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Abstract

By relaxing the stable unit treatment value assumption, I study the “difference-in-
differences” (DID) type of estimators that allow interference. When spillover effects are
of interest, we often sample the entire population. Thus, I adopt a finite population
perspective in the sense that the estimands are defined as population averages and
inference is conditional on the attributes of all population units. The general and
unified approach in this paper relaxes common restrictions in the literature, such as
partial interference and correctly specified spillover functions. I propose doubly robust
estimators for the direct average treatment effect on the treated as well as spillover
effects under a modified parallel trends assumption. Moreover, robust inference is
discussed based on the asymptotic distribution of the proposed estimators. Using the
two time period DID estimator as a building block, I then extend the setting to multiple
time periods with constant treatment timing.

1 Introduction

In the fields of environmental economics, urban economics, criminal justice, and many other
fields of social sciences, place-based policies often generate spillover effects. One example

studied by Jardim, Long, Plotnick, Van Inwegen, Vigdor, and Wething (2022) is minimum
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wage increase in Seattle. Through the channels of competition in the regional labor market
for workers and the possibility of relocation of businesses, they find that significant spillover
effects on wages and hours are seen up to a 40-minute drive from Seattle city limits.

When spillover effects are of interest, we often need to observe the entire population.
For example, we can typically collect information about all counties in the United States.
In the example above, Jardim et al. (2022) use administrative employment records in
the state of Washington. As pointed out by Manski (1993), “it does not make sense in
studies of neighborhood and other large-group social effects, where the sample members
are randomly chosen individuals. Taken at face value, equation (7) implies that the sample
members know who each other are and choose their outcomes only after having been
selected into the sample.” If we take sampling from the superpopulation approach literally,
what we are estimating turns out to be the spillover effect in a researcher’s sample rather
than in the population from which the sample is drawn unless interactions are restricted
within clusters of friends or household members.

By relaxing the stable unit treatment value assumption (SUTVA), I study the “difference-
in-differences” (DID) type of estimators that allow interference from a finite population
perspective, where the entire population is observed. Having said that, the approach I take
is different from the design-based approach. In the literature of finite population causal
inference, there are many choices of the conditioning variables. Here only the attributes of
the entire population are conditioned on and hence the conditional means of potential out-
comes are allowed to be flexibly modeled. As a result, our approach can be considered as a
middle ground between superpopulation and design-based frameworks. The upside is that
I can make the proposed estimators more robust to model specification with straightfor-
ward causal interpretation. Meanwhile, I still maintain the flavor of conditional inference

in the design-based approach, which can provide guidance on robust inference.



The spatial setting here is different but close to that in Xu and Wooldridge (2022). A
finite population in a spatial space is characterized by fixed attributes containing intrinsic
locational information and neighborhood characteristics. Meanwhile, potential outcome
functions can be stochastic, partly due to measurement errors. With the entire population
observed, the sampling probability is essentially one, which shows up in the conditional
asymptotic variance-covariance matrix derived below. The inference becomes more precise
when the interest on the finite population is recognized. Our hybrid approach can be
considered as an application of the conditional inference discussed by Abadie, Imbens, and
Zheng (2014) to DID type estimators.

Most of the literature studies spillover effects in a single cross section with experimental
data and assumes partial interference or limits interference to immediate neighbors. Addi-
tionally, they assume that the function of dependence on neighbors’ treatments is known
and correctly specified. See, for instance, Hudgens and Halloran (2008) and Aronow and
Samii (2017). Delgado and Florax (2015), Clarke (2017), and Butts (2021) allow inter-
ference in DID estimation in a two-way fixed effects (TWFE) framework (often without
covariates) from a superpopulation perspective. All three papers mentioned above share
some or all limitations of the general interference literature. Design-based DID estima-
tion has been studied by Athey and Imbens (2022), Rambachan and Roth (2022), and
Arkhangelsky, Imbens, Lei, and Luo (2021) but they keep the SUTVA.

I work with observational data in this paper since it is the most common type of data in
economics. I consider the expected direct treatment effect at certain neighborhood exposure
levels or the expected spillover effect at different neighborhood exposure levels. As a result,
the causal estimands are well defined even when the spillover function is misspecified. In
terms of relaxing the assumption of a fixed neighborhood boundary, I apply the device of

approximate neighborhood interference (ANI) in Leung (2022) to spatial data, in which



treatments assigned to units further from ¢ have a smaller, but possibly nonzero, effect on
1’s response. In addition, the assignment variables are allowed to be spatially correlated
as is often the case in practice with spatial data. To sum up, our approach is the most
general one so far and is closest to empirical settings.

Our contribution is fourfold. First, I lay the basis for studying direct and spillover
effects in a DID context with the entire population observed. Second, I study the identifi-
cation of canonical DID estimators available in the literature. I provide conditions under
which canonical estimators still identify meaningful causal estimands. This discussion alone
would be of interest to practitioners. Third, I clarify what toolkit practitioners can use
by comparing various dimension reduction approaches in the interference literature. Last
and most importantly, I provide solutions to the question under study by proposing doubly
robust estimators for the direct treatment effect and spillover effect. Our doubly robust
estimator is a modified version of the augmented inverse probability weighting (AIPW)
estimator, which only requires correct specification of either the propensity score of treat-
ment or the conditional mean of the outcomes. Sant’Anna and Zhao (2020) has proposed
ATPW estimators in the DID context, maintaining SUTVA and the superpopulation frame-
work. Once interference is allowed for, one of the biggest challenges is incorporating it in
a general and flexible manner. On top of the different estimands I target, our conditional
inference approach also leads to a different variance-covariance matrix which requires a

new variance estimator when necessary.



2 Setup

2.1 Environment

I start with the relatively simple setting of panel data with two time periods; t = 1,2
stands for the time period before and after treatment respectively. Let D C RY, d > 1,
be a lattice of (possibly) unevenly placed locations in R%. Consider a sequence of finite
subsets of D, {Dj}, where M indexes the sequence of finite populations. |Djs| diverges to
infinity in deriving the asymptotic properties, where |V'| denotes the cardinality of a finite
subset V C D.

For each unit i in the population, there is a stochastic assignment variable W; € {0, 1},
and a vector of fixed attributes z;. The potential outcome function is defined to be a
mapping from the treatment vector of the entire population y;(w;, w—_;), where w_; =
{wj,j € D, j # i}. The realized potential outcomes are denoted by Yi; = y;(W'). Notice
that (W, 2,Y) = {(W;, 2, Yi()),i € Dy, M > 1} are triangular arrays of random fields
defined on a probability space (£, F, P). Exposure mapping is defined by the function
G; = G(i,w_;) € G, where G is a discrete set.

The setup is closest to that in Xu and Wooldridge (2022). The main difference here
is that I allow the potential outcome functions to be random. In addition, no sampling
process is involved since the entire population is observed. In other words, the sampling
probability is one. The key to the finite population perspective is to allow positive sampling
probabilities.

It is worth explaining the construction of the G(-) function here. Given a fixed K,

define the K-neighborhood of unit i as

NG, K) ={j € Dar: p(i,j) < K, j # i}



Let wr( k) = (wj : j € N (i, K)) be the treatment vector of units within i’s K-neighborhood.
There exists K < oo such that for all w_; and w’; such that wy(x) = Wy k)
G(i,w_;) = G(i,w’ ;). As a result, the specified exposure mapping function restricts
spillover effects within the immediate K-neighborhood of each unit. Having said that,
the actual potential outcome function places no restriction on the interference structure.
Treatments of units outside of i’s K-neighborhood can legitimately influence i’s potential
outcome as long as treatments assigned to units further from ¢ have a smaller, but pos-
sibly nonzero, effect on i’s response. A detailed description of the assumptions is given
in Section 4 below. This way, the exposure mapping function is allowed to be arbitrarily
misspecified. The G(-) function is allowed to be multidimensional, in which the K distance
would be the largest distance that interference is allowed under the specification across the
fixed dimensions of G(-).

I briefly summarize the notation used throughout the paper. I adopt the metric p(i, j) =
max<j<q |ji — %/ in space R?, where i; is the I-th component of i. The distance between any
subsets K,V C D is defined as p(K,V) = inf{p(i,j) : i € K and j € V}. For any random
vector W, [[W]|, = [E(|W]?|2)] 1/p, p > 1, denotes its Ly,-norm. Lastly, C' denotes a

generic positive constant that may vary under different circumstances.

2.2 Estimands of Interest

To allow for flexible modeling of the conditional mean of potential outcomes, I adopt a
hybrid of model-based and design-based frameworks. This paper is interested in the ex-
pected finite population average, i.e., the average of the expected potential outcome across
all units in the finite population. In other words, I focus on conditional inference given
fixed attributes z;; see Abadie et al. (2014) and Jin and Rothenh&usler (2023) for detailed

discussion of conditional parameters and conditional inference. I take the finite population



perspective in the sense that the entire population is observed with fixed attributes.
There are two types of estimands of interest. The first parameter is the expected direct

average treatment effect on the treated (EDATT) at exposure level g.

1
7(9) Zm Z E [yi2(1,w—;) — yi2(0, w—;)|W; = 1,G; = g, 2] (1)
i€D s

The key ingredient of the definition is the expected potential outcome at exposure level g,

E[yl-g(l,w,mWi =1,G; =y, zi]
= Z E[yia(1L, W_)|Wi =1, W_; =W _;, | P(W_; = W_|G; = g, W; = 1, ),
W_,eQ
where the expectation is taken over all possible realizations of W_; given the specified
exposure mapping G(i,w_;) and Q = {0, 1}/PmI=1,

In terms of the interpretation of EDATT, if the spillover effect and the direct effect are
additively separable, we can identify the exact direct ATT even if the spillover function is
misspecified. Without additivity, we can still identify the direct ATT that would realize in
expectation at the specified exposure level.

In addition to EDATT, empirical researchers might also be interested in spillover effects

defined in equations (2) and (3).

1
Dl Z (E[yiQ(lawfi”Wi =1,Gi =g, 2] — E[y(l,w" )|W; =1,G; = gl,Zi]) (2)

iEDA{

1
Y Z (E [Yi2(0, w_;)|W; = 0,G; = g, 2] — E[yi2(0, w’_)|W; =0,G; = 9/7Zi]> (3)
i€Dpy
The spillover effect contrasts the expected potential outcomes between levels g and ¢’ and

could differ with or without direct treatment. A leading case would be setting ¢’ to 0. The



identification of the spillover effect is more straightforward because the potential outcomes

under direct assignment and the specified exposure are observable.

3 Identification

The first question when relaxing SUTVA is whether it matters if spillover effects are ignored
when estimating the treatment effect. Namely, will the canonical DID estimator consis-
tently estimate ATT when interference occurs? To facilitate the discussion of identification,

I impose the following assumptions.

Assumption 1 (Ouverlap) ¥ i € Dy, there exists € > 0 such that € < p(z;) < 1 — ¢,

mig(zi) > €, and mog(z;) > €, where

p(z:) = P(W; = 1]z), (4)
ng(zi) = P(Gi = g|W; = 1,2), (5)

and
mog(2i) = P(Gi = g|W; =0, 2;). (6)

To simplify the notation, I assume that the overlap assumption applies to every unit in
the population. With certain exposure mapping specifications, this might not be plausible.
An easy fix is to change the estimand by averaging over the subpopulation where G; can
take on the value g. Also, please see Man, Sant’Anna, Sasaki, and Ura (2023) for trimming

propensity scores with bias correction when the overlap condition holds weakly.
Assumption 2 (No Anticipation)

Z E [yi1 (wi, w—;)|Wi, 2] = 1 Z E [yi1(0,0)|W;, 2]

1
‘DM| i€Dpg |DM’ 1€D g



Assumption 2 requires that the expected potential outcome in the first time period be-
fore treatment is always equal to the expected potential outcome without treatment nor
spillover. The no anticipation assumption is quite standard in the literature, sometimes
implicitly.

To identify EDATT, I impose the following parallel trends assumption:

Assumption 3 (Parallel Trends)

1
D] Z [E(ZJm(O,’w*iNWi =1,Gi = g,2) — B(y:(0,0)|W; = 1,2z‘)}
B (7)
1
:m [E(yiQ(Oa'wfi”Wi =0,G; = g,2) — E(3:1(0,0)|W; =0, Zz)}

1€D

A sufficient condition for Assumption 3 is that for any ¢* € G*,

E(y:2(0,g")IWi = 1,G] = g", ) = B(ya (0,0)|Wi = 1, )

ol
e
]

1€D s (8)
1
:W Z [E(yiz(O,g*NWi =0,G; =g",2z) — E(y1(0,0)|W; =0, ZZ)]v
€Dy

where G* stands for the unknown true exposure mapping and G* is the set of values that
G* can take. If equation (8) holds, then Assumption 3 is satisfied by the law of iterated
expectations invariant of the specified exposure mapping function.

If we remove the outer average, and assume that equality holds for each unit i € D)y,
then Assumption 3 becomes the conditional parallel trends. Further notice that in the
parallel trends assumption, we do not condition on the exposure level g in the first time
period as no one is treated at ¢ = 1. Accordingly, there is no spillover in the potential
outcome function in the first time period. Assumptions 2 and 3 can be relaxed if we
observe multiple time periods before treatment or one is willing to model the differential

time trends among the control and treatment groups. However, to fix idea I keep them in



the standard form in the literature.

There is a growing literature on justification and falsification of the parallel trends
assumption under SUTVA; see, for instance, Roth and Sant’Anna (2023) and Ghanem,
Sant’Anna, and Wiithrich (2022). When parallel trends might be violated, Rambachan
and Roth (2023) present confidence sets for the identified set of treatment effects. The
extension of these analyses to parallel trends with interference is out of the scope of this
paper. Readers can refer to the references above for intuition. Since no units are treated
prior to the treatment, there is no spillover effect before ¢ = 2. Therefore, the feasible
classical pre-trends test here is reduced to the standard case without interference. The

interpretation of the pre-trends test requires caution, though; see Roth (2022).

3.1 Canonical DID

The usual ATT under the SUTVA is

~ 1
" [Dul ;D: E(yia(1) =y (0)|Wi = 1, 2).
e

Here, the potential outcomes are determined solely by unit i’s own treatment. Suppose

the canonical DID estimator consistently estimates

Tecanonic =

> (B = YalWi = 1,2) = B(Yia — Ya Wi = 0,2)]

1
|DM| i€D s
Examples include the TWFE linear estimating equation in Remark 1 in Sant’Anna and
Zhao (2020) under the additional restrictions of the data generating process there and the
inverse probability weighting (IPW) estimator in Abadie (2005). If the usual (conditional)

parallel trends assumption holds without interference, 7.qnonic would be equivalent to 7.

If SUTVA is violated, EDATT is generally determined by the specific exposure level.

10



As a result, I use the overall direct effect as a benchmark for comparison.

=Y 7(9)P(Gi=g|W;=1,2)
geg

The overall direct effect is comparable to the expected average treatment effect (EATE)

studied by Sévje, Aronow, and Hudgens (2021), which in our notation is equal to

TEATE :|D1M\ Z [E(in(l,wfi)) 7E(yi2(0aw7i))}

i€Dnr
1
IGD]\/I geg

The difference between 7 and 75 47 g is that the expected potential outcome and the propen-
sity score is further conditional on W; = 1 and z; because of the DID setting. With abuse
of notation, I get rid of the finite population average for the parameters 7 and 7.qnonic for
now as it does not affect the comparison.

I first suppose that the parallel trends assumption (7) holds. Using the law of iterated

expectations, 7 and Tegnonic can be decomposed in the following way:

T ZZE(Ym!Wz‘ =1,Gi=9,%)P(G; =g|W; =1,2) —E(Yu|W; =1,2)
geG

= [ Do E(YalWi = 0,Gi = g,2) P(G: = g|Wi = 1, 2) — E(Ya Wi = 0, z)]
9€g

Teanonic = Y B(Yio|Wi = 1,G; = g, ) P(Gi = g|Wi = 1,2) = E(Ya [Wi = 1, 2)
9€g

- {ZE(YMWi =0,G; = g,2)P(Gi = g|W; = 0, 2;) — E(Yn|W; =0, Zi)]
geg
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Proposition 1 Under Assumptions 1-3, Teanonic 7 T in general unless P(G; = g|W; =

O,Zi) = P(Gl = g|Wi = 1,Z¢).

Notice that if the direct effect and the spillover effect are separately additive, the canonical
DID estimator can still identify the direct effect. For a generic potential outcome function, a
sufficient condition for equality would be G; L W; | z;. However, conditional independence
can be easily violated if either of the following is true: (i) G; and W; are linked through
covariates not included in z; (ii) neighbors’ behavior affects unit i’s treatment uptake;
(iii) similar neighborhood characteristics drive the assignment mechanism; see Forastiere,
Airoldi, and Mealli (2021) for a parallel discussion allowing interference on networks under
unconfoundedness.

Secondly, suppose parallel trends (7) fails but a modified version holds conditional on

additional attributes.

1
D] (B (yia (0, w0-)[W; = 1,Gi = g, 26, w5) — B (ya (0,0)|[W; = 1, 25, |
€Dy

(9)
1
=B Z [E(?/Q(O, w_;)|W; =0,G; = g, zi,u;) — E(y:(0,0)|W; =0, 2, ui)},

€Dy

where u; are additional attributes. Similarly, 7 and Tcgnonic can be rewritten as

T=Y > B(YeWi=1,Gi=g,z,u = u)P(u; = ulW; =1,G; = g, 2)
g€G ueld

. P(Gl = Q‘Wl = 1,2’7;) - ZE(}/H‘W% = l,zi,ui = U)P(Ul = ’LL|W7, = 1,2’2')
ueU

~ [ DY BOaIW = 0,Gi = g, 2,4 = w)P(ui = ulWi = 1,G; = g, %)
g€eG uel

“P(Gi=g|Wi=1,2) — ZE(Yz‘ﬂWi =0, 2, u; = u)P(u; = u|W; =1, z;)

ueU
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Teanonic = Y O B(Yaa|W; = 1,Gi = g, i, u; = w) P(u; = u[Wi = 1,G; = g, )

g€G ueld
. P(Gl = g’VVZ = 1,2’7;) - ZE(}/Z].‘W’L = 1,zi,ui = U)P(Uz = U‘Wl = 1,ZZ')
ueU
~ [ DY BOaIW = 0,Gi = g, 2,4 = w)P(ui = ulWi = 0,G; = g,2)
g€eG ueld
. P(Gl = g]Wi = 0, ZZ) — ZE(YVM‘Wl = 0, Ziys Uy = u)P(uz = ’LL|WZ = O,Zi)
ueU

Proposition 2 Under Assumption 1, the modified no anticipation assumption conditional

on (Wi, zi,u;), and the modified parallel trends (9), Teanonic # T unless

P(Gl = g|Wi = 0, ZZ') = P(Gz = g]Wi = 1, ZZ)

and

Pluj =ulW; =1,G; = g,2;) = P(u; = u|lW; =0,G; = g, 2).

As a result, even if G; 1L W; | z; or SUTVA holds, the canonical DID estimator is still
biased because of the exclusion of u;. Assuming away interference, the omitted attributes

often can be the attributes of unit ¢’s neighbors.

3.2 Modified Two-Way Fixed Effects

Another approach to estimate the spillover effect suggested in the literature is to augment
the TWFE DID regression with another binary indicator S; equal to one if a unit is close
to the treated unit; see, for instance, Di Tella and Schargrodsky (2004) and Butts (2021).

Using our notation, the estimating equation becomes

Yie = B1Wi + B2(1 — Wi)Si + BsWirSi + ai + At + €ir, (10)

13



where Wi, = Wi * 1{t = 2}. f; estimated from equation (10) would be consistent for the

EDATT defined by

_ 1
7(0) = 1Dl > {E(QQ(LQ) —4i2(0,0)|W; = 1,8; = O)]

i€ED s

under the parallel trends assumption

1
’DM‘zeZ:DM (4i2(0,0) — 9i1(0,0)] )}
1
~ D] 2. [E(yﬂ(O,Q)—yu(O,Q)!Wi:O,Si:O)}.
M i€D

7(0) and 7(1) are the direct ATT without neighborhood exposure and EDATT with
neighborhood exposure respectively only if the distance cutoff, d, for the interference struc-
ture is correctly chosen. Namely, units with 5; = 1 indeed receive spillover and those with

S; = 0 indeed receive no spillover at all. If the cutoff is chosen too small, then 7(0) becomes

14



the EDATT,

where G(i,w_;) = 1{A;,W > 0} and A is the adjacency matrix with units being neighbors

if their distance is less than or equal to dy < d. Analogously,

with the exposure mapping G(i,w_;) = 1{A;W > 0} no matter the cutoff d, is chosen
too small or too large.

We can see that given the estimating equation of the augmented TWFE, the specified
exposure mapping is fixed as 1{ A;W > 0}. Only when the interference structure coincides
with the indicator function 1{A;W > 0} along with the correct distance cutoff, can we
identify the exact direct ATT. In contrast, our approach instead can identify the EDATT,
7(g), with varying levels of neighborhood exposure ¢ allowing for misspecification of the
spillover structure. We can also identify the exact direct ATT when the exposure mapping
is correctly specified allowing for various interference structure. Meanwhile, we can flexibly
account for covariates by assuming the conditional parallel trends. Furthermore, the basic

augmented TWFE regression linear in covariates,

Yie = Bo + BiWir + B2(1 — Wit)Si + BsWirSi + BaWi + ziy + Mt + €t

suffers from the same drawbacks of the usual canonical TWFE regression for DID estima-
tion as pointed out by Remark 1 in Sant’Anna and Zhao (2020). Adding interactions of

the covariates with the treatment and time indicators can help.
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3.3 Doubly Robust Estimand

Since ignoring the spillover effect is only harmless under special scenarios, we need to
propose new estimators for the EDATT. Under parallel trends and overlap assumptions,

the EDATT can be identified by inverse weighting using propensity scores.

2

_ b Wi — p(2i) 1{G; = g} -
= [Da| Z ’ [p(zi)(l - p(z)) (Wiﬂlg(zz‘) +(1— I/Vi)ﬂ'og(zi)Y;Q Yﬂ)

i€Dnr
Wi —p(z) 1{Gi = g} -
p(zi)(1 = p(zi)) <ng(zi) (= Wy () 2 Y >

(11)
~Ep

To simplify notation, I use Ep to denote the finite population average conditional on the
attributes z from now on.

Without the indicator for G and the additional propensity scores for spillover, the IPW-
DID estimand is the same as the estimand proposed in Abadie (2005). To allow for more
robustness against misspecification of the propensity scores, the IPW-DID estimand can
be extended to an AIPW estimand in the similar spirit of Ning, Peng, and Tao (2020).

Define the conditional means of the potential outcome as

Nit,wg(zi) = E(thWVz =w,G; =g, Zi) (12)

or

pitaw (i) = E(Yie|Wi = w, 2;). (13)

Let mitwg(2i) and myp(2;) denote the model for equations (12) and (13), respectively.
Denote Amigy(zi) = mi2719(2’i) — mig,og(zi) and Am;q (Zl) = miLl(Zi) — mi1,0<zi)' Further-
more, let 1(z;), Mg(2i), and 1o4(z;) be the models for the propensity scores in equations

(4)-(6), respectively.

16



The doubly robust estimand is

7(9) =Ep 77‘(/‘2) (l{n(j;(z)g} (Yio — mig,1g(2i)) — (Yir — mil,l(zi))>
ST (e O () = O maote) )10

+ Amyo g(2:) — Amii(z;) | -

Proposition 3 Under Assumptions 1-3, equation (14) recovers the EDATT, 1(g), as long
as either the propensity scores or the conditional means of the outcome are correctly spec-

ified.

Although DID estimators identify the ATT, the doubly robust estimand here formulates
the AIPW in the same way as the ATE rather than the ATT estimand. In addition to
the extra weighting of the exposure level, this difference to the doubly robust estimand in
Sant’Anna and Zhao (2020) is due to the fixed attributes.

It is worth explaining what we mean by correct specification of the propensity scores
and the conditional means of outcomes. The specification of p(z;) and g (%) is more
straightforward; the only difference from usual practice without interference is the choice
of z;, which may include neighbors’ attributes. As for the specification of m,4(2;) and
itwg(2i), it is easier to fix ideas using a simple example.

Suppose the spatial units are located on a square grid at locations {(d1,ds) : di,ds =
1,2,...,1}. Units immediately to the left or right of ¢ are classified as neighbors of i. Each
unit is assigned to treatment independently according to a Bernoulli trial with probability
p(zi). The potential outcome function is y;(w;, w—;) = w; + A;W + e;, where A; is the
h

i row of the adjacency matrix and e; is the standard normal independent of everything

else. Nevertheless, the spillover function is misspecified as G; = 1{A;W > 0}. I use 2}

17



and z; to differentiate neighborhood attributes for ¢ and individual attributes for ¢ alone.
In this example, z; = {z; : j € Nj}. Then m4(2}) = mog(2}) = 1 — Ijen; (1 — p(z;)) and
Witawg(2]) = w + g(ZjeM p(zj)>/[2(1 — Hjen; (1= p(z;)))] for units with two neighbors.
We hope to correctly specify mq(2]) and pi wg(2]) along with the correct spillover function.
Nonetheless, even if the spillover function is misspecified, we might still be able to correctly
specify the propensity scores and conditional expected potential outcomes at exposure g.

Analogously, the doubly robust estimands for the spillover effects are

Wi HGi=0} iy o W i (2
ED 77(21) nlg(zi) (sz 12,19( z)) + z2,1g( z) (15)
Wi HGi=4g'} s, N P
_77(21.) 7719'(21') (Yl 12,19( z)) zZ,lg( z)]
and
1-— Wz‘ ]l{G, = g}
o 1=n(zi) nog(zi) (Yl - mi2’0g(2i)) T mi0q(2) (16)

_ 1-— Wl‘ ]l{Gz :g’}
L—n(zi) mog (i)

(Yiz — mug 09 (2i)) — mi2,0g/(zi)] .

4 Asymptotic Properties of the Parametric Estimator

I focus on the estimation of the EDATT since the estimation of spillover effects would be
similar. I propose a GMM estimator combining equation (14) with moment conditions for
the propensity scores and conditional means of outcomes chosen by the empirical researcher.
To make our estimator more robust to misspecification of these functions, one can use
various moment conditions to identify the propensity scores. One option is the covariate
balancing propensity scores (CBPS), which can be locally more robust than the propensity
scores based on maximum likelihood estimation (MLE); see, for instance, Imai and Ratkovic

(2014). The alternative would be estimating all functions nonparametrically, which is left

18



as future work.

I denote the generic moment condition for the propensity scores as

Ep[gi1 (Wi, zi,7)] =0 (17)

and

IED [QlZ(Wsz’vala’yg)] = 0’ (]‘8)

where z; can contain neighbors’ attributes within K-neighborhood. For instance, the mo-

ment conditions for CBPS are

W, (1-W;)

D - =0 19
0| P ST TP T 19

and forg=1,2,...,G,G—1

HG; =g} H{Gi=g-1}

E Wiv 1) W/’ia 7 - 0, 20
D[P(Gizmwiﬂi)( %) P(Gi=9—1|Wi»Zi)( %) (20)
where P(W; = 1|z;) is some probability for a binary response, such as %, and

P(G; = g|W;, z;) is some probability for discrete choices. Similarly, the generic conditional

moment conditions are denoted by

Ep [qi3(Yit, Wi, 2i,73)] =0 (21)

and

Ep [gia(Yio, Wi, Gs, zi,71)] = 0. (22)

Alternatively, one can model the conditional mean for AY; = Y;s — Y;; and formulate the
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moment condition as

Ep [Gis(AY;, W;, G, 2,73)] = 0. (23)

If there are only a few possible values that the exposure levels GG; can take, one can
alternatively model the conditional outcomes for the subpopulation with W; = w and
G; = g as a function of z;, separately. Lastly, the moment condition for 7(g) is a restatement

/

of equation (14)". Denote 03, = (i, 73',73", 74", 7(9))"-

Ep [qi5(Yit, Wi, Gi, 21, 031)]

- Wi (HGi=g}y, — o 1(2)) — (Vi1 — iy 1 (2
_ED [n(zz)( nlg(zi) (1/12 12,19( z)) (}/zl 11,1( 7,)))
1—n(zi) \ nog(2i)

+ Amiz,g(zi) — Amil (Zl) — T(g)] =0

(24)

(Yio — mig,9(2i)) — (Yi1 — mil,O(zi)))

Let Xz — {Y;thGi)Zi}a QZ(XwQ) = (q',[l(le)vQQ2(72)7q£3(73)7QQ4(’74)>QZ'5(0)),7 and (I} as

the weighting matrix with dimensions larger or equal to that of 6.

0 = arg min —— (X;,0) U (X5, 0 25
gGEG) |DM’ Z QZ i |DM’Z€ZD;VIQZ( i ) ( )

The GMM estimator is the solution to the finite population minimization problem in
equation (25). And the estimator of 7(g) is the last element of .
I impose the following assumptions to study the asymptotic distribution of the GMM

estimator.

In practice, it is recommended to normalize the weights for IPW type of estimators. Changing the
moment condition with normalized propensity scores — where the weights sum to unity — does not affect
asymptotic normality of the GMM estimator. In fact, estimators with normalized weights consistently show
better finite sample performance in the simulations below.
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Assumption 4 Suppose {Dyr} is a sequence of finite subsets of D such that |Dys| — oo
as M — oo, where the lattice D C R, d > 1, is infinitely countable. All elements in D are
located at distances of at least py > 0 from each other, i.e., for all i,5 € D: p(i,j) > po;

w.l.o.g. we assume that py > 1.

Consistent with the increasing domain asymptotics, the assumption of the minimum dis-

tance ensures the expansion of the finite population region.

Assumption 5 (Approzimate Neighborhood Interference) Let W (%) = (Wari,s)» WbM\N(i s)),
where W' is an independent copy of W, W (030 — (Wi(i,s):0), i-e., Wl/)M\N(i 5 =0, and

ki (s) = max By (W) — yi?(W(i’s’O))‘z}

i€D
Suppose that supy; kar(s) = 0 as s — oo.

Assumption 5 is a modified version of Assumption 4 in Leung (2022). Essentially, treat-
ments of units from s distance away from ¢ should become minimal as the distance s
gets larger. This way, we can allow interference outside the immediate K-neighborhood
while still being able to derive the asymptotic properties of our estimator. Leung (2022)
has shown that several interference structures satisfy the ANI assumption, including the
linear-in-means model with endogenous peer effects. Section 5 gives an overview of the
different approaches to model interference taken by the literature and compares them to
ANT.

I adopt 1-dependence in Kojevnikov, Marmer, and Song (2021) as our notion of weak
dependence throughout the paper. Notice that a-mixing is a special case of 1-dependence.
Let £, 1, denote the collection of bounded Lipschitz real functions f(-) on R**" with the

Lipschitz constant Lip(f) < oo and | f]|, < oo, where ||f||,, = sup, |f(z)|. Denote the
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collection of subset pairs as
Prr(h,h';8)={(H,H"): H H C Dy, |H| = h,|H'| =W, p(H,H') > s}.

Definition 1 A triangular array {Vi,i € Dy, M > 1},V; € RY, is called -dependent
if there exist uniformly bounded constants {Knrs}s>0 with Karo = 1, and a collection of
nonrandom functions {Up p }npen with Ypp + Lyp X Ly, — [0,00) such that for all

(H,H') € Prp(h, b5 s) with s >0 and all f € Ly}, and f' € Ly},

‘Cov(f(VH)7f/(VH’))| < wh,h’(‘ﬂ f/)’%M,Sv (26)

where Vg = (V; i € H).

I require kpz,s to approach zero as s grows. i-dependence is used to bound the covariances

of any two subsets of observations distant from each other.

Assumption 6 Let yi; = ¢(W;, W_;, 2;,U;), where ¢(-) is some generic function and Uj;
denotes the unobservables. Let ¢; = (W;,U;). The random field € = {¢;,i € Dy, M > 1}
is a-mizing under Definition 2 in Jenish and Prucha (2012). The mizing coefficient is

denoted by a(u,v,r) < (u+v)a(r).

On top of possible interference, Assumption 6 allows assignment variables to be spatially

correlated as well.

Lemma 4.1 Under Assumptions 4, 5, 6, and Assumption A.1 in Appendix A, for each
6 € ©, each element of ¢;(X;,0) and Voq;(X;,0) is ¥-dependent with fipgs = (kar(s/3) +
s4a5,(s/3))1(s > 3max{K,1})+1(s < 3max{K,1}). Equation (26) holds withh = h =1

and f = f' being the identity function.
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To adapt the limit theorems in Kojevnikov et al. (2021) to spatial data, I replace the
network denseness with the cardinality of the spatial sets implied by Lemma A.1 in Jenish

and Prucha (2009). As a result, Assumption 3.2 in Kojevnikov et al. (2021) is modified as

Assumption 7

[o.¢]
E sdill?;M,S < 00
s=1

Assumption 7 is in the similar spirit of Assumption 3(b) in Jenish and Prucha (2009) for
o-mixing random fields.
Let 03, = V[ > ;e Dy N6 (Ui, 0)|z] for a nonzero vector A. Similarly, Assumption 3.4

in Kojevnikov et al. (2021) is modified as

Assumption 8 There exists a positive sequence Ty — 0o such that for k=1,2

24k

2+k Z Z -t max |N(Z’§TM)\N(J'§5_1)}]€RJI\/;SP -0

Dar,s<p(irj 1
Dy o1 JEDN ,5<p(1,5)<s+

and w/p)
’D ‘2 Mr]wp

oM

—0

as M — oo, where p > 4 is that appears in Assumption A.1 in Appendiz A.

The rate of kKps s is implicitly implied by Assumption 8. A sufficient condition for the first

part of the assumption is
24k

IDml ga d—1
s MZ “Msp — 0,

Analogous conditions — equations (B.18) and (B.19) — can be found in Jenish and Prucha
(2009). Leung (2022) provides an example data generating process of spatial networks that

satisfies Assumption 8.
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Define

Q= Aenw, M + Dspatia,r — A — AEs, i,

where

1 " *
Aehw,M = m Z E[q’b<XZ7QM)qZ(X’LueM)/’z]a

i€Dps

1
Apy = 7 Z E[Qi(Xz‘aQXJNZ]E[Qi(Xi’97\4)’4/7
’DM‘ i€D

1 « *
Aschtial,M = m Z Z E[QZ(XH GM)C]j(Xj, GM),|Z]a
MV i€Dyr jeDar j#i
1
Apsm
1€Dn JED p,jFi

Denote

Ry = Ep[Voaqi(Xi, 03]

and

Vir = (Ry/UnRy) Ry QU Ry (R WarRYy,) ™

where U — W s 5 o.

=l 2 2 Ela(Xa8inl=]Ble (X 6l2]

(27)

(32)

Theorem 4.2 Under Assumptions 1-8, and Assumption A.1 in Appendix A, if either equa-

tions (4)-(6) or equations (12) and (13) are correctly modeled,

Vi, 2V D6 - 63) S N (0, T,).

Let us compare €23, with the middle term of the variance-covariance matrix in Xu and
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Wooldridge (2022):2

SM :Aehw,M(e}(w) + puMAcluster,M(ek) + puMpcMAspatial,M(HX/[)

— PuMPeMAE M — puMPeMAEC,M — PuM PeM AES, M (33)

Qs echos Sy without explicit cluster partition. The key difference is that the composite
sampling probabilities p,arpcnr are equal to one, since we acquire the entire population here
to estimate the population spillover effect and the direct treatment effect. In addition, the
extra terms, Ag pr and Agg y are only conditional on observed attributes but not potential
outcomes. According to the guidance in Xu and Wooldridge (2022), with the consideration
of interference, we need to make inference robust to spatial correlation.

As a common approach to adjust the variance estimator for spatial correlation, the
usual spatial heteroskedasticity and autocorrelation consistent (SHAC) variance estimator

is defined as

where

and

Q(0) = 1 Zw(i) > > qi(Xi,0)q;(X;,0)".
s=0 1€Dn jEDp,s<p(4,5)<s+1

I impose the following assumption for the estimation of the variance-covariance matrix.

Assumption 9 The weights satisfy:
(i) w(0) =1, w(ﬁ) =0 for any s > by, ‘w(ﬁ)‘ < o0,V M;

2Please see Xu and Wooldridge (2022) for detailed explanation of notation.
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(i) .
> Ju(y) 1l 1w o
(iii)

. 2.1-4
T E E d-1 max ’N(z;bM‘nMs/p%O
|DM| JED M 5<p(i,§)<s+1

lGDMS 1

as M — oo, where by = 0(\DM\1/2d) and p > 4 is that appears in Assumption A.1 in

Appendix A.

Assumption 9(ii) is a high-level condition, which requires that the kernel weights w3 1)
converge to one sufficiently fast as M — oo. Assumption 9(iii) regulates the growth rate

of the bandwidth {bas}.

Theorem 4.3 Under Assumptions 4-9, and Assumption A.1 in Appendiz A,
VvV — (VM -+ VE) £> 0

where

Ve = (Ry/ U Ry Ry U QpW Ry, (R U Ry) ™

and

L‘Zw(;) S>> Ea(Xa0in)l2]E[g(X;050)12]

5= t€Dn jED,s<p(i,5)<s+1

Remark 1 The usual SHAC variance estimator is generally conservative for the condi-

tional SHAC variance-covariance matrix.

Remark 1 is similar to Remark 3 in Xu and Wooldridge (2022) without sampling consid-

eration. The conservativeness of the usual variance estimator for conditional variance has
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also been investigated in Abadie et al. (2014) under the independence assumption for the
heteroskedasticity-robust variance matrix. I extend it to the case with spatial correlation
here.

That said, I would like to highlight a few points. First, because Q(é) is a conservative
estimator for s, even if we choose W), as the optimal weighting matrix QX;, using
U = Q(é) in estimation is not going to achieve the most efficient GMM estimator. The
usual variance estimator is therefore conservative not only because of the neglect of the
additional terms in the variance-covariance matrix but also because the optimal weighting
matrix is not consistently estimated. Of course, when the model is just identified, the
weighting matrix choice is irrelevant.

Second, unlike the finite population variance-covariance matrix in Xu and Wooldridge
(2022), the conditional SHAC variance matrix is consistently estimable because it is no
longer conditional on the unobserved potential outcomes. There are different approaches
we can take. However, since the usual SHAC variance estimator is known to suffer from
downward bias especially when the spatial correlation is high, it is not always necessary to

estimate the smaller conditional variance matrix.

5 Different Approaches to Dimension Reduction

Manski (2013) and Basse and Airoldi (2018) formally point out that there exist no consis-
tent treatment effect estimators under arbitrary interference. It is therefore necessary to
make dimension reduction assumptions about the interference structure in order to iden-
tify meaningful treatment effect parameters. There are different approaches to dimension
reduction in the literature; see, for instance, Auerbach and Tabord-Meehan (2021), Agar-
wal, Cen, Shah, and Yu (2022), Emmenegger, Spohn, and Biihlmann (2022), and Qu,

Xiong, Liu, and Imbens (2022). In this paper, I provide an overview of some of the leading
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approaches in the literature and show how the recent literature development relates to
our general framework. Each article referenced proposes different estimation methods for
various causal effect estimands. Our focus here is to compare the different approaches to

modeling spillover effect.?

5.1 Partial Interference

The most popular approach to dimension reduction of the interference structure is partial
interference restricted within disjoint clusters. In Qu et al. (2022), their potential outcome

function is modeled as?*

yc,i(wc,’ia We,(4),1, """ ’wc,(i),m) = yc,i(wc,ia Ges 0t 7.gc,m)a (34)

where c is the index of a cluster, y.; and w.; is the potential outcome and treatment
assignment of unit 4 in cluster ¢, and w,. (;) ; is the treatment assignment of unit ¢’s neighbors
in the disjoint subset j of cluster ¢. Units within each of the m disjoint subsets are
exchangeable. As a result, the impact of w, ;) ; can be summarized by g j, which measures
the number of treated neighbors in subset j of cluster ¢. Compared with the assumption
of fully exchangeable neighbors in cluster ¢, the partition of m subsets allows for more
heterogeneity of neighbors’ influence and hence a more flexible interference structure.

If (34) is correctly specified, we can choose K to be max.—; ¢ max; jecp(i,j). Given
bounded cluster sizes, K is finite. For all s > K and any i, y;(W)—y;(W"*) = 0. Therefore,
potential outcomes in the form of (34) can be accommodated in the approach we take. A

trickier question is how to partition the m subsets within each cluster c¢. On top of that,

partial interference might be too strong an assumption. If either the exchangeability or the

3Tt is not supposed to be a comprehensive survey.
4The potential outcome is defined for a single cross section.
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partial interference assumption does not hold, our approach can still identify the expected

exposure effect as long as the interference from units further away is increasingly negligible.

5.2 Immediate Neighbors

A slightly different approach to dimension reduction is to restrict interference within im-
mediate neighbors. For instance, in Emmenegger et al. (2022), the spillover function is

specified as

(Fr{ws}jepargei)s - I ({witjenar.j#i)) (35)

of fixed dimensions r. Each such function is specified by empirical researchers and describes
a one-dimensional spillover effect that unit ¢ receives from its neighbors. In Example 2.1
in Emmenegger et al. (2022), the functions f! has been specified as the average number of
treated neighbors of unit ¢ and the average number of treated neighbors of neighbors of ¢,
respectively, for » = 2. In this case, if we define neighbors of i as units within distance K
from 4, then ANI holds for any s > 2K.

In Agarwal et al. (2022), they impose network SUTVA i.e., the potential outcome only
depends on treatment assigned to the unit’s neighbors but not other units outside the
neighborhood. In addition, they assume interference is additive across neighbors. Their

potential outcome is therefore modeled as

vicl{w;tienr) = D Ukl + €, (36)
keN (i,K)

where u and [ represents r-dimensional latent factors and e is the error term. Factor
analysis is apparently different from our estimation methods. Nevertheless, ANI holds for
any s > K.

Equations (34) and (35) have recently been proposed in the literature allowing for a
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more flexible interference structure. The purpose of the discussion is to show that if empir-
ical researchers assume these specifications of the spillover function are correct, they can
be well accommodated in our framework. Even if some dimension reduction assumptions

fail, applied researchers are still able to identify causal estimands as long as ANI is true.

5.3 Local Configuration

A more interesting discussion is the comparison of the local configuration approach pro-
posed by Auerbach and Tabord-Meehan (2021) and ANI. In a spatial setting, unit i’s local
configuration of radius r, denoted by G7, refers to the units within the distance r of i
and their characteristics. Units within a local configuration remain anonymous, similar
to the exchangeability assumption. ANI and the expected exposure mapping are initially
proposed to allow for misspecification of the spillover function. The local configuration
approach instead assumes the correct specification of the spillover function, but uses local
configurations of various radiuses r to approximate the effective treatment according to the
spillover function. Below, I provide another interpretation of the ANI assumption. Under
correct specification of the spillover function, the ANI approach is not too different from
the local configuration approach.

According to the metric definition in Auerbach and Tabord-Meehan (2021), for effective

treatment g and g, if d(g, ) < 1—}rr then G7 = G7. Under Assumption 4.5 there,

h(g0) — h(g)| < 6(d(90,9)), (37)

where ¢(z) — 0 as x — 0, h(g) = E[h(g,U;)], and Y; = h(G;,U;). Therefore, we can see

that (37) goes to 0 as r — oo, which is analogous to the ANI assumption in Leung (2022).

sup max ]EUE(W) — Yi(W(”)) ‘] — 0, asr — o0 (38)
M €D
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Examples 2.1 and 2.2 in Auerbach and Tabord-Meehan (2021) are essentially examples
of Sections 5.1 and 5.2, and hence I focus on their Example 2.3 — the linear-in-means peer

effects model. Assuming correct specification,

1
E:a+5m;}/j+Wi’y+6i,
Jel

where P; is the peer group of unit i with size n;. As usual, |§] < 1. The reduced form of
the potential outcome is solved to be
S
Y; = Sli_)rrgoz:IhS(Gf, U;) = h(Gy, Uy).
5=
for some functions hg and h. Hence, for d(g,g) < ?17”

|h(g) = 1(9)] < C|B|" for some |B] < 1,

which is exactly the ANI coefficient given in Proposition 1 in Leung (2022).°
Therefore, under correct specification of the spillover function, if we choose a large
enough r neighborhood, the ANI approach can be thought of as using the units with the

effective treatment closest to the actual effective treatment ¢ to estimate the policy effect.

6 Multiple Time Periods with Common Treatment Timing

Extension to multiple time periods is straightforward. With common treatment timing,
the simplest approach is to aggregate the time periods prior to and post treatment into a

single time period, again denoted t = 1, 2. With the aggregated data, we can directly apply

°T refer the readers to Auerbach and Tabord-Meehan (2021) for the introduction to notation and more
detailed derivation.
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the results above. Alternatively, we might be interested in the EDATT at different time
periods. Denote the time periods by {—T,...,—1,0,1,...,T}. Without loss of generality,
suppose treatment starts at ¢ = 2. For any t > 2, the EDATT at time period t at exposure

level g is defined as

7(9) = —=—— Z E [yit(1, w—;) — yie(0,w_)|[W; = 1,G; = g, 2] (39)
i€D

Spillover effects at time period ¢ can be defined analogously.

It is worth discussing different ways to formalize the parallel trends assumption. We
can either pick one time period before treatment, say ¢t = 1, as the comparison time period.
Or, we can use the average potential outcomes across the time periods prior to treatment
as a comparison. The latter can potentially improve efficiency since data from more time
periods are used in estimation. On the other hand, if the parallel trends assumption only
holds for the time periods closest to the treatment period, the second approach is less
robust. Hence, there is a typical robustness and efficiency tradeoff.

Other than the slight modification of the estimands of interest, the estimation and
asymptotic properties remain the same as long as we contrast the appropriate time periods,
for instance, using data from any ¢ > 2 and ¢ = 1. This way, we can estimate the dynamic

treatment effects when the duration under treatment progresses.

7 Conclusion

I propose doubly robust estimators for the expected direct treatment effect and spillover
effect in a DID context. Our approach is general in the sense that misspecification of
exposure mapping is allowed and interference is not restricted within a fixed boundary of

neighborhoods. Given arbitrary spillover effect, one needs to account for spatial correla-
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tion when conducting inference. With the entire population observed, the usual spatial
correlation robust variance estimator could be conservative.

If one is interested in estimating the spillover effect in the sample or the spillover is
restricted within clusters, the current framework can be extended to incorporate sampling
from a finite population, which is the setup adopted by Xu and Wooldridge (2022). With
sampling, we need to consider pooled cross sections along with panel data, which are the
two types of datasets DID can be applied to. Another difference would be inference, since
now sampling probabilities also play a role.

Since the limit theorems from Kojevnikov et al. (2021) are applied to derive the asymp-
totic distribution, our analysis can be extended to DID with interference in network data.
Given the inclusion of neighbors’ treatments and attributes in the propensity score and
the conditional mean functions, nonparametric estimation is attractive to allow for arbi-
trary functional forms. This is left as future work. In a follow-up research, I extend the

framework to multiple time periods with uncommon timing of treatment adoption.
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A Regularity Conditions for the GMM Estimator

Definition 2 The random function g;(X;,0) is said to be Lipschitz in the parameter 6 on
© if there is h(u) | 0 asw | 0 and b(-) : W — R such that supyscp,, E[|b:i(X;)|] < oo,
and fO?” all éve € @7 |gZ(Xl70~) - gZ(X279)| < bl(Xl)h(Hé - 9”)7 (&S DMaM > 1.

Assumption A.1 (i) U — Uy, B 0, where Wy is positive semidefinite; (i) © is com-
pact; (iii) let Qp(0) = Ep [qi(Xi,Q)]/\IJED [4i(X3,0)]. {Qum(0)} has identifiably unique
minimizers {0}3,} on © as in Definition 3.2 in Gallant and White (1988); () ¢;(X;,0)
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is continuously differentiable on int(©), V i, M; (v) ¢;(X;,0) is Lipschitz in 0 on O; (vi)
SUP s ieD,, E[supgee lqi (X:, 0)]|P |z] < oo for some p > 4; (vit) 0}, € int(©) uniformly in
M, and Ep [¢;(Xi, 05;)] = 0; (viii) inf pr Apin (Qar) > 0, where Apin(+) is the smallest eigen-
value; (i) Vgqi(Xi, 0) is Lipschitz in 0 on ©; (z) supyep,, E| suppeo [|Voai (X, 0)|? ‘z} <
oo; (x1) Ry, Uy Ry, is nonsingular; (wii) for each 6 € ©, let f;(X;,0) be a generic function
standing for each element of either q;(X;,0) or Voqi(X;,0). fi(X;,0) is Lipschitz in X; on

the domain of X; such that supyy ;cp,, Lip(fi) < oo and supyiep,, Ifilloo < 00

Notice that a necessary condition for Assumption A.1(xii) is supyyep,, |Yitl < C < 0o and
SUp s en,, 12l < C < oo, which can often imply Assumption A.1(vi) and (x). Hence, in

the proofs below, I maintain the assumption that Yj; and z; are bounded.

B Proofs

Proof of Proposition 3:
Identification of the doubly robust estimand:

When the propensity scores are correctly specified, n(z) = p(z), mg(2) = mi4(2), and

M0g(2) = oy (2)-

Wi (HGi=g} o]
. _p(zz‘)< ng(zi) (YZ m12,1g( z)) (YZ il l))> Z]
el Wi (MGi=gy e L _—
=k _p(zi) < ng(zi) (Yz- z2,1g( z)) (Y; 11,1( z))) (3 W;,=1 P(Wz - 1| z)
=E ILESZ(Z)Q}(Y@ —mig1g(2i)) |2, Wi = 1,G; = Q]P(Gz‘ =g|Wi=1,z)
—E(Yi1 — maa(z)) ]z, Wi = 1)
=E(Yi2|zi, Wi = 1,G; = g) — B(Yit|zi, Wi = 1) — [mag14(2:) — mi11(zi)] (B.1)
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Similarly,

l—Wi ]l{Gi:g} S . _ s 5 2
P (e O = maan(2) — (¥~ maa(z)) ] B2

=E(Yio|zi, Wi = 0,G; = g) — BE(Yi1|zi, Wi = 0) — [ma2,0g(2i) — mi1,0(2:)]

4

1-W; (1{G; =g} S N (Vo — e (s
1—p<zz->< rog () V22~ Mi20g(21)) = (Yia =i n))

=E(Yio|zi, Wi = 1,G; = g) — E(Yit|z, W; = 1) — [E(Yiz|z:, W; = 0,G; = g) — E(Yi1|zi, W; = 0)]

Hence,

Wi <H{Gi =9} (Yiz — mig,1g(2i)) — (Vi1 — mz11(Zz)))

p(zi) \ Tig(2i)

- E

Zi

+ Amyo g(2:) — Amii(2;)

- ([mi2,lg(zi) —m(zi)] — [mazog(zi) — ’mﬂ,o(zz')D + Amio g(2i) — Amii(2;)

=E[yia(1, w—_;) — yi2(0,w_3)|W; = 1,G; = g, 2] (B.3)

When conditional means are correctly specified, mis wg(2) = pitwg(2) and mie ., (2) =

,uit,w(z)'
|5 (e O eta0) = 0 = a0 ) ]
=B 77‘?:) (157?;(2)9} (Y;Q - Mz‘Q,lg(zz) - — pa,1(23) > = 1]z)
[ MO =) (1 — ) W = 1.6 = 5] PG =gl = )
58 (Yan = i (i) 21, Wi = 1)
p(zi) Tig(2i) [E(YQ‘Z' Wi =1,Gi = g) — o1 (z)] _ pi(2i) [E(Y-l\z, Wi=1)— ui 1(2)] =0
n(zz) nlg(zi) 1 79 1 y T 1a,1g\~ 77(251) 1 (2] 7 21, 1

(B.4)
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Analogously,

E

1- W, (]1{@- = g}

1—n(z) Mg (21) (Yiz - IU”L'Z,Og(Z’L')) — (Yﬂ — ,uﬂ,o(zi))>

As a result,

HZZ‘) (157?;(2)9} (Vi — piz,19(2i)) — (Yir — Mﬂ,l(zi))) zl]
— B 11—_77‘(/2) <1{nf;(2)g} (Yio = piz09(20)) = (Yin = /MLO(’ZZ'))> ZZ]

+ Apio g(2i) — Apin(2i)
=Api2,g(2i) — Apin(2;)

=E[yi2(1,w_;) — y:2(0, w_)|W; = 1,G; = g, z] (B.6)

Proof of Lemma 4.1:
Let f;(-) be a generic function standing for each element of either ¢;(X;, 0) or Vgq; (X5, 0).
Denote fi(r) =fi (Xi(r)) = fi(yit (W(i’r’o)), G (i, Wﬁif’o)), Wi, z;). First, for s < 3max{K, 1},

we have

[Cov(fis [i)l <2 sup [|fill%, < C1 < o0 (B.7)

M,lED}\{

Next, consider s > 3max{K,1}.

|Cov(fi, f;)| = |Cov(fi — F/3) + 1&73) fp)]

<|Cou(fi — f, f)| +1Cou (£, £ — £/) 4 1Cou (£, 1)) (B.8)

<211~ 2] + 20 B[ - 5] + oo,
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For the first two terms in equation (B.8),

il B[ = £ 2] + il B[] 55 - ff“’)!!\z]

<2 sup |fillo sup Lip(fi) sup IE)[HX X H’} (B.9)
M,e€Dy Mi€Dy M,i

Since s/3 > K,
(Yir ya(WE30) G (i, WD) Wi 2) = (Yir, o (W0 G (i, W_i), Wi, 24).
As a result,
E[HXZ - Xi(S/3)H ‘Z] = E[?JH(W) - yi2(W(i’s/3’0)) \z} < kum(s/3). (B.10)

For any fixed s, fi(s/ % s a-mixing under Assumption 6. By Proposition 2.2 in Ko-

jevnikov et al. (2021), the last term in equation (B.8) is bounded by

C’Qaf(s/g)(l,l,s)gC’QoﬁV[(C’g( )4 os(2 )d,g). (B.11)

Putting these together, equation (B.8) is bounded by

C(kn(s/3) + s%a5,(s/3)). (B.12)

Proof of Theorem 4.2:

I prove the theorem by verifying Theorem 2.1 and Theorem 3.2 in Newey and McFadden
(1994). T first show 8 — 65, 5 0
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Under Assumption A.1(vi) and Assumption 7

1
1Dl > 4i(Xi,0) —Ep[a(X:,0)] 50 (B.13)
i€D

follows from Lemma 4.1 and Theorem 3.1 in Kojevnikov et al. (2021). Next,

1 P

sup || —— qi(X;,0) —Eplqg;(X;,0)[|| = 0 B.14

218 | ] & 0(0600) = Ep0(600) (B.14)
? M

follows from Corollary 3.1 in Newey (1991) and equation (B.13) under condition (v). Also,

Ep [qi(Xi, 0)] is uniformly equicontinuous. Let

i 1 -1
Q(0) = D] > ai(Xi,0) ‘I’W > ai(Xi,0).

1€Dpr i€Dps

Finally, we need to show

sup [Q(0) — Qu(8)] 5 0 (B.15)
0cO

and @Qpr(0) is uniformly equicontinuous. The proof of equation (B.15) and the equicon-
tinuity is standard. Ome can follow, for instance, the proof of Theorem 3 in Jenish and
Prucha (2012).

Next, I prove the asymptotic normality. The key steps are to prove

_ 1 d
0, (X, 0%) 5 N(0, 1) (B.16)
V ’DM‘ iezl);w
and
1
sup || —=— Y Voqi(Xi,0) — Ep[Vea(X;, 0)]|| > 0. (B.17)
6cO ’DM‘ i€Dyy

Equation (B.16) is implied by Theorem 3.2 in Kojevnikov et al. (2021), Lemma 4.1, and
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the Cramer-Wold device under Assumption A.1(vi) and (viii) and Assumption 8. By anal-
ogous argumentation for the proof of consistency, equation (B.17) holds under Assumption

A1(ix) and (x).

Proof of Theorem 4.3:

Using analogous arguments in the proof of Theorem 4.2, R— Ry, % 0. The key step
is to show that Q(6) — Qy — Qr 5 0.

Notice that

d

1 * * * * !
Qur Zwmi;;w%fl@{ (%(XiﬁM) - E[Qi(XiaeMNz]) : (QJ(vaeM) - E[Qj(Xj’aM)\ZD

1 N N .
=15 S E(G(X 033 (X5,030)), (B.18)
i€Dpr JED N

where

Gi(Xi, 03r) = ai( X4, 03) — Elai (X5, 030)| 2] (B.19)

with E[¢;(X;,05,)]z] = 0.
Since any sequence of symmetric matrices { Ay} converges to a symmetric matrix {A4p}
if and only if ¢/ Ayc — ¢ Agce for any vectors ¢, we can reach our conclusion by taking

an arbitrary linear combination of ¢;(X;,#). From now on, we focus on the case of scalar
qi(Xi, 9)
|96) — e - || < |00) - 0030 | +||0603) - Q0 — 2| (B20)

For the first term in the right hand side of (B.20), take a mean value expansion of €(0)

around 03,. Let 0 denote the mean value from this expansion.
12(6) — (83|
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s=0 1€Dnr jEDpr,5<p(i,j)<s+1
bar
NP3 T Y sl
s=14i€Dpn jeDp,s<p(i,j)<s+1 ©

by

<C|V/|Dul(0 - 03) |\/ITZSd 1’DM‘ S sup [Voai(Xi, 0)a;(X;,0)] (B.21)

i€Day 0cO

Since

E[ 1 Z sgp‘vng Xi,0)q;(X;,0) {’ ] < sup E[sup|V9ql Xi,0)q;(X;,0) ” }

‘DM| i€Dyy M €Dy 0cO
1/2 1/2
< sup IEI[SUp!ng2 X;,0) } ‘z} - sup E[sup‘qz X;,0) ’ ‘z] < 00, (B.22)
MieD 0cO MieDyy 0cO
sup |Vqi (X, 0)q;(X;,0)| = Op(1 B.23
’DM\ Z 9€®| i(Xi,0)q;(X;,0)] = Op(1) ( )

1€D s

by Markov’s inequality. Given bys = o(|Das|*/?%), \/\T Zng 5971 = 0(1). Also, v/|Das|(6—

0%,) = O,(1) by Theorem 4.2. Hence, |Q(0 ) — Q0% = 0p(1).

Let

N -Dlj\/[| Zw(ﬁ) 2 ) Gi(Xi, 00r) 45 (X, O )- (B.24)

s= t€Dn jED,s<p(i,5)<s+1

Applying Proposition 4.1 in Kojevnikov et al. (2021), we have

120 — Que]| = 0p(D). (B.25)
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What is left is to show
|2630) — 2 —

@lp=Se(H) Y Y B e )| 620

t€Dn jEDr,5<p(4,5)<s+1

Let B; = Ziow(ﬁ) ZjeDM,sép(i,j)<8+1 E[q; (X, 030)1z]-

sz(i) 3 3 E[q;(X;,031)|2] @ (Xi, 031)

D] s=0 bu €Dy jeDy,8<p(i,5)<s+1 1
1 ~ *
< Dol i(Xi,03) B
M 1€Dpr 2
1 ~ ¥ \2 2 N 1/2
<lipyp 2 B@Xabi)’lz)B ‘D ap 2 2. BlaX.en) 4i(X;,031)12) BB, |
i€D i€Dp jED N, jFL
r C - 1/2
<[© LYY Y s
_’DM‘ ’D ‘ i€D 1
M s=1 jeDys,s<p(i,5)<s+1
1/2
<[ d—1p2d } — o(1). B.97

Hence, equation (B.26) follows from Markov’s inequality. Theorem 4.3 follows by continuity

of matrix inversion and multiplication.

C Online Appendix

C.1 Additional Proofs

Proof of Proposition 1:
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Compare the native DID estimand with EDATT:

T :ZT(Q)P(Gl = g’VVz = 1,Zi)

9geg

= Egia(l,w_i) — yi2(0,w_)|W; = 1,G; = g, % P(G; = g|Wi = 1, )
9eg

:Z {E(yiQ(lvw—i)‘Wi =1,Gi=g,2) — E(yi1(0,0)|W; = 1, )
g€eg

- [E(yz‘2(07w—z‘)\Wz‘ =0,G; =9,2) — E(y1(0,0)|W; = O;Zi)] }P(Gi =g/Wi=1,z%)
=Y E(Ya|W: =1,G; = g,2)P(Gi = g|W; = 1,2) — B(Ya|Wi = 1, )
geg

- {ZE(YQ‘Wi =0,Gi =g,2:)P(Gi = g|Wi = 1, z;) — E(Ya|[W; = U,Zz‘)} (C.1)
g9eg

Tecanonic :E(}/ZQ - Yzl’Wz = 17Z7L) - E(Yz2 - }/11|W7, = 07 Zi)
=Y E(YalW; =1,G; = g,z)P(G; = g|W; = 1, 2) — B(Ya|W; = 1, )
9€g

— [ZE(EQ’WZ = 0, Gz =g, ZZ)P(Gl = g[Wi = O, Zz) — ]E(}/ﬂ’WZ = 0, Zz)]
g€eg

(C.2)

Proof of Proposition 2:

T ZZE[%z(l,’wﬂ') — yi2(0,w_)|W; = 1,G; = g, P(G; = g|W; = 1, %)
geg

=> > Blyn(l,w_i) — a0, w_3)|W; = 1,G; = g, 2, u; = u]
geg ueld

- P(u; =ulW; =1,G; = g,2)P(G; = g|W; = 1, %)
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ZZ Z {E(yi2(1,w4)|Wi =1,G; = g, zi,ui = u) — E(yi1(0,0)[W; = 1, 25, u;)
geG ueld

- [E(yi2(07w—i)|Wi =0,G; = g, zi,u;) — E(y:1(0,0)[W; = O,Zuui)}}
-P(u; =ulW; =1,G; = g,2)P(Gi = g|W; = 1, ;)

=3 > B(YielWi =1,Gi = g, zi,ui = u)Plu; = ulWi = 1,G; = g, %)
geg ueld

P(Gi=g|W; =1,2) = > Ba|Wi =1,2,u = u)P(u; = u[W; =1,2)
uel

- [Z > E(Yio| Wi =0,Gs = g, zi,u; = u)Plu; = u[W; = 1,G; = g, z)
geg ueld

P(Gi=gIWi=1,2) — 3 EXulW; = 0,2, u; = u) Pu; = u|W; = 1,zi)] (C.3)
ueU

Teanonic :E(YQ - 1/11|Wz = 1> Zz') - E(Y; - szllwz = 07 Zz)

=> ) EYalW:=1,Gi = g,2i,u; = u)Pu; = u|W; = 1,G; = g, )
g€G ueld

. P(Gl == g’VVZ == 1,Zi) - ZE(Yzl‘Wz == l,zi,ui == U)P(Uz == U‘Wl == 1,2’1')

ueU
- [Z Z E(Yie|W; =0,G; = g, 2zi,u; = u)P(u; = ulW; =0,G; = g, 2;)
g€eG uelU
. P(Gz = g]Wi = 0, ZZ) — ZE(YVM‘Wl = 0, Ziy Uy = u)P(uz = ’LL|W1 = O,Zi)
ueU

(C.4)
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