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Abstract

We show that the static optimal income tax problem is tightly connected
to the heat equation. The optimal tax satisfies a particular version of tax
smoothing — averaging welfare gains and behavioral losses at all income scales
with the Gaussian averaging function. As heat in a steady state is spread
evenly across all possible areas of the medium, the optimal tax spreads the
benefits and the costs of taxes across all ranges of income. Tax smoothing also
holds along the trajectory of the gradient flow that reforms existing taxes in
the direction of the increase in welfare. As heat smoothes the most uneven
parts of the medium and quickly spreads through the most sensitive parts, the
tax reform is most important in the income regions where the marginal taxes

are the most suboptimal and where the behavioral effect is large.
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Introduction

One of the classic principles of optimal taxation is smoothing benefits and dis-
tortions that taxes create. We show that a particular version of this principle
is also an important characteristic of the static optimal nonlinear tax (Mirrlees
1971). The optimal solution of this problem is tightly connected to the heat
equation, one of the most well-studied and well-behaved partial differential
equations, that possesses strong smoothing properties.

Our first main result shows that the optimal tax satisfies a certain invari-
ance relationship — tax smoothing across different income scales. We show that
the equity-efficiency tradeoff is represented by the social planner averaging the
social welfare gains of redistribution and the behavioral responses of optimal
taxes at all income scales. Just as heat in a steady state is spread evenly
across all possible areas of the underlying medium, the optimal tax spreads
the underlying costs and benefits of the taxes at all income ranges.

Specifically, the results for the optimal tax are as follows. It is well known
that the optimal tax is characterized by a second-order ordinary differential
equation. We associate with that equation a heat kernel which is a solution
to the heat equation, the second-order partial differential equation that shows
how heat diffuses in a medium. The steady state of this heat equation is the
optimal tax. We show that the optimal tax at any given income satisfies the
invariance relationship — it is determined as a weighted average of the welfare
gains and the weighted average of the optimal taxes at other incomes. This
proposition states that the central tradeoff of the optimal Mirrlesean taxation,
the equity versus efficiency tradeoff, is represented in a particular way. Simi-
larly to heat spreading evenly across all areas of a medium, the planner wants

to spread benefits and the costs of taxes across all possible income ranges. We



show that the averaging function behaves like a Gaussian and, hence, possesses
strong smoothing properties. For any income range, we provide a Gaussian
upper bound that shows that the heat kernel decays as the Gaussian so that
the more distant incomes are exponentially downweighted. For the small scale
asymptotics, when averaging is done over the small neighborhood of incomes,
the heat kernel is essentially the Gaussian. Different scales are represented by
the wider Gaussians that are connected to each other by gradually encompass-
ing larger ranges of incomes. In other words, the equity-efficiency tradeoff is
smoothed at every income range similarly to heat spreading evenly across all
possible ranges in a medium.

Our second set of results show that smoothing holds also for the tax reform
of any initial (optimal or suboptimal) tax function and identifies the most im-
portant areas of such reform. We construct a gradient flow tax reform that
changes the underlying tax function in the direction of the steepest descent
of the change in the social welfare and show that it is a heat equation. The
optimal tax is the steady state of this gradient flow. We prove that the short-
term reform, that is the small-time behavior of the gradient flow, is such that
the evolved tax is equal to the Gaussian average of the welfare gains and the
Gaussian average of the taxes at other incomes. Intuitively, a heat equation
diffuses initial temperature such that at each point of the medium the new
temperature distribution is a Gaussian average of the nearby points of the
initial distribution and, hence, is smoothed over. In our taxation context, the
short-term tax reform similarly smoothes the equity and efficiency consider-
ations by taking a Gaussian average of the welfare gains and the behavioral
effects at the nearby incomes.

We then show that the short-term tax reform is most important in the

income regions where either the marginal taxes are far from the short-term



optimum or where the behavioral effects determined by the elasticity and the
density of incomes are large. The intuition for this result is as follows. The
heat equation diffuses heat starting from its initial distribution and smoothes
the most uneven and the most conductive points. The most uneven points are
given by those areas where the differences in the initial temperature are the
largest, that is, where the derivative of the initial temperature distribution
is the largest. In our taxation context, these uneven points are given by
the areas of income where the marginal taxes under the current systems differ
significantly from the short-term optimum. The points of the high conductivity
are the most sensitive points of the medium for heat diffusion. In the taxation
context, those are the areas where the behavioral responses of taxes are the
largest.

We now briefly discuss the related literature. The smoothing results for
optimal taxes that we derive provides a different perspective on the representa-
tion of the classic equity-efficiency tradeoff. Similarly to the ABC formulas of
Diamond (1998) and Saez (2001), the key determinants of the optimal tax are
the elasticities, social marginal utility of income, and the density of incomes
but our results highlight the underlying new smoothing properties. While tax
smoothing is present in various forms in optimal taxation literature, the result
that it happens at every income scale in a unified way and is done with the
Gaussian is new.

Our paper is also a generalization of Tirole and Guesnerie (1981) who
construct a process for linear taxes based on gradient projections, leading to
an ordinary differential equation. The environment with nonlinear taxes is
significantly more challenging as now the whole tax function is evolved as
opposed to just one linear tax. We therefore have the steepest descent path

in a space of functions that corresponds to a partial differential equation.



The construction of the gradient flow of the tax reforms follows the variational
approach to taxation that considers a potentially suboptimal tax and proceeds
with varying it locally to derive the formulas for the effects of the tax reforms.*
The gradient flow tax reform that we analyze is a dynamical process that
corresponds to the variational approach. We show that the optimal tax is the
stationary point of the gradient flow and is invariant under averaging.
Sonnenschein (1981, 1982) and Artzner, Simon, and Sonnenschein (1986)
derive a heat equation as a gradient process of the firms adjusting the com-
modity they produce by maximizing the rate of change in profit subject to
a quadratic cost of adjustment. McCann (2014) argues that this result is a
precursor to some of the results on the gradient flows in the optimal transport
literature. Some of the techniques that we use have parallels in the optimal
transport literature (see, e.g., Villani (2003)) in which there is a renewal of in-
terest in economics (see, e.g., early work of Chiappori, McCann, and Nesheim
(2010), a comprehensive book by Galichon (2016), or a review in the context
of matching models by Chiappori and Salanie (2016)). Bolton and Harris
(2010) associate a dynamic risk sharing rule with that of the static problem
and obtain an elegant asymptotic expansion of the dynamic problem around a
myopic optimum showing how the static problem is modified by the dynamic

correction terms.

1See, e.g., Saez (2001), Kleven and Kreiner (2006), and Golosov, Tsyvinski, and Werquin
(2014) for the methodology; Kleven, Kreiner, and Saez (2009) and Jacquet and Lehmann
(2015) for the analysis of the multidimensional types; Saez and Stantcheva (2016) and Bier-
brauer and Boyer (2018) for the political economy context; Sachs, Tsyvinski, and Werquin
(2016) and Scheuer and Werning (2016) for the analysis in general equilibrium; Saez and
Stantcheva (2018) for capital income taxation; Garrett and Pavan (2015) and Moser and de
Souza e Silva (2019) for examples of a variational approach in mechanism design settings.



1 Environment

We start by presenting a standard economic environment of taxation with
heterogenous agents.

Agents are characterized by an exogenous and fixed productivity type 6 €
O C R,. Preferences over consumption ¢ and labor effort [ are represented by
the utility function U (¢, 1) = u(c) —v(l), where u is utility of consumption and
is twice continuously differentiable, increasing and strictly concave; disutility
of labor effort v is twice continuously differentiable, increasing and strictly
convex. The government levies a tax liability 7' : R, — R which can be an
arbitrarily non-linear function of the individual’s labor income y = 6l. The
agent’s budget constraint is ¢ =y — T'(y).

The optimization problem of an individual with type 6 reads:

max u(y = T(y) v (%) (1)

y=>0

We denote the argmax of this problem by y(6,7) € R,. For ease of notation,
when there is no ambiguity we remove the argument 7" from this variable and
write it as y (6).

Assuming that the tax function 7' is continuously differentiable, labor in-

come y (0) is characterized by the first-order condition:

(2)

S

o (y(6) ~ Tw®) (1 - T'(y(6)) = (42)

We assume that no individual @ is indifferent between two or more incomes in
the initial equilibrium: for all §, the individual problem (1) has a unique global
maximum given the tax system 7'. It is straightforward then to show that there

is a one-to-one map between productivity types € and pre-tax incomes y(6).



We denote by H (#) the c.d.f. of § € ©, and by h (6) the corresponding
density function. We assume that the set © is a compact interval of R, and
that the density of types h is equal to zero at the boundaries of ©. We also
denote by ® (y) and ¢ (y) the c.d.f. and the p.d.f. of incomesy € Y C R,. We
assume that the density of incomes ¢ is continuous and bounded away from
zero on any finite interval [y, 7] C Y with y > 0.2

We define social welfare given the tax function T" as follows:

WT) = [ (ulo®) - 7o) ~ oD@y + [ T @)h ) a0, (3

(S}

The first integral on the right-hand side of (3) is the social objective, given
by the sum of individual utilities. We are assuming that the government is
utilitarian and weighs the utility of each agent equally. The second integral is
the government tax revenue. We are assuming that the marginal cost of public
funds is equal to one and that any extra government revenue is redistributed
(e.g., lump-sum) raising the social welfare by one. All of the terms in this
expression take into account the optimization behavior of individual agents

and are defined over y(0), the solution to (2).

2 Tax reforms and optimal taxation

In this section we define a notion of local tax reforms, and derive their effects
on individual behavior and social welfare. We then derive the formula for the

optimal tax. All of the results in this section are standard in the literature.

2Qur results can be straightforwardly generalized to the case of types and incomes in the
whole space R by using an increasing sequence of compact sets ©,Y C R,..



2.1 Variations of taxes

We define a direction of the reform of the tax function 7" as a continuously
differentiable function 7' : R, — R. The perturbed tax function is then
T+ ,uT, where 1 > 0 is the size of the reform in the direction T.

We now derive the first-order changes in individual labor income y(6) and
social welfare W (T') in response to the tax reform pT as o — 0. That is, we
compute the Gateaux derivatives of the functionals 7" +— y(T"), W(T'), defined

(for a generic functional ¥ (7)) by:

. (T + puT) — (T
SU(T,T) = lim (T + 1) — (1)
n—0 ol
Lemma 1 describes the impact of a tax reform 7" of the tax schedule 7" on
individual income choices. Lemma 2 describes the impact of a tax reform T

of the tax schedule T" on social welfare. The proofs of both of these results are

standard in the literature.

Lemma 1. The Gateaux derivative of the individual income y(0) in the direc-

tion T is given by:

~

oy(0) = —e(y(@))T"(y(0)) = n(y(O)T (y (6)), (4)

with the expressions for € (y) and n(y) given in the Appendiz.

Formula (4) shows that the shift in the choice of income of individual 6 due
to the tax reform is given by the sum of two terms. The first is the change in
the agent’s marginal tax rate implied by the reform, 7" (y), multiplied by his
labor income adjustment in response to this tax change (taking into account

the non-linearity of the initial tax schedule), € (y). The second term in (4)



is the change in the absolute tax payment faced by the agent due to the
reform, T’ (y), multiplied by his labor income change due to the income effect,
7 (y). The labor elasticity € and the income effect 7 along the nonlinear budget
constraint are discussed in details in Jacquet and Lehmann (2015) and Scheuer
and Werning (2017) and the expressions for them are given in the Appendix.

The next proposition describes the impact of a tax reform 7' of the tax

schedule T on the social welfare.

Lemma 2. The Gateauz derivative of the social welfare functional W (T') in

the direction T is given by

SW(T,T) = /

Y

(1—7(y))¢(y)f(y)dy—/T’ W)ew) o) T (y)dy, (5)

Y

with the expression for v (y) given in the Appendiz.

Formula (5) shows that the total first-order effect of the tax reform T
on social welfare W is given by the sum of two terms. The first integral is
the social utility gain. Specifically, for each dollar of revenue raised by the
increase in the tax payment T (y) at income y, social welfare is lowered by the
social marginal utility of income ~y (y). The social marginal utility of income
is defined in the appendix and is given by the social marginal welfare weight
(Saez and Stantcheva 2015) net of the revenue loss due to the income effect.
Summing over all incomes y using the density of income ¢ yields the first
term in the right-hand side of (5). The second term is the excess burden, or
deadweight loss, from the tax reform. Specifically, an increase in the marginal
tax rate at income y by 7" (y) lowers the labor income of these agents by
e (y), by construction of the elasticity of labor supply, which in turn reduces
government revenue by the fraction 7" (y) of this income loss. Summing over

all incomes y yields the second integral in (5).



2.2 Optimal Tax

Proposition 1 provides a formula for the welfare effects of any tax reform T
in the economy starting from any, optimal or suboptimal, tax schedule T'. As
a by-product, we obtain a characterization of the optimal tax schedule T, by
imposing that no tax reform has a positive first-order effect on social welfare,
ie. SW(T,,T)=0forall T:R, — R. Let &, (y), 7. (y) and ¢, (y) denote the
elasticity of labor supply, the social marginal value of income and the density
of incomes given that the optimal tax schedule T, is implemented. Assume
furthermore the boundary conditions 7" (y) € (y) ¢ (y) = T" () e () ¢ (y) = 0.
Integrating by parts the Gateaux differential of the social welfare (5)

SW(T.T) = /Y T (y) (1 — 7 (1)) 6 () dy + /Y T<y>d4‘ly<T’<y>s<y>¢<y>>dy,

and setting it to zero for any 7' (y) yields the equation for the optimal tax:

0=(1—7% () ¢« () + = (T2 (v) e () ¢« (y)) - (6)

In the Appendix, we show that equation (6) is identical to the optimal tax
formulas of Diamond (1998) and Saez (2001).

3 Smoothing properties of optimal taxes

The optimal tax in (6) is given by a solution to the second order differential
equation in the tax 7" as the derivative d% (T" (y)) appears in the equation for
the optimum. It is known that the properties of the equations of this type can
be studied using an object called the heat kernel or the fundamental solution

to the heat equation (Grigor’yan 2009).
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Definition. The heat kernel q; (x,y) is given by the solution to the heat equa-
tion

%Qt (z,y) = a% (8* () &x () a%qt (fc»y>> ) (7)

and lim;_,0 ¢ (z,y) = 6 (x — y), where § is a Dirac delta function.

What is the heat kernel and why it may be useful for deriving the properties
of the optimal taxes? Originally, the heat equation (7) was motivated and
used for studying of the evolution of heat in a medium over time. However,
for our application, we want to think of it somewhat differently — as a family
of averaging functions over different scales of incomes. Consider, for example,
the averages of the optimal taxes [, ¢ (z,y) T (y) dy at different scales ¢ for a
given income x. Here, the average is taken from the point of view of income
x, weighting all different incomes y € Y by the weight ¢; (z,y). We will show
that the parameter ¢ of the heat kernel determines the scale of averaging.
Intuitively one can think of the scale as determining how much the average
is weighting incomes y which are more distant from a given income z. As
a concrete example, suppose the income x is $100 thousand dollars and all
the taxes are 100 percent. At scale ¢ = 0, the kernel, being a Dirac delta
function at x, puts the weight ¢,—o (z = $100,y = $100) = 1 on income z, and
the average is just x = $100 thousand. The larger scales may average and
encompass a wider set of incomes around x. For example, at scale t = 1, the
kernel may put the weight 0.5 on income $100 thousand and the weights of 0.25
each on incomes $50 thousand and $150 thousand: ¢;—; (z = $100,y = $100) =
0.5, ¢=1 (z = $100,y = $50) = 0.25, g, (v = $100,y = $150) = 0.25. The
average is then given by 0.25 x $50 + 0.5 x $100 + 0.25 x $150 = $100. The
larger scales ¢ may put more weight on more distant incomes. We can thus,

for a given point x, understand ¢;(z,y) as a family of weighting functions in
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the variable y parametrized by the scale t.

There are three basic properties of the heat kernel: (1) ¢:(x,y) > 0, (2)
@(z,y) = @(y,x), and (3) preservation of integral mass [, ¢ (z,y)dy = 1.
At this stage, the weighting function ¢; (z,y) may be rather arbitrary. For
example, it can put some very high weight on a particular distant income, say,
$1 million. Moreover, the functions ¢ (z,y) may be completely disconnected
from each other for different scales t. For example, at scales t =0 and t = 1
they may behave as in the example above, putting more weight on the distant
incomes y, but at scale t = 3 it may put weight on some completely different

incomes.

X

Figure 1: The heat kernel ¢;(z, y) for various scales ¢ (smaller scales correspond
to larger maxima).

The main result of this section is that, because the optimal tax T, solves the
equation (6), the weighting function ¢, (x, y) and the averages of the taxes have
particularly well-defined properties. First, we show that the weighting function
is not arbitrary and behaves similarly to the Gaussian as in Figure 1. That
is, for a given ¢, the weighting function puts the bulk of the weight on some
neighborhood of income z, exponentially downweghting more distant incomes
— thus having the interpretation of scale. Second, the kernels at different scales

t are tightly connected to each other. Overall, the key property of this family
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of Gaussian weighting functions is the strong smoothing behavior over different
income ranges.

We now show these properties of the optimal taxes.

Proposition 1. (Smoothing for the optimum). (1) The optimal tax T, (y) is
invariant under the heat kernel g, (z,y) given by (7), for any x € Y and any
t>0:

T, (x) = / /Y 0 (2,9) (1= 7. (4)) 6. (y) dyds + / ¢ (@) T. (W) dy. (8)

Y

(2) The heat kernel (7) satisfies a Gaussian upper bound, for anyt > 0:

g (z,y) < L exp (cat) exp <—cg($_—y)2> ,

Vit t

for some positive constants cy, co, c3;

(8) Fort — 0,

1 (y—z— ol (x)t)°
@ (2y) ~ Wexp <_ 4o, (z)t ) ’

where o, (x) = €, (x) du (x);
(4) For all points x,y and all scales t,s > 0, the heat kernels are connected

across all scales and satisfy the semigroup property:

qt+s(x,y)Z/th(x,z)qs(z,y)dz.

This proposition states that the central tradeoff of the optimal Mirrlesean
taxation — the equity versus efficiency tradeoff is represented in a particu-

lar way. The redistributional (equity) considerations and the deadweight loss
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(efficiency) are averaged and, hence, smoothed over all incomes with the spe-
cific weights given by the Gaussian. Intuitively, heat spreads evenly across all
ranges of the underlying medium in the steady state. In our taxation context,
the planner wants to spread the benefits and the costs of the optimal taxes
across all possible income ranges.

Part (1) of the proposition describes the optimal tax 7 (x) as resolving the
equity-efficiency tradeoff in a particular way. The first integral in (8) represents
a weighted average at all incomes y of the impact of taxes on social welfare.
The second term in (8) arises from the behavioral effect of taxation and is
a weighted average of the distortions or the behavioral effects of taxes at all
incomes. In other words, that effect ensures that an agent at a given income x
is paying the weighted average of the amount of taxes paid by people of other
incomes. Importantly, this proposition shows that this averaging of equity and
efficiency happens at every scale ¢ with the weighting function ¢, (z,y).

It may seem that the representation result of part (1) of Proposition 1 is
trivial. Indeed, for any function f € C*, f at a point is the local average of
its neighboring values (this follows from continuity and boundedness and does

not require differentiability)

lim y a(w,y) f(y)dy = f(z).

t—0t

The optimal tax satisfies, however, a much stronger relationship for all scales
t > 0 and not only in the limit ¢ — 0. Moreover, Parts (2)-(4) of the Propo-
sition give the specific form of the weighting function and its determinants —

that the heat kernel behaves similarly to the Gaussian average.> We also show

30f course, there exist many other second-order differential equations for which the
fundamental solution is not the heat kernel and, hence, they do not possess, for example,
smoothing properties.
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that the weighting functions at different scales are tightly linked to each other
representing one unified smoothing mechanism.

Part (2) of the Proposition shows that the heat kernel satisfies a Gaus-
sian upper bound for all times ¢. In other words, the kernel exponentially
downweighs more distant incomes and incorporates more income as the scale
t increases. For the small scale ¢, only the incomes nearby matter. For the
larger scale t, more distant incomes matter.

Part (3) of the proposition shows that for small ¢, where averaging is done
over the nearby incomes, the heat kernel is exactly the Gaussian. In particular,
its two key determinants are the labor elasticity and the density of incomes
at the optimum. Just as the way the heat spreads in a medium depends on
the material’s conductivity or sensitivity to heat o, (x) = e, (x) ¢« (x), the
incomes where either the disincentive effect of taxes, represented by e, (z), or
where more people are affected, represented by ¢, (x), play an important role
in determining the Gaussian.

Part (4) of the proposition shows that the heat kernels are tightly linked at
all time scales. Averaging at scale t and then averaging at scale s is equivalent
to averaging over scale ¢ + s. In other words, there is one unified averaging
scheme and welfare gains and deadweight losses matter across all income scales.

Our results so far pertain to the level of the tax and it is not clear whether
they have something to say about the marginal tax. Given any function f; €
C'(R), it is possible to change it slightly into a function f, € C'(R) such that
f1 and f5 give almost the same values everywhere but f, has a very different
derivative. Put differently, even a very good understanding of the optimal tax
code T, need not a priori translate into a good understanding of the marginal
tax T.. We show in Corollary 1 that this is not the case, the marginal tax is

determined by the global behavior of the optimal tax code.
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Corollary 1. The optimal marginal taz is given by

0@ = [ [ e -nme s ©

. /Y (;%qt@,y)) T. (y) dy,

foranyx €Y and anyt > 0

We plot derivative 0,¢;(x,y) which is also a weighting function in Figure
2 with the thick line (together with the second-order derivatives given by the
dotted line).

Figure 2: ¢; (dashed) and its derivative ¢; (bold) and ¢, (dotted).

The integral in (9) evaluates a weighted average of the welfare gains and of
taxes paid by individuals with higher incomes, subtracts a weighted average
of the welfare gains and of taxes for individuals with lower incomes, and this
results in the quantity determining the size of the marginal tax 77 (x). More-
over, this holds for all ¢ > 0 and the weighting function is a derivative of a
Gaussian and, hence, has a very specific form. The result of the Corollary is
interesting even as a stand-alone result as it gives a new relationship of the
optimal marginal tax at a given income to the optimal tax levels at all other

income and all scales, and not just for t — 0.
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4 Short-term tax reform as a gradient flow

We show that the results on smoothing that we derived for the optimal tax
also hold for the short-term gradient flow tax reform and determine the areas

of the current tax system that such reform aims to affect the most.

4.1 A gradient flow of taxes

We construct a dynamic system of tax reforms, a gradient flow, which starts
at any (optimal or suboptimal) tax function and then changes the tax system
in the direction of the steepest increase in social welfare. The optimal tax is
a stationary point of this system. We start by formally defining the gradient
flow.? In this section, we use the straightforward adaptation of notation in

Section 1 to index the relevant variables by time.

Definition 1. For all t > 0 and y € Y, the gradient flow of the social welfare

functional W (7;) is defined as the dynamical system:

Ty (y)
ot

— (1-we <y>+a%<T; (W) et (4) 61 (4). (10)

where ¢, is governed by T; according to the change of variables ¢; (v (6)) =
(y; (6))7'h (0) and by the first order conditions to the problem (1).

One can think of the gradient flow as the equation describing the familiar
steepest descent. Doing so for a linear tax would be straightforward, as only
one parameter has to be evolved, and this would lead to an ordinary differential
equation (Tirole and Guesnerie 1981). For the nonlinear tax schedule, the

whole tax function changes and this leads to the partial differential equation.

4Additional mathematical details on gradient flows are given in the Appendix.
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We now turn to the derivation of the the gradient flow (10). Assume the
boundary conditions T} (g) £t (g) oy (g) =T/ (y)e: (y) & (y) = 0. An integra-
tion by parts in the second integral of equation (5) implies that the impact of

the tax reform 7} on social welfare can equivalently be rewritten as

) . : O
Y

Assuming that the space of functions C? (R, R) is endowed with the L? norm
IT)|? = [ (T (y))? dy, this can be expressed as (Ay, T;).5 Therefore, the gradi-
ent flow we obtain in this case can be written as the dynamical system (10).
The gradient flow (10) can be equivalently derived as the solution to the
problem of choosing the trajectory of the tax schedule ¢ — T} that maximizes

at each instant ¢ the increase in social welfare:

0
max &W(Tt)’

subject to the quadratic cost. The use of other norms is equivalent to different

specification of the cost function for changing taxes.

4.2 Short-term tax reform and smoothing

In this section, we describe the short-term evolution of the tax schedule 7%
under the gradient flow by solving the heat equation (10) over a short time
interval [t,ﬂ — a short-term tax reform. We now show how the results on

smoothing derived for the optimum extend to the short-term tax reform.

Proposition 2. (Smoothing for the short-term tax reform). Consider any

initial time t with the corresponding tax profile Ty (y), density of incomes ¢ (y),

5We discuss the use of other norms in the Appendix.
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social marginal utility of income v, (y), elasticity €, (y), and define oy (y) =
o1 (y)ee (y). Then, for small (t~— t), the tax T; (y), generated by the gradient
flow (10), is given by:

T () ~ (= 1) (1— % (2)) 0 (2) + / i@y Twdy, (1)

Y

where

P QIR Ty
qt,t( 7y) \/47T0t (x) ({_t) p( 4Ut (ac) (E—t) .

Proof. In the Appendix ]

This equation extends the notion of tax smoothing that we derived for the
optimal tax to that of the trajectory of the gradient flow of taxes. The gov-
ernment that considers a short-term tax reform in the direction of maximizing
social welfare changes the tax such that the new, evolved tax T;(z) is equal
to (1 — v (z))¢: (x) representing the social marginal utility of income and the
weighted average of the initial taxes T; (y) representing the behavioral effect.
Note that the property (11) holds for any starting time ¢ on the gradient flow
trajectory and that we average over the known and given parameters &, (y),
o¢ (¥), v (y) evaluated at the time ¢. That is, it is a closed-form expression.
This characterization is valid for the short time #, as the parameters &; (y),
é¢ (y), 7: (y) are frozen over that short time interval.® The intuition for this
result is as follows. The heat equation diffuses the initial distribution of tem-
perature by spreading heat to nearby points. In our taxation context, the

tax reform takes the initial tax distribution T}(y) and spreads it by making

6The proof of the result makes this notion specific by associating a stochastic process
with the equation and studying its short-term evolution.
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the point T} (z) to be equal to the Gaussian average of the points around it
[y @ (z,y) T,(y)dy thus spreading the behavioral effect of taxes and also by
adding the welfare gains (£ — ¢) (1 — v (z)) ¢, (x) that such tax reform gener-
ates. This characterization also holds for the optimal tax which is the station-
ary point of the gradient flow and thus is true for all income ranges and not

just for the short-term asymptotics.

4.3 Most important areas of the short-term tax reform

This section provides a further characterization of the smoothing properties
of the gradient flow for the short-term tax reform. Proposition 3 shows which
parts of the current tax are the most important for the short-term gradient
flow tax reform.

The initial tax system 7; can be very far from the optimal tax system
T,. Hence, the elasticities, densities and the social marginal utility gains
(et (¥), &+ (¥) , v (y)) which depend on the initial tax system T}, may be very
different from their counterparts (¢, (y), ¢« (v) , 7« (v)) at the optimum. Since
we are considering the short-term asymptotics, that is the tax reform as a
gradient flow over a short period of time, we first need to introduce the proper
reference point for the analysis of smoothing of a gradient flow tax reform,

starting from a given tax.

Definition. The short-term optimum at time t, 7;, is the stationary point of
the gradient flow as ¢ — oo starting from a tax system 7, with the fixed &, (y),

o¢ (¥), 7 (), that is, 7 (y) is the solution of

0=(1-76)60) + o ( W oy (y)) | (12)
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where 7(y) = 7:(y), £(y) = & (y), and é(y) = é: (y).

This short-term optimum is the stationary point to the planner’s problem,
conditional on keeping the density of agents’ incomes, the social marginal util-
ity of income, and elasticities fixed at their value given the tax system T; (y).
Hence, 7; serves as a proper reference point to describe various smoothing
properties of the gradient flow evolving taxes for a small time ¢ — ¢ in a rela-
tionship to the initial tax system 7;. The short term optimum 7, in principle,
can be quite different from the optimal tax T}, if the initial tax system 7} is far
from the optimum. However, if the initial tax system is close to the optimal
one in the sense that (g4 (y), o (), v (v)) = (e« (y), b« (y) , 7« (v)), then the
short term optimum 7; and the long term optimum 7, coincide.”

The next proposition shows which part of the current tax schedule 7; are

smoothed the most.

Proposition 3. Equation (12) coincides with the gradient flow of the func-
tional J :

FT) = 5 [ o) @) =7 )y

Proof. In the Appendix. O

The result shows that the gradient flow of the short-term tax reforms is
also the direction of the steepest descent of the functional that decreases the
weighted squared deviations of the marginal taxes. In other words, the gra-
dient flow also smoothes the marginal taxes. There are two types of situ-

ations where this smoothing is particularly important for the gradient flow

"The optimal tax T, can be thought of as a long-term optimum which evolves both
the tax system and the sufficient statistics. Section 6.9 in the Appendix discusses the use
of operator splitting methods to describe a relationship between the short-term and the
long-run gradient flows.
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tax reform. First, when the initial marginal taxes are very suboptimal — the
marginal tax 7} (y) different from the marginal tax in the short term optimum
7/ (y). A large value of |T” (y) — 7/ (y) | implies the existence of a large value of
(T! (y) — 7/ (y))* and the gradient flow tax reform is trying to decrease this as
quickly as possible. Second, the gradient flow acts more on the regions where
the behavioral responses are the largest as evidenced by the high value of
oi(y) =€t (y) ¢¢ (y). That is, if o4(y) is large, then irregularities in that region
count even more severely and are dampened quicker than in regions where
o¢(y) is very small.® The intuition for this result is as follows. We have shown
that the gradient flow of the tax reform is a heat equation. The initial tax
system can be thought of as the initial distribution of the temperature. The
heat equation diffuses heat starting from the initial distribution and smoothes
the most uneven points of the initial distribution and affects the most con-
ductive points. The most uneven points are given by those areas where the
changes in the initial temperature are the largest, that is, where the derivative
of the initial temperature distribution is the largest. In our taxation context,
these uneven points are given by the areas of income where the marginal taxes
under the current systems differ significantly from the short-term optimum.
The heat also spreads the most across the areas of the medium which are
most sensitive to heating, that is, the most conductive areas. In the taxation
context, these are the areas where the behavioral responses of taxes are the

largest.”

8 Additionally, a classic result from the theory of parabolic equations can also be used
to show that if T} (y) has large amounts of strong oscillations or maybe even discontinuous
jumps, then the gradient flow acts strongest on those parts first and that T (y) implied by
the gradient flow leads is infinitely differentiable for any # > 0.

9In Section 6.8 of the Appendix we discuss additional smoothing results for the gradient
flow of the current tax system.
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5 Conclusion

We show that the heat kernel and the heat equation are intimately connected
with the analysis of the classic taxation problem. The smoothing results for
the optimum and for the gradient flow tax reform and its Gaussian form are
likely applicable to a variety of other mechanism design and optimal taxation

problems where equity and efficiency tradeoff is present.
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6 Appendix

6.1 Proof of Lemma 1

Consider the perturbed first order condition of the agent (2):
' <y (9,T+/[f> T (y <9,T+ uT)) _ (y (0,T+MT)>> «

~ ~ ~ Yy <0a T+ MT> 1
X <1—T’ <y (6’,T+,uT>>—,uT’ (y (0,T+MT>>> — o ; -

Taking the derivative with respect to p and evaluating at p = 0:

Wy (0) = T (y (0))) (59(6) T (y(0))3(6) = T (5(6))) (1= " (3 6))

0 0) =T ) (< O)ae) T (o)) =or (1) 2.

Define

u' (y(0) —T(y(9)))
w (y(0) — T(y(0))) (1 —T" (y(9)))" — w (y(8) — T(y(6))) T"(y(8)) — v" (X)L

and solve for
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6.2 Proof of Lemma 2

The effect on the social welfare from the perturbation of the taxes by uT,
evaluated at p = 0 is given by

2

—~

<

—
<>

~

~—
I

u' (y(0) =T (y(0))) +T" (y (0)) n (y (9)) -

Change of variables from 6 to y completes the proof.

6.3 Equivalence of (6) and the ABC formulas

Integrating (6) with respect to y yields the familiar ABC formula due to Di-
amond (1998) and Saez (2001): the optimal tax schedule T, satisfies, for all
yey:

T () = ‘q’*@ {1 -Ef () | >y} (13)

[Ty @)be(a)de . .
where Elv, (z) |z > y] = “ .7 Equation (13) shows that the optimal

marginal tax rate at income level y is the product of three terms. First, it
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is proportional to the inverse elasticity of labor supply at income y, 1/e, (y):
the higher the disincentive effects of taxes, the lower the optimal tax rate.
The second term is related to the hazard rate of the income distribution,
(1 — @, (y))/és (y). This is a benefit-cost ratio that measures the fraction
of agents whose tax liability increases lump-sum in response to a marginal
tax rate increase at income y, relative to the fraction of agents whose labor
supply is distorted. The third term accounts for the fact that an increase in
the marginal tax rate at income y lowers the social welfare contribution of all

agents with income x > y, by their social marginal utility of income.

6.4 Proof of Proposition 1

Part (1). Consider the derivative

%/yqt (z,9) T+ (y) dy:/y%qt (z,y) T (y) dy =

by the heat equation

[ ( )5 0) a e y)) T. (y) dy =

integrating twice by parts, using the assumption that densities are zero at the

boundaries, and rearranging

= /Y qt(fc,wa% (8* (y) &« () a_yT* (y)) dy =

using equation (6)

= —/th (x,y) (1 — Vx (y>> ¢* (y) dy
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Integrating the equation

5 | aen Ty =— [ a0 =)o 6 i

we get

L%@@ﬂ@®=ﬂ@—lAﬁf%@W%@w@@Wm'

Part (2). A classical result of Aronson (1968) is that the heat kernel ¢;(z, y)
on a general n-dimensional manifold M (satisfying very mild regularity assump-

tions) satisfies what is called a Gaussian upper bound

d 2
Qt(xay)<iexp (_M)a Vt>07x7y€M7

Cgt

where d(z,y) is the geodesic distance between z and y, and ¢; and ¢y are
positive constants. In particular, while the heat kernel ¢(z,y) may no longer
look like a Gaussian centered at y having variance t, it certainly has the same
decay behavior. That is, it acts as a local averaging operator at scale d(z,y) ~
vt and averages the nearby income, where the nearby is given by the scale
Vt.19 In the proposition, we use a slightly more general result in Metafune,
Ouhabaz, and Pallara (2011).

Part (3). The classical results for the short-time asymptotics (see, e.g.,
Varadhan (1967), Molchanov (1975), and Grigor'yan (2009)) imply that for
t — 0, the heat kernel is the Gaussian with the scale determined by the
conductivity parameter €, (x) ¢, (x). In the next section, we provide a detailed

proof that applies also to the optimum.

10Tf one is interested in the higher order expansions, those can be straightforwardly derived
in closed form to any order using the parametrix method which represents the heat kernel
as the sum of the Gaussian and the higher order corrections (see, e.g., Friedman (2008)).
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Returning to the interpretation of ¢; as creating an averaging operator at
scale ~ +/t, Part (4) of the proposition shows that smoothing for different
scales is linked. This semi-group property follows from Grigor’yan (2009).

6.5 Mathematical foundations for gradient flows

Finite-dimensional spaces. Gradient flows are natural mathematical ob-
jects attached to functions or functionals, mapping to real numbers. For sim-
plicity, start with a differentiable function V' : R" — R and define the gradient
flow as a curve x : [0,00] — R" starting at some point zo € R™ with the
property that the curve always flows in the direction of steepest descent of V.
Intuitively, this direction is determined by the gradient of V. Formally, we

want to choose the vector & € R with ||Z]|,2 = 1 that minimizes

lim 2V +pd) -V (@)] = (VV,3)e,

n—0 ol

where the equality follows from the definition of the gradient. This gives rise
to an ordinary differential equation that describes the law of motion of x; € R™

for t > 0 and assuming that the rate of decrease is one:

d
%l’t = - V V(l’t>,

with the property that V' is decreasing along the flow of = since

d d
%V(:vt) = (VV, Ege,f> = —||VV(z)|* < 0.

While this model is rather classical and the existence and uniqueness properties

of the solution are well known, understanding the actual dynamical behavior
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can pose considerable challenges (recent examples being given by Tao (2017),

Steinerberger (2018)).

Infinite-dimensional spaces. The very same principle can be applied in
settings where the underlying domain is not finite-dimensional but instead
given by the space of functions. We illustrate this with a representative ex-

ample. We may define a functional ¥ by assigning to any twice-differentiable

function f € C*(R,R), the number

1
TGRS

It is easy to show that the Gateaux differential of V' in the direction f is

given by §V (f, f fR f'(z) f' (x)dz. An integration by parts implies that
SV (f, f — o ' (@ )d:c More generally, for any function f € C? (R",R),
let V(f) = Jgn Vf|2. We then have 6V (f, f) = Jan VI Vf. By Green’s first

identity, this can be represented as a functional f — (=Af, f) 12, where A
denotes the Laplace operator, thus recovering the same structure as above.
That is, in order to flow in the direction of steepest descent of the functional

V', we must set
0
aft = Aft-

This gives rise to a law of motion for the function f characterized by a parabolic
PDE (namely, a heat equation). Needless to say, even showing that all of these
operations remain valid for any time ¢t > 0 is a difficult task, the theory of
partial differential equations being substantially more challenging than that of

ordinary differential equations.
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Other norms for the graduate flow We also could have considered the

weighted-L? norm

1T = /Y ki (9) (T3 ()% dy,

for some weights r; () and this expression can be represented as (k; ‘A, Tt)

with the resulting gradient flow

oT; (y)
ot

=:mmwr*u—Jw@»¢mw+wﬁmwy*§ﬂﬂmwsaw¢mw»

The analysis for this case is identical. There is a re-interpretation of such a
weight as simply changing the metric of the underlying manifold R. Put dif-
ferently, one can interpret everything as an equal-weight problem on a curved
geometry; heat and associated processes are not very sensitive to “curving”
(heat propagates on a plane and on a sphere in roughly the same sense) — see,
e.g., Taylor (1996), HAqrmander (2003), and Grigor’yan (2009).

We now briefly discuss a broader question of other norms. Suppose we
were to define a gradient descent of V' with respect to the /?—norm with p # 2
or a more general norm || - ||x. This means we want to minimize

arg min f(z+h)— f(z) ~arg min (Vf, h)

[[hllx=¢ [l x=e

However, this can be equivalently written as a minimization problem over

h
arg min Vi h),
%wmm<g(wm@> I >

where ¢ is a function mapping the ¢>—unit ball to the X —unit ball (this

is always possible in finite dimensions since any two norms are equivalent;

in particular, g is positive, bounded from above and bounded away from 0.
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We see that this change in the underlying geometry thus corresponds to a
gradient flow of a different function weighted by a certain directionality. The
analysis can be extended to a broader set of infinitely dimensional settings by
considering approximations with the finite-dimensional case.

In one dimension that we have, the body of literature on parabolic PDEs
shows that for almost any modification of the problem, the heat kernel looks
and behaves exactly as a Gaussian — this is true for the heat kernels on arbitrary
manifolds, for very wide classes of conductivities o, and for a very broad
range of spaces (see e.g, Grigor’yan (2009) or Bogachev, Krylov, Réckner, and

Shaposhnikov (2015) for extensive reviews).

6.6 Proof of Proposition 2

The proof uses the Feynman-Kac formula for path integrals (Lorinczi, Hi-
roshima, and Betz 2011) to study the short-time behavior of solutions of equa-
tions of the type (10). Let B (s) denote the diffusion process that satisfies the
SDE:

dBs = 0. (Bs) ds + /20 (Bs)dWs,

where W is a Brownian motion. We then have

Ti() =E[f (1= (B ()¢ (B(s))ds| + E[L(By))

where the expectation runs over the diffusion process By, started in x at time

t and running up to time £.!' We can now perform a Taylor expansion of

these quantities. Up to the first order, diffusivity is constant. The short-time

HTechnically, we need to specify boundary conditions for the Brownian motion B(s).
However, since we are only using Brownian motion for very small times ¢, the exact form of
the boundary conditions does not matter.
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asymptotics for Brownian motion is then given by a Gaussian distribution B; ~
x40, (z) (t—t)++/200 () Wy = Wy) ~ N (z + 0, (z) (E—1t), 20, (z) ({ — 1))

and

distribution of By ~

! exp<_<y—x—“4<%><f—t>>2).
VAmo () (P — 1) 4oy (v) (- 1)

Then, up to a first order for ¢ small,

/t (1=%(B(5)) ¢ (B (s))ds ~ (= t) (1 = %(2)) 6 ().

This implies that

T (x) ~ (t—1) (1 =% (2) ¢¢ (2) + E[T(By)] ~

<y—x—a;<w>(f—t>>2) Ty(y)dy.

~ (E—t) (1= (2) d (x) + [, \/ﬁw oXP (_ dai(w) (i)

6.7 Proof of Proposition 3

To ease notational burden, we suppress the dependence on ¢ in this and the
next section. Let us compute the directional derivative in the direction of a

function w evaluated at T’

5J(w):limJ(T+€w)_j<T),

e—0 £
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We see that

lim J(T + ew) — J(T)

e—0 £

N /yff<y><T' (y) = 7 W) (y) dy =
= [ww) (% (o(y) (' () = T' (v))) dy.

This shows that the negative gradient flow is given by

= W W) =T W) =~ o) )+ 5 (oW ).

Using the equation (12) for 7, we see that _a% (o(y)m" (y)) = (1 =~ (y)) o(y)

and we have established the desired claim.

6.8 Additional smoothing results for section 4.2

The next proposition shows that the gradient flow smoothes a measure of vari-
ability of the tax schedule, the squared deviation from the limiting stationary
solution. Moreover, such smoothing is exponential. As we discussed above,
this result is not about the convergence to the optimal tax 7, but rather about
the smoothing behavior with respect to the correct reference point, the sta-
tionary solution 7 (y). In this section, whenever it does not cause confusion,

we suppress the dependence on t.
Proposition 4. Let T (t,y) be the solution to

%:(1—v(y))¢(y)+a%<a(y)g_§>’

T(0,y) be an arbitrary initial tax schedule, T (y) be the solution to the sta-
tionary problem (12), and Ay be the first eigenvalue of the associated Sturm-
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Liouville operator Hz = —Z (0 (y) 8—;) Then, ¥t > 0 :
[ @y —rwray < e [ (@0.0) - )iy
% Y

Proof. We use the standard Sturm-Liouville theory (see Zettl (2010), Teschl
(2012), Titchmarsh (1962)) to prove this result. This equation can be studied

by first solving for the stationary problem

o=<1—v<y>>¢<y>+%(a<y>§—;).

This leads to an equation for z(t,x) = T'(t,z) — 7(z) given by

0: 0 ( o
a oy \"Way )
It remains to study problems of this type. We will do so by studying the

spectrum of the associated differential operator H given by

or, in other words, we study the problem Hz = Az. This eigenvalue problem
has a discrete sequence of admissible values A for which the equation has a
solution: these values 0 < A\; < Ay < ... are the eigenvalues of this operator of
Sturm-Liouville type, the corresponding solutions will be denoted by 71,79, . ..
and are assumed to be L?>—normalized, i.e. ||n,]|z2 = 1. We note that Ay = 0 is

a special value and 1y = const. We see that these eigenfunctions are necessarily
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orthogonal in L? since, again by integration by parts,

[ @iy =5 | =)t
:—%k Y—U(y)né(y)né(y)dy
—Aik Y(—G(y)né(y))/m(y)dy
= [ momtuay

If k£ # {, then the factor in front of the integral is different from 1 and the
integral is therefore 0. This together with the completeness of the system of
eigenfunctions in L? allows us to expand an arbitrary initial function 7'(0, )

into a series

T(0,2) = 7 (x) + Y (2(0,2), m(2)) mi(2).

00
k=1

We will abbreviate a; = (z(0, ), ¢r(x)) for simplicity of exposition. We then

claim that

T(t,x) =71 () + Zake_mnk(l’)

is a solution. This can be verified by computing

d d_ d\S —, (44 . d
(4 Lo L) S onir) = (4 - @i ) i)

k=1 k=

The separation of variables implies that

(4~ @ ) e = (= xlo) - o) mio) =0

as desired. Since we now have a complete description of a solution, we can

analyze the convergence to the limiting function arising for t — oo at a greater
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level of detail: we have

/Y (T(t.y) — 7 (y))2dy =

o

:/ Z akef’\’“tnk(y)aee’\ltﬁe(y)dy =
Y g o=1

o0 o0

_ 2ty _ o~ 2t < 2Nt 2
Za e y)2idy = Z age <e Zaé.

=1 =1

We note that
Sai = [ (10 - )Py
=1 Y

and that we have therefore shown that

/Y (T(ty) — 7 (y))2dy < 2N / (T(0.y) — ~(y))*dy.

Y

Appealing to the classical Rayleigh-Ritz formula, we see that

)\1 = inf fY y
Jy Fy)dy=0 f v

(14)

where the last step follows from the classical Neumann eigenvalue computation

for the homogeneous rod (see Courant and Hilbert (1989)). This shows that

for sufficiently regular values of ¢(y), we can expect A; > 0 and therefore the

distance to 7(y) undergoes exponential decay.

6.9 Trajectory of the tax reform

O

In this section, we briefly discuss a construction of a trajectory of the tax

reform beyond the short-term asymptotics.
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Equation (10) changes the tax schedule in favor of increasing social welfare,
letting ¢, and ¢; be endogenously driven by 7; — that is, taking into account
the fact that the density and the elasticity change in response to the evolution
of taxes. We propose to evolve the system separately (this underlying idea is a
straightforward application of “operator splitting”). The simplest instance of
this idea is as follows. Suppose we are given a system of ordinary differential

equations given as

Eu(t) = (A4 B)u(t),

then the solution is given by the matrix exponential u(t) = e/ 8y (0). A

formal Taylor series expansion suggests that

B —1d + t(A+ B) + O(t?)
= (Id + tA)(Id + tB) + O(*)

= e Bu(0) + O(#?).

These computation suggest that, at least for small values of ¢, we may solve the
system by first evolving along the simpler system u(¢) = Au and then along
the system @ = Bu and alternate in this manner (Varga (1962), Glowinski and
Osher (2016)).

We apply the very same method in our problem: more precisely, we fix the
distribution of incomes ¢; and the elasticity €, for a short period of time dt,
evolve T}, and then re-compute ¢, 45 and ;14 based on the new tax function
Tir5:'2 In standard situations, this procedure will converge to a solution
path of the dynamical system as 6t — 0 (Glowinski, Osher, and Yin (2016)).

The operator splitting technique also has a natural economic meaning. The

12This also can be regarded as a classical numerical technique for systems of this type.
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government evolves taxes in the direction of increased welfare, keeping the
density of agents’ incomes, marginal social welfare weights, and elasticities
fixed at their value observed in the current economy. That is, the government
evaluates the changes in revenues under the current information given by the
exogenous sufficient statistics evaluated at a given initial time — this is our
notion of the short term reform.

This implies equation (10) is a heat equation (with source term (1 — ) ¢

and local conductivity o = e¢), i.e. a PDE of the form

%:(1—7(y))¢(y)+%<“(y)g_§)

and guarantees in particular that the problem always has a solution (the heat
equation being well-posed). We also note that our assumption that the density
tends to 0 at the boundary of the interval implies that no boundary conditions
need be imposed. Since heat equations are among the most well-known and
well-behaved partial differential equations, we can apply standard mathemati-
cal results to obtain theoretical properties of the evolution of the tax schedule
over time.

Fixing v, ¢, and ¢ and letting 1" evolve for a short amount of time, then
unfreezing v, ¢, and ¢ and recomputing it can be regarded as a classical ex-
ample of operator splitting. While the analysis of convergence of this dynamic
system is outside the scope of the paper, one can expect that for sufficiently
short time steps, the solution converges to the global optimum at a great level
of generality. For example, the review of Glowinski, Osher, and Yin (2016,
p-13) concludes: “Last but not least, operator splitting algorithms are theo-
retically attractive because they converge under very few assumptions.” More

broadly, the splitting procedure we use is similar in spirit to the ones used in
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physical sciences where the split terms correspond to different physical pro-
cesses — for example, splitting convection from diffusion (see, e.g. MacNamara
and Strang (2016)) or splitting fast from slow variables. Finally, one can think
of the results in this section as justifying the commonly used iterative method
of computing optimal taxes in such environments. That is, our analysis shows
that continuous version of the iterative fixed point method commonly used for
computing optimal taxes (see, e.g., Brewer, Saez, and Shepard 2010) can be

represented within each step as a heat equation.
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