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Abstract

We provide a theory for the collapse in bank-to-bank trade experienced in the
United States since the 2007-2009 financial crisis and since the onset of a floor system
for monetary policy. We show that the choice of framework to implement monetary
policy affects welfare, and that interbank trade is not feasible under a floor system.
Our theory incorporates a key feature of the Federal Funds market: credit is unsecured
and, thus, subject to an endogenous borrowing limit. When the punishment for failing
to repay loans is permanent exclusion from interbank markets, if interest rates are too
low, then the opportunity cost of holding money is also low, and so is the punishment
for defaulting on loans. Hence borrowing banks have no incentive to repay their loans,
the endogenous borrowing limit is zero and bank-to-bank lending collapses, despite
banks still having a need to borrow. We propose a framework of Voluntary Reserve
Targets to implement monetary policy that restores an active interbank market, and
we provide conditions for it to be welfare improving over a simple reserve remuneration
framework, even away from the floor.

*Previous versions of this paper circulated with the title “Limited Commitment and the Implementation
of Monetary Policy”.

fCorresponding author: Federal Reserve Board, Washington DC, 20551; Tel: (202) 452-2919; Fax: (202)
452-6474; E-mail Francesca.Carapella@frb.gov
The opinions are the authors’ and do not necessarily represent those of the Federal Reserve System or its
staff.



1 Introduction

Central banks’ have radically altered their playbooks for intervening in money markets since
the financial crisis. For example, the Federal Reserve now affects interbank markets not
through daily changes in the supply of reserves, but instead through the rate it pays on
deposits, operating a so-called floor system for its implementation of monetary policy. Under
this floor system, banks hold large excess reserves at the central bank instead of lending to
each other, the central bank’s administered rate supplants the market rate as the relevant
marginal rate, and the previously robust federal funds market has become moribund. As the
federal funds market once played a key role in reallocating funds among banks, ultimately
supporting overall investment, one wonders whether floor systems have an effect not just
on money markets, but on the broader economy, and whether alternative frameworks could
revive money markets, potentially improving welfare.

In addressing these questions, this paper seeks to understand the impact of a floor system
on the structure of money markets, banks’ portfolio choices, and ultimately aggregate invest-
ment, in a general equilibrium, microfounded model. In the model, agents seek to borrow
and lend to reallocate funds to those with the most valuable opportunities. Crucially, we
incorporate a distinguishing feature of the Federal Funds market: these loans are unsecured
and subject to borrowing constraints. Hence, we adopt the standard model of endogenous
credit limits for unsecured markets, the limited commitment model of Kehoe and Levine
(1993) and |Alvarez and Jermann| (2000) where it has to be in borrowers’ interest to repay
loans, as they cannot be forced to do so. In this model, when punishment for failing to repay
loans is permanent exclusion from money markets, a lender is more willing to extend credit
to a borrower who will more often need to borrow in the future. In fact, such borrower
values future access to credit more than a borrower with fewer needs to borrow again, and,
as a consequence, has more incentives to repay current loans. In the interbank market, when
banks are flush with reserves they are not likely to need to borrow often. This makes them
untrustworthy borrowers to the eyes of a lender, causing credit limits in the interbank market
to collapse despite banks would want to borrow were they not constrained.

Our analysis delivers three key insights. First, we characterize the set of parameters
which lead to a floor system in the long run and to a collapse in money market activity.
However, that lack of borrowing does not imply satiation in real balances — a floor system
is not sufficient to be at the Friedman rule. Second, among the set of parameters that lead
to a floor system, the Federal Reserve’s current policy — a so-called “ample reserve regime”
where banks hold the least possible reserves consistent with the floor — is the locally worst
policy, and lifting off of the floor is the preferred local perturbation of policy. Third, we
introduce a monetary policy implementation framework that restores money market activity
and characterize the welfare properties of the unique equilibrium associated with it.

In policy circles, authors define a floor in terms of an endogenous object, the market rate,
equaling an exogenous object, the rate the central bank pays in interest on reserves (IOR).
Our first result shows that, in the context of our model, this can be stated purely in terms



of exogenous parameters: The market rate equals IOR when IOR equals or exceeds the rate
of inflation. That is, a floor obtains when IOR is weakly positive in real terms.

The intuition is as follows. Consider first frictionless markets: from the perspective of
a lender, if the market rate is at the floor then lending to another bank and depositing
at the central bank are payoff equivalent strategies. From the perspective of a borrower,
however, borrowing at a rate above IOR is more profitable than having to carry money
balances which depreciate in real terms overnight. Therefore, it is necessary that borrowers
demand no loans for the market rate to fall to the floor. In other words, with frictionless
credit markets, borrowers’ demand for loans disappears only at the Friedman rule, when
IOR compensates both for inflation and the rate of time preference. A similar intuition
applies to markets with exogenous credit limits. With a given upper bound on borrowing
capacity, a potential borrower would always be willing to pay a rate above IOR to avoid
the inflation tax. Hence the market rate falls to the floor only if borrowers’ demand for
loans disappears. In equilibrium this can happen generically only at the Friedman rule, if
the exogenous credit limits are strictly positive. In contrast, with endogenous credit limits,
borrowing capacity collapses when a borrower is indifferent between repaying and defaulting
on his loans. Without access to the money market, which is the punishment for defaulting,
agents with few investment opportunities will carry balances between periods, earning IOR.
When inflation exceeds IOR, these balances depreciate in real terms, a cost. Agents with
market access, however, will lend to one another, and, as a group, carry no excess balances,
avoiding this cost. Hence, endogenous credit limits that reflect the value of market access will
depend on the difference between inflation and IOR. When IOR exceeds inflation, there is no
value of future market access, so credit limits collapse, addressable loan demand evaporates,
and the market rate falls to the floor, even if the economy is away from the Friedman rule.
Endogenous credit frictions imply that the market hits the floor before IOR even begins to
compensate for time preference. Therefore, a floor system does not imply that agents are
satiated with real balances.

A floor system may not achieve efficiency because credit frictions prevent the efficient
reallocation of reserves and because real balances are too low for agents to self-fund all
opportunities. Hence, among different floor systems, higher real balances coincide with
higher welfare. Alternately, setting IOR just less than inflation, reducing real balances but
lifting off of the floor, revives the money market, and allows for reallocation of liquidity,
discretely improving welfare. Hence, our second result: a policy where balances are just
large enough to keep rates on the floor and kill the money market is dominated by both
lower and higher balances, and the locally preferred policy features lower balances with an
active market.

Overall, our findings are consistent with several pieces of empirical evidence: |Afonso et al.
(2019a), |Afonso et al|(2013a) and Afonso et al.| (2013b) report trading volume in the federal
funds market collapsing from $250 billion per day prior to 2008, with the majority of trades
occurring between banks to $75 billion or less per day and rare activity between banks during
the decade following the 2009 financial crisis. |[Eisenbach et al.| (2019) document that in the



US since the Federal Reserve moved to a floor system for monetary policy implementation
“total payments have been co-moving with the total stock of reserves” whereas “payments
grew roughly in line with GDP” before the 2008 crisis. The authors attribute these findings
to the IOR arbitrage activity, by which they mean that banks borrow at a rate below IOR
from other financial market participants who do not have access to IOR, hold the funds as
reserves, and earn the interest rate difference. Indeed IOR arbitrage activity has dominated
the federal funds market since the 2008 financial crisis: “With no bank-to-bank lending, the
overall market volume dropped precipitously.”E] Copeland et al.{(2021)) document stress in the
intraday management of reserve balances held at the Federal Reserve by large bank holding
companies between 2015 and 2020, contrasting it with the experience preceding the failure
of Lehman Brothers in September 2008, when “a small aggregate supply of federal reserve
balances was sufficient for large U.S. banks to manage daily payments and for wholesale
overnight funding markets to function efficiently”. |Anbil et al. (2020) report how banks’
reluctance to increase their lending of excess reserves contributed to amplifying stress events
in the repo and federal funds markets in September 2019, and Afonso et al.| (2021)) find
suggestive evidence that frictions in the interbank market, related to banks’ risk management
framework, may have prevented the efficient allocation of reserves across institutions.

In addition, the experience with floor systems at other central banks is consistent with
our story. A dynamic similar to the one described in our model has led the Norges Bank in
2010 to switch from a system with abundant reserves (i.e. a floor system) to a system with
scarce reserves: “When Norges Bank keeps reserves relatively high for a period, it appears
that banks gradually adjust to this level. The incentive to lend is already weak and appears
to be further undermined if banks do not need to borrow for a period to meet their needs”
(Norges Bank| 2010).

Finally, we advance a concrete proposal for implementing monetary policy that main-
tains an active interbank market regardless of the level of aggregate reserves, our third result.
Within our proposed framework, central banks’ assessment of whether reserves are abundant
or ample is not necessary to guarantee that money markets effectively reallocate funds with-
out episodes of stress linked to the level of reserves, as experienced in the United States
in the last quarter of 2019P] In our proposed framework, called a voluntary reserve target
(VRT) framework, banks commit in advance to a target for reserve balances at the central
bank, and then the central bank pays high interest on balances up to the target, low interest
on balances exceeding the target, and charges a fee on shortages relative to the target. With

1See |Lester| (2019), Keating and Macchiavelli (2017), and Federal Reserve Bank of New York
(https://www.newyorkfed.org/fed-funds-lending/index.html)

2See Lester| (2019)), |Afonso et al| (2019¢) and |Afonso et al.| (2019b). Also see Nelson| (2019) for a dis-
cussion of the current implementation framework with abundant reserves and the September 2019 “events
in money markets ... [which] ... demonstrated that ... the Fed will have to actively manage the supply of
reserves through open market operations and will have to run a significantly larger balance sheet than it
ever projected; thus the advantage of the framework seemingly has been lost” and Governor Jefferson for a
discussion of the technical adjustment to the supply of reserves related to the money .



banks earning a low rate when overshooting and paying a penalty when undershooting their
targets, banks are incentivized to set targets which reflect their expected end of day holdings.
This intuition is preserved when banks’ choice of targets is complicated by the risk intro-
duced by customers’ withdrawals and deposits throughout the day. For example, by raising
targets, banks absorb any expected abundance of reserves. A bank experiencing larger with-
drawals than expected will need to borrow in the money market, while a bank experiencing
smaller withdrawals than expected will want to lend. Hence, we say that VRT generates
endogenous scarcity in the interbank market and, in doing so, drives trade in the money
marketﬁ By endogenously forcing banks to trade on a regular basis (i.e. every time they
have to meet their targets) a VRT framework makes every bank a potential future borrower,
induces banks to value future access to credit, and, thus, relaxes borrowing constraints.

The paper is organized as follows: section [2| describes the model and characterizes the
equilibrium under a floor system; section [3| introduces the VRT framework and character-
izes its properties while section [4| provides sufficient conditions for it to relax borrowing
constraints in money markets and improve welfare; section |5 concludes.

1.1 Literature

Much of monetary economics abstracts from policy implementation and simply assumes that
the central bank can effortlessly establish any policy stance it desires. Yet, not only the prac-
tical challenges of implementing policy can constrain the set of feasible policy stances but,
most importantly, a central bank’s choice of implementation framework can affect WelfareE]
Our analysis contributes to this literature.

Our model builds on [Berentsen et al.| (2014), who study general equilibrium effects of
monetary policy implementation via a channel system and a floor system. In their model,
borrowing in the money market and at the central bank lending facility is constrained by
the amount of government bonds posted as collateral. When the economy is away from the
Friedman rule, the general equilibrium effect of running a channel system (i.e. the lending
rate exceeds the deposit rate) is higher demand and real value of money, which benefits
agents who are borrowing constrained more than hurting agents who are not constrained.

In our model general equilibrium effects play an important role as well, but they interact
in non trivial ways with the endogenous borrowing limit. If access to money market is
valuable and the borrowing limit is greater than zero, then money demand decreases, as
agents use the market to reallocate liquidity. In equilibrium, the interest rate in money
market increases, thus raising the opportunity cost of not having access to the market as
a lender. Since agents who default on their loans and are excluded from the market carry
larger money holdings, because they’re unable to borrow, the final effect is a reduction in
their payoff. As a result, the endogenous borrowing limit increases.

3See Baughman and Carapellal (2018)).
4See |Afonso et al.| (2020), Bech and Keister (2017) and Boutros and Witmer (2020) for the former and
Martin and Monnet| (2011) for the latter.



Our result that a floor system leads to a collapse in interbank activity is related to
the result that inflation is welfare improving when frictions in credit markets give rise to
endogenous borrowing constraints. In Berentsen et al| (2007) inflation acts as a tax on
defaulting agents due to the larger money balances they hold to fund consumption. Our
model allows to link this intuition to the choice of implementation framework for monetary
policy and to observed borrowing and lending activity in interbank markets. When the
central bank runs a floor system there is no opportunity cost of being excluded from credit
markets because the interest on reserves deposited at the central bank equals the interest
rate earned on loans in private credit markets. As a result, the endogenous borrowing limit
collapses.

By comparing the welfare properties of channel systems and open market operations,
Martin and Monnet| (2011)) is very close to our work in spirit. Theirs is a monetary model
where banks are risk averse agents facing liquidity shocks, thus lending and deposit facilities
offered by the central bank are valuable in facilitating a more efficient allocation of liquidity
and of money growth ratesf’| In our economy, a reallocation of liquidity among banks occurs
in the interbank market, and different implementation frameworks for monetary policy affect
banks’ ability to borrow by tightening or relaxing their endogenous borrowing limit. As a
result, banks’ ability to achieve a more efficient allocation of liquidity depends on the central
bank choice of implementation framework. Also, our evaluation of monetary policy imple-
mentation frameworks does not rely on swapping assets with different liquidity properties,
as it would be for open market operations. In our economy the central bank simply adopts
different rules to tender reserves. An implementation framework is the set of such rules,
which, we show, matter for welfare.

Finally, but importantly, our results are closely connected to results from the sovereign
debt literature. Bulow and Rogoff (1989)) show that, when defaulted countries can save at
the same rate they borrow at, positive borrowing can not be sustained by reputation alone.
Hence, commonly in the literature, in addition to being banned from borrowing, defaulted
countries are also assumed excluded from saving on world capital markets. We follow suit,
assuming exclusion from both borrowing and saving in the market. Here, it is the central
bank, by making private savings too attractive, that delivers the same market collapse in
Bulow and Rogoff| (1989). Some further differences: Ours is a model of intra-temporal
liquidity reallocation, not one of inter-temporal consumption smoothing. And, ours is a
monetary model instead of a real one, so we can deliver conditions for the collapse purely in
terms of monetary policy.

5By setting different rates on its deposit and lending facility, a central bank running a channel system
can effectively discriminate between borrower and lender banks, which is not feasible with open market
operations where the price of assets in terms of money is unique.



2 Model

Time is discrete and continues forever. Each period is divided into three sub-periods. First,
a settlement market where debts are repaid, money is issued by the central bank and agents
rebalance their portfolios. Second, a money market with borrowing and lending. Third, an
investment market where money can be exchanged to purchase inputs into an investment
technology.

There are two non-storable goods. One is produced and consumed in the settlement
market and will be termed the settlement good, denoted x. Another good is produced and
consumed in the investment market and will be termed the investment good, denoted gq.
The economy is populated with a unit measure each of two kinds of agents, buyers and
sellers. Both agents discount with factor 5 € (0,1). Buyers produce the settlement good
and consume the investment good and have preferences

E > B (@ — he + & log(qr))

where x; is the utility from the consumption of the settlement good, —h; the disutility of
production of the settlement good, &;log(q;) is utility from consumption of the investment
good, and &; is an IID preference shock drawn from F'(¢) at the beginning of the money
market each period. Sellers produce the investment good and consume the settlement good

Z B (2 — ar)

where x; is utility from consumption of the settlement good and —g¢; is disutility from pro-

with preferences

duction of the investment good.

In our model, buyers represent banks. They face investment opportunities with uncertain
returns at the time they need to gather funds to be able to finance those investment. When
information about the returns becomes available, banks may choose to borrow additional
money to fund particularly productive investments, or to lend the money previously acquired.
Hence, the market where buyers can trade money, described below,represents the interbank
market in our model economy. Sellers represent firms, financial and non-financial. They
produce goods and services, ¢;, that banks can purchase. A bank’s payoff from the services
acquired, &;1og(q;), represents the return on a project or a portfolio to which those services
add value (e.g. loans, repurchase agreements, various securities and so forth). At times, we
refer to such payoff as a buyer’s utility from consumption of investment goods.

2.1 Efficient Allocation

No goods are traded in the money market, so we are prepared to formulate the efficient
allocation. Since the settlement market good is just a pure transfer, it drops from welfare
and an egalitarian social planner would set the marginal utility of each buyer, £/¢, equal to

7



the marginal cost faced by the sellers, which is unity. Hence, the efficient consumption of
the investment good is ¢; = ¢ for all ¢, ¢, with aggregate supply equaling [ edF () and total
welfare equal to

[ ellog(e) — 1] dF(e)
1-p '

2.2 Markets and Monetary Policy

To generate a role for a medium of exchange, assume that the investment market is anony-
mous. To produce, sellers require quid-pro-quo in the form of fiat money issued by a non-
strategic central bank. In each period, ¢, the supply of money is M;. The central bank
operates a deposit facility paying a flat interest rate ¥ > 0; a deposit of d units of fiat
at the end of the investment market returns (1 + r¥)d units at the beginning of the next
settlement market. It will occasionally prove convenient to express interest in terms of a
discount, so write pp = 1/(1 +r¥).

In addition to interest payments, the central bank operates lump-sum transfers of cash
at the beginning of the settlement market. This allows the central bank to grow the money
supply at a different rate than the interest it pays. For simplicity, the central bank makes
such transfers only with buyers. Let v be the growth of money, so that M;,; = vM,;. In
steady state, prices will grow at the same rate as the money supply, and we can write the
inflation rate as m = v — 1. Note, if all money is deposited every period, total transfers equal
T; = (r — r®)M;. Money can then be traded against the settlement good in a Walrasian
market before the settlement market closes.

Working backwards from the investment market, sellers can produce and buyers want
to consume the investment good, hence they trade money for goods in a Walrasian market.
Write p; for the price of the investment good, ¢; for the quantity supplied by sellers, and ¢f
for the quantity demanded by a buyer with shock e. Market clearing requires [ ¢idF(g) = ¢;.

Some buyers will want to consume more than others in the investment market because of
the preference shock at the beginning of the money market. Hence, there is an incentive for
low-¢ buyers to lend to high-¢ buyers. They can do so in a Walrasian money market. Loans
in the money market are repaid in the next settlement market. Let [ denote the borrowing
of a buyer with shock ¢ in period ¢ (negative if lending) and r! the interest rate on such a
loan. Trading in money market is subject to limited commitment frictions following |[Kehoe
and Levine| (1993) as explored in a monetary context by Berentsen et al.| (2007).

Buyers can access a record of all settlement and money market transactions before they
lend Y| A buyer who is a potential borrower in this market will be considered in good standing
if he has always repaid his loans in the past. He will be considered a defaulter instead if he

6The central bank is assumed, however, not to be party to the borrowers’ records. A bank’s business
depends on its reputation. Public default or bankruptcy is disastrous. We assume banks share information
with each other, but not generally. The notion is that a defaulting bank would eventually make their lender
whole, and that this technical default is not broadly disclosed.



has borrowed and failed to repayﬂ If having previously defaulted, agents are permanently
excluded from the money market, so from any future borrowing and lending. We assume
agents can, however, still use money to participate in the investment and settlement markets.
The maximum amount a buyer will repay is equal to the difference in value between repaying
loans and continuing in good standing, and not repaying but losing access to the money
market. Writing B;,; for the maximum repayment an agent can credibly promise to make in
the settlement market of £ 41, derived below, the borrowing constraint in the money market
of period t is

By /(14 T’i) —1;>0. (1)

Notice that the outside option of depositing at the central bank puts a floor on the market
rate: r; > r¥. Market clearing requires [IfdF(g) = 0.

In the settlement market, the central bank pays interest and makes transfers, buyers pro-
duce and sell the settlement good in order to acquire money and repay debts, and sellers use
money they acquired in the previous investment market to buy and consume the settlement
good. Sellers will sell all of their money to purchase settlement goods, as they have no need
for it in either the money market or the investment market. In any stationary equilibrium,
the real value of money must be constant, so ¢, M; = ¢, 1 M, 1 which, plugging in for money

growth, gives ¢;/¢41 = 7.

2.3 Equilibrium

Consider sellers first. Let W, denote their value of entering the investment market and
V51 (d?) their value of entering the next settlement market with df units of deposits at the
central bank.ﬂ Assuming that sellers will carry no money nor any other state variable into
the investment market, which we will verify in equilibrium, then

WS = H}]&SLX —qf + ﬁ‘/;il(ptqf) (2)

Sellers work to produce g7 units of the investment good, sell them at price p; and deposit
the proceeds from such sales at the central bank. In the next settlement market, sellers’
deposits earn interest from the central bank, and can be used to purchase ¢, (1 + r¥)d?
units of the settlement good, yielding a value of

Vtil(df) = xf + VVSA s.t. xf < Gy (1 + TE)df- (3)

Consolidating these, one can derive sellers’ supply curve in the investment market as

"Given our assumption on unbounded support for &, every buyer will want to obtain a loan with probability
1. Hence, the event that a buyer has never obtained a loan on the record, has probability zero. We can
alternatively assume that a buyer is in good standing also if he has no history of borrowing in the past.

8Note, we assume ¥ > 0, so deposits dominate money as a store of value between periods. No agent
would ever carry fiat from one period to the next.



0 lf pt5¢t+1(1 + TE) < 1,
qg(pt) € {[0,00] if pBeppia(1+1rF) =1, (4)
o0 if peBsa(1+1rF) > 1.

From this, one can derive

Lemma 1 For an equilibrium with positive output in the investment market, the following
must hold: p; = [Bdr1(1 + TE)}_l.

Turning to buyers, we work backwards. A buyer’s value entering the investment market
with m; units of fiat money, loans [; and preference shock ¢ is

WE(my, E|e) = %}zzzc {glog(qta) + BVtEl(lf, d;) st. pgp +di < mt} , (5)

where V%, (I5, d5) is the value of entering the next settlement market having deposited d at
the central bank, and owing [; in loans. Stepping backward, the value of entering the money
market is

B
UB (myle) = max {WtB(mt +15,l7e)  s.t. . :rll > > —mt} : (6)
H Ty

Finally, the value of entering the next settlement market with deposits d; and loans [ is

VI, d) = max x— hy + E. [US (megale)] (7)

zt,he, M1

st. hy —xp + Gp [(1 + rE)dE + TMt+1] > Qi1 [(1 + e — mtﬂ}

where ¢, is the value of money in terms of the settlement good, m;, is the amount of fiat
carried into the money market, (1+7%)d: is the payoff on deposits from the previous period,
7M1 is the lump-sum transfer, and (1 + r!)I$ is payment on previous period’s loans.

One can verify that the buyers’ value function in the settlement market, , is linear in
d; and [ with

avﬁl thEl l
= — (1 .

Hence, one can write V%, (d5,15) = ¢pr [(1 4 rF)ds — (1 + )] + ViF,, where we define
VB = V2,(0,0). Plugging this into the investment and money market problems, and

= ¢r1(1+7") and

@, gives a combined money-investment problem for buyers:

A

W (nule) = max elog(q;) + 8w [(1+75)d; — (1+r)l] + A2, (9)
st pegy <l +my —dg (10)
B
BL>E>—m (11)
1+
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The derivation is provided in detail in the appendix, but, after plugging in the price from
Lemma , one arrives at a solution characterized by two thresholds, e& and ? given by

B
é?tL = B (1 + Twlt)mt and 5tB = B (1 + Ti) (mt + 1 —:—+71’l> '
t

Buyers with e < & prefer to lend (if v, > rF) or are indifferent between lending and
depositing (when r! = r¥). Buyers with e/ < ¢ < &P borrow but are not borrowing
constrained. And buyers with € > ¢ have such a high marginal utility of consumption that
they choose to borrow up to the limit. The full solution in the case of r! > ¥ is summarized
in Table [I| where we let S¢.11); denote the multiplier on the budget constraint so that

8VVtB(mt|5>/amt = Bor1 ;.

i = = &= %=

E .
11—:-:%6 5¢t+1€(1+7"£) M 0 L+ Tlif lf €L< gtL .,
1;%% € B¢>z+1i1§ri) —my 0 1+ if ey <e<eg
ﬁffg ﬁ 0 (1+ ri)§ if B <e.

Table 1: Solution to buyers’ problem @)

Stepping back to the settlement market, problem can be rearranged as

VA di) = max ay =y + B WP (mfe)] (12)

xt,he,my

s.t. ht — Tt + th [(1 + TE)di_l — (]_ + Tlt—1>l§_1 + TMtj| Z thmt
the buyer’s first order condition for money is:
0= =1+ Ex [0V (mule) /omi| = =60+ Bra Ec [X].

Noting that, in any steady state monetary equilibrium, v = ¢;/¢;1, substituting A; from
Table [1, and rearranging gives the money choice equation for buyers:

- B o .
—— = dFa—i—/ —dF(e). 13
T e [, ere )

Turning to the limited commitment constraint, we assume an exclusion equilibrium as
in Kehoe and Levineg (1993). A buyer who defaults on its loan is forever excluded from
borrowing and lending, but can still participate in the settlement and investment markets
with cash. We refer to these excluded buyers “autarks” and denote their variables with the
superscript A. Given the settlement market value for a autark, V4, a buyer is willing to
repay an amount B; if the cost of repaying and continuing in good standing exceeds the
value of continuing as an autark, which defines the endogenous borrowing limit B;:

11



—¢u B+ Vi > VA (14)

Hence, we must derive this value V4, so solve the problem of autarks.

Autarks’ problem is similar buyers’. They work for money in the settlement market and
use this money to buy goods in the investment market.ﬂ But exclusion from the money
market comes with two costs. First, instead of being able to lend excess cash at the market
rate 7!, autarks only have recourse to the central bank’s deposit facility with rate r”. Second,
they can not borrow, so face a borrowing constraint with B, ;; = 0. Hence, autarks’ problem
in the investment market is

Wi(m'e) = max elog(q;) + B [(1+r7)d] + BV, (15)
t 9t
st pgl < mit - dj (16)

Similarly to buyers’, the solution to this problem is described by a single threshold,

5;:4 = B (1 + TE)qu' (17)

Autarks with e < /! are not liquidity constrained in the investment market, and deposit at
the central bank all of their unspent money. Autarks with ¢ > ¢ are constrained, spend all
of their money, and make no deposits. The solution to autarks’ problem in the investment
market is characterized in the appendix and summarized in Table [2]

qA,E — lA,s —_ dA,s — /\A,s —

A E - A
€ 0 m —-m 147 if e <e¢j
et 0 0 (1+r9)5 ifel <e

i

Table 2: Solution to autarks’ problem in the investment market
Also, similar to the buyers’ problem, one derives the money choice equation for autarks

o Te
= [ e / SAF(E) (18)

Given all of this, we can write the value of an autark in the settlement market as

as

o B ) sttt e

And, for completeness, we can rewrite the value for buyers entering the settlement market

inas

VP = —¢my + E. [elog(q)) + B (L +r7)d; — (L+r))l5) ] + BVEL. (20)

9Note, there are no autarks along the equilibrium path, so they do not affect equilibrium prices, {¢, p;}.
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Figure 1: Consumption allocation for buyers and autarks.

The solution to buyers’ and autarks decision problems in the investment market, summa-
rized in Table[I]and Table[2] is also graphically represented in Figure[I] Buyers with a shock
e < el are unconstrained in their consumption of the investment good, and are lenders in
the money market; buyers with a shock e € (¢, ep] borrow on the money market less than
their borrowing limit, and are thus unconstrained in their consumption of the investment
good; buyers with a shock € > ep are borrowing constrained on the money market and
in their consumption of the investment good. The first best sets ¢° = ¢, and runs along
the forty-five degree line. Unconstrained buyers consume less than this because they face a
different marginal rate than sellers as they have the opportunity to lend. Autarks, however,
consume along the forty-five degree line up to their cash constraint because their recourse is
the same as sellers — depositing at the central bank and earning IOR.

Having described the economy and agents’ decision problems, we are ready to define an
equilibrium.

Definition 1 An equilibrium is value functions for sellers, buyers and autarks, V;°, V.2 VA,
Wp, WB, WA, allocation in the settlement, money and investment market for sellers, buyers
and autarks, x5z, 2, by, by, B, my,mi, 5 qf,qf"e, d?, d;,d?¢, prices of the settlement
good, of the loan and of the investment good ¢y, L, p; and borrowing limit By, such that i) given
prices and the borrowing limit the allocation solves sellers’, buyers’ and autarks’ problems
(@), @, (@, and yield the value functions; ii) given the allocation and borrowing limit,
prices clear the settlement, money and investment markets fol my = M, fooo I£dF(e) = 0,
fooo @GdF(e) = fol q’ and iii) given prices, allocation and value functions, the borrowing limit
is defined by the endogenous repayment constraint .

The settlement market clearing condition requires that the aggregate demand for money by
buyers equals the supply of money by the central bank, which pins down the price of money
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in terms of settlement good. The money market clearing condition requires that loans are in
zero net supply, as there is no net injection of funds and money is simply reallocated among
buyers after they receive the € shock. The investment market clearing condition requires
that aggregate demand of the investment good by buyers equals the aggregate supply by
sellers.

2.4 Analysis

Our analysis begins with an elementary observation which applies to any limited commitment
model of this type: there always exists a no-borrowing equilibrium.

Proposition 1 There always exists an equilibrium with By =0 and rp = rg.

By way of proof, observe that, if B; = 0, then market clearing requires [ = 0 for all e.
Hence, all buyers with € < & must be willing to deposit their excess funds at the central

! = rP. Since these were exactly the restrictions on the buyers’ problem which

bank, so r
yielded the autarks’ problem, we must have V;® = V4, confirming the equilibrium assertion
that B, = 0.

Credit in this type of economy must be self-confirming. If potential lenders believe other
agents will not repay, no one will lend. If no one lends, continued access to the market has
no value, so no one would repay any loan. In the same way that monetary economies have a
non-monetary equilibrium where nobody values money, this type of credit economy always
has a no-credit equilibrium where nobody values the money market. Further, when there is
no borrowing or lending, market clearing requires rates be at the floor: the market rate, r;,
equals the deposit rate, rg.

The rest of our analysis focuses on stationary equilibria, where the real allocation is
constant over time. To ease exposition of the results in this section we adopt the following
notation: current period and next period’s variables are denoted x and z’ respectively, real
money holdings of buyers and autarks, in terms of the current settlement market, are denoted
respectively by z = ¢m and 2?4 = ¢m?; the real value of the borrowing limit, in terms of the
current settlement market is denoted L = ¢B (so, in the current period, the borrowing limit
is | < pB'), and ¢ = /7. Also, let p, = ﬁn’ pr = —— and let the difference in utility

1+rg
from consumption between buyers and autarks be simply denoted by

AEu] = /5 (u(g:) —u(g?)) dF.
Given this, from buyers’ and autarks’ maximization problems we obtain:

_ B (m+pB) _ B (z+pnd'B) _Cz+pnl) T

pL Py Pl PE

Proposition [1| begs the question of whether floor systems can feature positive lending. In

€B

this subsection, we further characterize equilibria for economies running a floor system and
derive a necessary condition for a floor system to obtain: Either L = 0 or ypg = 1.
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Proposition 2 If ypg # 1 then py = pg and L = 0. If ypp = 1 there exists a continuum of
Pareto ranked equilibria with L > 0.

Proof. See appendix [Al =

The intuition behind the results in proposition [2| stems from the substitutability between
money and borrowing in agents’ portfolios, and the assumption ypg # 1 plays an important
role in this respect. An agent can hold money or borrow to pay for consumption goods. But
how much of the good is a unit of borrowed money going to buy?

First, notice that the borrower has to compensate the lender for inflation because the
lender acquired money in the current period and will be repaid in nominal terms (i.e. with
money) in the following period. This economic mechanism is summarized by the term v in
the assumption of proposition [2]

Second, a borrower has to pay interest on the loan, which is important for the borrowing
limit as the borrowing limit sets an upper bound on the loan cum interest. This economic
mechanism is summarized by the term pgp = p; in the assumption of proposition [2]

The actual loan that an agent can obtain is net of both terms: inflation and interest.
Therefore, a unit of ”borrowing ability” (i.e. L’) buys only vp; units of consumption at
the relevant price. A unit of money, on the other hand, buys 1 unit of consumption at the
relevant price. When ~vp; = vpp < 1 then the ability to buy goods with loans is strictly
smaller than the ability to buy goods with money. As a consequence, L' = 0. If instead
vpr = vpg > 1 the opposite result holds, but this yields to a non stationary path for the
borrowing limit. In fact, conditional on being able to borrow L’ in the future (i.e. being
a borrower in good standing) then an agent wants to borrow more than L' today.m As a
consequence, no stationary equilibrium exists in this case.

Finally, the last result in proposition [2| shows that when money deposited at the central
bank is remunerated at a rate just equal to the inflation rate, borrowers are indifferent
between holding money or loans in their portfolios, and lenders are indifferent between
lending or depositing at the central bank. As a consequence many equilibria exists, one
with L = 0 and many with L > 0. The latter Pareto dominate the former because they
support the same consumption allocation with less money, which is costly in aggregate as
it needs to be purchased before consumption and is subject to inflation[’T] In other words,
the money market performs liquidity insurance: this reallocation of liquidity allows agents
to purchase the same amount of consumption goods as they would purchase using money
only, but without having to hold as much money in the first place. Therefore, the money
market performs a reallocation of liquidity ex post (i.e. after the shock £) which reduces the
inflation tax on the economy as a whole.

0Recall that in a model of endogenous limited commitment a borrower can obtain a loan today only if
he will need to borrow in the future. From the perspective of a current lender, a borrower with no need
or incentive to borrow in the future is a borrower who has all the incentives to default on his current loan.
Therefore no loans would be granted to such a borrower.

1Tn other words, this is model of nominal loans, such as the money market, not a model of trade credit.
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Proposition 3 If the central bank deposit rate equals or exceeds the rate of inflation, vpp <
1, then in any equilibrium the private money market rate equals the deposit rate, p; = pg.

Proof. See appendix [Al =

The main idea for this result stems from two observations: first, consider the result in
proposition [2| that at the floor (p; = pg) there is no activity in money markets (L' = 0)
when vpp < 1. Hence, to revive borrowing and lending it is necessary that the economy
be away from the floor: p; < pg. Therefore, loans must be preferred to holding money for
a borrower, and making loans must be preferred to depositing money at the central bank
for lenders. However, when ypr < 1 the central bank remunerates reserves at a higher rate
than inflation, which prevents the substitution away from money and into loans in buyers’
portfolios that is necessary for the money market to clear. In other words there is too much
money in the economy relative to what would be necessary for the money market rate to
rise above the interest on reserves. The case ypgp = 1 follows from a similar argument but
relying on the agents’ strict indifference between borrowing (lending) and holding money
(depositing at the central bank) as money held across periods is taxed at the same rate as
the rate at which it is remunerated: the interest on reserves just equals the inflation rate.

3 Voluntary Reserve Targets

This section considers an alternate central bank deposit facility termed “Voluntary Reserve
Targets” which asks agents to report a targeted deposit level at the beginning of the period
and pays a high rate on balances up to the target, a low rate on balances over the target, and
charges a fee for shortages relative to the target. This differentially affects buyers who can
borrow and those who can not because the former have the ability to adjust their balances
through borrowing and lending, so hit their targets more precisely.

The central bank offers a deposit facility to all agents. At the beginning of the settlement
market all agents report a target to the central bank. Given a target, T', the deposit facility
offers remuneration according to a three part schedule. Balances up to the target earn a
rate rr, balances in excess of the target earn a rate rg, and shortages are charged a penalty
rp. We assume that deposits are voluntary and can be costlessly withdrawn as cash. Hence,
if the central bank payed negative rates, the deposit facility would not be used. Hence, we
assume r; > 0 for i € {E,T, P}. Moreover, assume rr > rg and rp > rp. One can write
this as

R(IT) = (I4+rp)d —r,(T —d) it T'>d
U+ T+ +rg)d=T) ifd>T

If one writes pp = (1+r7p+7p)~L, pr = (14+r7)7L, and pg = (14 7rg)~}, then this schedule
can be written in a form that will prove more convenient R(d|T) = T/pr + R(d —T)

12Notice that pg < 1 is a feasible policy. This relates to our discussion of negative interest rates with an
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where

Rd—T) = {(d—T)/Pp ifd—T <0

(d=T)/pg ifd—T>0.
Turning to households’ decisions, the value of entering this market for agentsi € {B, S, A}
is
Vi, d|T) = max X — H+ W' (m"|T")
(X, H,m+ T+)

st. X+om* =¢m+H—¢l/pi+&(T/pr + R(d—T)) — ¢t M

where m denotes, money holdings brought into the settlement market from the previous
goods’ market. Substituting for X — H gives

VQﬁ%LdﬂU::¢(ﬁr+779r+}ﬂd——T)—J/m-—TAQ—%(qﬁﬁj{—¢nﬁ-+vvqﬂﬁwT+ﬂm

The first order conditions with respect to m™* and T, respectively, give
LmTTTY <o (= ifm">0) and Wi (m*|TH) <0 ( = ifTt>0). (21)

Linear disutility of labor makes —¢ the marginal cost of balances which must equal the
marginal value of carrying those balances into the next market. Agents are free to choose
any positive target.

Envelope conditions give

¢/pp ifd<T,
¢/pp ifd>T;

/pp ifd<T,

(22)
Let us consolidate the money and goods market, and characterize the sellers’ problem

Vi=¢, V'=—0¢/p; VCZ={ aHqu’?qu/pT—{

first. As sellers do not participate in the money market, they carry no loans, [ = 0, so we
drop this argument from V5[]

exemption threshold that can be analyzed within this framework (thus connecting the framework with some
of the actual frameworks currently adopted by central banks.
I3That sellers do not participate in the money market is a result, which follows from the comparison of

*¢+Bﬂ§0
Pl

their first order condition for m:

with that of a buyer:
—¢+ B EW, ([T, ) =0

where W,B(m|T,¢) denotes the partial derivative of W (m|T,¢) with respect to m. Intuitively, this says
that buyers have a higher expected marginal utility of money, as they might be borrowing constrained in
the money market, and, because of that, the price of money is higher in the settlement market than what
sellers would be willing to pay just to lend out the funds in the money market.
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W5 (m|T) = mi?x—h + BVS(d|T) st. d=ph.
Given the envelope on V' above, we get the following supply curve:

(

00 if p> pp/BoT,
[T/p,00] if p=pg/BoT,
hedT/p if pp/BoT <p < pr/BéT, (23)
0,7/p] if p=pp/Bs*, and
L0 if p < pp/BoT.
The maximized value is
00 if p> pp/BoT,
T[B¢" /pr —1/p] if pp/Bé* < p < pr/BoT,
=TB¢™ /pp if p < pp/BoT.

This gives our first result:

Lemma 2 For a positive and finite target choice by sellers, in equilibrium.:

pBo* /pr =1, and T® = pD(p)

where D(p) is the demand for goods from buyers and T® is the choice of sellers’ target. If
sellers are not allowed to choose targets, in equilibrium pSé™ /pg = 1.

The second result in lemma [2] shows that interpreting sellers strictly as non-financial
firms would introduce a slight change to the above characterization. Without being account
holders at the central bank, sellers would make no target setting decision and would earn pg
on any money balances carried over from one period to the nextE As a result, equilibrium
prices would adjust accordinglyE

Turning to the characterization of buyers’ decision problem, let W2 (m|T, ) denote the

value of a buyer entering the money and goods market conditional on receiving shock ¢, so
that W2(m|T) = E. [W5(m|T,¢)] .

WE(m|T,e) = Jnax eu(q®) + BVE(@, 15, d°|T)
qE’ E’ €

141n practice, non-financial firms could deposit idle balances overnight at a financial institution and earn
at least the interest in excess of the target set by that institution. The equilibrium pass-through rate from
the financial institution to the non-financial firm would depend on the characteristics of the deposit contracts
and the market structure where such contracts are traded, all of which are outside of our model.

I15Tf sellers were not allowed to set targets then their decision problem would be equivalent to that of sellers
in the benchmark economy of the previous section, where all balances are remunerated at a flat rate.
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st. m+10F—pg—d—m' >0, and pB—1°>0.

where m’ denotes money holdings carried over to the next settlement market rather than
spent on the goods’ market or deposited at the central bank. Write 8¢\, and B¢T Ap as the
constraints on the budget and repayment constraints, respectively. The first order conditions
with respect to ™/, ¢°, d°, and [ are, respectivelym

—BA + BV (0, 12, de|T) < (24)
eu(q7) —pBoT A =0, (25)
BVdf(m’, laa da|T) o 5@5//\5 S 0 (26)
with "="if d. > 0.
BV (1, de|T) + B/ e — B/ Ap = 0 (27)

with 7="if [. > 0. Notice that [. < 0 denotes lending.
Using V2(m', ., d:|T) = ¢' R} and VP (W, 1., d.|T) = —%, the first order condition for d.
can be rearranged as:

1 if0<d<T
O Z _/\a + /pP : (28)
and the first order condition for /. can be rearranged as:
—1/pl—|—)\5—)\320 (29)

The first order condition for 7’ can be simplified to

B (1-A) <0
with 7=""if ’ > 0. Thus A, > 1 is a necessary and sufficient condition for m’ = 0.

Lemma 3 Suppose pg > p; > pp. There exist numbers €, < eg < e < €p such that the
following hold: Buyers with € < ¢; lend. Buyers with €, < ¢ < g borrow and fully fund
their targets. Buyers with eg < € < e are borrowing constrained and fully fund their target.

6These follow from the Lagrangian:
L(z) = eu(ge) + BVE (W, le, de|T) + B¢ Ae(m + I — de — pge — ) + B Ap(pB — I) + B ade + ' Nyge

where z € R*, 2 = (W', q., I, d.) with 2’ denoting money holdings not spent or deposited but carried over to
the next settlement market, so that the budget constraint in the goods market is pg. +d. +m' < m+I.. Also,
B¢’ Ap and B¢’ M. denotes the Lagrange multiplier on the borrowing constraint and the budget constraint in
the goods’ market, and B¢'A4, @'\, denote the Lagrange multipliers on non negativity constraints on d.
and g, respectively.
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Buyers with er < € < €p; are borrowing constrained and partially fund their target. Buyers
with €y < € are borrowing constrained, and make no deposits. These values solve

er=Po (m—=T)/p, ep=p¢"(m—T)/p+ Bo"B,
er = €epp/pp = 6¢+(m —T)/pp + ﬁ¢+BPl/PP, and ey = 5¢+m/PP + 5¢+Bﬂl/pp-

Proof. See Appendix Bl =

The result derives from the assumption on the ordering of prices: pp < p; < pg. For low
levels of €, a buyer fills their target and borrows or lends. Because of the gap between p;
and pp, a region of buyers consume a constant amount until a critical threshold is reached
such that consumption is more valuable than funding the target. This is followed by a region
where targets are partially funded and then a final region where the deposit facility is not
used, and a borrowing constrained buyer spends all its funds on consumption.

Buyers in autarky effectively face p, = 0 and B = 0. This alters behavior in the money
and goods market. As above, write W4(m|T) = E. [W4(m|T,¢)].

WA(m|T,e) = max eu(q?) + BVA(d.|T)

qz ,az

s.t. m—pg —d2 > 0.

Writing ¢ A4 as the constraint on the budget, the first order conditions are as follows:
eu'(¢°) = pBp A =0,

1 f0<d<T
0> .y dler
1/pp ifd>T.

Lemma 4 There exist e, &%, €4 such that autarkic borrowers with ¢ < &4 deposit more

than their target, those with €% < e < ep just meet their target, those with e < & < &%,
partially meet their targets, and those with € > 4, make no deposits. These thresholds satisfy
A 5¢+(m - T) A ,6qb+(m - T) A pBotm
Eg=—"T—7T"—">", €p=—"TT—", Ey=
PE ppP ppP
Proof. See Appendix[B] m
Figure [ summarizes the results in lemmas [3] and [4]
Turning to target setting decisions, targets will be interior only if pp < pr < pp. If

pr = pE, then there is no cost of exceeding one’s target, so agents will set T = 0. Alternately,
if pp = pr, there is no cost of falling below one’s target, and agents set T' = oco. While we
will return to these observations, suppose for now that the inequalities hold strictly. We
proceed to solve for each type’s targets in turn.
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Figure 2: Consumption allocation for buyers (black) and autarks (red)

Sellers face no uncertainty over their end of period deposits. For fixed deposits, the
remuneration schedule is maximized by setting the target equal to deposits. This is the
intuition behind Lemma [2| which ensures that 7% = pD(p).

Turning to buyers, from their decision problem in the settlement market, voluntary tar-
gets must satisfy W4 = 0. Because R is not differentiable in T, a simple envelope theorem
will not hold. Alternatively, one can substitute the maximized values of ¢, [¢, and d® and
differentiate this. The following lemma formalizes this result for both buyers and autarks

Lemma 5 A wvoluntary target for buyers, T?, must satisfy

piT _ /% (/OB dF(e) + /BT (i) dF(s)) + pip/:o dF(e) (30)

which implies p; € [pp, pr].
A wvoluntary target for autarkic buyers, T4, must satisfy

1 1 6’3 Ef;‘.g 1 oo
— = dF8+/ —dF(e —l——/ dF(e 31
— p(/ o+ 5 <>> o], e (31)

E

Proof. See Appendix Bl =

Lemma [5[shows that the optimal choice of target for a buyer trades off the remuneration
rate on any unit of money deposited below the target, on the left hand side of equation (30]),
with its expected cost, on the right hand side of equation (30]). The first term on the right
hand side of equation captures the marginal cost of increasing targets for buyers who
would be lenders or unconstrained borrowers. Lenders would earn the money market rate
on any unit of money not deposited towards the target, and unconstrained borrowers need
to pay the market rate in order to borrow a unit of money and deposit it towards meeting
the target. The second term captures the marginal cost of increasing targets for buyers who
would be giving up consumption to meet the targets, whose opportunity cost is the marginal

utility of consumption (i.e. %) The third term captures the marginal cost of increasing
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targets for buyers who would be consuming their entire money holdings, thus missing the
target and paying the penalty rate on any shortage of balances with respect to the target.
Equation captures a similar trade-off for autarks.

Our analysis of a voluntary reserve target framework is focused on symmetric stationary
equilibria, which requires all agents maximize, all markets clear and that all real quantities
are constant over time and across agents of the same type. Policy variables are 7,7, pr, pg
and pp. Endogenous variables are the target choices T2, T, and T%; prices p; and p;
preference cutoffs e;,eg, er, ey, aé, 81*;‘,, and 5%; along with the borrowing limit B.

Consider a buyer who repays his money market loan from the previous period. Because
his repayment is publicly recorded then his continuation value at the end of the settlement
market, before choosing target and money holdings, is V2(0,0,0/0), as defined in in
the appendix. To save on notation, let V2 = V5(0,0,0/|0). Consider now a buyer who
plans to default on his money market loan from the previous period. Analogously to a
buyer, his continuation value in the settlement market, before choosing target and money
holdings, is V4(0,0/0) = maxg,a+ pasy —pm?T + WA(mAF|T4+). To save on notation, let
VA =V4(0,0]|0). The payoff to a buyer who repays in the settlement market is —qbfl)—i + VB,
since the loan was in terms of money, while the payoff to a buyer who defaults is V4.
Therefore, the repayment constraint can be rewritten as

L < %(vB—vA) (32)

which, as shown in Appendix can be rearranged as:

6B = ¢(m*" —m*) +E.leu(q.) — cu(ql)]
/ Tt — TA+ la + A A+ &Y
FEpg { () = =+ R(d. — T*) = R — T*)} + BB (33)
PT Pi
Notice that none of the autarky terms depend on B, while p;, T and the allocation of
consumption and deposits do.

Definition 2 Given policy variables T, pp, pr, pe, an equilibrium is an allocation for sellers
h,d and target choice T®, an allocation for buyers m*, W/, q.,d.,l. and target choice T, an
allocation for autarkic buyers mAJr?mA/,qu, d2 and target choice T, prices p, p;, money
growth rate v = M7+, value functions for buyers and autarkic buyers VE W5 and VA, W4,
endogenous borrowing constraint 9B = VB — VA such that: i) taking prices as given the
allocations solve the respective agents’ decision problem and targets solve (@) for buyers and

for autarkic buyers, ii) markets clear and iii) B satisfies .

Market clearing conditions are characterized below for each market.
Equilibrium in the goods market is given by a price p where

q° = /QadF(E)'
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Lemma 2 implies p = pp/Bé™, or p = pp/BéT if sellers are not allowed to set targets,
and that sellers’ optimal targets satisfy 7° = p [ q.dF(¢).

When entering the money market, only buyers with sufficiently low preference shock lend.
All other buyers borrow, with buyers experiencing a sufficiently high shock being borrowing
constrained. The following lemma characterizes the money market clearing condition and
the money market rate: p;.

Lemma 6 Supply of funds is given by

S(p) = / N 2 p(e 1) dF(e) (34)

Demand for funds is given by
B EB pl [ee]
D(pi) = —ple —eL)dF(e)+ [ pBdF(e) (35)
£l T €B
The money market interest rate satisfies:
_ oy [P n +
0= 5 edF(e) — [ppB + ¢m™ — ¢T7|F(ep) + pdB
0

Proof. See Appendix[B] m
We are now ready to characterize the buyers’ choice for settlement period balancesﬂ
From the settlement period problem, the first order condition on money balances in (21))

B 1 e 1 EM 1 [ele} 1
/ / ~E 4R / ~dF(e)+ / — E AR
eg PIEB er PP en PPEM

The optimal choice of money holdings for a buyer trades off its cost, on the left hand side,

implies

with its present expected value, on the right hand side. Acquiring money is costly due to
inflation, v. The expected benefit of holding money stems from (i) the ability to lend it
out or not having to borrow at the money market rate, %, (ii) increased consumption when
borrowing constrained and meeting the target, (iii) reduced penalties on shortages with
respect to the target when giving up consumption to partially fund the target, (iv) increased
consumption when failing to meet the target entirely.

Similarly, the optimal choice of money holdings for autarks satisfies

A

A
1 P SN © g
= FgA—+/ —dF / —+/ 36
(ez) P P (e) + oo L S (36)

P M

7
g
17See Appendix
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4 Three types economy

To derive analytical results about the comparison between VRT and the flat rate we sim-
plify the model as follows. Let buyers’ preference shock be a discrete random variable with
support €1, 9,3 and with m; denoting the probability that a type is ¢;, + = 1,2,3. We fo-
cus on stationary equilibria and construct equilibrium strategies so that buyers experiencing
taste shock €; are lenders in the money market under both frameworks; buyers experienc-
ing taste shock €5 are lenders in the flat rate framework and unconstrained borrowers in the
VRT framework; buyers experiencing taste shock €3 are constrained borrowers in both frame-
works, but spending part of their income towards meeting their targets in a VRT framework.
Specifically, let £5 and & denote the endogenous thresholds in the economy where monetary
policy is implemented via a flat rate remuneration framework, and ep, €7, €y, €7, €4, €34
denote the endogenous thresholds in the economy where monetary policy is implemented via
a VRT. Then, in the VRT economy we construct an equilibrium where preference shocks are
drawn so that £; < min (5%,53), 5§ < €9 < €, Max (5T,5§3) < g3 < min (5M,5f/[). In the
flat rate economy we construct an equilibrium where preference shocks are drawn so that
€1 < min (éﬁ,ég) ,€9 < min (ég,ég) , €3 > max (éB,éfB‘) .
Tables [3 and [4] summarize these equilibrium conjectures.

Type Flat Rate VRT
€1 < €p lend < e€p lend
€9 < Ep lend < €p borrow to meet target

€3 > £p | borrow to consume | € (er,e)/) | borrow and partially fund target

Table 3: Constructed equilibrium strategies for buyers

Type Flat Rate VRT
g | <é3 deposit <ep deposit
€9 < 5;% deposit > eg give up consumption to meet target
g3 | > &4 | consume all money | € (%, &%) partially fund target

Table 4: Constructed equilibrium strategies for autarks

4.1 VRT

Consider an economy where monetary policy is implemented with a VRT framework. With-
out loss of generality, let sellers deposit unused money balances overnight at the central bank
without choosing targets. As discussed in section [3| this assumption has no impact on our
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results while it simplifies the exposition of the analysis, as lemma [2| shows that equilibrium
prices satisfy pB¢* = pg. In this economy, we can prove the following results.

Proposition 4 An equilibrium is characterized by the following equations

T1E1 + MaEs Bo* +

€ B

B (1—m5) | (I—m)

5,; _ 1 T2E2
e (o = 5= 52)

o = Amtm) (37)
1 _ 73
<PT PP)
Bot

¢ — i (38)
Pr

and in a stationary equilibrium:

L <1 — @> = (me1 + meeg) log L) +

pT PE
1
pm flog 22 (2 T T (39)
T2 \Pr PP PE

where BT = VB+¢+VA+ = % and L = L™
Proof. See appendix [C| =

Notice that the equilibrium condition ties the remuneration rate of targeted reserves
to the inflation rate: % = plT. Intuitively, this means that every unit of targeted reserve is
remunerated at what would be the Friedman rule if it was applied to all reserves/unspent
money. However, this economy is still away from the Friedman rule as buyers miss their
targets with positive probability in state e3.

The equilibrium condition links the money market rate to the penalty rate: in
particular, the money market rate, %, decreases in the penalty rate, pip. The economic
mechanism works thorough target setting behavior, as a higher penalty rate gives buyers
incentives to reduce their targets. In turn, lower targets imply less need to borrow for
buyers, which results in lower money market rate as long as the supply of loans doesn’t fall
too much. Real money holdings, in fact, do not fall as much as targets do in response to an
increase in the penalty rate because money is necessary to fund consumption as well as to
meet the target.

The equilibrium condition characterizes the real borrowing limit in the constructed
equilibrium: the term on the right hand side is the utility differential between buyers and
autarks from consuming in the goods market, whereas the left hand side includes a term (5—;)
measuring a buyer’s savings over an autark in having to acquire money in the settlement
market.
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Turning to characterizing the conditions for the existence of the constructed equilibrium,
let the functions AEu (o) and «(pp) denote, respectively, the sum of the utility differential
between buyers and autarks from consuming in the goods market, and a mapping from the
penalty rate to the money market rate:

1
AEu (o) = (mer + mer)log L + ToEs {log Pe (— - ﬂ)]
PE T2

1 T3

a(pp) = P_T_p_P

Then, in a stationary equilibrium,

p(1-22) — amua)

Lemma 7 Assume <a — Z—;) > 0. If p, > pp > Pp, then AEu(a) > 0 and 8Agz(a)

where pp,, 1s defined by @) holding at equality and P by @) holding at equality.

< 0,

Proof. See appendix [C| =

Lemmal7|characterizes the effect of the penalty rate, rp = 1/pp, on the utility differential.
The economic mechanism works through the money market rate and through autarks’ target
choice.

First, a higher penalty rate causes the market rate to decrease as described above. As
a consequence of the lower interest rate (i) lenders are more willing to consume than to
lend, both on the intensive and the extensive margin, and (ii) the borrowing constraint of
all buyers is relaxed ™

Second, the penalty rate affects the consumption of constrained autarks: a larger rp
causes an increase in autarks’ consumption in state €5, when they are constrained by their
money holdings and consume €% in order to meet the targetﬁ In fact, higher penalty rates
induce autarks to lower their target choices, resulting in effectively more money that they
can allocate to consumption when constrained. The condition pp > pp, guarantees that
the marginal contribution of the second effect is smaller than that of the first effect, target
choices depend on the marginal remuneration and penalty rates. The condition pp < p,
guarantees that the average contribution of the second effect is smaller than the first, or, in
other words, that the effect working through autarks’ target choices is second order.

Then we can state a result characterizing sufficient conditions for the equilibrium bor-
rowing limit to be positive.

18Tn the three types example the extensive margin may not matter as the threshold £; may not fall below
the lowest buyers’ types €;.

19The penalty rate also affects consumption of both buyers and autarks in state e3 as the equilibrium is
constructed with both buyers and autarks failing to meet the target in state 3. However, because both
buyers and autarks face the same opportunity cost of consumption (i.e. the penalty rate) then the net effect
of the penalty rate on the utility differential is zero in state 3.
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Proposition 5 If p,, > pp > pp, with pp defined in , then L > 0. Conditional on
autarky as off equilibrium punishment, this stationary equilibrium is unique.

Proof. See appendix [C| =

The intuition for the result in proposition [5| is similar to the economic mechanism de-
scribed for the results in lemma , and works together with it. The penalty rate, rp = 1/pp,
affects autarks’ as well as buyers’ consumption via their target choices. A higher penalty
rate reduces autarks’ target choices, which results in larger autarks’ consumption even when
they are constrained by their money holdings. Hence, a possibly tighter upper bound on
the penalty rate than that in lemma|7|is necessary to ensure that the endogenous thresholds
ep,Eq are consistent with the constructed strategies.

To conclude our analysis of the VRT economy, the following proposition provides a char-
acterization of the relationship between the borrowing limit and the penalty rate.

Proposition 6 Maintain the assumptions in proposition @ Then % < 0.

Proof. See appendix [C| =

The intuition for the result in proposition [0] lays in the indirect effect of the penalty rate
on the market rate. An increase in the penalty rate causes a reduction in the interest rate
(i.e. an increase in p;), which, in turn, causes an increase in the amount that a buyer can
borrow per unit of loan (i.e. for a fixed L), as implied by the borrowing constraint ¢l. < p,L.
Because an increase in the borrowing amount per unit of loan reduces the money needed (i)
to purchase consumption in the goods’ market and (ii) to meet the target, then it increases
the value of a buyer over that of an autark.

4.2 Flat Rate Remuneration

Consider an economy where monetary policy is implemented with a flat rate remuneration
framework. We can prove the following results.

Lemma 8 An equilibrium is characterized by the following conditions:

A 33
Er 3
ForPE — (M1 + 72)

~ YLt + mer + moey
EBp = €& =
(1 — 7T3)

prL = - =

(WLT+e)(I—m)B _ (LT +E)8
YLt + mer 4 magr €B 7y

27



(7L++a—|—b3(1—773)ﬁ+
Tt F
(a+b)log (YL +a+0b) —alog (YL* +a) + K (41)

L(1-B+7) =

with a =81+ &, b=23, forg;, =me; 1=1,2,3, K = -+ K1 + K3, and

= _% _ EsB BQSJF[ PEE1 PEE2
K, = (¢ . (1 w3)> o+ + P Wlﬁ¢++725¢+

Ky, = (E1+8)log(1—m3)—¢logpr —l—Elogg — mseslog £

Proof. See appendix[D] m
The equilibrium condltlon 0) characterizes the money market rate (p ), which increases
with the size of the loan by constralned buyers and with the present value of inflation,
captured by the term % With respect to the equilibrium condition defining the borrowing
limit in VRT, no endogenous adjustment of targets to monetary conditions appears in .
Turning to characterizing the conditions for the existence of the constructed equilibrium,
let FL(L) and FR(L) denote the left and right hand sides of respectively:

FL(L) = L(—f+n) (12)
FR(L) = vypL+ AEu+ K (43)
_ (7L+a+b)a(1—7r3)ﬁ+
Y+ I

(a+b)log (YL+a+0b) —alog(yL +a)+ K

Notice that (1 — 8+ ) > 1. We now turn to characterizing the function F'R (L).

Lemma 9 The function p,L is increasing and concave in L, pL (L = 0) = 0 and limy_, %LL =
g (1 —m3) < 1. The function AEu is increasing in L, concave for large enough L limy ., aglLE“ =

0 and ABu (L = 0) — K, = log “+b)+ > 0.

Proof. See appendix D] m
We are now ready to state and prove our result about the existence of the constructed
equilibrium when monetary policy is implemented with a flat rate remuneration scheme.

Proposition 7 [f2 — = 5 <3 and b < ((f ﬂg —1, and if a > a and b € (b b) there exists a

unique L > 0 solving (4 (.) Moreover the function ® (L) = FL (L)—FR (L) is monotonically
INCreasing.

Proof. See appendix[D] m The assumptions in proposition [7] guarantee that the slope of the
left hand side of equation is smaller than that of the right hand side, and, thus, that a
solution to exists and is unique.
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4.3 VRT vs Flat Rate remuneration

Let LVET and L denote the equilibrium borrowing limit in the VRT and the flat rate
economy respectively. Proposition [8| characterizes the sufficient conditions such that the
former exceeds the latter. Proposition [J] characterizes the sufficient conditions such that the
result in proposition [§| translates into a result on welfare across the two economies.

Proposition 8 Maintain all assumptions of propositions . If pp > pp > pp with p,
defined in (@), then LVET > LFR,

Proof. See appendix [E] m

Intuitively, the effects of the penalty rate on the welfare gain from VRT work through the
effect of the penalty rate on the market rate. This comes into play in various channels. First,
the consumption of types €1, €5 is less distorted with respect to the efficient allocation when
the money market rate is relatively low, which happens when the penalty rate is relatively
high due to the endogenous adjustment of targets described above. Hence, lenders are
more willing to consume than to lend, and unconstrained borrowers have access to cheaper
borrowing. For both types consumption increases. Second, cheaper borrowing affects saving
on net-of-target money holdings, as each unit of money borrowed is cheaper at relatively low
interest rates. Third, autarks’ welfare loss from being banned from the market is higher in a
VRT than in a flat rate remuneration framework because the VRT introduces an additional
productive opportunity where money is valuable. Besides being used to finance consumption
in the goods market, money is valuable to meet the target. Hence, the ability to access a
market where money is reshuffled from buyers with lower to buyers with higher marginal
value, is relatively more valuable in a VRT framework.

Finally, drawing conclusions about welfare across the two frameworks requires mapping
the borrowing limit to the value of buyers. The following proposition characterizes sufficient
conditions on policy parameters such that buyers’ welfare is higher with a VRT framework.

Let vI"2pER denote the inverse of the remuneration rate on reserves, adjusted by inflation,
in the economy implementing monetary policy with a flat rate remuneration framework, and
YVET )V ET the inverse of the remuneration rate on reserves above the target, adjusted by
inflation, in the economy implementing monetary policy with a VRT framework. Further-

VB,VRT

more, let , VBIE denote, respectively, the value of buyers at the beginning of every

period in the economy with a flat rate remuneration framework and with a VRT framework.

Proposition 9 [If yVET pV BT — AFRER tpen VBVET 5 \/BER,
Proof. See appendix [E] m

Notice that the adoption of policies such that vVETpYET = FEGER g feasible in both
frameworks as lump sum taxes are assumed to be available to the consolidated government-
central bank.

The assumptions in proposition [J] are sufficient for the value of autarky in the economy
with a VRT framework is greater than or equal to the value of autarky in the economy
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with a flat rate remuneration framework. Intuitively, autarks are always at least as well off
with a VRT framework as with a flat rate framework if any allocation feasible in the latter
framework is also feasible in the former framework by choosing targets to be zero. When the
real value of the remuneration rate on reserves in excess of the target in a VRT framework is
the same as the real value of the remuneration rate on all reserves in a flat rate framework,
then choosing zero targets renders the VRT equivalent to the flat rate framework.

5 Conclusion

In response to the 2007-2009 financial crisis several central banks adopted a variety of un-
precedented measures to support liquidity in various markets. Faced with dramatically
larger reserve balances across financial institutions, the Federal Reserve moved away from
an implementation framework for monetary policy operating through changes in the sup-
ply of reserves to the banking system - i.e. open market operations paired with reserve
requirements.

In particular, the Federal Reserve started operating a so-called floor system, whereby the
money market rate collapses to the central bank’s administer rate, resulting in a substantial
reduction in trading activity in the federal funds market. While such reduction in trading
activity is consistent with banks holding abundant excess reserves and rarely needing to
borrow, we show that it is also consistent with banks being unable to borrow. When money
markets are unsecured, borrowers repay their loans only if it is in their best interest to do so.
A trustworthy borrower is then one who needs frequent access to credit, as such borrower
would suffer from being excluded from money markets were he to default on a loan. Hence,
banks’ rare need to borrow causes a collapse in the endogenous borrowing limit that banks
face in unsecured money markets. Despite they would want to borrow, banks are unable to
do so because their borrowing limit evaporates.

We characterize the set of parameters which lead to a floor system in the long run and
show that an “ample” reserves regime is the locally worst policy. On the one hand, discretely
reducing reserves would introduce more frequent need to borrow and, as a consequence, result
in increased trading in interbank markets. On the other hand, increasing reserves, by raising
their remuneration rate, would partially close the gap with the Friedman rule resulting in a
lower inflation tax on idle money holdings.

Furthermore, we investigate the welfare properties of an alternative framework for mone-
tary policy implementation, called a voluntary reserve target framework, designed to preserve
interbank trade regardless of the level of aggregate reserves in the economy. We show that,
by endogenously forcing banks to trade on a regular basis to meet their voluntary targets,
such framework relaxes borrowing constraints and improves welfare.

Finally, a voluntary reserve target framework would constitute an alternative to truly
ample levels of reserves for relieving liquidity stress in short term funding markets, thus
weighing in on the controversial debate about whether the Federal Reserve should aim, in
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the long run, for a small or a large balance sheet.
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Appendices

A Flat Rate

A.1 Proof of proposition [2|

The proof is developed in steps as described by the following lemmas.

Lemma 10 The two money-choice equations can be equivalently expressed as

eB
(z+ pyL') = Ee +/ F (e) de,
0

and
A

A =
2% =E.e —|—/ F (e) de.
0

Proof. First, note that Ele] = [(* edF + j:;j; edF. Also, after integration by parts,

EM EM
/ cdF = [P (][5 — / F(e)de.
0 0

Hence, we can write

/oo cdF = Ef] - / cdF —E[d] + / F(e)de — e F(en).

EM 0 0
For buyers:

,y EB 1 [e.e] e
- = —dF () + dF (e
g /0 Pl ©) ep B (m~+ pB) )
Rl /eB dF (e /OO c

— = + —dF (e
5 i (€) > ()

%63 = ¢epF (eB) +/ edF (¢)

eB

eB
(z+pyLl) = ]Ee—l—/ F(g)de
0

where the last equation follows by integrating by parts.
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For autarks:

B e‘éﬁqb/ o) /m_A)l
0 —/0 pEdF(e)—l—/gA 5u(p de(g)

E

gl * e
PE- _ F(eg)+/ ZLdF (e)
C el €E
%Eeg‘ = epF (ep) +/A edF (g) (47)
eq i
= E€£+/ F(e)de (48)
0
and finally
e
A = E55+/ F(e)de
0
u

Lemma 11 Deposits of autarks can be written as

SE [d?] = pCE [24 —E ()]

Proof. Deposits for autarks consist of all unspent funds. That is

;= [ (=55 )are
0
[d2] _ By [E ( M EpE)
IR PE PE / B dF (e
_ i i A EPEP
- PE / (¢ B’ ) dF
e
PE Jo
— pi (zAF (em) — p<E " edF (5))
B

- piE <p?E5§F (e) — p?E i " edF (5)) .

where the last equation follows from the definition of €4. Then we can integrate by parts to
get

5¢E[d} _ 5§F(5§‘)—/OEEedF(e):/OEEF(a)ds

PE
= 24 _FE.e
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where the second equation follows from the first order condition for money holdings for
autarks z4 = %Egg‘ = epF (e4) + f;g edF (). Substituting v =  and ¢ = g yields the
result.

]

Lemma 12 The money market clearing condition can be written as SL' = OEB F () de.

Proof. The money market clearing condition is E. [—[.] = 0, that is

€B

(pge — m) dF (£) + piB / Cdr ()

€B

€B pE¢ ﬂ _ ﬂ PR >
(ﬁgb’EpE z) dF (e) + ¢,Pz¢B /EB dF (e)
= ’ (%5 — z) dF (g) + yp L' /51:0 dF (e)
Pl

ZE —(z+ ’yplL')> dF (g) + yo L'

eB
(%5 — %) dF (e) +yp L'

/ (e —ep)dF (¢) + yp L'
0

_/OEBEdF(5)+/€1:O€dF(€>_€B (/OSBdF(5)+/€:OidF(5>>] + oL

eB oo
Ece —ep (/ dF (e) —|—/ =)o (5))} + oLl
L 0 eB €B

E.e — EBM:| +ypL
i B
where the last equation follows from the first order condition for money holdings for buyers,

rewritten as % = 7 dF (¢) + [7° =dF (¢). Then we have

Il I
o}
VR

ey —Ee = I

¢
/ F(e)de = pL
0

Lemma 13 When pg > p;, so buyers make no deposits, the equation defining the endogenous
borrowing limit in a stationary equilibrium can be written as

(1-08)L=E.e -2+ AE.u(q.)
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Proof. Assuming pgp > p; allows one to ignore the potential for buyers’ deposits. The
equation defining L is then

. 12
L=¢B=VE VA = 24— 4 AB.u+ B¢'E. [—;+R(da>+§—R(dé‘)} +pL
1 1

Under the assumption p; < pg then R (d.) = 0, because autarks are shut out of money
markets then /4 = 0, and money market clearing requires [, [—i)—ﬂ = (0. Then we are left
with

A
L = 2"~ 24 AF.u— B¢'E, {z—s] + pL
E

= 22— 24+ AE.u— (zA — E.¢) + L
which, in a stationary equilibrium, is simply (1 — 8) L = E.e — z + AE.u (¢g.). =

Lemma 14 The difference in expected utility from consumption, ARE[u], decreases in p; and
s zero alt when p; = pg.

Proof. That AE[u] = 0 when p; = pg follows from two observations. First, consider the two
money holding equations. If p; = pg the equations become the same, so eg = ;. Second, if
o1 = pr and eg = €y, then ¢. = ¢2. Identical consumption, of course, implying equal utility
from such, given common preferences.

For the next part, we need the derivative of eg with respect to p;. To calculate this,
consider the money holding equation from lemma :

Pep=E " Py
Cé?B [£]+/O (e)de

Moving the eg/( over and differentiating with respect to ep gives

S [
2

o [ Ele]+ ffB Fle)de] _ Flep)en = (Eg L F(E)e) cdF <0

883 C

B 8B £B

where the last line follows from integration by parts, as in equation . This, then, implies

that
Oep 2

oo _Cf;; edF’

To show that AE[u] is decreasing, consider its derivative. Because ¢ is independent of p,
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then

OAE. u O[fe(ulg) —u(g?))dF ()]
opi Opy

= i [/ eu (%) —I—/ eu (_0183) dF (5)}
Ipi o PE s PE
fB ¢ < pp 1 Oep
= —dF (e) + e———\|ept+po—
o P es  PIEBPE o
°B ¢ * (e € Oep
- Zar )+ [ <—+——)
/0 Pl ©) eg \PL EB opi
® e *® [ ¢ Oep
- S dF = EB) gr
/0 Pl )+ /eB (53 Ipy ) ©)
® e > [ e g2
= —dF +/ — | | dF
/0 P ) e (63 < ¢ J., €dF (6))) )

I 1 g2 o0
= — edF (e) + — —OO—B / edF (e
o Jo (¢) ) ( ¢ edF(€)> . (¢)
1 oo €B
= - ng Eg)— —
Pt Jo ( ) ¢
1 oe €B
— — edlF () — —
o) (€) c

then using &ep = Ee + Jo 7 F (¢) de from equation yields

00 €B
08B 1 edF (g) — 1 (Ea +/ F (e) de)
0

Ipu PrJo PL
1 [
= —— F(e)de <0 (49)
PrJo
]
Lemma 15 There always ezists a stationary equilibrium where p; = pg and L = 0. If

vpg # 1 then pp = pp = L = 0.

Proof. Consider the first order conditions for money holdings for buyers and autarks,
and , and evaluate them at p; = pg. The first equation pins down 5 € (0, c0) uniquely:
in fact, if eg — oo then is violated as 7’% > 1 because the economy is away from the
Friedman rule by assumption. The left hand side of is larger than the right hand side:

YPE - €
7 > 1= sllglgloo{F(gB>+/aB 6BdF(€)}.

Similarly if eg — 0 then is violated as the left hand side is smaller than the right hand
side:

ep—0 B
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Let g (ep) denote the right hand side of 1) and notice that %&;) = f(eB) +f;; —i@ds—
B

f (eB) < 0, where the last inequality is strict is we assume that f has no mass point. Since the
left hand side of is finite and given, and the right hand side of is strictly decreasing
in ep, then there exist a unique 5 € (0,00) solving . Following the same argument
equation pins down g4 € (0,00) uniquely. Because p; = pg then ep = g4 € (0,00).
using this result and rearranging the first order conditions and as and
yields z+vppL' = z*. This means that buyers and autarks have the same portfolio of liquid
assets (i.e. assets that allow agents to purchase consumption goods in the goods’ market).
Because of this then buyers and autarks consume the same allocation in the goods market
and, thus, enjoy the same utility from consumption: AE.u (g.) = 0. In fact, with p, = pg
the consumption allocations characterized in section become:

€ _ Ae

qa = a =
EpL ; _ A
p—E—eA eA 1f5€(O,EB—A€E]
PIEB __ 3 —
L =cp ep ife>ep=ef

Consider now the definition of endogenous borrowing limit derived in lemma and
evaluated it at a stationary equilibrium, so that L = L’. Substituting AE.u(¢.) = 0 and

using yields
(1-p)L = Ee—=z (50)
(1-8)L = pyL' — / ’ F(e)de. (51)
0

Lemma [12] then implies
(L=vp) L =(1—=vpp) L =0.
Hence a solution to this equation is L = 0. If ypg # 1 then the only solution to this equation
is L =0.
]

A.2 Proof of proposition 3

Proof. Note that p; > pg is not possible: no one would lend money at a worse rate than
can be had from the central bank. We will require the derivatives of z and L with respect

to Pl-
For the derivative of eg with respect to p;
Ipy ¢ / * o Jep £
— = —— edF (e implies = ——=
Oep et Jep (¢) opy ¢ J., edF (¢)

Then, Lemma (12| implies
oL . F (83) 863
Ipu B Op
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Then rewriting z in terms of L’

z = %5B—me’
Then
0z €B plaéB , @L/
£ B AT
o~ ¢ Cop " o
ep  pi0ep , F(ep) Oep
¢ o T TR o
€B 1 F(€B)> 853 /
= B 4L 53
c (C =5 )P, (53)

then from Lemma [13]
0 = Ee—2+4+AF.u(q.)—(1-p)L

Letting T" (p;) denote the right hand side of the above equation, and differentiating it with
respect to p;, and substituting out from ,, and , yields
0z O0AE.u 5 oL

(o) = —a—leF o —(1- )a_pl

__|es 1 F(eg)) Jep ,] e
[C+(C ) Mop L +/0 pzdF(gH

*© (e Oep B F(EB)&?_B
+/€B <gBapl>dF<> (1-p TR

653

Grouping the terms in yields

i = () [ (i) 2 [ s

_ _% {(1_“53))@”1_5)@_/: (i) dF(g)]

B B €B
—% {Ea—l—/OEBF(a) da} —|—/OOO %dF(&?)ijI/
_ _%5_; {(1 ~ F(ep)) 751 L a ﬁ/B)F(aB) (% —/OgBdF(g))] _ w+7ﬂ
- (2B e [are] TR TR

where the last equation follows from Lemma [12] Then we have

i) = 52 |a-s-amgFen s [Car@|+ (3-2) [T redeen
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The definition of eg in then implies that the last term is

G- ree = (5 [

_ hiEEE {F(SB)—F/;:OidF(&)—l}

Pl €B
> 0

where the last inequality follows from

/:idF(g) > /OOdF(e) —1- F(ep)

R eB

It [(1—058—~vm) %F ep) + [3 P dF ( )] > 0 then implies [ (p;) > 0. Notice that
1 °B 1 1
(1—=B—vp)F (eB) + dF(e) = (1—=B—vpm)F (ep) + - BF (¢p)
g 0 g g
1
= (1=ym) zF (B)
g
Since pg > p; the a sufficient condition for [(1 — B =) %F eg) + [P dF ( )} > 0is
1 > vpg, in turn implying IV (p;) > 0. Because I' (p;) is strictly increasing then there exists

at most one value p; € (0,1) such that I' (p;) = 0. We know that p;, = pg is one such point.
Hence, it must be the unique solution. m

B VRT

B.1 Proof of Lemma [3

Proof. Consider the money market decision problem of a buyer with preference shock e.

B.1.1 Region ¢ < ¢y,

In this region, maintaining the assumption p; € (pp, pr), buyers are lending and fully fund
their target: [. < 0, A\g =0, d. = T. Optimality conditions in this case imply:

1
—— F+ =<0
pi

1
PE

g
- = pﬂ(b/)\s
qe
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Thus: i < %, and A\, = %, l. =T —m+pq. and pq. = ;—ZJ,. The largest value of € consistent
with this solution is ¢, = {¢ € [g, 2] : . = 0} (i.e. the marginal buyer stops lending in the
money market). This implies pg. = m—T and we can define e, = (m—T)p¢'\. = (m—T)i—‘g.
In this case, the first order condition for [, evaluated at ., implies —% + A = 0. Thus we

can rewrite

_ N B¢’
er = (m—=T)B¢'Ac = (m = T) o (55)
To summarize, the allocation in this region satisfies:
d. = T
1
Ae = —
Pl
l. = pee+T—m<0
pg = Epl
) o1l

where we can substitute pS¢’ = pr to get ¢. = %.

B.1.2 Region ¢, <e¢<e¢ep

In this region a buyer borrows in the money market, but is not borrowing constrained, and
fully funds his target. Therefore I, > 0, Ap = 0, d. = T'. Optimality conditions in this case

imply:

1
Ae=—

Pl
1 1
Pl PE

So A\, = %. Furthermore:

£
—=pB¢A. l=pg.+T—m
3
where pq. = ML’/\ = ;—ZJ, The largest value of ¢ consistent with this solution is eg = {¢ €
le,€] : [. = pB} (i.e. the marginal buyer starts being borrowing constrained in the money

market). Thus, combining the first order condition for ¢. with the budget constraint we have

/
cn = BB+ m = T) = 2 n ~ T) + B0'B. (56)

!

To summarize, the allocation in this region satisfies:
d. = T
1
Ae = —
Pl

l. = T—m+pg >0
) B¢’

where we can substitute pS¢’ = pr to get ¢. = %. Notice that using , which can be
rearranged as e,p; = (m — T)¢', we can rewrite l. = £ (e — 1)
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B.1.3 Region cg <ec <ep

In this region a buyer borrows in the money market and is borrowing constrained, but fully
funds his target because the marginal return on a deposit before meeting the target (i.e. ,%P)
exceeds the marginal utility of consumption. Therefore I. > 0, Ag > 0, d. = T. Optimality

conditions in this case implyﬂ
1

-+ >\z-: = >\B

pi
And from the binding borrowing constraint we have I. = p;B. Furthermore:

€

- = pﬁ Cb/)\a
where ¢. is pinned down by the budget constraint in the goods’ market: pg. = m+p B —T.
The largest value of € consistent with this solution is ep = {e € [g,E] : d. < T} (i.e. the
marginal buyer starts funding his target only partially). Thus, the first order condition for
d. evaluated at er yields R}, = ‘% so that A\, = /% and, combining the first order condition

for g. with the budget constraint, we have A\g = LP — ;%l and
1
er = (m+pB—T)B¢ (p—) (57)
P

To summarize, the allocation in this region satisfies:

d. = T
le = plB
P = m+pB-=T

Using then and substituting out pS¢’ = pr, we can rewrite the last equation as

Pr g = PIEB
By By
which simplifies to
g = PIEB
5 o1

Notice that consumption in this region is constant with respect to e: this is due to the kink
in the remuneration of reserves at the central bank, which makes the value function not
differentiable at the value of d. where the kink occurs. Indeed in this region the first order
condition for ¢. holds with inequality because the marginal value of a unit of deposit when
d. =T is simply é which is smaller than the marginal utility evaluated at g..

€ 1
— > pBe—
ge PE

20Recall R/ is not differentiable at d = T'.
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However the same first order condition for ¢. holds with the inequality reversed if the marginal
value of a unit of deposit when d. < T is pipz

€ 1
— < pfd'—
qe pp

In order to pin down A., we combine the first order condition for g. with the budget con-

straint, to obtain: -

PIEB = p/B(bIAE = pT)\E

PT

where the last equation follows from lemma [2| which implies p3¢’ = pr. Thus
o S
EBPL

B.1.4 Region e <e < ¢y

In this region a buyer is borrowing constrained and partially funds his target: [. = p;B,
A > 0, d. <T. Optimality conditions in this case imply:

1
— =+ =Ap
P
1
A =Rj=—
PP

So that == — L = Az > 0. Furthermore:
PP )
€ , , 1
— =pBP A =pBe —
qe pPp

P +d. = pB+m

The largest value of € consistent with this solution is )y = {¢ € [g,E] : d. = 0} (i.e. the
marginal buyer can no longer fund his target at all). Thus, from the budget constraint we
have pg. = pB + m and

/
v =22 (B m) (58)

pp

so that d, = pB +m — 2‘;5 To summarize, the allocation in this region satisfies:

d. = PPy —e)<T (59)

Pr
le = plB (60)

Epp
. = = 61
q o (61)

which we obtain by rearranging the first order condition for ¢. as
Epp

epp = pBY'ge = ¢e = —
Pr
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and by rearranging the first order condition for d. using the definition of €, (58]), as follows:

PPEM  PPE

Be' B

de = (m+ pB) — pge =

d. = %(EM —e)
Pr

B.1.5 Region ¢); < ¢

In this region a buyer is borrowing constrained and makes no deposit at all, entirely missing
his target: . = pB, Ag > 0, d. = 0. Optimality conditions in this case imply:
1

__+>\€:)\B
pi

1

>R = —

pp
and from the budget constraint pg. = m + p;B. Using the definition of €,;, (58), we can
rearrange this as pg. = =LE which, substituting the equilibrium value of p, implies ¢. =

Be" 2
51‘;%. We then obtain A, combining the first order condition for ¢. with the budget constraint:

€ €
enpp PTA: = A = Eaip
or MPP

where pS¢’ = pr has been substituted out.
Consumption, loans, deposits, and the envelope condition satisfy

¢ = IF = ds = WB(m|T,e) =
ep/pr Lhple — &) T (1/p)(pr/p) e <e
ep/pr Lhple — &) T (1/p)(pr/p) ife <e<ep
eBpl/ PT o B T %é% ifeg<e<er
epp/pr pB  ptElen —e] (1/p)(pr/pp) ifer <e<em
5M;L§ mB 0 %%;’—}T) if € > e)y.

B.2 Proof of Lemma [4]

Proof. Consider the money market decision problem of an autark with preference shock ¢.

B.2.1 Region where st‘ > e

In this region buyers in autarky deposit more than their target: d. > T. Optimality condi-
tions imply

1 1 1
Ry=—, A=—, &=pgPé¢'I\=peL¢(—)
PE PE PE
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Finally the budget constraint implies d. = m—pg. = m— %‘? The largest value of € consistent

with this solution is e = {max(.cz€: d. = T} (i.e. the marginal buyer can just fund his
target). This implies that pg. = m — T and

B’
PE

eg = (m—T)B¢'\. = (m —T) (62)

so that
b P e
TopBY pr
And using the budget constraint and the definition of €4 in (62, we have:

A
PEE
de = ﬁ_’_T_pq‘S
A
PEEE PEE
= L 47—
B! pe’
PE(Eé —e) T
pe!

B.2.2 Region where ¢4 < ¢ < ef

In this region autarkic buyer deposit just to fund their target: d. = T so that from the
budget constraint we have d. = T' = m — pq., which, combined with the definition of ¢4 in
and multiplying both sides of the budget constraint by 5¢’ yields f¢'pg. = B¢’ (m —T),
which can be rearranged as:

pri- = £pp
which is constant in ¢ in this region. Notice in fact that, similarly to the case of non autarkic
buyers, the first order condition for ¢. satisfies:

/ c /
pp¢ & _ PP
pp de PE
as the marginal utility of consumption is larger than the marginal return on an additional

unit of deposits at the central bank when deposits are above the target, but it is smaller

than the marginal return on an additional unit of deposits at the central bank when deposits
are below the target.

The largest value of & consistent with this solution is £ = {max.c. g : d. = T} (i.e. the
marginal buyer who chooses to fully fund his target). This implies that \. = /i and, as
d. =T, that pg. = m — T and

By’
ep = (m—T)BYA. = (m —T)—. (63)
ppP
To summarize, in this region d. =T, q. = 5%%. The first order condition for ¢. then implies:
€
edpE = pre
pT
where pS¢’ = pr has been substituted out, to yield \, = —=5 = —=.
PEER pPPE
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B.2.3 Region where ¢4 < ¢ < ¢,

In this region autarkic buyer only partially fund their target: 0 < d. < T so that from
the first order condition for d. we have R = p = A.. The first order condition for ¢.

yields: ¢ = pq.[¢’ plp. Thus, since lemma [2[ implies that pS¢’ = pr, we have ¢. = Ep”—TP.
From the budget constraint we have d. = m — pq., which, combined with the first order
op
Bo'" "
el = {e € [g,€] : d. = 0} (i.e. the marginal buyer can no longer fund his target at all). This

implies that pg. = m and

condition for ¢., yields d. = m — The largest value of € consistent with this solution is

/
ed = mi_j (64)
’ A _
Using we can then rewrite deposits as d. = 22 75{;5’) P — £F (;g, 2 To summarize, in this

region we have ¢, = if—f, d. = % and \. /%.

B.2.4 Region where ¢ > ¢4,

In this region autarkic buyers do not deposit at all: d. = 0 so that from the first order
condition for d. implies \. > R/, = p , and the budget constraint implies that pg. = m. We
can then use the definition of €4 in . to get

Bd'pg. = prq. = ppeyy = Bo'm

A
PPEN

yielding ¢. = et The first order condition for ¢. is

/ 1 /
PP — < pgPBP'A. =€
pp

as buyers in this region are constrained by the non negativity of deposits and, as a conse-

quence, A, > o= =R, l Thus comblmng the first order condition for ¢. with the budget
constraint we get Ae =
quE PPEN[
]

Consumption, deposits, and the envelope condition satisfy

¢ = ds = WA(m|T,e) =

epp/pr T+2Ep(eg —<)  (1/p)(pr/pp) ife <eg

edpp/pr T %%’p’—; if e <e<ep
epp/pr Ep(esy—e)  (U/p)pr/pp) i ep <e<ejy
e 0 119% if 4, < e.

21Referring to the Lagrangian in section [3| the first order condition for d. is 5VdB — B’ Ae + B’ Ag =0,
with 8¢’ g denoting the multiplier on the non negativity constraint on d.. With 8¢'A\g > 0 the first first
order condition for d. becomes P% + g = Aa.

45



B.3 Proof of Lemma [5

Proof. In order to solve for the marginal value on T, strip beginning of period money
balances from the settlement function and bring them back to the previous period’s money
and goods markets. That is, because we can write

VI dIT) = ¢ (T/pr + R(d —T) —1/p1) + V7(0,0]0),
we can also write a buyer’s value in the money and goods market as
WE(m|T) = eu(q®) + B¢™ (T/pr + R(d" = T) = I¥/py) + BV?(0,0/0)

That is, using the definition of a buyer’s value in the settlement market V2 (1, I., d.|T),
we can define

B(s _ + B(,  +|7+
VE(,0,000) = max {gm* + WP (m"|T*)} (63)

so that T l
VB, l.,d.|T) = ¢ (p_ +R(d. —T) — ;> + VE(m,0,0/0),
T l

and the buyer’s value in the money and goods’ market as

le .
WE(m|T) = eu(q®) + Bo* (p + R(d°—T) - a (i — TM)) + VP, 0,010).
I
Substituting for ¢, ¢, and d° we get WB(m|T,e) — BV E(1n,0,0[0) =
Substituting for ¢, ¢, and d° we get WB(m|T,e) — BV5(0,0/0) =

(clog(ep/pr) + BoT (T/pT +R(T-T)—Lp(e—a) pl) if e <ep,
elog(eppi/pr) + Bo™ (T'/pr + R(T'=T) — pB/p) ifep <e<er,
elog(epp/pr) + BT <T/pT +R ( ( - 6’2}—?) - T) - plB/pl> if ep < e < e,

(e log(enr) + Bo* (T/pr + R(=T) — pB/p1) if e > ey

Substituting in for ¢; and simplifying gives W2 (m|T,e) — BV (0, 0/0) =
(elog(epi/pr) + BoT (T/pT = Le+(m- T)/ﬂz) if e < ep,
) elog (ﬁ&) + BoT (T/pr — B) if ep <e<ep, (66)
elog (epp/pr) + B (T/pr — B+ (m+pB —T)/pp) —c ifer <e<ep,
e log <M> + ot (T /pr — B—T/pp) if ey <e.
I get a few different values in the above tables, which I rewrote as follows:
(clog(epi/pr) + 80" (T/pr + ROT-T) = L (e —=2))  ife<ep,
elog(egpi/pr) + Bo* (T'/pr + R(T —T) — B) ifep <e<erp,
elog(epp/pr) + BT <T/pT—|—R< L (g M—s)—T)—B) if er < e < ey,
(elog(entE) + 8™ (T'/pr + R(=T) — pB/p1) if e > enr.
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Substituting in for ¢; and simplifying gives
WB(m|T7 6) - BVB(Oa 0|O) =

)
elog(ep/pr) + Bo™ (T/pT —Le+(m- T)/Pl) if e <ep,
elog (M) + 86" (T/pr — B) if ep < e <er, ()
5log(€pp/pT)+5¢+< (pT—piP)jL@—%—B) if e <& < e,
| =1og (£52) + 86" (T/pr — B — T/pp) if e < c.

To see this consider each case in turn:

1. e<ep
T
WE(m|T) = eu(q.) + B¢’ | — — —(c —
pr  Pr Pl

B¢ (m-T)

where ¢; = o

2. € € (ep,er)

W (mIT) = cu( 2 (gL

Pr

1 8¢'B) + A — B
Pr

that we can rearrange as

(m —T+ pB)

W (m|T) = eu( )+ /wp% B

[(m—T+sz) )]

where we can substitute eg = S¢’ > and pB¢’ = pr to get

WP (mlT) = cu(2e) + 5[~ Bl

Pr
3. € € (er,em)

WB(m|T) = cu(Z2) 4 ¢ — (PP (epe) — T) - B)

PT pr  pPp PT
which we can rearrange as
Epp 1 1 (m+ Bp) €
WEB(m|T) = eu(—=) + B¢/ [T(— — —) + ——2 — - B
( | ) ( prT ) [ (PT PP) pp B’ )]

and, using ey, = i—f(m + Bp,), as

WEniT) = elog(epnpr) + 667 (T/pr + 1 (122 (e —2) - T) - )

47



4. e>eny
WEnIT) = clog(en ™2 + 86" (T/pr + R=T) = B/ )
That can be rearranged as
1 1
WE([T) = <log(en ) + 667 (T~ ) - B)
pr pr  pp
This, finally, gives us our expression for the marginal value of a target
1 T (e 1
WE(m|T) = po* {— - — (F(EB) +/ (—) dF(e)) -— (1 - F(€T)):| :
pr P e \¢B PP

Setting WZ (m|T) = 0 gives the equation (30). That p; € [op, pr] follows from the fact that
e/ep € [pp',1] as € € [ep,er]. Indeed, so long as F has unbounded support, we must have

p1 > pp. Similarly, if 0 is in the support of F', then p; < pr.

Counsider now autarks. Recall that

WA(m!T)—eu<qs)+ﬂ¢[ —+ R(d: — T)] + BVA(’,0[0)

Then, case by case we derive the marginal Value of a target for an autarkic buyer:

1. e < ef.
In this case )\a——so that o'\ = ppE,qa:w—fandd —T+§g,( —¢). Thus
A
A~ ng gE—E
WA(m|T) — VAW, 0[0) = + B¢’
(mfT) = BVAG00) = eu(E) + g+ =)
T L R
Pr
So that
ow4 1 B¢

1
or p PE p PE
2. ¢ € (ep,ep).
In this case ¢. = 8%%, d. =T, \. = pE%, where the last equation is derived from the
E
first order condition for ¢., which, with log utility, is i = pﬁgzﬁ’ Ae. Then

WAGIT) = BV 00) = cu(etE) + 6+ R(O)
T
= eu("——)+ 5¢’—
p PT
where the last equation uses the definition of e4 = (T'l%W. So that
owA 1, m— 1
= &l—)u + —
- (R
1 m—"T
= —(1—cu
ot i )
1 PTE
p PEEE
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where, in the last equation we have rewritten eu’ (mT?T) using the first order condition
for ¢. as -
u'(g:) = pBP'Ae = pr—3
PEEE

3. € € (e8,e4)).

In this case d. =m — £ < T, q. = {—:’;—;, Ae = pip. Then

- B¢
WA(m|T) — BVAGH,0[0) = au(gz—j) + W[%  R(m— ;P(; )
_ e L 1. epp
— su(epT) + B¢ [,OT - P (m B T)]
=Py gy L LA
= 5“(5pT) + B¢ T[PT ,Op] +e5—¢

where the last equation follows from substituting

ep 1
- &; = w(ﬂzﬂ?g —€pp)
So that
ow4 11 pr 1 1
or BMPT pp)_ p(pT pp)
4. € > el

: _ _ _€ 1 _ pp_A
In this case d. =0, A\, = ored <5 and ¢. = or €T Then

WA(mIT) — BVAGL,00) = ew@iﬁ>+ﬁdg?+4a—Tn
T

pr
PP A / 1 1
= cu(—ep)+ BT |— — —
(Pety + BT~ ]
So that
owA 1 1 pr, 1 1
= 88— ) = -
Pr  pPp p pr pp
Combining agV_TA from all cases, yields:
owA4 1 T b1 4pg
= Fep)-(1-— +/ —[1 — e/ (-E=)dF (e) +
g = Peb 0=t [ o (R ar(e)

A Pr PTE or N
= _{F( E>(1—p—E)+/Eg (1- pEgg)dF( )+(1—p_P)(1_F(5P))}
_ o1 pr P pTE _pT
= p{l F( é)pE /5g pEsg‘dFH pP(1 F( zé))}



so that %LTA = 0 if and only if

1 F(e4 g 1— F(ed
[ ( E) +/ AdF(S) + A
Pr PE ¢4 PECE PP

B.4 Proof of Lemma

Proof. Consider supply of funds first. Using the characterization in lemma |3|it follows that
l. < 0if and only if a buyer receives shock ¢ < e;. In this case pg. = £L and [, = pg.+T —m.

B¢’
Using also the definition of e, = (m — T Bp—‘f/) yields

l. = g—¢
Be’ B¢’ Pr
where the last equation follows from lemma , which implies p6¢’ = pr. This yields (34).

EPL ELPIL (_ L)@

Consider demand for funds. Using the characterization in lemma (3| it follows that buyers
with a shock € > ep are borrowing constrained, so they borrow [. = p;B. Buyers with
€ € (er,ep) borrow l. = (¢ — &) This yields (35). Thus the money market clearing
condition, pinning down p; is

0 = /OEB ﬂp(a —ep)dF(e) + /OO pBdF(e)

pT EB

0 = 20 [ iF(e) - [om* — 6THF(ep) + o B(1 - Flep))

0 = % /EB edF(e) — [poB + ¢m™ — ¢T™|F(ep) + po B (68)
0

B.5 Settlement market

From the settlement period problem, we have the first order condition on money balances
which guarantees that ¢ = W (m|T), where WE (m|T) is just the expectation of W& (m|T, ¢)
which is just 8¢t .. This final quantity can be derived from the FOC for ¢: eu/(q)—pBdTA. =
0.

The envelope condition from the decision problem in the settlement market is:

Vi, 1, dIT) = ¢ (o + T/pr + R(d—T) —1/p— 7M) + max_{~om" +Wim*[T*)}.

(m+,T+)

where the first order condition for m™ yields —¢+2%0 < 0, with WP (m*|T*) = E.[WP(m*, T |e)).
Consider then the decision problem in money and goods market:

WE(m|T,e) = max eu(q®) + BVE@, 15, d°|T)

(g5,15,d?)
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st. m+10F—pg—d°—m'>0, and pB-—1°>0.
and, with z = (m/, q., [, d.), the Lagrangian
L(z) = eu(qe)+8VE (i, Iz, de|T)+ B¢ Ao (m+1.—d.—pg-—i )+ S g (1 B—12) + B Nade+ B Ny

we then have % = B¢\ and WEB(m™T|TT) = E.S¢'\.. Thus the first order condition

for m™ is simply —¢ + E.[S¢'\.] <0
Putting this all together gives

€B 1 ET 1 EM 1 oo 1
wB = P (/ / = CdR(e) +/ —dF(e) + / —idF(g))
e PILEB er PP eny PPEM

Setting this equal to qb and given that p;/p = B¢t with ¢/¢pT = v we get

€B 1 er q em ] <1
/ / = EdR(e) / —dF(g)+/ — = dF(e)
eg PLEB er PP en PPEM

Similarly, the cho1ce of money holdings for autarkic buyers satisfies —¢ + S¢'E.\. < 0,
that, for mA+ > 0, is

A A
1 EP E]VI 1 o0
- F(gg>—+/ LdF(e) + / —+/ - (69)
PE e PEE ed PP ef, CEPP

P (70)

(=2

B.6 Endogenous borrowing limit

Consider a buyer who repays his money market loan from the previous period. Because
his repayment is publicly recorded then his continuation value at the end of the settlement
market, before choosing target and money holdings, is V2(0,0,0/0), as defined in in
the appendix. To save on notation, let V2 = V5(0,0,0/|0). Consider now a buyer who
plans to default on his money market loan from the previous period. Analogously to a
buyer, his continuation value in the settlement market, before choosing target and money
holdings, is V4(0,0/0) = maxy,a+ pasy —pm?T + WA(mAF|T4+). To save on notation, let
VA =V4(0,0]|0). The payoff to a buyer who repays in the settlement market is —qu/l)—i + VB,
since the loan was in terms of money, while the payoff to a buyer who defaults is V4.
Therefore, the repayment constraint can be rewritten as

LS DVE-vY (71)
More specifically:
VB = (ax —pm* + WE(m*|TH) + VT (72)
= —om* +E{= u(q) + BV (', I, d.|T)} + BV (73)
= —¢m’ +E{e u(q.) + BoT [ + Z—+ +R(d. —T") — % — TM]} + BVE (74)
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Since in equilibrium m = m’ = 0 this boils down, for buyers and autarkic buyers respectively,

to:
B + 1.5/ Tt + le B’
VB — _¢ém +Ea{5 u(qe) + BT [ + — + R(d. — T*) — = —TM]} +AVE (75)
pPr Pl
At
VA = —om® Efe uled) + 070 + —— o+ RUE = T) =M} + AV (76)
T

so that B = VB — V4 and

0B = o(m™ —m®) + Ecfeu(qe) — eu(ql)]

A
+Eaﬁ¢’{(¥) - % + R(d. — T") — R(df — TA+)} +p8¢'B" (77)

where we used the result that 1/’ = 0 = 1", Notice that none of the autarky terms depend
on B, while p; and T as well as the consumption allocation do.

C Three types economy: VRT

C.1 Proof of Proposition

Proof. Under the conjectured strategies the analysis in lemmas [3| and [4] implies that the
money market clearing condition is

(7T151 +7T252) (=) €B, +Bt = 0

Bos Bos
Notice that BT = % = g—i This equation pins down ep:
M€ + M€
ep = T 2€2 | B3 Bt

(1 — ’7Tg) (1 - 7T3>
Then the FOC for choice of targets for buyers pins down p;

(1 + m9)

P = —L .
T PP

The FOC for the choice of targets for autarks pins down %
o€
eh = 1 262
1 _m_m
PE (PT P}i PE)

Combining the FOC for money holdings for buyers with yields

Bo*
prT

¢ =
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We are now interested in VE — V4.

VvB_yvA = ¢(mA—m)+
+mer |u <51ﬂ> — u(sl)l +
L PE
Pl A
+mocs (U <€2—> —u (SB)] +

PE
i + _ &spp _
+B¢+ £+7T3m+plB B¢s T
pT PP
[ A A _ pee1 _ A A _ epp _ A
_ﬁ¢+ T__|_7T1m2 Bés T +7T3m2 Bes T
P PE PP

+6 (vf}+ — VA

where consumption in the state €3 is the same for buyers and autarks (i.e. ¢ = ¢. = 53Z—2).
Also notice that autarks in state ; deposit at the central bank, so they earn remuneration
on those deposits. Using the above equilibrium conditions, we can rewrite this as

s
vE-v4 = <% - p_i) (Eng —epp) + op BT +

—m1 (e —&1)
+6 (VB+ _ VA+)

With log utility we can further rearrange the following terms are follows
[u <€1ﬁ> — U (81):| = logﬂ <0
PE PE

[ (o) ~eeh] = wsaov

log g5 + log L log £%3

1
= loges +logﬂ — log moey + log pe (_ _m_
PE pT PP
1 s ™
= logp — logmy + log pg (_ _ 08 _1)
pr PP PE

Then, using the expressions for the endogenous variables and V?Z — VA = ¢B = ¢TBT =L

in a stationary equilibrium, we have
L <1 — @> = (me1 + meeg) log L) +
pT PE
1 s T
+moes {logp—E <— - —1>}
T2 \Pr PP PE

53



where we rearranged

+ _ 9 tpt _ Plary
pp BT = ﬁ¢+pz6¢B —pTBL

C.2 Proof of Lemma

Proof. Notice that AEu () > 0 if and only if

(161 + moe9) [log (m + m2) — log ] — 7161 log pp+

ToEo {log (a - ﬂ) — log 72] > 0 (78)
PE
Then
OAEu (o) Ta€2 i1+ Mgy
Jda n (a _ ﬂ) o
PE

Notice that <a — ﬂ) > 0 by assumption, which guarantees that €4 > 0. Then rearrange
PE 2
the above equation as

OAEu (o) Z,r—; (m1€1 + Tags) — amiEy
da (oz — ﬂ) o
PE

which is negative if and only if the numerator is negative

(7T161 + 7T262)

Q 79
PEE1 ( )

Since 5%‘3 > (, the utility differential is decreasing in pp if and only if pp > pp,, Where
Pp, 1s defined by holding at equality. Furthermore, is satisfied if and only if « is
not too large, that is to say if the inverse of the penalty rate is not too large: pp < Ppu>
with Pp, denoting the value of pp such that 1’ holds at equality. Hence, if pp < Pp. then
AEu(a) >0. =

C.3 Proof of Proposition

Proof. Sufficient conditions for L > 0 are (i) 1 — % > 0, that is the coefficient on the left
hand side of is positive, and (ii) AEu («) > 0, that is the utility differential is positive.
First, using the equilibrium value of p; yields:

(7T1 + 7T2)

T

1 > p
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(I4rp)(mi4m2)(1—

3

which sets an upper bound on rp, say ¥p;, = B Second, the previous lemma
shows that a sufficient condition for AEu () > 0 is Tp, > rp > rp,. Finally, we need to
verify the equilibrium conjecture 0 < 4 < 5, where 4 > 0 is necessary since we assume
log utility.

First, for ¢4 > 0:

Sufficient condition can be stated as

1-— 1
rp < TpeB = ( ™) (14 77) .
3 T3PE

A :
Second, for 5 < ep:

M€ < M€ + Moo po*
pE<L_B_W_1> (1 —m3) (1 —ms)

T pP PE

B (81)

which is equivalent to

1 T+ Toge (1 —
— — ( ! 2) 2 2( 3) —(7T1€1+7T2€2) <
B <L _ B) (L _ T3 _ ﬂ)
PT T PP PE T P PE J
] B
(161 + moe9) log —(m + 72) + ey {log pE (— - ﬂ) (82)
<L E) T \Pr PP  PE/ |
T PP

where we know that the right hand side of is AEu («). Recall that AEu () > 0 and
aAlg_Z(a) < 0if ¥p, > rp > rp,, that is increasing in rp since rp < 7p,. For the left
hand side of , the first term is strictly positive by our assumptions that rp < 7pr.
Then, with «a (rp) = [(1 — m3) (1 4+ rp) — msrp), rearrange the term in square brackets as

% — (me1 4+ meg). Then, a sufficient condition for inequality (82| to be satisfied
PE\O—

is that the left hand side is negative, because we already made assumptions for the utility
differential to be positive, that is to say 7p, > rp > rp,, hence the right hand side is positive.
Then, with min (Tpi,Tpy) > 7p > r'p,, the left hand side of is negative if and only if:
oo (1 — 7
LS) < (71-181 + 7T2€2>
™ >

IOE<05_E

T9oE9 (271'1 + 7T2) < (pEOé — 7Tl) T1€1 + PEQT2EL
(M1 +m2)  maes (2m + M) + e

T30T m3pp (MEL + Mag2)

rp < Tpe=

%)



which we can restate as rp < 7p.. Notice that 7p, < ?pe.ﬁ Let

1
5, = — — 83
Pr min (TPm TPIL, TPeB) ( )

C.4 Proof or

Proof. Rearrange the borrowing limit, defined by equation , as follows
AEu ()

=

Then let DL () = (1 — 6M> and notice that 222 > 0. Then consider

pra Oa
OL(a)  222MUDL (o) — ABu (a) 2549
da [DL ()]
OAFu(«)

The assumption rp < T'p, implies =5 -~ < 0, the assumption rp < 7'p;z, implies DL (o) >0,
and the assumption rp > rp, implies AEu (o) > 0. Then 8%—53) < 0, which implies %;P) >0
since with o < 0. m

22Consider the inequality pinning down 7 p,,:
T2E2 < (m1e1 + mae2)
ey A

PE

Then consider the inequality pinning down 7p,

1,
mea(l—m) (mre1 + m22)

T
222 < PE (71'151 +7T252)
(a-z) = -

= Z—z (7‘(‘181 + 7'(‘282)

So rp < min (Fpy, Tpe):

ToE2 < min ((msl + meg2) pE

@ — (mer + 7@52))

o " pro
where % > 1. Hence, if rp < Tp, then rp < Fp, as well.
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D Flat Rate

D.1 Proof of Lemma
Proof. The FOC for money holdings for buyers

+

_ A
¢ = (mtm) pi +7r3(m2+,013+)

where 22 = (m 4 p,B*), so that

BT
¢ = (7T1+7T2+7T3f—3) @

€B Pi

FOC for money holdings for autarks

——pp = (m +m) +7T3f—i
pot €L
= (m +m)+ 73%
which pins down
52; _ T3E3

% PE — (7T 1+ 2)
The money market clearing condition is

0 = (71'181 + 7T282) % — Mo + T3 (m —i—plB+)

= (mertme)p - gdﬁm + ng (¢m + p¢B™)

= (mer + mee2) o — gqﬁm + Wag (¢m + py L)

This can be further rearranged with m as a function of €5 and dividing both sides by p;

YLt + me; + moey
(1 — 7T3)

€B
Then, combining this with the money holding equation for buyers yields

o= (’7L++§)(1—73)§:(’}/L++5)§
! YL + mey + magg vy €B Y

where € denotes the average value of the taste shock and %

8
5
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We are now interested in VE — V4.

VE—v4 = ¢(m*—m)+ AEu+

ot A A A A
0 ey o — )+ )]
+3 (VP — VAT

_ (¢ ot (1 )
PE

5¢+ { PEE1 /)E52]
Ton Mot T Bt
+ﬂ (VB+ _ VA+)

where AEu denotes the differential in expected utility between buyers and autarks.

Rearranging and substituting out for m# and m as functions of &4 and &g, from &3 =
M L2 mA and ég = W (m+pB*) = (gbm~|—7plL+):
pot ) PEEs ('yégpz
L = (¢——(1— — —vp LT | + AEu +
(0= T a-m) 522 - (%5
ﬁ¢+ { PEE1 . PE€2]
T2
' Bot pot

+BL+

where

ARu = me [u <815—;> —u(ﬁl)} +
(o) ]

PE
~ Pl . ~A
+m3e3 (U | Ep— U (83) +
PE
po= (YL*+8)(1—m) 8 _ (7L* +2) B
’}/L+ + m1€1 + Mag2 Y éB y
and
A T3E3 _ E T3E3
5 = =
gorpe — (A m) 7 [pp— 2 (m +m)|
g . ’)/L++7T1€1+7T2€2
B =
(1 — 71'3)
pés = (L +2) 2
plL+ - [éB (1 — 7T3> — &1 — 7T282]

g
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and with log utility
AEu = zlog?2 4 mye, [logép — log £3]
PE

= Elog (LT +2) — (51 + &) logep — Elog pg +Elog§ +

—mses log é‘g

I+
AEBu = zlog (yL* +2) — (51 + &) log YETF T F Mot

—¢clogpp —l—?logé +
Y

(1 —m3)
—m3esz log éﬁ
as g4 is independent of L. Then
AEu = zlog (yL* +8) — (51 + &) log (YL + mer + maes) + (84)
(81 + &) log (1 — m3) — Elog pi + g1og§ + (85)
—mseslog £ (86)

We can rearrange the equation for the borrowing limit as terms that are functions of L and
terms that are independent of L

L(1-p8) = _75gpz +yp Lt + AEu +
_ % _ ppén  BoT { PEE1 pE€2:|
<¢ Py (1 7T3)> B4+ + o 7T1B¢+ +7T2ﬁ¢+

: _ _ BoT _ PEER BT PEE1 PEE2
and, letting Ky = ¢ — "2 (1 —m3) Gt T o I mg + mEE |, we can futher rearrange
it as

(VLT +8) (1 —ms)

T1E1+T2€E2
VT

L1-p8) = —yL* -+

Substituting out for AEu and letting K5 denote the constant terms, so that
Ky, = (E1+8)log(1—m3) —Elogpr +Elog é — mye5log &
Y

we can futher rearrange the equation for the borrowing limit as

(yL"+8) (1 — )
’7+ 7!'151[/—{;71’282 /8

glOg (/)/L+ —f—g) — (51 +52) IOg (’}/L+ —+ mer + 71'282> + Kl + K2

L(1—-pB) = —yLT -2+

Finally let K = —€ 4+ K, + Ky, a =&, + &5 and b = g3 and we obtain . [

59



D.2 Proof of Lemma

Proof. Recall pjL = Qe 8 (1;7“”). Then it is easy to see that it equals zero when L = 0.

vL+a
Also, it is easy to see that
L L — L b L b
opL ﬁ(l_ﬁ){h(v +a) 7(72+a+ N, OLta+ )}
oL 0 (vL + a) YL +a
5 { (’yL—l—a—i-b)}
= — 1—7'('3
(YL + a)® VL +a
B 1—773 —yL + (vL+a+0b)(yvL+a)
fyfyL+a (vL + a)
]__
_ 73) | (YL + a) > +ab -0
77L+a (vL + a)
Then
. OpL . B ab
1 = lim —(1— 1+ ——
T e
B
= —(1-m3) <1
7( 3)
Finally
O?p L B (1—7s) 2y (YL + a)® — (vL + a)’ + ab) 27 (vL + a)
o°L Y ’ (vL +a)’
—ab2y (vL + a
:é(_m){ vy 4)] 0
Y (7L + a)

Turning now to the utility differential, defined in , we have
AEu = Ky+ (a+b)log('yL—|—a~|—b) —alog (yL +a)

It is easy to see that AEu (L = 0) = Ks + log (a+b " and that

OAEu (a+b) a
oL [(7L+a+b) a (7L+a)}
[(a—i—b) (7L + a) —a(’yL—i-a—l—b)]
(vL+a+0b)(yL+a)

9 bL
= T GLtart (v 0
Furthermore:
lim OAEu = lim 7L
L—oo  OL L—oo (YL 4+ a+b) (YL + a)

1 7
1m —
L—oo 27y (YL + a) + b
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Then
0’AEu b72(7L+a—|—b) (YL+a) = L[y(yL+a)+ (vL +a+b)7]
0*L (YL +a+b) (YL + a))
b2 (vL+a+b)(yL+a) — L2y (yL +a) — byL
(YL + a4 b) (YL + a)]”
o(—yL+a+0b)(yL+a)—byL
(YL + a +b) (YL + a)]’
, a*—(yL)’+ab
(YL +a+b) (YL + a))
92 ABu

92 AEu

clearly for L sufficiently close to zero <z > 0 and for L sufficiently large <37 < 0. =
D.3 Proof of Proposition [7]
Proof. The equilibrium borrowing limit solves ® (L) = 0:
L+a+b)(1-
L(].-B+’Y) — (P)/ )a( 7T3)B+
YT
(a+0b)log(YL+a+b) —alog(yL+a)+ K (87)

The left hand side of is linear in linear in L with (1 — 3+ ~) > 1. We now turn to the
right hand side of .

Step 1.
Consider first K = —2 + K7 + K,. Substituting out for Kjand K yields
K = —(a+b)+%ég‘—5g(1—w3)+a+

alog (1 —m3) — (a+ b)log pp + (a + b) logg — blogéy
that can be rearranged as

K = —b(1+logép) + <%—(1—7r3)> Ep+
alog(l—m)—(a+b)long+(a+b)log§

~A b
where €4 = wp———
B WTE,(l,ﬂs)

b
K = —blog +

alog (1 —m3) — (a—l—b)long—l—(a—l—b)logg

, so we can further rearrange this as

— _blogh+ blog (ﬂ il —7r3)) ~blog LPE 4
B B
alog (1 —m3) — along+alog§
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Step 2.
If a > a and b € (b,b)then FR(0) > 0.
Notice that

FR(0) = (a+b)loga+b—aloga+ K
= bloga+b—0blogb+

blog (% 1 —w3)> - blog% +

alog (1 — m3) —alngE-l-alogé
Y

which can be rearranged as

FR(0) = b(l—i—log%)—i—

blog (1 S _7@,)) +

TPE
alog b (1 —73)
TPE
Notice that the second and third term are smaller than zero because 22 — (1 — m3) > 0 by
assumption. Then FR(0) > 0 if and only if

b (1 + log (1 _b (1-— 73)) —|—10ga> —blogb > —alogi (1 —m3) (88)
YPE PE

The right hand side of is larger than zero. Consider the term in brackets on the left hand
side of and define a as the lowest value of a such that this term is greater than zero: a =
{a eR:1+log (1 - w% (1-— 7r3)> + loga > O}. Hence (1 + log <1 — % (1— 7r3)> —Hoga) >

-1

0 for all a > [e (1—i(1—ﬂa)>}

YPE

Consider now the second term on the left hand side of :
Il)l_r% blogh = 0
lim blogh = o0

b—o0

0 (blogb)

—2 =1 1

% og b+
lim logb+1 > (1+log <1—i(1—7r3))+loga)
b—o0 TPE
0 <b (1 + log (1 — W% (1— 7r3)) —Hoga))
= lim
b—o0 8()

and (blogb) < 0 for all b < 1 and (blogb) > 0 for all b > L. Then, with a > a there is a
unique value of b such that

b(l—l—log(l—i(l—m))—l—loga) = blogb
VYPE
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Let b denote such value. Then for b < b the left hand side of the inequality is strictly
larger than zero. Then (88]) is satisfied for b > b, with b defined by holding at equality.
Hence, if a > a and b € (b, b)then FR(0) > 0.

Step 3.
1_
If 2 — %3 < m3 and g < ((1ﬁ—7r132 — 1 then ag—LR < 85—LL for all L.
Consider F'R as defined in (43)). Differentiating yields
OFR 0 0
or oot
ab bL
= B(l—m) [1+—— | 447
. 3)[ (7L+a)2} T GLta+b) (Lt a)
Then %LLR < B;—LL if and only if
ab byL
1—mg) |14+ —— |+ < 1-fB+
B 3){ (VL—l—a)Q} 7(7L+a+b)(7L+a) )

that can be rearranged as

(YL +a) [(VL +a)* (B(2—73) =1 —7) + ab(B (1 — 75) — )]
b[(vL+a)* (B(2—m3) — 1)+ Bab(1—m3)] < 0 (89)

The first term in is always negative. Consider the second term. Rearranging the term
in square brackets, if

(YL)* +a® +2ayL) (B(1—m3) + B — 1)+ Bab(l —m3) < 0

then % < %. If 2 — % < 73 then (S (1 —m3) + 8 —1) < 0 and an upper bound for the

left hand side of the above inequality is
a?(B(L—m3)+B—1)+Bab(l—73) < 0

which we can rearrange as

(1 — 7T3>
Step 4.
Lemma [9] shows that p;L and Eu are both strictly increasing, and that
. OFR . OpL OEu f8 . OFL
fm S T i tar TS0 m < b o< im S = (1= 649)

Moreover, FR(0) > 0= FL(0) ifa > a,b € (l_), l_)). Hence, there exists a unique L* solving
(41). Finally, with % < 3(5—LL it follows that ® (L) = FL (L) — FR(L) is monotonically
increasing. ®
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E VRT vs Flat Rate

E.1 Proof of Proposition

Proof. Since ® is monotonically increasing in L, then LV > L if and only if ® (LVET) >

0 that is to say
LVET L a4+b) (1 -7
(7 a)( 3)B+
Y+ tver
(a+0b)log (VL™ +a+1b) —alog (vLY" +a) + K

LYA(1-B+7) >

Because ® is monotonically increasing in L, and LV%T is monotonically increasing in 7p,
then ® (LVAT) > 0 if and only if 7p > rp, where rp, : {rp > 0:® (LY (rp)) = 0}. Let

rp = Max(p,rp,) =— (90)
Pp

Then the constructed VRT equilibrium features a higher borrowing limit than the con-
structed FR equilibrium. =

E.2 Proof of Proposition [9

Proof. Consider the decision problem of an autark in VRT as defined in section [3]

WA= max {%WA+&WQ®+BW(Zf+RM—Tﬂ—TM)+Vﬁ

(mA,TA g4, d2) Pr

st. m? —pgt —d* > 0.

Using v = d%’ and p = [5% this can be rewritten as
W4 = max —¢m® + Eeeu(q?) + A ¢—7m + R(¢d — ¢T?) — oM | + VA
(mA, T4 A d2) Ty N\ pr

st ¢gm® — %qﬁ —¢d?* > 0.

where ( 4

d—oT7) if g —TA <0
R(gd — Ty = —or 0
(@d—¢T7) 3¢ g —TA >,

PE

Since autarks are allowed to choose targets, a feasible choice is T4 = 0, although that might
not be optimal. With 74 = 0 the above decision problem is simply

d
W4 = max {— m? + Eceu(q?) + <¢——T M)+VA}
(mA g4 ,dA) 0 @) +8 VPE ¢

64



st. om? — %qﬁ — gbd? > 0.
With VT pVRT — FRHER this decision problem is equivalent to that of an autark in the
economy where monetary policy is implemented with a flat rate remuneration framework,
as defined in section Hence, with T4 = 0 being a feasible choice for autarks in a
VRT framework, it must be that WAVET > WAFR and VAVET > yVAFE  Combining
this with LVRT — VB,VRT o VA,VRT > LFR — VB,FR o VA,FR yields vB,VRT o VB,FR >
VA,VRT _ VA,FR >0. m
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