period. Given all of the price and interest-
rate expectation funetions, the excess demand for each individual and
therefore the excess demand for the market as a whole for each com-

modity may be written as a function of the current prices and inter-
est rates:

ImEXm%Xm'_ Xru:Iru(pm:'p%:"';pw;iuyizls“‘xiﬂl);
(r=1,2,---,n).

Similarly the net market demand C;, for each security and the net
market demand for money M, are also functions of the current prices
and interest rates:

Ci‘):cjo(pm;qu:"wpno,":u,'f;u;"'s?ex), (331:2:'!9);
My=Mo(Dro, P20, s Dno s Tury bas s =+ 5 Gor)

The first-order conditions for temporary market equilibrium for the
current period parallel those under a static system, except that in
“addition to products and factors we now have securities and money
in our equilibrium system. These conditions are as follows:
(1) The excess market demand for each commodity (product or
factor) must equal zero (n equations, I,, = 0).
(2) The excess market demand for each security must equal
zero (& equations, C;, = 0).
(3) The excess market demand for money must equal zero (1
equation, M, = ().
As before, one equation follows from the rest, so that we have but
n + 4 independent equations to determine the n current prices P,
and the # current interest rates in terms of money. Analytically it is
a matter of indifference as to which equation we omit from our sys-
tem,
One important distinction between our dynamic and our static
systems must be noted at once. In our static system we had no true
money other than the numéraire. The system contained only n com-

— 149 —
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modities for which there were excess-market-demand functions, One
of the n functions followed from the rest, so that there were but
n — 1 independent demand functions for commodities. Fortunately
the excess demands were functions of the n — 1 priee ratios in terms
of the numéraire rather than of the n prices in terms of some token
or counter money, The number of independent demand functions was
therefore sufficient to determine the n — 1 price ratios.

In our dynamic system, however, we have a true money for which
there exists a market demand function. Consequently the n excess-
demand functions for the % commodities are all independent of one
another. These are, in general, functions of the absclute levels of the
n prices in terms of the true money rather than of the » — 1 price
ratios in terms of the numéraire. In this system, therefore, it is the
n prices in terms of money rather than the n — 1 price ratios in terms
of the numéraire that are determined by the equilibrium eguations.

The stability conditions are also similar to those in static theory,
except for the addition of securities and money to our equilibrium sys-
tem. In order for the dynamic system of multiple exchange to be
perfectly stable, a rise in the price of any commodity must lead to
a reduction in the excess demand for that commodity under all of the
following conditions:

(a) when all other prices are given,

(b) when only one other price is adjusted so as to preserve
equality between demand and supply in that market,

{(c} when only two other prices are so adjusted,
and so on until all other prices and all interest rates are so adjusted.
The system will be imperfectly stable if a rise in the price of a com-
modity leads to a reduction in the excess demand for it only when all
other prices and all current interest rates are adjusted so as to main-
tain equilibrium in those markets,?

A. The Stability of the Partial System of Exchange for Commodities

Let us first consider the partial stability of the system with re-
spect to commodities for fixed values of the interest rates. This corre-
sponds to testing the stability of the » independent equations for com-
modities, I,, = 0, for given values of the interest rates.

1. [Inelastic price expectations
We have previously shown that if the elasticities of all price and
interest-rate expectations are zero, the stability properties of the in-
dividual demand functions for current products and factors are ana-

1 See the discussion of the stability of exchange in Chapter 11.
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logous to those in static analysis. Except for the capital (income)
effect a rise in the current price of any commodity (given the level
of interest rates) would lead to a decrease in its current demand and
an increase in its current supply, whether or not the prices of any
other commodities were adjusted to maintain equilibrium in those mar-
kets. Even if the current prices of all n commodities changed in equal
proportion, there would still be a decrease in the current demand for
all goods taken together and an increase in the current supply as a
result of the substitution over time. Thus, so far as the substitution
effect is concerned, the system is completely stable with respect to
commodities, under inelastic expectations. Unfortunately this stabil-
ity may be upset by the capital effect, if the capital value of the indi-
vidual’s plan (i.e., the value of his planned allotment for consumption
over time)® moves in the same direction as the price change, This
corresponds to the instability which may arise in a static economy
because the sellers’ incomes change in the same direction as the
change in the price. In a dynamic economy this may happen for two
reasons. The first is identieal with that in a static economy ; namely
the income effect of the sellers may outweigh that of the buyers to
such an extent as to more than offset the market substitution effect.
In this case a rise in price which made the individual sellers richer
and the buyers poorer would lead to a net rise in the excess demand
for the commodity. As we pointed out in our static analysis, however,
this result is rather unlikely. This is particularly true in the case of.
products, since individuals—the only economic units for which there
is an income effect—as distinguished from firms, are on the whole
buyers rather than sellers of any given product. In the case of fac-
tors which are not at the same time products, i.e., labor services, the
net income effect is likely to work in the opposite direction from the
substitution effect, since individuals are on the whole sellers rather
than buyers of any given type of labor service. Nevertheless it is
rather unlikely that the consumer income effect should be sufficiently
large to offset not only the consumer substitution effect but also the
producer substifution effect as well.

The second possible basis for instability in our dynamic system
arises from the fact that individuals may decide to acquire a smaller
sum of securities and money over the planning period as a whole
when prices rise. If the resulting increases in the capital values of
the separate expenditure plans were sufficiently large, they would
then lead to an increase in current consumption. It may readily be
seen, however, that the increase in the capital values of the expendi-

z See Chapter VI, Sec. 1A.
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ture plans would have to be more than in proportion fo the rise in
current prices in order to have this effect, For if the increase were
only in proportion to the rise in current prices the effect would be the
same as if both current prices and the capital valite had remained
unchanged but expected prices had all fallen. Current consumption
would therefore decline. Since such a radical alteration in plans is
extremely unlikely to accompany a change in prices which is expected
to be only temporary, we may safely conclude that the exchange sys-
tem will be stable if interest rates are fixed and price expectations are
inelastic.

2. Unit elasticity of price expectations

As long as the elasticity of price expectations is less than unity
there remains some scope for substitution over time. So far as the
substitution effect is concerned, therefore, the system remains stable,
When, however, the elasticity of price expectations is unity, a rise in
the current price of a given commodity leads to an equal proportion-
ate increase in the expected prices of the commodity and there is no
scope for substitution over time. If the current prices of some goods
remain unchanged there is, of course, scope for substitution between
commodities in the current period. But if all current prices change
in the same proportion and the elasticities of expectation are all egnal
to unity there is no scope for substitution between commodities at
all.? The stability of the system therefore depends on the extent to
which the decision to acquire securities (and money) over the plan-
ning period as a whole is affected. If this sum (positive or negative)
changes in less than proportion to the change in prices, then the rise
in prices is equivalent to a reduction in the capital values of the expen-
diture plans under unchanged prices, and current consumption will de-
cline. The system will therefore be rendered stable through the income
effect. If, however, the sum changes in more than proportion to the
change in prices, then the rise in priees is equivalent to an increase in
the capital values of the expenditure plans under unchanged prices,
and current consumption will rise. The system will therefore be ren-
dered unstable through the income effect,

The most interesting case for discussion is that in which the sum
of securities and money which individuals decide to acquire or sell
over the planning period as a whole changes in exactly the same pro-
portion as the change in prices. Here the capital values of the expen-
diture plans rise in the same proportion as the rise in prices. In this
case therefore there is scope for neither a substitution effect nor an

3 The same thing will be true if the expected price for each commodity is 2
homogeneous function in the first degree of all the current prices.
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income effect. The excess demand for every commodity will remain
unchanged. In other words, if the elasticities of expectation are all
unity, and if the capital values of the expenditure plans all change in
the same proportion as the change in current prices, then the excess-
demand function for each current commodity is a homogeneous func-
tion of the current prices of degree zero. This means that the excess
demand for each current commodity is a function of the n — 1 inde-
pendent price ratios between the commodities rather than of the =
money prices. Only the n — 1 price ratios can therefore be deter-
mined in equilibrium; the level of money prices is completely inde-
terminate.* If none of the money prices are controlled then a change
in the money price of any one commodity (product or factor) will
under these conditions lead to an equal proportionate change in the
prices of all commodities and will leave the demand and supply for
every commodity unchanged.’

In itself this conclusion does not appear too disturbing. For
while the individual money prices are left indeterminate the price
ratios are seen to be uniguely determined by the equilibrium system.
This result therefore appears to be identical with that which we found
in our static system. Unfortunately this is not so. For in our static
system we had only n — 1 independent equations for commodities to
determine the n — 1 price ratios, since the excess-demand function for
one commodity followed from the rest. In our dynamic system, how-
ever, we have already seen that all of the n excess-demand functions
for commodities are independent of one another. Consequently if we
were to require as our equilibrium conditions that the excess demand
for each commodity be zero we should have n independent equations
to determine n — 1 unknowns. What this means therefore is that the
excess demand for one of the commodities (product or factor) wiil
not ordinarily be equal to zero. Thus in a dynamic economy with
fixed interest rates and unit-elastic expectations, the demand need not
equal the supply for some one commodity even in equilibrium.* The
n — 1 price ratios are determined by the condition that the excess de-
mand for each of » — 1 commodities shall be zero. These price ratios
then determine the level of excess demand (positive, zero, or nega-
tive) of the nth commodity.

4 Hicks apparently assumes implicitly that the eapital values of the expendi-
ture plans mast change in the same proportion as the change in prices under unit-
elastic expectations. He therefore concludes that under unit-elastic expectations
the level of the money prices themselves cannot be determined by the equilibrium
system if the interest rates are fixed.

5 For procf see the Appendix to this chapter.

% See the Appendix to this chapter.
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There is, of course, nothing in the model to indicate the specific
commodity (product or factor) for which the demand will not ordi-
narily equal the supply in eguilibrium. This is determined institu-
tionally. In practice it has been labcr, of course, for which the sup-
ply has exceeded the demand even in equilibrium.

It is important to emphasize that this equilibrium unemployment
is not the result of any wage rigidities. For under the conditions pos-
tulated in this section the excess-demand functions for the » commod-
ities are functions of the n - 1 price ratios rather than of the absolute
money levels of the n prices themselves. Consequently only the price
ratios and not the money prices can be determined in equilibrium. A
change In the money wage rates would therefore change all money
prices in the same proportion and leave the supply and demand for
every product and factor unchanged. Unemployment could not there-
fore be affected by a change in money wage rates under these condi-
tions. It is true, of course, that a reduction in real wage rates would
reduce unemployment since the excess demand for labor services is a
function of the price ratios hetween commodities, But a change in
money wage rates could not change the real wage rates under the con-
diticns assumed here. A mathematical demonstration of this point is
presented in the Appendix o this chaper.

The conclusion of this section ig essentially a modification of the
Keynegian theory of employment in terms of what is basically a Wal-
rasian system of equations.”

3. FElastic price expectations

It should be clear from the previous discussion that the system
will tend to be unstable if the price expeciations are elastic. For in
this case a rise in price is accompanied by a more than proportionate
rise in expected prices and, therefore, leads to an increased excess de-
mand, so far as the substitution effect is concerned. The system can
be rendered stable therefore only if the income effect works in the
opposite direction from the substitution effect. This would be at all
probable only if the capital values of the expenditure plans fell
markedly when prices rose and expectations were elastic.

7One basic difference between our analysis and that of Lord Keynes is
that in our analysig there is an excess supply of labor in equilibrium, so that the
level of employment is not determined at the point where the supply of labor is
equal to the demand. In Keynes’s analysis the level of employment is determined
at the point where the demand for labor crosses the supply curve. The involun-
tary unemployment in his system is simply the result of the fact that he assumes
the supply of labor to be infinitely elastic with res;lmct to money wage rates in the
relevant range. It is this infinitely elastic supply curve which determines the
level of money wages and therefore the level of money prices in Xeynes’s system.
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B. The Stability of the Total System

Thus far we have considered simply the stability of the partial-
equilibrium gystem with respect to commodities only, assuming the
interest rates to be fixed. We have now to consider the stability of
the total system taking into account the effects on and through the
rate of interest.

We have already seen that, if the rate of interest is given, a rise
in current prices under inelastic expectations will ordinarily lead to
a decrease in the eurrent excess demand for commodities and thus
tend to restore the prices to the equilibrium level. If the rate of in-
terest is left free fo vary, the decrease in the excess demand for com-
modities will be accompanied by an increase in the excess demand for
securities. The rate of interest will therefore tend to fall, and the dis-
counted expected prices will rise. This latter rise, of course, tends to
offset to some extent the original substitution away from current ex-
penditures resulting from the rise in current prices. Thus the effect of
permitting the interest rate to fall is the same as that of a rise in
expected prices under fixed interest rates. Indeed if the discount
factor rises in the same proportion as the rise in all currvent prices
when price expectations have zero elasticity, the result is the same
as under unit-elastic price expectations with fixed interest rates.
There is then no scope for substitution between commodities at all.?

The question naturally arises as to whether the discount factor
will increase in equal proportion if all current commodity prices rise
in' the same proportion and price expectations have zero elasticity.
Or more generally, will the discounted expected prices rise in equal
proportion if all current commodity prices rise in the same propor-
tion, and interest rates are free to vary. The answer to this question
has already been given in the discussion of unit-elastic price expecta-
tions with fixed interest rates. It was there shown that the effect of
a rise in one price upon the level of the other prices and upon the ex-
cess demand for every commodity depends upon the elasticity of the
capital values of the expenditure plans with respect to an equal pro-
portionate change in all of the current and diseounted expected prices.
If this elasticity is less than unily, then a rise in the price of one com-
modity would lead to a less than proportionate rise in the prices of
other commodities and would thus reduce the excess demand for that
commodity. If the elasticity were greater than unity then a rise in the
price of one commeodity would lead to a more than proportionate rise
in the prices of other commodities and the excess demand for the com-

® This assumes that interest-rate expectations have zero elasticity with re-
spect to eurrent rates.
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modity would rise. The system would then be unstable. If, however,
the elasticity is equal to unity, then the excess demand for every com-
modity is a homogeneous funciion of degree zero in all the current and
discounted expected prices. In that case a rise in the price of one com-
modity would lead to an equal proportionate rise in all of the current
and discounted expected prices if the discount factors were permitted
to move freely.

It follows immediately from this analysis that, if the elasticity
of the capital value of the expenditure plan is unity and if the dis-
count factors are permitted to move freely, then all of the excess-
demand functions are homogeneous functions of degree zero in the
eurrent and discounted expected prices, no matter what the elasticity
of price expectations may be. This, as we have already seen, means
that only the ratios between the system of prices (current and dis-
counted expected prices) can be determined by the set of equilibrium
equations. It means further that there can be an excess supply of
labor in equilibrium regardless of the elasticity of price expectations.
Specifically it implies that in the case of zero elasticity of price ex-
pectations the current discount factors would, if permitted to move
freely, change in the same proportion as the change in the current
prices of commodities;® that in the case of unit elasticity of price ex-
pectations, the discount factors and therefore the interest rates wouid
remain unchanged;' and that in the case of elastic price expectations
the discount factors would change in the opposite direction from the
change in the current prices, or that interest rates would move in
the same direction as the current prices.

The conclusions of this section are valid only if the discount fac-
tors are permitted to move freely. Since the interest rates, however,
can never fall below zero, the discount factors ecan never be greater

9 This assumes zero elasticity of interest-rate expectations. ‘The reader may
readily modify the conclusion to take inte account nonzero elasticities.

1 Hicks (pp. 258-259) assumes in the case of unit-elastic price expectations
that a rise in current prices would lead to an increased excess demand for money
and thus raise interest rates if the latter were permitted to move freely. This
would make the discounted expected prices rise less than in proportion to the rise
in current prices and would thus reduee current demand. Similarly a decline in
price would reduce interest rates and increase excess demand. He thus con-
cludes that if the interest rate were permitted to move freely it would serve
as a stabilizer. This is, of eourse, the Keynesian theory. But while the theory
is appropriate to the Keynesian model, it is incorrect in Hicks’s model. For this
argument is valid only if the excess-demand function for money is not a homo-
geneous funetion of the first degree in all the current and expected discounted
prices. Under Hicks's assumption in which all of the excess-demand functions for
commodities are homogeneous functions of degree zero, the excess-demand fune-
tions for securities and money must be homogeneous of the first degree. In
Keynes the supply funetion for labor is not a homogeneous function of degree
zero, and therefore the excesg-demand function for money need not be a homo-
geneous function of the first degree in price and wages.
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than one. Indeed in an industrial economy the range of variation of
interest rates is so limited as to make the proportionate changes in
the discount factor negligibly small.’ It is clear therefore that we
cannot ordinarily expect our equilibrium system to be affected very
significantly by changes in interest rates. However, the more elastic
are the interest-rate expectations the more significant will be the
effect of changes in the current interest rate,

II. THE WORKING OF THE TEMPORARY-EQUILIBRIUM SYSTEM

As we have just shown, the behavior of a dynamic economy de-
pends in large part upon the elasticity of the capital values of the
expenditure plans with respect to a proportionate change in all cur-
rent and discounted expected prices. If this elasticity is less than
unity, then every excess demand funection is a function of the absolute
level of all of the current and discounted expected prices. The equi-
librium conditions then determine the absolute level of the current
prices and discount factors or interest rates. These conditions are
that the excess demand for each commodity and each security shall
be equal to zero. If all prices and wages are left free to vary, there
can be no unemployment under these conditions. The system will be
stable so long as the elastieity of discounted price expectations is not
greater than unity.

 If the elasticity of the expenditure plans is equal to unity, then
every excess-demand function is a homogeneous function of the cur-
rent and discounted expected prices. The behavior of the economy
then depends upon the elasticity of price expectations and the beha-
vior of the interest rates. If the interest rates were perfectly free
to move, then the equilibrium conditions would determine only the
ratios between the current and discounted price expectations, no mat-
ter what the elasticity of price expectations might be. Furthermore,
as we have already noted, unemployment might very well exist in
such an equilibrium system. If, however, the interest rates are fixed,
then these conclusions are valid only under unit-elastic expectations.
Otherwise the results are the same as under inelastic expenditure
plans.

If the elasticity of the expenditure plans is greater than unity,
then the system will be unstable for elastic and for unit-elastic price
expectations and it might possibly be unstable even for inelastic price
expectations. On the other hand if the elasticity of the expenditure
plans is negative the system will be stable for inelastic and for unit-

11 A b(0-per cent rise in the rate of interest from 2 per cent to 3 per cent
would change the discount factor from 1/(1.02) to 1/{1.03).
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elastic price expectations and might possibly be stable even for elas-
tic price expectations.

We turn now to a brief summary of the laws of the working of
the equilibrium system under these various conditions. To determine
these laws we again suppose some small change in the initial data,
such as a change in the preference functions of a few individuals, or
a change in the production functions for a few firms, or a change in
some expectation functions which change the current supply and de-
mand functions, The changes in price, and in the quantities bought
and sold that are necessary in order to restore equilibrium, are then
obtained from the stability conditions, which give us the effects of a
small change in the price of any item upon the demand and supply
for every item in the economy.,

It is convenient in this analysis to group all of the items in the
economy into four categories, produets, factors, securities, and money.

For many purposes both products and factors will be grouped to-
gether as commodities.

A. Inelastic Expenditure Plans

1. Supvose that the courrent excess demand for commodities
rises in terms of money. but that the current demand for securities
in terms of moneyv remains unchanged. This means that at the same
prices and interest rates people now want to buy more commodities
but that they do not want to lend less or borrow more than before.
The shift is thus only from cash holdings to products and not from
securities to commodities. In practice this is likely to represent an in-
crease in the consumer demand for nondurable goods only, unaccom-
panied by a rise in the producer demand funetion for factors. For
when the producer déemand function for factors rises, the rise is gen-
erally at the expense of security holdings rather than of money: i.e.,
the producer’s excess-demand function for securities declines. This
case, however, is here ruled out by assumption since it is assumed
that none of the increased demand will be financed by inereased bor-
rowings.

It is evident from the stability conditions in the case of inelastie
expenditure plans that the increase in the demand for produects must
raise their current prices. For, in order to make supply again equal
to demand. prices must change in such a way as to produce an excess
supply of these products in other sectors of the economy which can
he used to satisfy those whose excess demand has risen. This excess
supply can be brought about only by an increase in the prices of these
products. By virtue of the substitution effect the prices of the factors
emploved in produeing these products as well as the prices of other
substitute commodities generally are likely to rise. The price rise for
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these commodities, however, will be proportionately smaller than that
for the products whose demand functions have increased.

Assuming that future commodities are also substitutes for cur-
rent commedities, the rise in current prices will lead to an induced
increase in the planned demand for future commodities. So far as
current behavior is concerned, this will translate itself into an in-
crease in the current excess demand for securities; i.e., there will be
an induced rise in net lendings. Current security prices will there-
fore rise or interest rates will fall.

It may appear strange that a fall in interest rates should result
from an increase in the demand funetion for commodities, since it is
counter to the usual experience in a business upswing. This paradox
disappears, however, when it is recalled that we are supposing here
that there is an autonomous increase in the demand for products only,
the demand function for securities remaining unchanged. The case
under discussion is, therefore, approximately that of a temporary
spurtf in demand supported by inventory depletion rather than that of
a general business upswing. In the latter case there would be an au-
tonomous increase in the demand for factors to be financed out of se-
curities. It is to this second case that we now turn.

2. We suppose now that there is an increase in the excess-de-
mand function for commodities in terms of securities, i.e., that the
demand function for commodities in terms of money rises and the de-
mand function for securities in terms of money declines. This is the
case when the demand for consumers’ durable products rises, the new
demand being financed out of a rise in consumer credit, or when the
producers’ demand function for factors rises as a result, say, of in-
creased price expectations, the increased demand being financed, out
of the sale of securities held or increased borrowings. In this case,
the usual case of a general business upswing, there is a rise in the
prices of commodities generally and a decline in security prices or a
rise in interest rates.

3. 1If the current excess-demand function for securities rises in
terms of money and the excess-demand function for commodities re-
mains unchanged, then the price of securities will rise and interest
rates will fall. The associated rise in the discount factor represenis
a rise in the discounted expected prices of future commodities. It
will therefore induce an increase in the excess demand for current
commodities, and current commodity prices will rise,

We have assumed thus far that all commodity prices were flex-
ible and perfectly free to move in response 1o changes in demand and
supply. Under this assumption the demand and supply for each prod-
uct and factor must be equal in equilibrium when inelastic expendi-
ture plans are assumed. If, however, the price of some commodity—
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product or factor—is fixed rigidly at a level different from its equi-
librium level, then the demand and supply for that commodity will
not be equal. Thus, if under inelastic expenditure plans, product
prices are fixed rigidly above or below their equilibrium level, the
prices will not equate the demand and supply functions for these com-
modities. IT the prices are fixed rigidly above the equilibrium level,
consumption of these products will decline, and it will therefore be
necessary to curtail output up to the point where it is equal to the
quantity demanded at the fixed price. The producers will therefore
behave as they would if the price were in fact lower than the equi-
librium price. Thus, as Hicks points out, we may treat this problem
as if there were in fact two prices for the given commodity—a rigid
market price for the consumers and a lower “shadow price” for the
producers, the difference between the two prices being given as a bo-
nus to those who make the sales. The reverse of this argument holds
if prices are fixed below the equilibrium level. Here the low market
price will curtail production and it will be necessary to ration con-
sumption in some form in crder to enforce the lower price, Con-
sumers will therefore be forced to behave as they would if prices
were in fact higher than the equilibrium level. Here it is the market
price which determines the producers’ behavior and the shadow price
which determines the consumers’ behavior.!2

2 We may illustrate this mathematically in a two-product system. Ordinarily
our equilibrium conditions are:

L =X,(p,,p,) — }_{1(?1:?32) =0,
Iszz(pl :pz) - fz('p,,pg) =40 ,

where X is the net consumer demand funetion and X is the producer supply func-
tion. (The initial supply X is assumed to be zero.) Suppose however that p, is
fixed at a higher level than that which would result from this system of equa-
tions. Then we should have instead:

» =k, _.

X1=X1(’f=npg) =X,

P =v(X,,p,),

Xy (k,py) — X, (v, ) =0,
where &k is the fixed market price which is relevant for the consumer demand
functions and p', is the shadow price which is relevant for the producer supply
funections.

It may be worth noting here that Hicks’s diagrammatic solution of this vrob-
lem (pp. 110-111) is faulty, since in a multi-commodity system the two-dimen-
sional demand and supply curves for a commodity have no validity except at one
point. Thus the curves can be drawn at all only on the assumption that the
prices of all other commodities are fixed. But any change in price for the given

commodity will change all other prices, so that the two-dimensional! demand and
supply curves for the given commeodity will change.
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The identical argument holds for rigid wage rates. If wages are
fixed below the equilibrium level the demand for labor will have to
be rationed in some form. If on the other hand wages are fixed above
the equilibrium level there will be some unemployment. This unem-
ployment, however, must be clearly distinguished from the unemploy-
ment which, we found, may exist under unit-elastic expenditure plans
without any wage rigidities at all. The former can, whereas the latter
cannot, be eliminated by lowering the money wage rates.

The effect on other products and factors of the imposition of
rigid prices and wage rates cannot be so readily determined. If a
produet price is fixed above the equilibrium level it will give rise to
a consumer substitution effect in favor of other commodities which
will tend to raise other prices. On the other hand, since the shadow
price which affects the producer behavior is lower than the equilib-
rium level, there will ailso be a producer substitution effect in favor
of other commodities, The net effect on the other prices therefore
depends on which substitution effect is dominant. The same thing is '
true in the case of rigid wage rates, If the wage rates are fixed above
the equilibrium level there will be a producer substitution effect in
favor of other factors which will fend to raise their prices. On the
other hand the unemployed will tend to shift into other occupations
and this will tend to lower the wage rates there.

In an economy with rigid wage rates and unemployment, the
effects of shifts in demand and supply will be reflected not only in the
movement of prices but also in changes in employment, Thus if the
demand for commodities should rise in terms of money, not only
would the prices of these commodities rise, but the demand for labor
would also rise. Wage rates would remain unchanged but the volume
- of unemployment would decline. With wage rates unchanged there
would be no producer substitution effect away from other factors and
from products. The rise in prices of substitute factors and in prices
of products would thus be smaller than in a system with flexible wage
rates,

B. Unit-elastic Expenditure Plans

We have already seen that under this assumption the exeess-de-
mand function for every commeodity becomes a homogeneous function
of the current and discounted expected prices. If the interest rates
were perfectly flexible, then the equilibrium conditions would deter-
mine only the ratios between the current and discounted expected
‘prices, no maiter what the elasticity of price expectations might be.
Since the interest rates are not perfectly flexible, this is true only if
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the price expectations have unit elasticity. Under this assumption
only the price ratios are determined in equilibrium and there is gen-
erally some unemployment even in equilibrium. This unemployment,
as we have emphasized, cannot be eliminated by reducing money wage
rates since the effect of such a reduction is only to change all other
money prices in proportion, and the demand and supply of every com-
modity will remain unchanged. The effect of rigid wage rates in such
an economy is simply to determine the level of all prices; it is not to
determine the level of employment,

The level of employment can change in such a system only it
there is a change in the excess-demand functions. This will change
the price ratios, the quantities bought and sold of every commodity,
and the level of employment. Thus if there is an increase in the de-
mand for products, the ratios of product to factor prices will rise
This change in the price ratios will then lead to an increase in em
ployment, Similarly if there is an increase in the excess demand for
securities in terms of money, the prices of securities will rise ana
interest rates will fall. This will lead to an induced increase in the
excess demand for both products and factors, and employment will
increase,

APPENDIX TOo CHAPTER VIII

EQUILIBRIUM CONDITIONS UNDER HOMOGENEOQUS
EXCESS-DEMAND FUNCTIONS

Let the n excess-demand functions

Is=Is(p1;p21“';pu)

be homogeneous of degree zero with respect to the # prices. Assume
that there is a3 change in p, and that the prices of all other eommod-
ities adjust themselves so as to maintain equilibrium in those mar-
kets. Then it can readily be shown that there will be no change in the
excess demand for X, and all other prices will change proportionately.
Thus, differentiating the functions with respeet to p, and setting
dl./dp, =0 (r #* 1), we have
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Solving for dI,/dp, we obtain
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Since the functions I, are homogeneous of degree zero we have
ol, al, .ol
3 1 + + 4 py, =0.
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The value of a determinant remains unchanged if we add to any row
or column a multiple of any other row or column. Let us, therefore,
multiply the first column of the numerator in equation (2) by p, (in-
troducing a factor 1/p, on the outside) and add to it the elements in
each column ¢ multiplied by the corresponding price p; . We then ob-
tain

5 ol, oL, oI,

P p: op. P
@ d, 1 Ep‘alz o, ol a4

dp, D i ope /18

ol, ©ol, ol

2 o op; op.  oPa

where A is the denominator of eguation (2).
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By virtue of (3) the first eolumn in (4) consists of zeros, so that
dal,/dp, = 0.

Similarly it can be shown that dp./dp, = 2./, .

For we have

ol, ol el of, ol, ol,

op. P Pa op. oPs  pa

O S N O, R S (U
dp, op; Ops 8P, i 9P Py D

of, ol, o, ol, oI, ol

op, P 0Py . s P

Multiplying each eolumn in the numerator by the corresponding price,
adding to the first column, and making use of equation (3), we find
that the determinant in the numerator becomes the same as that in
the denominator except for a factor — p./p,. Consequently dp./dp;
= P:/P .

This proof is sufficiently general since the order of the commod-
ities is completely arbitrary.

Since the excess-demand functions are functions only of then — 1
price ratios, these may be determined by the condition that » — 1 ex-
cess-demand functions shall equal zero, These ratios then determine
the level of the excess demand for the remaining commodity. Thus
we have as our equilibrium system to determine the » — 1 price ra-
tlos

e B, )

L. D ¥

L=, 2 ) =o,
T O y 2
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P Y43

When the n — 1 price ratios are determined, I, is given by
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CHAPTER 1IX

MARKET EQUILIBRIUM IN AN INTERNATIONAL ECONOMY
I. BESCRIPTION OF EQUILIBRIUM

The market equilibrium in an international economy may be
analyzed in essentially the same manner as the equilibrium in a closed
economy. In each country there are market demand and supply func-
tions for commodities, securities, and money, the arguments of these
functions being the whole set of interest rates and prices in all coun-
tries. For each country the prices are expressed in terms of its own
eurrency, but each such price may be expressed in terms of the cur-
rency of some one country and the exchange rates between the cur-
rencies of the two couniries, both current and expected. (The ex-
pected exchange rate may, of course, differ from individual to indi-
vidual just as the expected prices do.) This is the basie relationship
which we have already considered in our static analysis of interna-
tional trade. Thus we have:

P = 13,

re ?

where, as before, the superscript indicates the country, and where
e,;,: is the expected (or current) number of units of currency 7 which
one must give for ohe unit of currency 1 in period ¢.

If the exchange rates are fixed, it follows immediately that given
the expectation funetions of future prices and interest rates, the cur-
rent demand and supply functions for every country may be written
as functions of the current prices expressed in terms of the currency
of country 1. We may, therefore, sum up the total world demand and
supply for each commodity and for each security and for money as
functions of the same variables.

The general market equilibrium conditions depend again on
whether the excess-demand functions are homogeneous of degree zero.
If they are not homogeneous then the equilibrium conditions require
that the total world demand for each commodity and for each security
{and consequently for money) shall equal the total world supply, or
that the total world import demand for each of these shall equal zero.
These conditions determine the current prices and interest rates in
terms of the currency of country 1. The prices in terms of each coun-
try’s own currency are then given by the exchange rates,

If the excess-demand functions are homogeneous of degree zero,

— 165 —
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then, ag we have already seen, only the price ratios between com-
modities will be determined in equilibrium, and there will generally
be some unemployment even in eguilibrium.

Some commodities and securities may be “domestic” in each
country—i.e., their exports may be identically equal to zero—but this
does not require any alteration in our statement of the equilibrium
conditions.

It is important to emphasize the differences between the dynamic
equilibrium conditions that we have just presented and the static
equilibrium conditions that we gave earlier. In a static economy the
conditions of equilibrium required that for each country the value of
exports of goods and services excluding “money” shall be equal to
the value of imports. No money was supposed to move in equilib-
rium. These conditions were valid in our static economy because we
had no true money in our system for which a demand function ex-
isted. There was no question for any individual as to how much of
his income he should hold in the form of money and how much he
should spend. Every individual was assumed always to spend all of
his income. No substitution was possible between commodities and
money. Money was simply a counter which was used to measure
values but was not a store of value. 1t was, therefore, not a part of
the equilibrium system at all, All of the equilibrium values of pro-
duction and consumption were first determined in terms of price ra-
tios between commodities without any reference to money at all
Money was then introduced simply to determine an absolute level for
prices upon the arbitrary assumption that there was a fixed rela-
tionship between the quantity of money held and the value of one’s
income. In such an economy, it is perfectly clear that in equilibrium
there will be no transfers of money between individuals and, a for-
tiori, no exports of money between countries. The value of exports of
goods and services must then be equal to the value of imports for
each country in the absence of reparations.

In our dynamic economy, however, we have introduced a true
money for which demand and supply functions exist just as for any
other security. Here money is no longer a counter which bears a
fixed relationship to the value of one’s “income” but a store of value
very much like a security for which the demand and supply vary ac-
cording as prices and interest rates vary. It is obvious, therefore,
that the equilibrium conditions for any given period do not require
that no transfers of money shall take place. The volume of exports
or imports of money for each country may very well differ from zero
in the equilibrium for any given period. As a corollary, the value of
exports of goods and services (volume of money) may very well dif-
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fer from the value of imports for each country even in the absence
of reparations payments or international borrowings. This is an es-
sential departure from the classical concept of international equilib-
rium which is based upon the assumption of neutral money.

If the exchange rates are not fixed but are left free to vary, then
we have » — 1 additional variables to determine, one exchange rate
for each but the first country. Free exchange rates, however, imply
that each country determines for itself what quantity of money it
shall hold. In this case we have v — 1 additional independent equa-
tions which must be satisfied in equilibrium. The demand for money
in each of the v — 1 countries must be equal to the supply of money
in that country. The equation for the first country follows from the
rest. Qur system, therefore, remains determinate. If may be worth
noting that the exchange rates need not be free for every country;
there may be a bloc of countries between which the exchange rate is
fixed.

1I. THE LAWS OF THE WORKING OF THE INTERNATIONAL EQUILIBRIUM
A, Under Fized Exchange Rates

The laws of the working of a general-equilibrium system have
already been indicated for a closed economy. In this section, there-
fore, there remain to be treated only those problems which are espe-
cially related to international movements.* It is necessary, first of
all, to distinguish between a world in which exchange rates are fixed
and one in which they are variable. The analysis is simpler in the
former than in the latter case by virtue of the rule which states that
a group of commodities between whose prices fixed ratios are main-
tained may be treated as one commodity. Thus, when exchange rates
are fixed, there are no separate demand and supply functions for in-
dividual currencies; there is but one demand and supply function for
all currencies taken together. In this section we shall confine our-
selves to the assumption of fixed exchange rates; in the next we shall
treat variable exchange rates.

1. Imcrease in demand for deomestic commodities in terms of se-
curities
This case represents a rise in the propensity to consume or to

1 An excellent treatment of the fheory of intermational-trade equilibrium
along Keynesian lines is to be found in an article by Lioyd A. Metzler, “Under-
employment Equilibrium in International Trade,” Econometrica, Vol. 10, April,
1942, pp. 97-112. See also hiz article, “The Transfer Problem Reconsidered,”
Jowrnal of Political Economy, Vol. 50, June, 1942, pp. 397-414. Professor Mach-
lup’s book, International Trade and the National Imncome Multiplier, appeared
while this book was in press.
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invest. Under full employment it will result in a rise in the prices
of domestic goods and a shift in production from foreign-trade goods
to domestic products. Export and import prices generally will also
rise to some extent by virtue of the substitution effect. The quantities
of exports will tend to decline while the quantities of imports will
tend to rise. Although the value of exports may either rise or fall,
the commodity balance of trade, i.e.,, the value of the country’s ex-
ports minus the value of its imports, will almost certainly decline.
In the rest of the world, prices generally will also tend to rise, and
there will be a shift in production from domestic to foreign-trade
goods.

If unemployment exists, the increase in demand for domestic
commodities will lead not only to an increase in prices but alse to an
increase in total employment, output, and income. The increase in
income as well as the increase in domestie prices will lead to a rise
in imports also. This in itself serves as a damper on the expansion
in the given country, but it raises employmeni, output, and income
abroad. In turn the foreign ccuntries affected will increase their im-
ports from other countries (including the given country). Thus both
exports and imports will rise for the country initiating the expan-
sion as well as for the rest of the world. The commodity balance of
trade for the initiating country will ordinarily decline, however, since
the increase in the foreign demand for the country’s exports is only
the resuit of the increase in the country’s demand for imports from
abroad.

If the country is a net importer of capital, its net capital imports
will tend to rise. The greater the elasticity of the foreign demand
for securities, the greater will be the given country’s capital imports.
If the country is a net exporter of capital, its net capital exports will
tend to decline. The greater the elasticity of the foreign supply of
securities the greater will be the decline in its capital exports.

2. Increase in demand for import commodities in terms of secur-
ifies
This case represents a rise in the propensity to import without
any offset in the propensity to spend at home, In the first instanece it
will result in a rise in the prices and output of export goods abroad.
If there is unemployment abroad, total employment and output will "
increase in the foreign countries. Otherwise there will simply be a
shift in employment and output from their domestic commeoedities to
their export goods. The increase in prices or employment (or both)
abroad will, in turn, lead to some increase in priees or employment (or
both) in the given country. The baianece of trade of the given country
will again almost certainly decline.
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3. Shift in demand from domestic to import commodities

In a system of fully flexible prices this shift will result in a de-
cline in domestic prices, and, by virtue of the substitution effect, prob-
ably in export prices as well. Import prices, however, will rise. These
price changes will be associated with a shift in production from do-
mestic to foreign-trade goods. In the rest of the world the effect will
be qualitatively the same as that discussed in the previous paragraph.
Quantitatively, however, the effects on the rest of the world of a giv-
en autonomous increase in a country’s demand for import goods will
be different according as the given country’s demand for domestic
goods does or does not change. For, as we saw in the first case, an
autonomous change in the demand for domestic goods gives rise to
an induced change in the demand for import goods. In this case there-
fore the autonomous increase in the demand for import goods will
be dampened to some extent by the reduction resulting from the au-
tonomous decline in the demand-for domestic goods.

If wage rates are rigid the shift from domestic to import goods
will resuit at first in a decline in employment in the given country
and a rise in employment in the rest of the worid. Each of these
changes in employment will, of course, tend to spread to the rest of
the world. It is possible therefore, but not likely, that the shift should
finally result in an increase or in a decrease of employment in both -
places.

4. Rise in demand for commodities generally in terms of securities

This case is characteristic of a general business upswing. Under
a system of flexible prices, domestie, export, and import prices gen-
erally will rise. Domestic prices may be. expected to rise most, and
import prices least.? This implies a shift in employment and output
from foreign-trade goods to domestic goods. It further implies a rise
in the quantities of goods imported and a decline in those exported.
Although the value of the country’s exports may rise or fal), its com-
modity balance of trade will almost certainly decline.

If unemployment exists, the rise in demand will lead not only to
an increase in prices but also to a rise in total employment and out-
put. Since the increase in demand is also directed at foreign goods, it
will increase employment and output in the rest of the world as well.

2 The percentage incresse in the price of any commodity will tend to be the
greatg‘). the greater is the percentage rise in the aggregate world demand for
the eommodity;

(b) the lower is the elasticity of demand for that commeodity with respect
to its own price;

{c) the lower is the elasticity of supply for that commodity with respect
to its own price.
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In turn this will lead to an increase of exports and therefore a fur-
ther rise in output and employment in the given country.

5. Effects of reparations payments

In our static analysis the payment of reparations implied a de-
erease in the paying country’s demand function for commodities by
the full amount of the reparations and a corresponding increase for
the receiving country. The reason for this correspondence lay in the
fact that our system really contained only commodities; there were
no securities or real money in the system. Our dynamic system, how-
ever, contains commodities, securities, and money. It is conceivable
therefore that the payment of reparations should leave the demand
funetions for commodities in one or both countries unaltered. Thus
in the paying country the Government may finance its payment of
reparations through the flotation of a loan. The reparations payments
would therefore be offset by an increased demand function for se-
curities rather than by a decreased demand function for commodities.
Similarly in the receiving country the Government may use the repa-
rations to repay a part of the public debt, rather than to inerease the
demand for commodities. We may consider a number of possibilities
at this point:

(a) If the reparations payments are made through the flota-
tion of a loan and the receipts are used to repay the debt, then the
primary effect of the reparations will be reflected in movements of
the Interest rates in the two countries. Prices and output of products
will be affected only through the changes in interest rates. And these
effects, as we have already noted in the previous chapters, are likely
to be small.

{b) 1If the reparations payments are financed through taxes
and the receipts are used fo repay the debt, then the reparations will:
have a seriously deflationary effect on the world as a whole. For they
will lead to a significant decrease in the demand for goods in the
paying country (the magnitude depending on the income elasticity of
demand) which will not be offset by an increase in the demand in the
receiving country. Prices or output or both will therefore decline in
the paying country and the decline will spread to the rest of the
world through the fall in the country’s demand for imports (both
primary and induced).

(¢) If the reparations payments are financed through borrow-
ing and the receipts are used to reduce taxes or to increase Govern-
ment expenditures directly, then the effect is likely to be inflationary
on the world as a whole, The reasoning here is parallel to that of the
preceding paragraph. ILest the point be misinterpreted it might be
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well to emphasize the fact that the expansionary effect here is the
direct result of the primary increase in expenditures in the receiv-
ing country. The reparations receipts simply make it possible for the
Government to increase expenditures or to reduce taxes without in-
creasing the national debt.

(d) The case in which the reparations payments are financed
through taxes and the receipts are used to reduce taxes or to increase
Government expenditures is a combination of the preceding two cases.
The direct effect of the reparations will be deflationary for the pay-
ing country and inflationary for the receiving country. The indirect
effects through foreign trade, however, will work in the opposite di-
rection in each case. 1If the direct effects are of equal magnitude,
the indirect effects will generally not suffice to counteract them
in either country, since the propensity to import is usually small-
er than the propensity to spend at home. If, however, the direct ef-
fects are of unequal magnitudes, then the indirect effect of the coun-
try exercising the greater direct influence may be sufficient to coun-
teract the direct effect of the other country. Thus if the direct con-
traction in demand in the paying country is greater than the direct
expansion in the receiving country, the reparations may prove to be
deflationary for the world as a whole. This result is extremely likely
in a period of general depression.

6. Effects of capital movements

The effects of capital movements may be analyzed in much the
same way as those of reparations payments. In the classical theory
of international trade it was usually assumed that capital movements
implied a reduction in the lending country’s demand for goods by the
amount of the money lent, and an equivalent increase in the borrow-
ing country’s demand. The conclusion was therefore that capital
movements were likely fo be deflationary on the lending country and
inflationary on the borrowing country. It should be quite evident at
this stage that such an ansalysis is extremely oversimplified. An au-
tonomous increase in capital exports is likely to represent an increase
in the demand for foreign securities in terms of money rather than
in terms of commodities.* The direct effect of the capital exports is
therefore likely to be limited to the markets for securities—i.e., do-
mestic interest rates are likely to rise. This will tend to depress the
demand for durable goods in the lending country, but, as we have
already noted, the effect of a rise in interest rates on the demand for

3 A decline in the demand for commodities which lasts for any length of time

is not likely to be accompanied by an increase in the supply funetion for foreign
loans.
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goods is likely to be small. On the other hand in the borrowing coun-
try the capital imports are likely to represent a primary shift from
securities to commodities. If, as is frequently the case, a substantial
fraction of the increased demand for commodities is directed at the
capital-lending country, the effect of the capital movements will be
inflationary on both the lending and the borrowing country.

7. The imposition of foreign-trade restrictions

It is clear that an increase in imports is directly deflationary
whereas an increase in exports is directly inflationary. It is this fact,
of course, that lies behind the almost stifling trade restrictions which
developed in the twenties, Economists have usually argued that trade
barriers are harmful to all countries, including the one that imposes
them. Even in the pure theory of international trade, however, it
was shown that, although the world as a whole would lose, an indi-
vidual country could gain by imposing a tariff, provided that the tariff
was not too large. (The gain is essentially the same as that enjoyed
by a monopolist seller as compared with a seller under pure competi-
tion.) This theory, however, did not take into account the possibility of
the existence of unemployment. Furthermore it agsumed that (in the
absence of continuing capital movements) the value of exports must
be equal to the value of imports. Consequently any reduction in the
value of a country’s imports would necessarily lead to an equivalent
decrease in the value of its exports. It could not, therefore, result in
an expansion of total output and employment.

This analysis now appears oversimplified. Import restrictions do
have a direct inflationary effect on the country that imposes them
even though they have a deflationary effect on the rest of the world.
This statement, of course, does not imply that the imposition of such
restrictions is wise even when unemployment exists. In the first
place such actions generally lead to retaliatory measures which cur-
tail exports. The net result is therefore likely to be a general decline
in the demand for goods, in which all countries lose. A very strong
argument against import restrictions may be made, however, even
in the case where the foreign governments do not retaliate. It has
already been pointed out that the direct effect of the import restric-
tions on the rest of the world is deflationary. If their exports con-
stitute an important fraction of their income, the secondary reper-
cussions may aggravate the contraction to such an extent as to lead

4 Cf. Jacob Viner, Studies in the Theory of International Trade, (New York,
1986), p. 434. ‘

“Paradoxical though it may seem at first glance, the increased export of capi-
tal may be the cause, and may in fact constitute the bulk, of the internal expan-
sion of business activity.”
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to a general world depression which spreads to the first country as
weil. This 18 particularly likely under elastic price expectations.

B. Under Free Exchange Ratess

The previous analysis was based on the simplifying assumption
of fixed exchange rates. Under this assumption all currencies may be
treated analytically as one ecommodity (namely, money) for which
there exists a world demand and supply. Money then flows freely
from one country to another in accordance with the conditions of
world demand and supply for commodities, securities, and money.
Under the inverse assumption of free exchange rates money cannot
flow at all between countries. The volume of currency in each coun-
try is then determined by the demand and supply conditions for the
currency in each country. separately, rather than by the world demand
and supply conditions.for currency as a whole. Instead of the free
flow of currency between countries, however, we have the free varia-
tion of exchange rates between currencies in accordance with the equi-
librium conditions of demand and supply.

It may be worth while to consider in somewhat greater detail
the nature of the general-equilibrium determination under a system
of free exchange rates. In each country there are demand and supply
functions for commodities, for securities, and for money, each ex-
pressed as functions of the commeodity prices and interest rates (or
security prices) in terms of the currency of that country, (Given ex-
pectation functions are assumed.) These may be expressed as func-
tions of the commodity prices and interest rates in terms of the cur-
rency of some base country and the exchange rates between the two
currencies. Our unknowns are, therefore, reduced to the following:
the commodity prices and interest rates in terms of some one cur-
rency and the exchange rates between every currency and that of the
base country. To determine these unknowns we proceed as follows:
For each commodity and for each security we may add the demand
and supply function for all countries to obtain the total world demand
and supply functions. In equilibrium the total world demand for
each commodity and for each security must equal the total world sup-
ply. These equalions are insufficient to determine all the unknowns,
since the number of unknowns exceeds the number of these eguations
by the number of exchange rates (one less than the number of coun-
tries) between the currencies of each country and the currency of

5 For a more extended treatment of international trade under free exchanges
which differs in several respects from our analysis, see G. Haberler, Prospertiy
and Depression.
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country 1. However, we have an equal number of additional inde-
pendent equations which must be satisfied in equilibrium. The de-
mand for money in each of the v — 1 countries (v equals the total
pumber of countries) must be equal to the supply of money in that
country. (The equation for the first country follows from the rest.)

In this analysis we have omitted the equation of demand and
supply for foreign exchange from our general-equilibrium system.
The demand for foreign exchange in any country is, of course, equiva-
lent to the sum of the value of the country’s imports of commodities
and securities, while its supply of foreign exchange is equivalent to
the sum of its exports of commodities and securities. Since our equi-
librium system states that the total world demand for commeodities
and for securities must equal the total world supply, and that the
demand for money in each country must equal the supply of money
in that country, it follows immediately that the total world demand
for bills of foreign exchange must equal the total world supply.

Instead of retaining in our equilibrium system the equation for
money in each country and eliminating the equation for foreign ex-
change, we may reverse our procedure. We may eliminate the equa-
tion for money and instead introduce the equations for foreign ex-
change. We should thus have v — 1 independent equations specifying
that the total world demand for foreign exchange of each of the
¥ — 1 countries in terms of one currency must be equal to the total
world supply. This corresponds more closely to the usual procedure
of determining the exchange rates by the demand for and supply of
foreign exchange. It should be noted, however, that in our system,
the exchange rates are determined simultaneously with the other un-
knowns (the prices and interest rates) by the equation of the demand
and supply in all markets, including the commodity and security
markets.

Under a system of free exchanges, money does not move between
boundaries, so that the value of a country’s imports of commodities
and securities must equal the value of its exports. The implications
of this statement should be clearly understood. It means for instance
that where there are no international transactions in securities, any
increase in the value of the commodity imports of country X must
of necessity lead to an equivalent inerease in the value of the com-
modity imports of country ¥. (Country Y represents the rest of the
world.) It does not mean, however, that this shift is neutral in its
effect upon the total volume of expenditures on goods produced in Y.
This would be true only if the increase in the value of ¥Y’s imports
(resulting from the increase in the value of its exports) were exactly
offset by an equal decrease in its expenditures on its own goods. This,
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however, is not a necessary result. The assumption of free exchange
rates implies that the increase in the value of X’s imports is exactly
offset by an increase in the value of ¥’s imports. It does not imply
that the latter is also exactly offset by an equal reductlon in ¥’s ex-
penditures on its own goods.

With these preliminary statements in mind we may now proceed
to analyze in somewhat greater detail the effects of shifts in demand
in a system of free exchanges. Before doing so, however, we must
consider the effects of changes in exchange rates, We define X’s ex-
change rate on Y as the number of units of X’s eurrency which must
be paid for a unit of Y’s currency. A rise in X’s exchange rate, there-
fore, makes its imports from Y more expensive in terms of its own
(X’s) currency and its exports to Y cheaper in terms of ¥Y’s cur-
rency. Conversely, a fall in X’s exchange rate makes its imports from
Y cheaper in terms of its own currency and its exports to ¥ more
expensive in terms of Y’s currency. What is the effect of a rise in X’s
exchange rates upon the demand for commodities? On the assumption
that the elasticity of exchange-rate expectalions is not greater than
unity, country X’s demand for foreign exchange will decline, namely,
its demand for imports will go down. On the further assumption that
all goods are substitutes, its demand for its own goods will increase.
Its expenditures on its own goods will, therefore, definitely increase,
but its expenditures (in terms of its own currency) on.imports may
either rise or decline. Its total expenditures on all geods (native and
imports combined) may, therefore, either rise, or decline, or remain
unchanged. On the other hand, country ¥’s demand for imports from
X will increase while its demand for its own goods will decline. Here
there is a definite decline in its expenditures on its own goods, but
its expenditures (in terms of its own currency) on imports from X
may either rise or fall. Thus country ¥’s expenditures on all goods
may also rise or decline or remain unchanged. :

We may now consider several illustrations of sh1fts in demand.
It will be convenient to abstract from international transactions in
securities in the first stage of our analysis.

1. Suppose that in country X there is a shift in demand from
money to Y’s export goods, the demand for its own goods remaining
unaffected. Then X’s demand for foreign exchange increases and its
exchange rate rises. For X this is eguivalent to a rise in the price
of its imports, but for Y it is equivalent not to a rise in the price of
Y’s exports but to a decline in the price of X’s exports. In X the
rise in the demand for ¥’s goods normally leads to an increase in X’s
expenditures (in terms of its own currency) on ¥’s goods. Since the
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value of Y’s imports must egual the value of its exports, Y’s expen-
ditures (in terms of X’s currency) on X's goods will also increase.®
The rise in the foreign-exchange rate also leads to an increase in X’s
expenditures on its own goods (assuming all goods to be substitutes).
The shift in demand from money to import goods thus leads to a sec-
ondary increase in the total demand for its own goods. This is es-
sentially the same result as under a fixed exchange system.

In country Y, however, the results are quite different from what
one would expect under a fixed exchange system. The change in the
exchange rate leads to an increase in ¥’s demand for imports and to
some decrease in its demand for its own goods. If the inerease in Y’s
demand for imports is not sufficiently great to lead to a rise in its
expenditures (in terms of its own currency) on these goods, then the
total expenditures for its own goods will decline. On the other hand,
its expenditures for imports may rise to such an extent as to more
than offset the decrease in its expenditures on its own goods. Since
its expenditures on X’s goods must equal X’s expenditures on its
goods the total expenditures on its goods will rise. So far as country
Y is concerned, therefore, the shift in X’s demand from money to
goods of couniry Y has essentially the same effects as X’s shift from
its own goods to money would have in a system of fixed exchanges.

2. If there is a shift in demand in country X from money to
its own commodities (its demand functions for ¥’'s goods remaining
unchanged), then the prices of its own goods will rise. In country
X this will lead to an increase in the demand for ¥’s goods; in coun-
try Y it will lead to a decrease in demand for X’s goods and to an in-
crease in demand for its own goods. The shifts in demand for im-
ports in the two countries are tantamount to a rise in the demand
curve and a decrease in the supply curve for foreign exchange. Coun-
try X’s exchange rate on Y will, therefore, rise until the quantity of
foreign exchange (Y's currency) supplied is again equal fo the quan-
tity demanded. If the new quantity of foreign exchange supplied is
equal to or greater than the old, this means that the value of ¥’s im-
ports and, therefore, the value of its exports in terms of its own cur-
rency has remained unchanged or has risen. In that event the total
expenditure in terms of Y’s currency on the goods produced in Y
will definitely have risen, since Y’s demand for its own goods has

¢ It should be noted that since X's exchange rate on Y rises, the expenditures
on import goods in terms of X’s currency can rise even though the expenditures
in terms of Y’s currency may fall. Thus when X’s demand for foreign exchange
rises, the equilibrium quantity of foreign exchange (Y’'s currency) bought will
fall if the supply curve for foreign exchange is negatively sioped. However, the
total expenditure (in X’s currency) on foreign exchange will rise unless the nega-
tive elasticity of supply is sufficiently small algebraically.
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risen as a result of the incresse in X'’s prices. This would seem to
be the normal result. It is quite possible, however, that the supply
of foreign exchange and, therefore, the value of Y’s exports should
decline to such an extent as to more than offset the rise in Y’s demand
for its own goods. Under these circumstances, the total expenditures
in terms of Y’s currency on the goods produced in ¥ would decline.

3. The effecis on Y of an expansion in X’s demand for all goods
(both its own and Y’s)} may be obtained by combining the results
obtained in the preceding two paragraphs. It is assumed that nor-
mally the supply curve for foreign exchange is positively sloped. We
may also assume that in the case of an expansion of demand in X,
the demand for foreign exchange will normally rise more than the
supply curve will decline.” Consequently, the new equilibrium quan-
tity of foreign exchange will normally be higher than the old, name-
ly, the value of Y’s exports in terms of its own currency will nor-
mally rise. Since the rise in the prices of goods produced in X leads
to an increase in ¥’s demand curve for its own goods, Y’s expendi-
tures on its own goods will normally also increase despite the rise in
the exchange rate. Consequently, it appears that normally an expan-
sion in one country will tend to overflow into the rest of the world.
It is possible, however, that it should have no effect or that it should
even lead to a contraction in the rest of the world.

4. Thus far we have neglected capital movements or inter-
national transactions in securities. It should be clear from the whole
analysis that we cannot analyze the effects of capital movements
without clearly specifying the nature of the initial shift in demand
which has produced these movements. The results in the case of an
increased import demand for capital may be different from those of
an increased export supply of capital. Within each of these two cate-
gories the results may further be different according as the shift in
the demand or supply for capital takes place in terms of the demand
or supply for commodities or in terms of the demand for or supply
of money.

(a) Suppose that in country X there is an increase in the de-
mand for Y’s securities in terms of money (namely, a shift from
money to foreign securities). Then X’s demand for foreign exchange
rises and its exchange rate on ¥ rises. This rise leads to an induced
decline in the quantities of imports demanded and to an induced in-
crease in the demand for domestic goods, The rise in demand for

7 The demand curve for foreign exchange rises both directly as a result of
the rise in X’s demand for Y’s goods and indirectly as a result of the rise in
X's prices, whereas the supply eurve declines only indirectly as a result of the
rige im X’s prices.
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foreign exchange means that X will spend more in its own currency
on Y’s commodifies and securities. Since the combined value of its
imports of commodities and its net purchases of securities must
equal the value of its commodity exports, this means that the value
of its commodity exports in terms of its own currency will also rise.
The increase in capital exports thus has a stimulating effect on the
exporting country.

For country Y the change in the exchange rates is equivalent
to a fall in the prices of its import goods, which leads to a reduction
in its demand for its own goods and to a rise in the quantities of im-
ports demanded. Since the rise in the exchange rate also leads to a
reduction in the quantities of imports demanded by X, it appears
that the shift is likely to have a deflationary effect on the capital im-
porting country.

(b) The results we obtain under paragraph (a) are based on
the assumption that the shift in X is from money to securities. If,
however, the shift is from X’s goods to foreign securities then the
stimulating effect of the capital exports on X will be approximately
cancelled by the initial decline in its demand for its own goods. Its
capital exports will, therefore, tend to be neutral on country X. The
depressing effect on the importing country Y, however, remains es-
sentially unchanged.

(¢} We have seen that a contraction is not very likely to start
in a capital-exporting country X as a result of an increase in its de-
mand for foreign securities. Suppose, however, that there is a shift
in demand in country Y from its securities to its commodities. Then
the prices of its commodities rise and those of its securities fall. This
may lead to a decline in X’s total demand for foreign exchange, par-
ticularly if the demand for import goods is sensitive o price changes.
Its combined expenditures (in terms of its own currency) on com-
modities and on the net purchase of foreign securities will then de-
cline. The value of its commodity exports will, therefore, decline. Un-
less the increase in ¥’s commodity prices leads to a sufficiently large
increase in X’s demand for its own goods there will be a contraction
in the total expenditure on goods produced in the capital exporting
country.

It has sometimes been argued that a system of free exchanges
prevents the spreading of expansions and contractions from one coun-
try to another. The examples cited, though merely illustrations, are
sufficient to indicate, however, that countries cannot immunize them-
selves by adopting a system of free exchange rates.



CHAPTER X
CONCLUSION

The classical theory of international trade has suffered from the
basic defect of not being integrated into the general body of economic
thought. Traditionally, one approach has been employed in the theory
of a closed economy, and another in the theory of international trade.
The reason for this difference has been well analyzed by Viner in his
Studies in the Theory of International Trade. The classical theory of
international trade was developed with a view to solving macrocos-
mic problems; the effects of trade between two countries, the effects
of unilateral payments, the effects of tariffs, bounties, ete. For such
problems the partial-equilibrium approach develeped by the classieal
writers for dealing with a domestic economy was totally inadequate.
Such an approach is satisfactory only if all other determining condi-
tions do in fact remain substantially equal when there is a change in
any one of them, By assumption, however, the problems in the field
of international trade were such that all other determining conditions
did not remain equal. Resort was therefore had to a form of general-
equilibrium analysis in this field.

This form, however, differed markedly from the general-equilib-
rium analysis of a closed economy which was developed by the Lau-
sanne school. If was, on the one hand, far less general than the Lau-
sanne theory, but on the other, considerably more fruitful. The Lau-
sanne theory was sufficiently general in that it could include any num-
ber of individuals, firms, and commodities. But the system which it
developed was so complex that, on the whole, the Lausanne theory
satisfied itself with a demonstration of the possibility of equilibrium
without analyzing the laws of its working. The classical theory of
international trade, however, was basically concerned with the laws
of change of the international equilibrium system. It therefore re-
sorted to extreme oversimplification. Most of its analysis was de-
veloped in terms of two representative individuals within two coun-
tries trading in two representative commodities. That such an ana-
lytical system is insufficient to lay bare the complexities of an eco-
nomic system in which there are millions of different individuals,
firms, products, and factors in hundreds of countries requires no em-
phasis. The classical theory simply assumed this whole problem away.

This is clearly shown by the quotation from Edgeworth cited at the
beginning of this book:

— 179 —
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A movement along a supply-and-demand curve of international trade ghould
be considered as attended with rearrangements of internal trade; as the move-

ment of the hand of a clock corresponds to considerable unseen movements of the
machinery.

This book is essentially a study designed to lay bare these unseen
movements of the machinery. It is thus designed to close the gap be-
tween the theory of international value and the theory of value in a
closed economy. It is possible to do this, now that the laws of the
working of a general-equilibrium system have been developed. We
are thus able to discard the restrictive assumptions of two individuals
trading in two commodities, and to consider the perfeetly general
case in which there are any number of individuals, countries, firms,
products, and factors., The whole study resolves itself into two parts:
(1) an analysis of the characteristics of the equilibrium position un-
der given conditions, and (2) an analysis of how the equilibrium
values differ for different values of the determining parameters. The
theory is applied in successive stages, first to the static equilibrium
of an exchange economy, then to the static equilibrium of a produc-
tion economy, and finally to a dynamic temporary equilibrium. In
each case the equilibrium of the economic unit is first considered and
the laws of its working analyzed. The equilibrium of the whole econ-
omy is then arrived at by determining the conditions under which
the equilibria of all economie units become mutualiy consistent.
Once the properties of the general equilibrium of the entire economy
are determined, it is possible to determine the laws of its working.
By this means we may trace through the effects of a change in any

of the determining eonditions on the economic position of every unit
in the world economy.
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Barter terms of trade, 78

Capital effect, 121122
Capital movements, 171-172
Compensated price variation, 20-21
Complementarity, in consumption
definition of, 22-26
market complementarity, 33
and stability of exchange, 40-42
and laws of change, 42-51
inverse complementarity, 4547
Complementarity, in production, 100-
101, 104105
Consumer demand, dynamic, 115-129
Consumer demand, statie
in exchange economy, 14-32
in production economy, 101-103

Domestie commodities, defined, b5

Elasticity of expectations
defined, 124127
and stability of economy, 150-157
Elasticity of expenditure plan, 152-153
and laws of change, 157162
Elasticity of reciprocal-demand curve,
78-79, 81-85
Eguation of exchange, 37-38
Equilibrium conditions, dynamie
for individual consumer, 115-121
for individual firm, 137-141
market equilibrium, 149-157
in international economy, 165-167
Equilibrium conditions, statie
for individual consumer, 9-14
in exchange economy, 3642
in international economy, 52—60
for individual firm, 94-98
in production economy, 103105
Exchange rate, 54-55
Expeetations, 124-127
Expenditure plan, 116-118
Export taxes, effect of, 69, 7T0-T1

Fixed exchange rates, 167-173
Foreign exchange, demand for, 174
Free exchange rates, 173-178

Fundamental equation of value theory,
920

Geﬁal-equilibrium analysis, outline of,

Homogeneous demand functions, 27-29,
153, 162-164

“Impediments” to trade, 64-74
Import taxes, effect of, 6568, 69-70
Income effect, 1618
Indifference eurves, 4
Inferior goods, 17
Interest
zero rate of, 120-121, 140-141
effect on consumer plan, 128-129
and risk, 129-133
effect on producer plan, 143144
and stability, 1656—157

Laws of change, dynamic
for individual consumer, 121-129
for individual firm, 142-144
for closed economy, 1567-161
for international economy, 167-178
Laws of change, static
for individual consumer, 14-30
for exchange economy, 42-51
for international economy, 60-64
for production economy, 106-109

Marginal productivity, 95
Marginal rate of substitution
with respect to consumption, 7-8
with respect to production, 95
Marginal rate of transformation, 95
Marginal utility
ang— Smarginal rate of substitution,

of money income, 17
Maximization

of utility, 11-14

of entrepreneurial surplus, 95-98
Measurability of utility, b
Money

and numéraire, 37-88, 149150

quantity theory of, 37

demand for, 129136

and rate of interest, 120136
Money flows in international trade, 86—

93

Money prices
determination of, 37-38
in international economy, 58-59, 63—
64 :

Numéraire, defined, 9

Planning
consumer, 115-136
producer, 137-148 .
under certainty, 115-129, 137-144
under risk, 129-136, 144-148
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Preference scale, 4-8
Price effect, in consumption
static, 18-22
group, 29-30
dynamic, 122-127
Price effect, in production
statie, 98-101
dynamie, 142-143
Producer demand
statie, 98-101
dynamiec, 137-148
Producer supply function
static, 98-101
dynamic, 137-148
Purchasing-power parity, 55

Quantity theory of money, 37-38

Reciprocal-demand curves, 77-81
Regression, 101 .
Reparations payments, see unilateral
payments
Rigid prices, 159-162
Risk
in consumer planning, 129-136
in producer planning, 144-148
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Securities, 129-136, 158159, 167-178
Shadow price, 164
Stability conditions
in eguilibrium of exchange, 39-42
for individual firm, 97-98
m equilibrium of production, 103-104
in dynamic economy, 160-157
Substitution effect
for the individual consumer, 22-26
for all consumers, 32

Taxes and international trade, 64~-74
“Terms of trade,” 75-86

Token money, 9-10

Transformation function, 94-95

Unemployment in eguilibrium, 153-154,
160-162
Unilateral payments
and static international equilibrium,
56-60 ,
effects of changes in, 60-64, 7586
and reciprocal-demand curves, 79-81
and money flows, 86-93
in dynamic economies, 170-171
Utility functions, 4-8



