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ABSTRACT. Quantifying the impact of regulatory policies on social welfare generally re-
quires the identification of counterfactual distributions. Many of these policies (e.g. mini-
mum wages or minimum working time) generate mass points and/or discontinuities in the
outcome distribution. Existing approaches in the difference-in-difference literature cannot
accommodate these discontinuities while accounting for selection on unobservables and
non-stationary outcome distributions. We provide a unifying partial identification result
that can account for these features. Our main identifying assumption is the stability of
the dependence (copula) between the distribution of the untreated potential outcome and
group membership (treatment assignment) across time. Exploiting this copula stability
assumption allows us to provide an identification result that is invariant to monotonic
transformations. We provide sharp bounds on the counterfactual distribution of the treat-
ment group suitable for any outcome, whether discrete, continuous, or mixed. Our bounds
collapse to the point-identification result in Athey and Imbens (2006) for continuous out-
comes with strictly increasing distribution functions. We illustrate our approach and the
informativeness of our bounds by analyzing the impact of an increase in the legal mini-
mum wage using data from a recent minimum wage study (Cengiz, Dube, Lindner, and
Zipperer, 2019).
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2 REGULATORY POLICIES AND SOCIAL WELFARE

1. INTRODUCTION

Government’s regulatory role and its impact on social welfare has been a critical
question for economists. These regulatory policies often restrict the budget or choice
sets for certain agents in the market by imposing floors or quotas, such as minimum
wages, minimum /maximum working time, wage floors for different occupation groups,
etc. Those types of policies tend to induce behavioral responses that can generate
mass points in the outcome of interest. For instance, an important question in the
labor economics literature is the effect of an increase or introduction of minimum
wages on low-wage jobs or overall employment, see for instance Card and Krueger
(1994), Neumark and Wascher (2008), Cengiz, Dube, Lindner, and Zipperer (2019),
among many others. The figure below (taken from Cengiz, Dube, Lindner, and
Zipperer (2019)) illustrates that an increase in the minimum wage will shift jobs
that were previously paying below the minimum wage MW, and then will create
“excess jobs” at and slightly above the minimum wage. This figure also shows the
heterogeneous effect of such a policy, it is expected to only affect the wage of low-wage
workers and not have an effect on the upper tail of the distribution. In sum, those
types of policies have two main features. First, the potential outcomes of interest
are likely to exhibit some mass points. Second, the causal effect of the policy is
expected to affect only a part of the distribution of the outcomes of interest. As a
result, to adequately analyze the impact of these policies, a distributional treatment

effect analysis is key, as in Cengiz, Dube, Lindner, and Zipperer (2019) for instance;

FIGURE 1. Figure 1 from Cengiz, Dube, Lindner, and Zipperer (2019)
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see, also, Almond, Hoynes, and Schanzenbach (2011); Assungao, McMillan, Murphy,
and Souza-Rodrigues (2022). Furthermore, measuring the impact of such policies on
social welfare requires recovering the counterfactual distribution of the outcome of
interest.

While these types of policies are paramount in economics, the existing economet-
rics methods are not necessarily adequate to recover distributional causal effects in
these settings. In the presence of data before and after a new policy, one of the
most widely used techniques to assess its impact is the difference-in-differences (DiD)
method. Its main drawbacks, however, are two-fold: (1) it does not identify the coun-
terfactual distribution, (2) it is not invariant to monotonic transformations. While
there are several methods extending DiD to identify the counterfactual distribution
(Athey and Imbens, 2006; Bonhomme and Sauder, 2011; Callaway and Li, 2019;
Havnes and Mogstad, 2015), to the best of our knowledge, the distributional DiD and
changes-in-changes (CiC) are the only two approaches that are invariant to monotonic
transformations.!

Roth and Sant’Anna (2021) show that distributional DiD requires that the dis-
tribution of the untreated potential outcome is independent of policy adoption, is
stationary across time (within each group), or consists of a mixture of two subpop-
ulations each obeying one of the two restrictions. Such conditions are unlikely to
be valid for the policy evaluation questions we are interested in. Indeed, the in-
dependence assumption (random assignment) is implausible in our context since the
decision to implement a new minimum wage policy is a response to the unsatisfactory
features of the pre-policy outcome distribution, such as large wage inequalities, high
proportion of workers under poverty, etc. When the policy is not randomly assigned,
the validity of the distributional DiD essentially rests on the stationarity assumption,
which is restrictive in many practical settings.?

While the CiC approach introduced in the seminal work by Athey and Imbens
(2006) can accommodate endogenous policy (treatment) assignment as well as time-

varying potential outcome distributions, their identification result does not apply to

IThe distributional DiD method relies on a parallel trends assumption in the cdfs as opposed to the
expectations (e.g. Havnes and Mogstad, 2015; Roth and Sant’Anna, 2021).

>The stationarity assumption can be tested using the control group. Roth and Sant’Anna (2021)
provide a sharp specification test of the validity of the distributional DiD assumption in general.
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the case where the potential outcomes exhibit some mass points (mixed distributions),
as in Figure 1.3 In fact, Athey and Imbens (2006) introduce the CiC approach for
either continuous or discrete outcomes that are monotonic (time-varying) functions
of a scalar unobservable with a time-invariant distribution across time. In sum, the
CiC approach introduced in Athey and Imbens (2006) cannot be applied to evaluate
the policies described above.

The current paper provides an alternative, unifying identification result that applies
to any type of outcome distribution, is invariant to monotonic transformations, allows
for endogeneity of the policy assignment, and does not restrict the evolution of the
marginal distribution, nor treatment effect heterogeneity. Our identification result
exploits the stability of the dependence (copula) between treatment assignment and
the untreated potential outcome across time without imposing restrictions on the
structural function that generates the potential outcomes. Exploiting this identifying
assumption, we provide a unifying partial identification result for the counterfactual
distribution of the treatment group.

Our copula stability (CS) bounds apply to any type of outcome distribution,
whether it is continuous, mixed, or discrete. Our bounds shrink to the point-identification
result in Athey and Imbens (2006) for outcomes with continuous, strictly increasing
distributions. Indeed, we show that in this case our copula stability assumption is
equivalent to the CiC conditions. For discrete outcomes, we show that our copula
stability assumption can be compatible with multi-dimensional unobserved hetero-
geneity, whereas the CiC bounds for discrete outcomes require a scalar unobservable.
For mixed outcomes, we demonstrate that a naive implementation of the CiC ap-
proach may lead to an estimand that does not coincide with the true counterfactual,

whereas our CS bounds will include it.*

3Mass points are common for a wide range of economic outcomes resulting from censoring (DellaV-
igna and Gentzkow, 2019; Dustmann, Lindner, Schénberg, Umkehrer, and vom Berge, 2022) or
bunching (Cooper, Craig, Gaynor, and Van Reenen, 2019; Harasztosi and Lindner, 2019; Derenon-
court and Montialoux, 2020; Basri, Felix, Hanna, and Olken, 2021; Goncalves and Mello, 2021;
Kostgl and Myhre, 2021; Boissel and Matray, 2022).

We refer to this implementation as naive since Athey and Imbens (2006) did not provide identifica-
tion results for mixed outcomes. Nonetheless, an empirical researcher might ignore the mixed-nature
of this outcome and implement their identification result.
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Since the motivation behind policies, such as increases in the legal minimum wage,
is often to reduce inequality and/or target a specific part of the outcome distribu-
tion, we introduce a broad class of social welfare treatment effect parameters that
can accommodate the policymaker’s objective. While this class includes the average
treatment effect on the treated (ATT) as a special case, the ATT corresponds to a
social welfare function that is inequality-neutral and gives equal weight to all indi-
viduals in the population. As a result, if a policymaker is averse to inequality, then
the ATT would be an inadequate causal parameter to judge the policy’s effectiveness.
In general, the social welfare function adequate to evaluate a specific regulatory pol-
icy can be highly context-specific and may depend on the policymaker’s preference
and/or objective.” We therefore introduce a broad class of treatment effect parame-
ters that take into account the policy objectives. This broad class specifically includes
the class of generalized Gini social welfare functions (e.g. Mehran, 1976; Weymark,
1981). These social welfare functions can take into account measures of inequality
by putting higher weight on individuals with lower-ranked outcomes. In addition,
we include a class of parameters that can capture the welfare of individuals at the
lower tail or a specific interquantile range of the distribution. Bounds on these so-
cial welfare treatment effect parameters can be easily computed using our bounds
on the counterfactual distribution. We illustrate the usefulness of this broad class of
parameters and compare it to the ATT in the context of our empirical application
examining the impact of a minimum wage policy (Section 3).

Next, we examine the connection between our main identifying assumption and
the parallel trends assumption required by DiD. The parallel trends assumption can
be equivalently stated as a covariance stability assumption. It is specifically a time
invariance assumption on the covariance between treatment assignment and the un-
treated potential outcome, whereas our assumption maintains the stability of the
copula between these two variables. As a result, there are several differences between
our copula stability assumption and covariance stability (parallel trends). First, the
parallel trends assumption restricts the joint variability of treatment assignment and
the untreated potential outcome over time, whereas our copula stability assumption
mhe discussion in Berger, Herkenhoff, and Mongey (2022) which illustrates how the

quantitative analysis of the effect of the minimum wage could highly differ depending on the social
welfare weights, which are usually unknown to the researcher.
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only restricts their dependence structure. Second, while the parallel trends assump-
tion restricts the evolution of the marginal distribution of the untreated potential
outcome across time, copula stability does not restrict the evolution of the marginal
distribution, nor treatment effect heterogeneity. Last but not least, parallel trends is
not invariant to monotonic transformations except under strong conditions on het-
erogeneity (Roth and Sant’Anna, 2021). These conditions specifically rule out the
existence of a subpopulation that selects into treatment based on unobservables and
exhibits changes in its potential outcome distribution. By contrast, our copula sta-
bility condition does not rule out such a subpopulation.

Before we proceed, a comparison between our identifying assumption and some of
the related approaches in the literature is warranted. Bonhomme and Sauder (2011)
exploit a separable model of the potential outcome to identify the entire counterfac-
tual distribution of the treatment group in a DiD design. By relying on restrictions
on the outcome model, it is therefore similar in spirit to the identification approach
in Athey and Imbens (2006). Botosaru and Muris (2023) propose identification of
counterfactual parameters for a class of semiparametric panel models, whereas our
approach can accommodate both repeated cross-sections and panel data and is fully
nonparametric. Callaway and Li (2019) also provide a fully nonparametric identifica-
tion result exploiting a copula stability restriction on different objects than the ones
used in this paper. They require the copula between changes and levels of the un-
treated potential outcome to be invariant across time for the treatment group, while
our copula stability assumption does not restrict the evolution of the marginal distri-
bution of the untreated potential outcome (Remark 1). Furthermore, our approach
can be applied to repeated cross-sections or panel data and only requires two time
periods, whereas Callaway and Li (2019) require at least three periods of panel data.

We organize the rest of the paper as follows. Section 2 introduces the analytical
framework, presents our main identification result, introduces the class of social wel-
fare treatment effect parameters and discusses the structural underpinnings of our
main identifying assumption. Section 3 provides an empirical illustration examining
the impact of minimum wage increases on the wage distribution revisiting Cengiz,
Dube, Lindner, and Zipperer (2019).
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2. ANALYTICAL FRAMEWORK AND MAIN IDENTIFICATION RESULTS

Following Abadie (2005), we consider the following potential outcomes model:

Yo = Yoo 2.1)
Y1 == YllD + }/10(1 - D) .

where Y; denotes the observed outcome at period t and Y;; denotes the potential
outcome at period t € {0, 1} and treatment status d € {0,1}. In the two-group, two-
period case, D denotes both group membership and the treatment status in period
1.

We use the following shorthand notation: p = P(D = 1), ¢ =1—p, R = RU
{—00,00}, RanH = {H(y) : y € R}, RanF = RanF U {inf RanF,sup RanF}, and
DomH denotes the domain of the function H. We consider the following mappings
QY™ :[0,1] = T, and Q%" : [0,1] — T, where Qy (u) = inf{z € T U {o0} :
Fx(z) > u} for all u € [0,1], QYT (u) = sup{z € TU {—o0} : Fx(z) < u} for all
u € [0,1]. We call Q}E* and QT)T(’_ generalized quantile functions whenever Fx(.) is
a well-defined cumulative distribution function (cdf). We denote by F the space of
all well-defined cdfs. SuppX = X denotes the support of X, and X4 denotes the
support of Xs|D = d for d € {0,1}. Finally, we define f(z—) = sup,_, f(2).

2.1. Identifying Assumptions. Our main identification result relies on restrictions
imposed on the dependence structure across time. To do so, we rely on copula theory.
Copulas are functions that enable us to separate the marginal distributions from
the dependence structure of a given multivariate distribution. In our context, we
are interested in the subcopula between the untreated potential outcome and group
membership across time. Working with copulas in our case will allow us to avoid
restricting the marginal distribution of the potential outcomes across time. To fix

ideas, let us first provide a formal definition of the (sub)copula.

Definition 1 (Nelsen (2006)). A two-dimensional subcopula is a function C with the

following properties:

(1) DomC = Sy x Sy, where Sy and Sy are subsets of [0, 1] containing 0 and 1;
(2) For all u,v’ € Sy, and v,v" € Sy such that u < u', and v < V', we have:

Cu',v") + Clu,v) > C(u,v) + C(u,v');
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(3) C(0,v) = C(u,0) =0 for all (u,v) € S; x Sy, and C(1,v) =v, C(u,1) = u
for all (u,v) € S; X Ss.

A copula is a special case of a subcopula where S; = Sy = [0, 1]. For a fixed v € S,
u +— C(u,v) is usually called the horizontal subcopula. The link between the joint
distribution and the subcopula has been established by the well-known Sklar (1959)

theorem, which provides the following lemma when applied to our context:

Lemma 1 (Sklar, 1959). There ezists a unique subcopula C' : RanFy,, x {0,q,1} —
0, 1] such that

P(Yuu <y,D=0) :C(Ytd»D(FYtd(y)’Q)7 Jory € [—O0,00].
We can now state our main identification assumption as follows.

Assumption 1 (Dependence stability). We impose a stability restriction on the hor-

izontal copula at q: Cyyy,p(u, q) = Cyyo,0(u, q) for all u € [0, 1].

Assumption 1 is the key assumption behind our identification approach. It requires
the dependence structure between the distribution of the untreated potential outcome
and group membership to be stable across time. One of the main advantages of using a
copula restriction is its invariance property. Indeed, for any right-continuous function

g, that is strictly increasing on Y4, we have:®
Cyvi),0(: q) = Cyiyp(u,q), Yu € Ranky,,.

This copula invariance property will ensure our main identification result is invariant
to any strictly monotonic transformation.

Given the wide use of parallel trends assumptions in difference-in-differences set-
tings, it is important to clarify the relationship between our copula stability assump-
tion and the parallel trends assumption. The parallel trends assumption can be

equivalently rewritten as a covariance stability assumption as we show in Appendix
D,

E[}/lo — YE)0|D = ].] = ED/IO — YE)0|D = 0] < COU(%O, D) = OOU(Y&()?D). (22)

6See Embrechts and Hofert (2013, Proposition 4(2)) for a formal proof.
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This equivalence result provides, first, an intuition on why the parallel trends as-
sumption is not invariant to a monotonic transformation since the covariance is not
invariant to a monotonic transformation. Second, it allows us to observe that the
parallel trends assumption jointly restricts the evolution of the marginal distribution
of Y;o across time and the dependence between Y;y and D. Unlike the parallel trends
assumption, our copula stability assumption does not constrain the evolution of the
marginal distribution across time, yet it relies only on the stability of the horizon-
tal copula that governs the relationship between Y;y and D. As can be seen in the

following equation, the two assumptions are non-nested in general:

Cov (Y, D) = / [Cvin o (Fua(v), @) — Friy(9)d] dy.

Indeed, copula stability may hold while Couv(Yig, D) # Cov(Yyo, D) because Fy,, #
Fy,,; and the covariance stability may hold while the copula stability is violated. We

illustrate this in the following example.

Example 1. Consider the following data generating process (DGP) in which the treat-
ment is received when its gain (treatment effect) is bigger than or equal to a threshold,

say 0 for simplicity. This is a simple Roy model where selection into treatment is on

the gain.
Yo = Us
Yi = nD+U (2.3)
D = 1{n >0}
UO 0o 50’00’1 L0000
where | Up | ~ N(0,%), ¥ = | dogor  of  pioy |. In this case, we have the
N Po0o  P101 1
following:

(a) Copula stability: py = p1 < Corr(n, Yoo) = Corr(n, Yio),
(b) Parallel trends: pyoy = p0y < Cov(n, Yoo) = Cov(n, Yig)."
(¢) Distributional DiD: py = p; and o3 = 0? & Yyo|D = d ~ Yio|D = d, for
d € 0,1. We relegate the proof of all of the above statements to Appendiz A.J.
"We emphasize that the simplification of the parallel trends assumption heavily relies on the Gaus-

sianity of the marginal distribution. In Appendix A.5, we demonstrate how this simplification does
not extend to non-Gaussian marginals.
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As can be seen, the copula stability assumption is equivalent to py = p1, meaning
that the correlation between the policy effect n and Yo is stable over time. It does not
restrict any moment of the marginal distribution of the potential outcomes Y. The
parallel trends assumption, however, restricts the variances of the potential outcomes
Yoo and Yig, since it is equivalent to poog = p1o1. The validity of the distributional
DiD in this setting is implausible, since it requires stationarity of Yio|D = d. This

could be easily checked using the observed distribution of the control group.

Remark 1. Here, we formally compare our copula stability assumption with the one
introduced in Callaway and Li (2019). To see this, let us define AY;y = Yo — Yii—1)0,
Callaway and Li (2019) require Caviyy,_1olp=1(s") = Cavi,_10¥y_apolp=1()- As
can be seen, their assumption imposes a dependence stability on different objects than
ours, and it requires at least three time periods of panel data. In addition, unlike us,
their identification results require an additional independence condition between the

change in the untreated potential outcome and treatment assignment, AY;y L D.

Assumption 2 (Strictly increasing horizontal subcopula). The function u — Cy,, p(u, q)

is strictly increasing on [0, 1].

While Assumption 2 is less critical for our bounding approach, it allows us to
significantly refine our bounds. It is essentially a restriction on the type of dependence
between the potential outcomes and group membership. Many well-known parametric
classes of copulas satisfy this assumption, e.g. Frank, Gumbel, Joe, or Gaussian
copulas among many others. It excludes, however, extreme types of dependence
captured by the Fréchet—Hoeffding copula bounds, i.e. C(u,v) = min{u,v} and
C(u,v) = max{u +v — 1,0}. It is worth noting that this assumption is implied by
some support conditions on the potential outcome distributions, as we show in the

following result.

Lemma 2. If Yo € Yy then u — Cy,y p(u,q) is strictly increasing on RanFy,,
fort € {0,1}

The main implication of the above lemma is that for continuous potential outcome
distributions, i.e. RanFy,, = [0, 1], the strict monotonicity of the copula (Assumption

2) is implied by a condition on the support of Y;4, Yyoy1 € Yyop0. That is, the support of
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the untreated potential outcome of the treatment group is included in the support of
the untreated potential outcome of the control group. The support condition imposed
in Athey and Imbens (2006) on the scalar unobservable in the CiC model implies this

support condition on the untreated potential outcome.

2.2. Main Identification Result. We next state our main identification result:

Theorem 1. Suppose that Yoy € Yyop0 fort € {0,1}, then under Assumptions 1 and

2, the bounds for the unobserved counterfactuals Fy,,p=1(.) are:

lj{nsup {FLB(t) t<g&teYypU {—oo}}
ily

IN

FY10\D=1(?J)

< ljinsup {FUB(t) 1t < g &t € YigpU{—00}}
gy

for ally € R, where
FLB(t> = FYO|D:1 (QI}R%J\FD:O (FYHD:O (y>) _)
FUB<t) = FY0|D=1 (QEA\_D:O (Fyl\D:O(y)>> :
The above bounds are shown to be sharp when RanFy, is closed.®

Theorem 1 provides a general (partial identification) result on the counterfactual
distribution of the treatment group for any type of potential outcome variables (dis-
crete, continuous, or mixed). Our result neither imposes any restriction on the het-
erogeneity of potential outcomes within a period nor across periods. We specifically
do not impose restrictions on individual treatment effects, Y7, — Yjg, or the evolution
of the distribution of the untreated potential outcome across time, Fy,,,t € {0,1}.
The formal proof is relegated to Appendix A. The derived bounds may look involved
since we aim to provide a general formulation that covers any type of distribution and
want to ensure that our bounds are indeed right-continuous.” The bounds simplify

for some special cases as we will illustrate in Corollary 1 below.

SWe conjecture that the sharpness statement remains valid without this closure requirement, but it
requires a more involved construction of the subcopula that rationalizes the data.

9As recognized by Athey and Imbens (2006), their upper bound in the discrete outcome case is not
necessarily a valid cdf since it may be left-continuous.
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The intuition behind our (partial) identification result is very simple and can be
summarized as follows: In the first period, we observe the joint distribution P(Yy <
y, D = 0) and both marginal distributions, P(Yyy < y) and ¢. Using the Sklar result,
we can recover the horizontal subcopula Cy,, p(u,q) on RanFy,,—the dependence
structure in the first period. Then, since we assume the dependence structure to be
stationary across time and we observe the joint distribution P(Yiy < y, D = 0) in the
second period, we can partially recover the marginal distribution P(Y}y < y). The
main reason behind the partial identification is that in the first period we recover the
subcopula Cy,, p(u,q) on RanFy, only and do not know the dependence structure
outside this range.

In the case of continuous potential outcomes, RanFy,, = [0, 1], our bounds shrink
to a point because the first period allow us to recover the entire dependence structure
that we carry out to the second period, as we show in the following corollary of

Theorem 1.

Corollary 1. Under Assumption 1, whenever Y,on C Yyop0 fort € {0,1} and the cdfs

Fy,,(.), t €{0,1} are continuous and strictly increasing, we have:

Fyigip=1(y) = Fy|p=1 (QI&(’)TD:O (FY1|D:0(?J)>>

for all y € R.

Corollary 1 recovers the point-identification result obtained in Athey and Imbens
(2006). Athey and Imbens (2006) provide (partial) identification results for only
two types of potential outcomes relying on different assumptions for each of the two
cases: (i) continuous outcomes that are strictly monotonic in a scalar unobservable,
(i) discrete outcomes that are monotonic in a scalar unobservable. By contrast,
Theorem 1 establishes a unifying identification result for any type of outcome under
consideration. In addition to the connection to our identification result, there is a
link between the CiC assumptions and our copula stability condition for continuous
outcomes with strictly increasing cdfs. We provide the details on this connection and
compare the the two identification approaches in Section 2.2.1.

Building on our unifying, partial identification result for the counterfactual distri-

bution, we provide a class of policy-relevant parameters that quantify the impact of
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policy on social welfare in the entire population, subpopulations in the lower tail of

the distribution or over any interquantile range of the distribution in Section 2.3.

2.2.1. Connection to Changes-in-changes. In this section, we elaborate on the con-
nection between our copula stability assumption and the CiC conditions in Athey
and Imbens (2006). We first show the equivalence between copula stability and the
CiC conditions for strictly increasing, continuous outcome distributions. For discrete
outcomes, we show that copula stability can be compatible with multi-dimensional
unobserved heterogeneity, whereas the CiC conditions require unobserved hetero-
geneity to be uni-dimensional. Finally, we compare our bounds on the counterfactual
distribution with the CiC bounds in a numerical mixed-outcome example mimicking
the minimum-wage empirical illustration in Section 3.

The following result demonstrates that the CiC conditions for continuous, strictly

increasing outcome distributions are equivalent to our copula stability assumption.

Claim 1. Assume the cdfs Fy,,(.) fort € {0,1} are continuous and strictly increasing,
then the two following statements are equivalent:
(1) Cyyo.0(u,q) = Cyyy.p(u,q) for all v € [0,1].
(i1) There exist two strictly increasing functions hy(.),t € {0,1} and two uniformly
distributed random variables over [0, 1], Ugy and Uyg, such that Yo = hy(Uy)
and Uy|D = d ~ Uy|D = d for d € {0,1}.

The proof of the claim is in the appendix. The main intuition behind it is that
for this class of distributions we can write Y;y = QH%O_(U,:O), where Uyg = Fy,,(Yio) ~
U[0,1]. As a result, the marginal distribution of Uy is stable across time by construc-
tion and the stability of the copula between Uy and D is necessary and sufficient
for the stability of Uy|D, which is the conditional time invariance assumption in
Athey and Imbens (2006). Its equivalence to our copula stability follows from the
invariance of the copula under strictly monotonic transformations. For other outcome
distributions, this equivalence does not hold in general. For additional discussion, see
Appendix E.

Next, we provide an example of a binary outcome determined by a multi-dimensional
vector of unobservables, violating the CiC conditions, and demonstrate how it can be

compatible with our copula stability assumption.
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Example 2 (The anti-double hurdle model). Consider the following model
Y, =1—-1{ntD+ U, < ¢, itD + U, < &}, t=0,1, (2.4)

where (Yy, Y1, D) is an observed random vector, (n, 7, Uy, Uy, Uo, Ul) is a latent random

vector, and (¢, &) is a constant vector. The untreated potential outcome Yy is
Yio=1- ]I{Ut < ¢, Ut < 51&}-

For instance, D could be the student loan forgiveness program, Y; could be a college
attendance decision, U, and U, could respectively be father and mother’s wealth in
the absence of the program. This model assumes that an individual decides to attend
college if at least one of the parents’ wealth is above a (parent-specific) threshold,
whether they were to receive the loan forgiveness program or not.

Since the untreated potential outcome is a function of a two-dimensional (non-
scalar) unobserved heterogeneity, the Athey and Imbens (2006) CiC approach cannot
be applied. We are going to provide conditions under which our subcopula stability
assumption holds.

Suppose D = 1{V > ¢}, U, U,V ~ Uy, and Cy, 5, v (u, 4, 0) = Cy (CUt,Ut (u, 71),'0)
where Cy and Cy, 7, are two-dimensional Archimedean copulas. Define Cy,, p(u,q) =
Cy(u,q). Then, the stability of the copula of (U, Uy, V) implies the stability of the
copula of (Yo, D). A proof of this statement is given in Appendiz A.7.

Finally, we provide a numerical example of a mixed-outcome that mimics our min-
imum wage application in Section 3. This example demonstrates that for outcomes
with increasing, discontinuous distributions, naive implementation of the CiC ap-

proach will yield an incorrect counterfactual for the treatment group.

Example 3. Consider a setting where both treatment and control groups have a pre-
existing threshold policy, such as a minimum wage, set at co in the pre-treatment
period (t =0). In the post-treatment period (t = 1), the policy threshold increases for
the treatment group to c;.

Following the conceptual framework presented in Figure 1, we expect to find bunch-
ing at this policy threshold. Due to the presence of a threshold policy in both periods,
bunching at the relevant policy threshold is prevalent in all observed distributions as

demonstrated by Figure 2.
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FIGURE 2. Numerical Minimum-Wage Example: Observed distributions

Panel A. FY00|D:0 Panel B. FY10|D:0 Panel C. FY()()\DZI Panel D. Fy11|D:1€j F)ﬁg\D:l

ER -
-

uuuuu

Notes: The potential outcome distributions for the treatment and control groups are given by the following
to satisfy the copula stability condition for (t,d) € {(0,0),(1,0),(1,1)}, Fy,,ip=o(y) = %CYd,D(FyM (y),9),
Fy,,ip=1(y) = %(FYM (y) — Cv,,p(Fy,;(y),q)). The marginal distribution is given by Fy,,(y) = Fyr, (y) +
(1=bea) (Fyy, (y) — Fyy (wyq)) 1y € (wy, cal} and Cy, p(u,q) = (max(u=% 4¢=% —1,0))"1/% js the Clayton
copula with parameter g = 01 = 0.5. We set co =7, c1 =9, wy = wy =4, boo = 0.75, b1g = 0.5, bi1 = 0.5
and Y ~ Xz(ktd) with koo = 9 and k1o = k11 = 7. The solid black curves are observed distributions, whereas
the dashed black line in Panel D is the counterfactual distribution, Fy, |p—1.

F1GURE 3. Numerical Minimum-Wage Example: CS Bounds vs. Naive
CiC Implementation

Panel A. CS Bounds on Counterfactual Panel B. Naive CiC Counterfactual
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Notes: In Panel A, the red solid curve is the CS lower bound (LB) and the dashed blue curve
s the CS upper bound (UB). In Panel B, the green curve is the counterfactual obtained from a
naive implementation of the CiC approach. In both panels, the dashed black line denotes the true
counterfactual (CF) given in Figure 2.

Figure 3 presents the copula stability (CS) bounds on the counterfactual distribu-

tion in Panel A together with a naive implementation of the CiC' counterfactual which
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ignores the mass point in this example. Note that the CS bounds include the coun-
terfactual distribution, and we even have point-identification over a large portion of
the support of the outcome. The naive CiC' counterfactual overlaps with the CS up-
per bound, and therefore does not equal the true counterfactual over the part of the
support where the counterfactual is only partially identified.'

A natural question is whether the CiC bounds for discrete outcomes would yield
bounds that cover the counterfactual in this example. To do so, recall that the CiC

lower bound is given by Fy, p—1 (Qi&‘gio (Fy1|D:0(y))>, whereas the CiC upper bound

is gwen by Fy,|p— ( ;Y,g"%;o (Fy1|D:0(y))> . The only difference between the upper and

lower bounds stems from the two generalized quantiles. Since the outcome distribution
in this example is strictly increasing, despite the discontinuity, the two generalized
quantiles are equal on the entire unit interval, Qiig;%io(u) = Q?,gl‘j’j’;o(u) for u €
[0,1]. As a result, the CiC upper and lower bounds are equal and will yield the same
counterfactual as in Panel B in Figure 3. For additional numerical examples, see

Appendiz C.

2.3. Policy-relevant parameters: Social welfare treatment effect on the
treated (SW'TT). In general, when a policymaker decides to implement a new pol-
icy such as an increase in the legal minimum wage or legal minimum working time,
she expects the policy to have a specific social welfare impact. The social welfare
function used by the policymaker is not necessarily known to the researcher, however.
For instance, the policymaker may consider social welfare functions that put more
weight on specific subpopulations, such as lower-income individuals, or considers only
social welfare functions with specific properties like social welfare functions that re-
spect the Pigou-Dalton principle of transfers'! or the rank-dependent social welfare
functions introduced by Mehran (1976).'?

As we will clarify below the widely used average treatment effect on the treated

(ATT) corresponds to the case where the policymaker is inequality-neutral. If the

ONote that the only potential difference between the CiC point-identified counterfactual and the
CS upper bound is that the latter is guaranteed to be right-continuous, whereas the former is not
as pointed out by Athey and Imbens (2006).

Hpe Pigou-Dalton principle states that a transfer of income from a higher-ranked individual to a
lower-ranked individual that does not change their ranks is always desirable.

12Please refer to Aaberge, Havnes, and Mogstad (2013) for a detailed discussion.
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policymaker is averse to inequality, however, the ATT would not be an adequate
causal parameter to measure the impact of the policy or judge its effectiveness.
For this particular reason, we propose a novel class of parameters of interest that

measure the causal effect of a particular policy in terms of a social welfare function,

SWTTw = SWw(FyH|D:1)—SWM(FY10|D:1),
1
= [ o) (@ n) = Qo)) ar

where SW,,(Fx) = fol w(T)Q% ™ (1) denotes the social welfare function associated with
a specific distribution Fy, and w(7) € [0, 1] is a weighting function. This social wel-
fare function can be alternatively viewed as a weighted average of the outcomes of
individuals ¢ where the weights depend on the rank of X;, SW,, = [ X;w(Rank(X;))di
(Kitagawa and Tetenov, 2021). Since the social welfare function essentially weights
different quantiles of the distribution, the choice of the functional form of the weight-
ing function relates to the inequality aversion of the policymaker and the extent
thereof. We next consider several examples of weighting functions and discuss the
properties of the social welfare functions they imply.

Before we proceed, it is important to emphasize that, while in many applications
where measuring inequality is a concern, the outcome Y is typically income or wages,
our framework allows Y to denote other outcomes as well as functions of different

outcomes, such as consumption, income and/or human capital.

2.3.1. Generalized Gini social welfare function. The class of generalized Gini social
welfare functions is the class of rank-dependent, equality-minded social welfare func-

tions which satisfy the Pigou-Dalton principle of transfers and is given by
SWi(Fx) = /A(Fx(x))dx.

where A(+) : [0,1] — [0, 1] is a convex, non-increasing, and non-negative function with

boundary conditions A(0) = 1 and A(1) = 0. This class admits the equivalent repre-
(7_) _ 3(1—/\(7’))’

or

sentation as a weighted sum of quantiles with weighting function w

SWi(Fx) = SWM(FX>_/W(T)QH§(T)CZT
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As aresult, the class of social welfare treatment effect parameters we introduce include
this class as a special case. We proceed to present two important special cases of this
class of social welfare functions, specifically the utilitarian and Gini social welfare

functions.

Utilitarian welfare function. When w(7) = 1, we have SW,(Fx) = fol QY (r)dr =
E[X]. This corresponds to the additive welfare function and in this case our proposed
parameter boils down to the ATT, i.e. SWTT, = ATT. The ATT is therefore
the appropriate parameter if the policymaker weights subpopulations at different

quantiles of the distribution equally.

Gini social welfare function. When w(71) = 2(1 — 7), we have SW,(Fx) = fol 2(1 —
1 R,—

QY (1)dr = E[X] (1 — Igimi(Fx)) , where Igini(Fx) = Lo (QT_IIE)[%( 9T s the widely

used Gini inequality index, see Sen (1974). SW,,(Fx) reflects the trade-off between

the mean and (in)equality in the distribution Fx. The product E[X]/gini(Fx) is a

measure of the loss in social welfare due to inequality in the distribution F'x. In

that case, SWTT, captures the impact of the policy using the Gini social welfare
function, see Blackorby and Donaldson (1978) and Weymark (1981). In other words,
if the policymaker implements the policy in order to reduce the level of inequality
measured by the Gini index, this parameter is the most adequate to judge the impact
of this policy.

Since SW,,(Fx) = E[X] (1 — Igini(Fx)), we can decompose the SWTT,, associated
with the Gini social welfare function into a mean effect and an inequality effect as
follows

SWTT, = ATT(1~ lgini(Fy,yp_,))

J

Mean Com;)(r)nent (Anr)
—E[Yi0|D = Y(Lgini(Fyiyip=1) — LGini(Fyio|p=1)) - (2.5)

TV
Inequality Component (Ar)

The first component consists of the product of the ATT and the deviation of the
Gini coefficient for the potential outcome with the treatment from a Gini coefficient
of 1, indicating a perfectly unequal distribution. Its sign is determined by the ATT,

indicating that a positive ATT increases the Gini social welfare. The sign of the
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second component is determined by the difference in the Gini coefficient between the
treated and untreated potential outcome distribution of the treatment group. Note

that a reduction in inequality measured by the Gini coefficient increases the SWT'T,,.

2.3.2. Second-order dominance. In many cases, when it is possible to do so, most
inequality-averse policymakers like to rank distribution functions consistently with
second-degree dominance. For instance, we say Fy,,|p—1 second-order dominates

Fy,,p=1 if and only if:

SWTTW(U) = SWw<U>FY11|D:1)_SWw<U>FYm|D:1)
= [ (@) = Qlpa(n) dr =0

for all w € [0,1] and holds strictly for some u. In this special case, we have w(7) =
1{r < u}. Tt is possible, however, that the observed and counterfactual distribution
cannot be ranked using this criterion. Furthermore, the policy’s objective may be
to reduce inequality in a specific part of the distribution. We therefore consider the

following quantile-specific Gini social welfare functions.

2.3.3. Quantile-specific lower tail Gini social welfare function. In the Gini social wel-
fare function discussed above, we assume that the policymaker is interested in the
inequality of the whole population. Some policies may be concerned with reducing
inequality up to specific quantiles of the distribution, however. To quantify the im-
pact of the policy on lower-tail quantiles, we extend the quantile-specific lower-tail
Gini social welfare measures introduced in Aaberge, Havnes, and Mogstad (2013) for
continuous distributions to any type of distribution in order to accommodate the pos-
sibility of discontinuities resulting from censoring or bunching. To do so, we introduce
the random variable X* = Q%™ (V), where V ~ U[0,u] for u € (0,1]."* We relegate
the derivations relevant to this section to Appendix A.8.

With this definition of X*, we can show that the lower-tail Gini social welfare

function can be decomposed into E[X™] and the Gini coefficient associated with Fixu

BForu € RanFx, Fxu(z) =P(X < z|X < Qﬂé’_(u)) for any z < Qﬂ){}’_(u), thereby yielding the same
truncated random variable introduced in Aaberge, Havnes, and Mogstad(2013). For u ¢ RanFx,
X" remains a well-defined random variable.
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as follows
1
/O %(u — ) <u}QY (1)dr = E[X"] (1 — Igini(Fxv)),

1 R,—
where Igiy; (Fy.) = & (ZT_u)igz[S;i?X —

in Aaberge, Havnes, and Mogstad (2013). Therefore, SWTT, with w(r) = Z(u —
7)1{7 < u} yields the following,

SWIT.() = [ Zu=7) (Qipa (7) — Qa0 dr

and is interpreted as the Quantile-u lower tail Gini social welfare treatment effect on
the treated.

Similar to the Gini social welfare, we can decompose the quantile-specific lower-tail

is the lower-tail Gini coefficient at u defined

2

u2

Gini SWTT,(u) into a mean and inequality component,

SWTT,(w) = ATT(u)(1 ~ Li(Fygipor))
Anr(w)
—EE[Yfé|D = 1(Igini(Fyyp=1) — ]Gini(FYfé\Dzl)z- (2.6)
A (u)

where ATT (u) = E[Y}§ —Y{4|D = 1]. As we demonstrate in our empirical application
in Section 3, these quantities can shed light on the impact of policies that target the

lower tail of the distribution, such as the minimum wage.

2.3.4. Interquantile Gini social welfare function. Since policies may target other parts
of the distribution, such as the upper tail, we can generalize these quantile-specific
social welfare treatment effect measures to any range of quantiles [u,u] a researcher
may be interested in. Specifically, let u € [0,1], w € [0,1], u < @, V ~ Uu, 1], and
X4t = QH};’*(V). A derivation of Fxuw is relegated to Appendix A.8. Now by letting
w(T) = ﬁ(ﬂ— 7)1{u < 7 <}, we obtain the Gini social welfare function specific

to the quantile range [u, ],

SWe(u,w) = /01(L

u—u)?

(= 7)H{u < 7 < WQ (7)dr = BIX*T)(1 ~ Igini(Fyur)),
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— 1 — — R,—
where E[X*"] = [ Q% (7)dr and I (Fyus) = Jo (27—2—(;)71;{)512[7;;]%2;( (dT 14 e

interquantile Gini social welfare treatment effect on the treated over [u, ] is given by

SWTTM(@) E) = SWW(Q, Ha FY11\D:1) - SWw(ga u7 FY10|D=1>
E) _ R,— R,—
- /u m(“ —7) (QYH\D:1(T) - leo\D:1(7)> dr.
2.4. Structural underpinnings of the copula stability assumption. Consider
a policymaker who wants to implement a policy in a specific region, i.e. introduc-
tion/increase of a minimum wage. The policymaker decides to implement a policy if
the gain in social welfare under the policy is higher than the gain in social welfare
without the policy. The gain is evaluated by the policymaker given her information

set Z. This decision rule is modeled as:

D = I{E[W (Y1) — W(Yoo)|Z] > E[W (Y1) — W (Yoo)|Z]},
= T{E[W(Y1)|Z] > E[W (Y10)|Z]}

where 7 is the sigma-algebra characterizing the decision maker information set at the
time of the decision, Y;; for ¢,d € {0,1} are Z measurable. W(.) is a measurable
function that depends on the type of social welfare the policymaker wants to use.
W (.) can be specified to capture various types of societal welfare, like those discussed
in the previous subsection.

To mimic our empirical illustration, we are considering the case where the outcomes
of interest are mixed random variables because of the pre-existing minimum wage. We
consider a general case where a minimum wage ¢, exists in the pre-treatment period

and the policymaker is considering an increase in this minimum wage, i.e. ¢; > co.
Yo = Yl{Yg > o} +al{Yy < co}, t=0,1,
Y = YUY >af+al{Yy <al
Assume that Z is a vector of random variables that is measurable with respect
to the policymaker information o-algebra Z, and E[W (Y14)|Z] = ¥14(Z) + Via, with
E[V14|Z] = 0, where V3,4 for d € {0,1} are the prediction errors made by the policy-

maker given her information set. Z could have a degenerate distribution and in such

14T his definition extends the upper tail Gini coefficient to any quantile range [u, ).
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a case, the policymaker does not have additional information based on which she can
form expectations. When Z is observed by the econometrician, all our results hold
conditional on Z.
In the following, we assume that ( = Viy — Vi; and the latent variables have

continuous distributions. Our model simplifies to:

Yo = Yoo

Yi = YuD+Yi(l—-D) (2.7)

D = 1{yu(Z2) —¢w(Z) = ¢}
Let Cyg ¢jz=-(u, v; ps(2)) be the conditional copula that captures the dependence be-
tween Y5 and (. Suppose that Cy; ¢z=.(u,v;pi(2)) belongs to the class of totally
ordered copulas.'® Therefore, it can be shown that if py(2) = pi(z) —meaning that
the dependence between the policymaker prediction errors ¢ and Yy is the same as
the dependence between ¢ and Y/j, then the copula stability assumption holds con-
ditional on Z = 2, Cyyy,pjz=:(t,q) = Cy,y,p|z=-(u, q) for all v € [0,1]. A special case
of this result is imposing a joint normal distribution on all the latent variables in the

model such as

Yoo a5(2) 0(z)oo(2)o1(z)  po(2)oo(z)
Yio ||Z=2~N(0,%), 8= d(z)o0(z)o1(z) oi(2) pr(z)o1(z)
¢ po(2)o0(2) p1(z)o1(2) 1
In this case, copula stability conditional on Z is equivalent to po(z) = p1(z) <

Corr((, Yy Z = z) = Corr((,Y5|Z = z), since the Gaussian copula belongs to the
family of the strictly totally ordered copula. In this special case, our assumption is
valid when the error of predictions made by the policymakers is correlated with the
latent outcomes in the same way over time. The derivations relevant to this section

are given in Appendix A.9.

1510y} is a totally strictly ordered family of copula if either Cy(u, v) < Cy(u,v) for all (u,v) € [0, 1]?
whenever § < ¢’ for any 6,60 in the parameter space or Cp(u,v) > Cp (u,v) for all (u,v) € [0,1]?
when 6 < @’ for any 6,6’ in the parameter space.
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3. EMPIRICAL ILLUSTRATION

In this section, we illustrate the CS bounds revisiting the minimum wage study by
Cengiz, Dube, Lindner, and Zipperer (2019). This application demonstrates the use-
fulness of the class of policy-relevant parameters we introduce to examine the impact
of the minimum wage increase. In particular, the lower-tail quantile social welfare
treatment effect estimates allow us to zoom into the lower tail of the distribution,
where we expect the minimum wage to have an impact. Overall, our CS bounds doc-
ument proportionately larger impacts on the Gini social welfare in the lowest part of
the distribution, where the minimum wage increase led to increases in the mean and
reductions in inequality in the lower tails. We also find that the distributional DiD
exhibits violations of monotonicity in the lower tail of the distribution and is therefore
not suitable for this application. In Appendix B.1, we illustrate the CS bounds with
another survey data set, revisiting the seminal work by Card and Krueger (1994).

Cengiz, Dube, Lindner, and Zipperer (2019) examine 138 prominent state-level
minimum wage increases between 1979 and 2016 using the individual-level NBER-
merged Outgoing Rotation Group Earnings Data of the Current Population Survey.
Their goal is to examine the impact of the policy on the wage distribution around the
minimum wage, as illustrated in Figure 1. In order to make the empirical illustration
of the CS bounds in the context of this example succinct, we focus on two years,
2010 (¢ = 0) and 2015 (¢ = 1), and examine the distributional impact of a nontrivial
minimum wage increase of $0.25 or more.'® Consistent with Section 2.4, we split
our sample depending on the pre-treatment minimum wage. We specifically perform
our analysis on two subgroups: (1) states with pre-treatment minimum wage below
$8 (Subgroup 1), (2) states with pre-treatment minimum wage above or equal to $8

(Subgroup 2).

Note that starting 2009, the federal minimum has been $7.25, so a minimum wage increase of
$0.25 or more constitutes an increase of more than 3%. This definition of the treatment variable
was also used in the empirical illustration in Roth and Sant’Anna (2021).
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TABLE 1. Summary Statistics by Treatment and Control Groups

Pre-treatment (2010)  Post-treatment (2015)
Mean S.D. # Obs Mean S.D. # Obs

Subgroup 1: States with Pre-Treatment Minimum Wage < $8

Control 18.43 12.78 44,574 20.41 15.90 42,322
Treatment 20.20 14.26 38,261 22.12 18.21 32,489

Subgroup 2: States with Pre-Treatment Minimum Wage > $8

Control 20.12 13.96 4,737 22.30 15.48 4,454
Treatment 23.13 17.42 19,877 25.83 18.74 18,039

Table 1 presents the summary statistics for hourly wage of both treatment and
control groups before and after the treatment.'” For both subgroups, the summary
statistics show that the mean and standard deviation is different across treatment

and control groups within the same year as well as within groups across time.

3.1. Bounds on the counterfactual distribution. Figure 4 presents the observed
distribution of the treatment group in 2015, Fyl‘ p—1, together with the CS bounds on
the counterfactual distribution for the bottom quartile of the wage distribution where
the minimum wage increase is likely to have an impact.!® In addition, we include the

distributional DiD estimate as well as the naive CiC implementation.

1"We follow the same data cleaning steps as Cengiz, Dube, Lindner, and Zipperer (2019) before they
bin the wage data, including setting hourly wage to zero for unemployed individuals in our sample.
Since our approach is invariant to monotonic transformations of our outcome, we do not need to
deflate it before applying our approach.

18We relegate the figures of the top quartile as well as the entire distribution to the online appendix.
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FIGURE 4. Observed and Counterfactual Distributions: Bottom Quartile
Panel A. CS, Subgroup 1 Panel B. D-DiD, Subgroup 1 Panel C. Naive Impl. of CiC, Subgroup 1
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Notes: Obs refers to the observed (factual) empirical outcome distribution of the treatment group Fyl‘ D=1-
CF-LB (CF-UB) denotes the lower (upper) CS bound on Fy,;|p—1, and D — DiD refers to the distributional
DiD estimate of Fy,,p=1. Subgroup 1 (Subgroup 2) refers to the subgroup of states with pre-treatment
minimum wage of < $8 (> $8).

First, we examine the bottom quartile of the distributional DiD counterfactual
for both subgroups (Panels B and D of Figure 4). At first glance, we note a clear
violation of the monotonicity property of cdfs for Subgroup 2 (Panel D of Figure
4), indicating a violation of the testable implication of the identifying assumption
of distributional DiD (Roth and Sant’Anna, 2021). In addition, the violation occurs
around the pre-treatment minimum wage of $8, which is part of the distribution

particularly pertinent for the evaluation of the minimum wage increase.
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TABLE 2. Gini Social Welfare Treatment Effect Estimates
FYl\D:I SWTT
CS-LB CS-UB DiD D-DiD CiC
Subgroup 1: States with Pre-treatment Minimum Wage < $8

Mean (ATT) 25.83 0.12 0.56 0.53  -0.10 0.56
Gini SWF (SWTT, = Ay — Aj) 16.89 0.06 0.36 - 0.25 0.36
Mean Component (Ajy) - 0.08 0.37 - -0.07 0.37
Inequality Component (AJ}) - -0.28 0.30 - -0.32 0.00

Notes: In order to understand the relative magnitude of the CS bounds, DiD and distribu-
tional DiD estimates, the column labeled ﬁ'y1| p=1 reports the mean and Gini social welfare
function of the observed (factual) distribution of the treatment group in 2015 (¢ = 1). The
definitions of the Gini SWTT,,, Ay and Aj are given in Section 2.3.1.

TWe emphasize that the bounds on A; are outerset bounds.

Next, we examine the CS bounds on the counterfactual distribution (Panels A and
C in Figure 4). Note that both upper and lower bounds satisfy the properties of
a cdf. Furthermore, since the bounds do not cross, we do not have any detectable
violation of our identifying assumption, unlike the distributional DiD. We also note
that consistent with Example 3, the CiC counterfactual estimate coincides with the
CS upper bound.

Comparing the observed (factual) distribution with the CS bounds on the coun-
terfactual for both subgroups, we note an obvious change in the censoring point as
expected in the context of a minimum wage increase. For instance, for Subgroup 1
(Panel A in Figure 4), both CS bounds on the counterfactual distribution exhibit a
jump around the federal minimum wage of $7.25, albeit to varying degrees, whereas
the observed (factual) distribution exhibits a jump around $8. Furthermore, for both
subgroups (Panels A and C in Figure 4), the CS bounds differ from the observed
(factual) distribution around the new minimum wage and below it, consistent with

the conceptual framework in Cengiz, Dube, Lindner, and Zipperer (2019)."

9Consistent with the conceptual framework of Cengiz, Dube, Lindner, and Zipperer (2019), Figure
A.2 of the online appendix demonstrates that the top quartile of the observed distribution and the
CS bounds on the counterfactual distribution are very similar. While the same holds true for the
distributional DiD estimate of the counterfactual distribution for Subgroup 1, the vertical differ-
ences between the observed and distributional DiD counterfactual distribution are non-negligible for
Subgroup 2, the group for which the distributional DiD exhibits violations of monotonicity in the
bottom quartile of the distribution (Panel D of Figure 4).
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3.2. Bounds on treatment effects. Next, we quantify the impact of the minimum
wage increase on the wage distribution using the ATT and the Gini social welfare
treatment effects both for the overall distribution as well as its lower tail. We also
present estimates of the parameters considered in Cengiz, Dube, Lindner, and Zip-
perer (2019). When comparing the distributional DiD estimates to the CS, it is
important to keep in mind that the monotonicity violations we illustrate in Figure
4 are clear evidence against the identifying assumption of the distributional DiD in
this empirical setting. As for the CiC estimates of the SWTT parameters, we expect

them to coincide with the CS upper bound estimates.

3.2.1. Owerall social welfare treatment effects. Table 2 presents the CS bounds, the
distributional DiD and CiC estimates for the ATT and the Gini social welfare treat-
ment effect (SWTT,). Before we proceed, we note that in order to facilitate the
interpretation of the relative magnitude of the different treatment effect estimates,
we report the mean and Gini social welfare function for Fyﬂ p—1, the empirical out-
come distribution of the treatment group in 2015 (¢ = 1), in the first column of Table
2.

When examining Table 2, we first note that the ATT estimate obtained from the
distributional DiD yields a very different estimate compared to the DiD for both
subgroups, including a sign flip for Subgroup 2. This may be a consequence of the
monotonicity violation we find in Figure 4. If taken at face value, both ATT estimates
obtained from the distributional DiD suggest that the minimum wage increase reduced
the average wage, with a nontrivial reduction of $1 for Subgroup 1. When examining
the impact on the Gini social welfare, the distributional DiD suggests a small, but
negative impact for Subgroup 1 and a positive impact for Subgroup 2.

Our CS bounds provide qualitatively different results. The CS bounds on the ATT
and the Gini SWTT include zero, suggesting that the data is inconclusive on the sign
of the effect of the minimum wage increase on the average wage and social welfare
for Subgroup 1. As for Subgroup 2, our CS bounds on the ATT and the Gini SWTT
suggest a small, positive impact on the average wage.

To aid in the interpretation of the impact on the Gini social welfare, Table 2

presents bounds on the mean and inequality components of the SWTT,,, introduced
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in Eq. (2.5) of Section 2.3,
SWTT, = Ay — Ay,

where Ay = ATT(1 — Igini(Fy,,)p=1)) captures the impact of the minimum wage
increase on the mean and A; = E[Y10|D = 1](Igini(Fvy,p=1) — LGini(Fy,o|p=1) captures
the impact on inequality. Note that a negative A; implies a reduction in inequality,
contributing to an increase in the Gini social welfare. The bounds on A,; can be
obtained from scaling the bounds on the ATT by (1 — Igimi(Fvi,p=1)). We can
provide outerset bounds on A; relying on the CS bounds on SWTT,, and A,,;. Let
ALB and AYP (SWTTEB and SWTTUY®) denote the CS lower and upper bound
for Ay (SWTT,), respectively. Since Ay = Ay — SWTT,, we construct outerset

bounds on A; using the following,
A; e [ALP — SWTTYE AYP — SWTTER).

While these bounds are valid, we emphasize, however, that they are not sharp.

The bounds on A, and A; in Table 2 suggest that for Subgroup 2 the positive
impact on the Gini social welfare (SWTT,) is driven by the mean component. For
Subgroup 1, the bounds on the two components, A, and Ay, include zero, suggesting
that we cannot identify the sign of either component similar to the SWTT,, for this

subgroup.

3.2.2. Lower-tail social welfare treatment effects. In the context of policies such as an
increase in the legal minimum wage, the welfare of subpopulations at the lower tail
of the wage distribution is an important policy target. Table 3 therefore provides the
lower-tail ATT and Gini social welfare treatment effects, ATT(u) and SWTT,(u),
respectively, which we introduced in Section 2.3.3. We also provide bounds on the

components of the SWTT,(u), specifically,
SWTT,(u) = Ap(u) — Ar(u),

where AM(U) = ATT(”)(1_[G7jni<FY11|D:1>) and A[(U) = ]E[YYMD = 1]<]Gini(FYﬁ|D:1)_
Igini(Fyup=1)). To obtain bounds on Ay/(u), we scale the bounds on ATT'(u) by
(1 = Igini(Fyup=1)). As for Ar(u), we provide outerset bounds similar to those we

construct for Ay in Table 2.
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TABLE 3. Lower-tail Gini Social Welfare Treatment Effect Estimates

Subgroup 1: States wit Pre-MW < $8 Subgroup 2: States wit Pre-MW > $8
Fy,\p=1 SWTT Fy,\p=1 SWTT

CS-LB CS-UB D-DiD CiC CS-LB CS-UB D-DiD CiC
Lower-tail Mean (ATT(u))
uw=0.01 237 047 055 044 0.55 3.63  1.59 1.68  1.90 1.68
w = 0.025 445 015 029 013 029 6.15  0.95 1.06  1.06 1.06
u = 0.05 6.14 024 044 013 044 757 060 091  1.06 091
u=0.10 730 019 041 022 041 841 032 060  0.40 0.60
u=0.25 9.00 003 037 008 0.37 9.95 016 044 017 0.44
u = 0.50 11.69  -0.09 018 -0.05 018 1321 012 041 014 041
Lower-tail Gini SWF (SWTT, (u) = Apr(u) — Ar(u)
u=0.01 140 0.51 0.54 048 0.54 210 1.39 144 153 1.44
Ang(u) ~ 028 033 026 0.33 - 092 097 110 097
Ar(u) ~ 2026 -0.18  -0.22 -0.22 ~ =053 -0.42  -0.43 -0.47
u = 0.025 313 028 039 029 0.39 458  1.26 134 144 1.34
Ang(u) - 011 0.20  0.09 0.20 -0 0.79  0.79 0.79
Ar(u) ~ 2028  -0.08 -0.20 -0.18 ~ -0.63  -047  -0.65 -0.55
u=0.05 4.8 023 035 022 035 6.33  0.85 1.04  1.01 1.04
Ang(u) - 019 035 019 035 - 051 0.76  0.63 0.76
Ar(u)t -~ =017 012  -0.03 -0.01 ~  -0.54  -0.09 -0.38 -0.28
u=0.10 6.32 023 039 022 039 762 054  0.80  0.64 0.80
Ap(u) - 016 035 019 0.35 - 029 054 036 0.54
Ar(u)t -~ =022 013 -0.03 -0.04 -~ -0.51 0.0l  -0.28 -0.26
u=0.25 799 012 038 015 0.38 899 024 051 029 051
Apg(u) - 0.02 0.33  0.07 033 - 014 040  0.15 0.40
Ar(u)f - -0.35 0.21  -0.08 -0.05 - -0.37 0.16 -0.14 -0.12
u = 0.50 9.84 000 029 004 029 11.00 017 046  0.19 0.46
Apg(u) - -0.08 0.16  -0.05 0.16 - 010 0.34  0.12 0.34
Ar(u)t -~ -0.37 015 -0.08 -0.13 -~ =035 017  -0.07 -0.12

Notes: To aid in the interpretation of the lower-tail-specific treatment effects, note that the 5% quantile of
Fy,|p=1 is $9. For definitions of SWTT, (u), An(u) and Ar(u), see Section 2.3.3.
T We emphasize that the bounds on Aj(u) are outerset bounds.

Table 3 presents the bounds on the ATT(u), the Gini SWTT,,(u) and its compo-
nents, Ay(u) and Ay(u). Our CS bounds suggest that the minimum wage increase
has a positive impact on the lower-tail mean and Gini social welfare for the bottom
quartile of the wage distribution for Subgroups 1 and 2. When examining the bounds
on the component of the SWTT,(u), we first examine the results for Subgroup 1.
We note that for u € {0.01,0.025} both the lower and upper CS bounds on A (u)
are positive, whereas the bounds on A;(u) are negative. These bounds suggest that
for these lower tails the increase in Gini social welfare is a result of an increase in
the mean and a reduction in inequality. For u € {0.05,0.10,0.25}, we find positive

bounds on Ay, whereas the outerset bounds on A;(u) include zero. As for Subgroup
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2, we find that the minimum wage increase is associated with a positive impact on
the lower-tail mean and Gini social welfare. The bounds on Aj/(u) suggest a pos-
itive impact for all values of u we consider, whereas the outerset bounds on Ay(u)
are negative for u € {0.01,0.025,0.05}, suggesting that we can detect reductions in
inequality for these lower tails of the distribution.

Overall, we find proportionately larger impacts on the Gini social welfare for the
lowest values of u, where the minimum wage increase led to both increases in means

and reductions in inequality for the lowest tails for both subgroups.

3.2.3. Main parameters from Cengiz, Dube, Lindner, and Zipperer (2019). Finally,
we compute the primary objects of interest in Cengiz, Dube, Lindner, and Zipperer
(2019), Ab and Aa depicted in Figure 1, which quantify the change in employment
rates around the new minimum wage, as well as their sum Ae, which measures the
overall impact on employment. Note that these quantities can be obtained from the

cdf of the observed and counterfactual distribution as follows,

Ab = FYl\Dzl(MW) — Fyl‘Dzl(O) - (FY10|D=1(MW) - FYm\D:l(O))a (31)
Aa = Fyp=1i(W) = Fyyp=1(MW) = (Fyygip=1(W) = Fyypip=1(MW)),  (3.2)

Ae = Aa+ Ab= Fyp=1(W) — Fy;1p=1(0) — (Fy;oip=1(W) — Fy,,|p=1(0)),

where MW denotes the new minimum wage, and W is a user-specified quantity that
should be the wage level beyond which the increase in the minimum wage should not
have an impact on employment. The first quantity Ab measures the impact of the
minimum wage increase on the proportion of wage-earners with a wage below the
new minimum wage, MW, whereas Aa measures the impact of the minimum wage
increase on the proportion of wage earners with hourly wages between MW and W.
Finally, Ae, which equals the sum of Aa and Ab by definition, quantifies the impact

on the proportion of employment around the minimum wage (below W).
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Table 4 presents the estimates of Ab, Aa and Ae.?® The CS bounds on Ab suggest
that the minimum wage increase in those states may have led to job losses below
the minimum wage of 2.1-2.3% for Subgroup 1, whereas the CS bounds on Ab are
much wider for Subgroup 2. The CS bounds on Aa suggest that the minimum wage
increase may have increased the proportion of employment above the new minimum
wage between 1.87% and 6.11% for Subgroup 1 (-0.93% to 2.31% for Subgroup 2).
While the sign of both bounds are consistent with the conceptual framework of Cengiz,
Dube, Lindner, and Zipperer (2019), the lower bound on Aa is -0.93% for Subgroup
2, suggesting that it is possible that the minimum wage increase may have slightly
decreased employment for wages above it.?! The CS bounds on Ae suggest negligible
negative impacts on employment around the minimum wage for Subgroup 2, whereas
for Subgroup 2 they are consistent with negligible negative impacts as well as increase
of up to 3.96%. The distributional DiD estimate suggests modest increases for Ae for

both groups, whereas the CiC estimates indicate modest increases for both groups.

TABLE 4. Parameters from Cengiz, Dube, Lindner, and Zipperer (2019)

Fy,jp-x  CSLB  CS-UB  D-DIiD CiC
Subgroup 1: States with Pre-MW < $8
Ab 5.30% -2.34% -2.10% -1.85% -2.14%

Aa (W=11)  17.93% 1.87% 6.11% 2.34% 1.91%
Ae (W=11)  2323%  -0.43% 3.96% 0.49%  -0.23%

Subgroup 2: States with Pre-MW > $8

Ab 2.27% -2.89% 0.31% -1.18% -2.89%
Aa (W =11) 16.61% -0.93% 2.31% 1.711% 2.27%

Ae (W =11) 18.88% -0.62% -0.59% 0.53% -0.62%

Notes: We compute the estimates of Ab and Aa using the sample
analogues of Eq. (3.1) and (3.2), respectively, with MW =8 (MW =
8.5) for Subgroup 1 (Subgroup 2).

20The CS bounds on Ab are given by the following,
Fy,1p=1(MW) = Fy,1p=1(0) — (Fy; 5 p— i (MW) — F:5 1,1 (0))
< Ab < Fyyp=1(MW) = Fyyp=1(0) = (Fy, ) p=y (MW) = Fy0p_y). (3.3)

1 1
CS bounds on the Aa and Ae are obtained in the same manner.
2174 is important to emphasize that our estimates are not directly comparable to the estimates in
Cengiz, Dube, Lindner, and Zipperer (2019), because we are conducting the analysis for specific
states over a two-year period, whereas the regression approach in Cengiz, Dube, Lindner, and
Zipperer (2019) seeks to quantify the effect across 138 different minimum wage changes between
1979-2016.
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4. CONCLUSION

With the goal of assessing the impact of regulatory policies on social welfare, this
paper provides a unifying, partial identification result for the counterfactual distribu-
tion of the treatment group in difference-in-difference settings. Exploiting the stability
of the dependence (copula) between group membership and the untreated potential
outcome across time, our identification result has several advantages: (1) it applies to
any outcome distribution, whether continuous, discrete or mixed, (2) it is invariant to
monotonic transformations of the outcome, (3) it can allow for nonrandom selection
into treatment without restricting the evolution of the marginal distribution of the
potential outcomes across time. To quantify the impact of regulatory policies on so-
cial welfare, we introduce a broad class of treatment effect parameters to quantify the
impact of the policy on social welfare. This broad class includes the ATT as well as
the Gini social welfare treatment effect on the treated as a special case. We illustrate
the empirical relevance of our results using a minimum wage application revisiting
Cengiz, Dube, Lindner, and Zipperer (2019).

REFERENCES

AABERGE, R., T. HAVNES, AND M. MOGSTAD (2013): “A theory for ranking distri-
bution functions,” Discussion Papers 763, Statistics Norway, Research Department.

ABADIE, A. (2005): “Semiparametric Difference-in-Differences Estimators,” The Re-
view of Economic Studies, 72(1), 1-19.

ALMoND, D.;, H. W. HOYNES, aND D. W. SCHANZENBACH (2011): “Inside the
War on Poverty: The Impact of Food Stamps on Birth Outcomes,” The Review of
Economics and Statistics, 93(2), 387-403.

AssuNgAO, J., R. McMILLAN, J. MURPHY, AND E. SOUZA-RODRIGUES (2022):
“Optimal Environmental Targeting in the Amazon Rainforest,” The Review of
Economic Studies.

ATHEY, S., AND G. W. IMBENS (2006): “Identification and Inference in Nonlinear
Difference-in-Differences Models,” Econometrica, 74(2), 431-497.

Basri, M. C.; M. FELIX, R. HANNA, anD B. A. OLKEN (2021): “Tax Administra-
tion versus Tax Rates: Evidence from Corporate Taxation in Indonesia,” American
Economic Review, 111(12), 3827-71.

BERGER, D. W., K. F. HERKENHOFF, AND S. MONGEY (2022): “Minimum Wages,
Efficiency and Welfare,” Working Paper 29662, National Bureau of Economic Re-
search.



REGULATORY POLICIES AND SOCIAL WELFARE 33

BLACKORBY, C., AND D. DONALDSON (1978): “Measures of relative equality and
their meaning in terms of social welfare,” Journal of Economic Theory, 18(1), 59—
80.

BoisseL, C., aND A. MATRAY (2022): “Dividend Taxes and the Allocation of Cap-
ital,” American Economic Review, 112(9), 2884-2920.

BONHOMME, S., aND U. SAUDER (2011): “Recovering Distributions in Difference-
in-Differences Models: A Comparison of Selective and Comprehensive Schooling,”
The Review of Economics and Statistics, 93(2), 479-494.

BoTosARru, 1., anp C. MURIS (2023): “Identification of time-varying counterfactual
parameters in nonlinear panel models,” arXiv:2212.09193.

CALLAWAY, B., anp T. L1 (2019): “Quantile treatment effects in difference in dif-
ferences models with panel data,” Quantitative Economics, 10(4), 1579-1618.

CARD, D., anp A. B. KRUEGER (1994): “Minimum Wages and Employment: A
Case Study of the Fast-Food Industry in New Jersey and Pennsylvania,” The Amer-
ican Economic Review, 84(4), 772-793.

CENGi1Z, D.; A. DUBE, A. LINDNER, AND B. ZIPPERER (2019): “The Effect of Min-
imum Wages on Low-Wage Jobs™*,” The Quarterly Journal of Economics, 134(3),
1405-1454.

COOPER, Z., S. V. CRAIG, M. GAYNOR, AND J. VAN REENEN (2019): “The Price
Ain’t Right? Hospital Prices and Health Spending on the Privately Insured,” The
Quarterly Journal of Economics, 134(1), 51-107.

DELLAVIGNA, S., anD M. GENTZKOW (2019): “Uniform Pricing in U.S. Retail
Chains*,” The Quarterly Journal of Economics, 134(4), 2011-2084.

DERENONCOURT, E., anp C. MONTIALOUX (2020): “Minimum Wages and Racial
Inequality™,” The Quarterly Journal of Economics, 136(1), 169-228.

DusTMANN, C., A. LINDNER, U. SCHONBERG, M. UMKEHRER, AND P. vOM
BERGE (2022): “Reallocation Effects of the Minimum Wage,” The Quarterly Jour-
nal of Economics, 137(1), 267-328.

EMBRECHTS, P., anD M. HOFERT (2013): “A note on generalized inverses,” Math
Meth Oper Res, 77, 423-432.

GONCALVES, F., anp S. MELLO (2021): “A Few Bad Apples? Racial Bias in
Policing,” American Economic Review, 111(5), 1406—41.

HARASzTOSI, P., AND A. LINDNER (2019): “Who Pays for the Minimum Wage?,”
American Economic Review, 109(8), 2693-2727.

HavNES, T., aAND M. MOGSTAD (2015): “Is universal child care leveling the playing
field?,” Journal of Public Economics, 127, 100-114, The Nordic Model.

Kiracawa, T., anp A. TETENOV (2021): “Equality-Minded Treatment Choice,”
Journal of Business € Economic Statistics, 39(2), 561-574.

KostgL, A. R., axnp A. S. MYHRE (2021): “Labor Supply Responses to Learning
the Tax and Benefit Schedule,” American Economic Review, 111(11), 3733-66.
MEHRAN, F. (1976): “Linear Measures of Income Inequality,” Econometrica, 44(4),

805-09.



34 REGULATORY POLICIES AND SOCIAL WELFARE

NELSEN, R. B. (2006): An Introduction to Copulas. Springer, 2 edn.

NEUMARK, D., AND W. WASCHER (2008): “Minimum Wages and Low-Wage Work-
ers: How Well Does Reality Match the Rhetoric?,” Minnesota law review, 92.

RoTH, J., AND P. SANT’ANNA (2021): “When Is Parallel Trends Sensitive to Func-
tional Form?,” Unpublished Manuscript.

SEN, A. (1974): “Informational bases of alternative welfare approaches: Aggregation
and income distribution,” Journal of Public Economics, 3(4), 387-403.

SIBUYA, M. (1959): “Bivariate extreme statistics,” Annals of the Institute of Statis-
tical Mathematics, 11(2), 195-210.

SUNGUR, E. A. (1990): “Information in Parameterized Copulas,” Communications
in Statistics - Simulation and Computation, 19(4), 1339-1360.

WEYMARK, J. A. (1981): “Generalized gini inequality indices,” Mathematical Social
Sciences, 1(4), 409-430.

APPENDIX A. PROOFS OF THE MAIN RESULTS

A.1l. An Additional Result.

Lemma A.1. Let X be a random variable, we then have:

(1) The following bounds are pointwise sharp,
Fx ( o (u) —) < u<Fy (QI)R}’_ (u)> , for all u € [0, 1]. (A1)

(2) Let XCZ, sup{Fx (t) : t <z &t € ZU{—o0}} = Fx(x).

Before we proceed to provide a proof of the above lemma, we compare the bounds
in Lemma A.1(1) with those used in Athey and Imbens (2006), hereinafter AI2006, to
bound the counterfactual distribution for discrete outcomes. These bounds are given

by the following in our notation,
Fx(Qy T () < u < Fx(Qy (u). (A.2)

Now note that the upper bound employed in AI2006 only differs from the upper
bound in Lemma A.1(1) in terms the use of X instead of R. These two quantiles only
differ for u = 0, since {z € R: Fx(z) > 0} = R, whereas {z € X: Fx(z) > 0} =X
As a result, QY 7(0) = —oo and Fx(Q% (0)) = 0, whereas Q¥ (0) = inf X and
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Fx (inf X) > 0. Therefore, our upper bound is lower than the one used in AI2006 for
u=0.2

The lower bound in Lemma A.1(1) is starkly different from the lower bound in
(A.2). As we discuss in Appendix C, the lower bound in (A.2) equals the upper bound
for several examples with mixed outcomes, due to censoring or bunching, because

St () = Q% (u) for u € [0,1] for some mixed outcome distributions. As a result,
the lower bound is not valid in the mixed-outcome case in general. In those cases,
the AI2006 bounds would not cover the counterfactual distribution in the mixed-
outcome case in general as we illustrate in several numerical examples in Appendix
C. By contrast, our lower bound is valid and sharp for any outcome distribution. For
discrete outcomes, our bounds collapse to theirs in numerical examples provided in

Appendix C.

Proof. (Lemma A.1)

(1) Q% (u) = inf{z € R : Fx(z) > u}. We know from the properties of a quantile
function that F X(Q;Rz’_(u)) > u. We now show that this inequality is sharp. Suppose
that there exists Z € R : Fx(Z) > u and Fx(#) < Fx(Q% (u)). On the one hand,
we have Fx(Z) < Fx(Q%Y (u)) = & < Q% (u), since Fx is nondecreasing. On the
other hand, Fx(Z) > u =7 € {v € R: Fx(x) > u}. Therefore, Z > inf{z € R :
Fx(z) > u} = Q% (u), which contradicts & < Qv (u).

We next show Fx(Q%"(u)—) < u. For a fixed u € [0,1], let us define Q = {y €
R : Fx(y) < u}. We first show this implication: z < Q%" (u) = Fx(2) < u. By
contradiction, suppose that (i) z < Q%" (u) and (i) Fx(z) > u. Take y € ©, then by
(i) we have Fx(z) > u > Fx(y), which implies Fx(z) > Fx(y), which in turn implies
y < z since Fx is nondecreasing. Therefore, for all y € €2, we have y < z. It follows
that supQ < z, i.e., Q%Wu) < z. This leads to a contradiction since z < QH)%’J”(U) by
(i). Hence, we have shown that z < Q¥ " (u) = Fx(2) < u. Second, by definition, we
have Fx(QY T (u)—) = SUD, Q%+ () Fx(z) < SUD, g+ () U = U, where the inequality

holds from the previous implication.

22Note that this is inconsequential for their identification result, since they provide bounds on the
counterfactual distribution on its support, and set it to zero below the infimum of its support and
to one above the supremum of its support.
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Now we proceed to show that Fx(Q% 1 (u)—) < u is sharp. First, let us show that
there does not exist any # € R such that (i) Fx(Z) < u and (i) Fx(QY " (u)—) <
Fx(7—). By contradiction, suppose there exists such an ¥ € R. From (ii), sup,_gz.+ ()
Fx(2) = Fx(QY " (u)—) < Fx(#—) = sup,_; Fx(2), we deduce that {z < Q®*(u)} C
{2 < 7}. Therefore, Q%% (u) < Z. From (i), Fx(Z) < u, we have 7 € {z € R :
Fx(x) < u}. Therefore, 7 < sup{z € R : Fx(z) < u} = Q%" (u), which leads to a
contradiction. It follows that there does not exist any & € R such that Fx(Z) < u
and Fx(QY" (u)—) < Fx(&).

Second, let us show that there does not exist any # € R such that Fx(7—) < u
and Fx(Q%"(u)—) < Fx(&—). If Fx(Q%"(u)—) < Fx(&—), then from the previous
result, we must have Fx(Z) > u. Hence, we have Fx(Z) > u > Fx(Z—), which
implies # = Q%" (u), which in turn contradicts Fy (Q%" (u)—) < Fx(Z—).

U

A.2. Proof of Lemma 2. By Sklar’s Theorem (Nelsen, 2006, Theorem 2.3.3), there
is a unique subcopula Cy,, p determined on RanFy,, X {¢}, such that the following
hold:

FYl,D(y> 0) = ]P)(}/1 <y,D= 0) = CYlo,D (FYM)(Z/)a Q> N'AS R. (A3)
Using Proposition 1(4) from Embrechts and Hofert (2013), we have:
Crip(:0) = Frp (@5, (w),0) for all u € RanFy,. (A4)

The latter equality holds, because (i) for all u € RanFy,, there exists y € R such
that y = Qﬂfim_(u) and (ii) from Proposition 1(4) in Embrechts and Hofert (2013)
we have Fy,, (Q]ﬁ;(u)) = u for all w € RanFy,,. For u,u’ € RanFy,, such that
u < u' we have Q%; (u) < Qﬂég(u’) = Fyv, p (QRXZ(?(U)’ 0) < Fy,p <Q§i; (u'), 0) —
Cyio.0(u,q) < Cyyy.p(v,q). The first strict inequality holds because by construction
Q]ﬁ’; (u) is strictly increasing on RanFy,,. The second holds because Q?ﬂuj() €Yy C
Yigj0 since Yiop1 € Yigjo-

O
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A.3. Proof of Theorem 1. The proof follows in three steps. First, we derive the
bounds (Section A.3.1), then we proceed to show sharpness (Section A.3.2). Since
the sharpness proof relies on two intermediate lemmata, the last step is then to prove
these two lemmata (Section A.3.3).

A.3.1. Derivation of the bounds. Take a fixed y € Y|, then the following holds for
all ,7] < Q]E(’)TD:O (FYI\D:O <y>> :

Fapp=o (1) < Frippoo(8) < Frno (Qtfice (Frons®)) )

Fan (5:0) < Frp,0) < Foo (QZy (Fe®)) 10)
Crop (o (1),9) < Cvinn (Fra(9).0) < Crop (B (50 (Fros ) ) 10)
Chon (F (7):@) < Cron (Fraa ). ) < O (B (@152 (Frines®)) ) 19)
Fo@) < Fo) < Fr (o (R ) (A5)

The first line of the inequality trivially holds from Lemma A.1(1). The third line
holds by Sklar’s Theorem (Nelsen, 2006, Theorem 2.3.3.). The fourth line holds under
Assumption 1, and the last line holds under Assumption 2. Notice that the last line

requires u — Cy,, p(u, ) to be strictly increasing only on RanFy,, U RanFy,, C [0, 1].
Now, applying the monotonicity of the function v—Cy, p(v, ¢) on the inequality (A.5),

for all §j < Q]&TD:O <Fy1‘D=0 (y)> we have:
Fy, (1) = Cvoop (Fy, (7)1 0) < Fyig(y) — Cyo,p (Fyi (9), 4) <
By (@020 (Frono®)) ) = v (B (@520 (Fros @) ) 1)
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In addition, since Fy,,(y) = Fy,o,0(y, 1)+ Fyio,0(y,0) = Fy,o,0(y, 1)+ Cyio,0(Fy;e (9), 9)
for t = 0,1, the latter equality implies the following:

Fop (5:1) < Froly) = Croop (Fria (). 0) < B (@41l (Frons ) 1)
Fap (5:1) < Fro(®) = Criap (Frio () 0) < Frop (x50 (Friomo®)) 1)
Fy,p (9,1) Fy,,0(y,1) < Fy,p ( i{/g\‘%;o (FY”DZO(?J)) >1> ;
Fy,p(5,1) < Fyypy,1) < Fyp ( i‘f{%;@ (FYHDZO(?J)) 71> :
Fyyp=1 () < Fyp=1(y) < Fyyp=1 (Qiﬂ%;o (FYHD:O(Z/)>) ;

where the second line holds under Assumption 1. So, to summarize, for any fixed

IN

IN

y € Yo/, we have:

_ Yoj0,— _
Fyyip=1(9) < Fyigip=1(y) < Fy|p=1 (QY(?JODZO (FYHD:O(?J)» , for all gy < QI}R%TD:O (FY”D:O(?JD :

Taking the supremum over § < QH;;TD:O(FYH p=o0(y)) implies that:

_ Yoi0,—
sup Fyyip=1 (1) < Fyyop=1(y) < Fyyp=1 <Qy§|‘(1)3:0 (FY1|D:0(?/>>> ;

- R,+
y<QYO|D:O (Fyl\D:O (y))

which is equivalent to:

Yo10,—

-~ -~

=Fy,1p=1 ([Q56TD:0°FY1\D:0] (y)f) =FtB(y) = {FYO\D:IOng“%;OOFYl |D:0:| (y)=FUB(y)
We then finally have:
FLB(y) < Fyyop=1(y) < FUB(y), for all y € Y. (A.6)

Notice that the above bounds naturally extend to the case where y € R\ Yy,
however for y € R\ Yyg|o the bounds may no longer be (point-wise) sharp. And this
is because the upper bound may not be right-continuous in some cases, similarly for
the lower bound which may not be right-continuous whenever {§ € Yo p—4 U {—00} :

Fyy)p=1(9) < u} is open for some u € RanFy,p=1.
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To clarify this point, let us consider the simple case where Yy, t € {0,1} are
all discrete random variables with Yoo = {yo, ..., yx }. In this case, FL5(.) is a well-
defined cdf, while F'V5(.) may not be a right-continuous function. Indeed, the function
u — QY00 (v) is left-continuous and the discontinuities happen at u € RanFy, p—o.
Now, consider that there exists uj, € RanFy,|p—oNRanFy,,po, thus FV5(.) could be
left-continuous at y € Yig)o such that Fy,p=o(yx) = ws. If it is left-continuous and
not right-continuous in g, we have: {y € R : FUB(y) > FUB(y,)} = (yx, 00]. Let us
consider € > 0 such that y, +¢ < yi41. In such a case, Fy, p=1(yr +€) = Fy,o|p=1(¥),
however, by applying naively the bounds to y; and y; + € we have:

F"(y) < Fyyop=i(yk) < FUP(yi), where yix € Yigp (A7)
FEB(ye+€) < Fygp=i(ys +¢€) < FY8(y, +¢€), where yp + ¢ ¢ Yoo (A.8)

which implies that the upper bound in (A.8) is not sharp since FUB (y,+¢) > FUB(y,).
A valid tighter bound for FLB(y') for y, < ¢ < ypy1 is:

FEB(y) < Py (V) < FYB (), wk <4 < Yot

Since extending the bounds in Eq. (A.6) to the case where y ¢ Y0 provides
non-sharp bounds, we provide an alternative approach that internalizes the idea that

our targeting function of interest must be right-continuous since it is a cdf. Recall,
FB(#) < Fy,gp=1(t) < FUP(¢), for all t € Y. (A.9)
then for any fixed y € R, we have:

ljfnsup {F'"(t): t <j&t € YU {—00}}
Yy

IN

lngllsup {Fyip=1(t) : t < g &t € YigpU {—o0}} <

ljinsup {FUP(t) it <g&t e YyoU{—0}}, yeR
gy
Notice that because Yio;1 C Yqop0, and Fy,ip=1(-) is a right-continuous function, we

have the following equality by Lemma A.1(2):

%iE}SUP {FYlo\Dzl(t) 1<y &teVYipU {_OO}} = Fy,oip=1(y) for all y € R;
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therefore the last inequality becomes:

lgigjsup {F"(t) : t <&t € YipoU{—00}}
< Fyop=1(y) < lgiglsup {FUP(t):t <G &t € YyoU{—o0}}, y€R. (A.10)
A.3.2. Sharpness of the bounds. In the previous subsection A.3.1, we showed that the
bounds are valid. Now, we will show that both bounds are achievable. For the sake
of brevity, we will focus only on the upper bound. The main idea is to provide a
DGP which is only a function of the observable distributions but verifies the model
assumptions and for which Fy,,p—i(y) is equal to the upper bound.

Consider that the unidentified counterfactual distribution is exactly the upper
bound:

F’yw‘D:l(y) = lgiirylsup {FUB(t) t<g&te YU {—oo}} )

For simplicity, we consider the case where
lgiglsup {FUP(t) : t < g &t € YippU{—o0}} = F'P(y) = Fgf‘D:l(y).

We need to define a joint distribution on (Ypo, Y10, Y11, D) such that it is compatible
with the data (Yp, Y1, D), and Assumptions 1 and 2 hold. For any vector X, denote
Fxp(z,d) =P(X < z,D = d). Let Fyy, vio.vi1.0 (Y0, Y10, Y11, d) be a candidate joint
distribution. We define

FYOO,Yw,YH,D(ym Y10,911,0) = Fy, v1.0(Y0, Y10, 0) * F)(/]lﬁD:1(y>a
FYOO,Ylo,Y“,D(yOa vi0:¥11,1) = Fyovip(Wo,yi1, 1) * Fglﬁz)zl(?/)-

We construct the proposed distribution using the following rule. For Fyo()’yw’yu, p (Yo, Y10, Y11, d)
to be compatible with the data (Y, Y;, D), we must have

FY007Y107Y117D(y07 Y10, Y11, 0) = FY07Y17D(y07 Y10, O) * FYu|Y00§y07Y10§y10,D=0(3/11)v

Fyoo vi0,v11,0 (Y0, Y10, Y11: 1) = Fyy i 0 (Yo, Y11, 1) * FYlolyooéyo,YuSyn,D:l(ylo)'
The distributions Fyll|Y00Sy07Y10Sy107D:0(y11) and FYw\YooSyo,YnSyu,D:l (@/10) are coun-

terfactual. We set both of them equal to Fymmogoo,YuSoo,D:l(ylo) = FglﬁD:l(y),

which is the counterfactual distribution that we consider above.
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We now show that Fy,p=1(y) is a cdf. It is easy to see that Fy,,p=1(y) is nonde-

creasing since for y < 1y’ we have
{FUP(t) it <y&teYigoU{—o0}} C{FYP(t):t <y &t € Yo U{—00}}.

The limits of the function wa| p=1(y) at —oo and oo are 0 and 1, respectively. By

construction, the function wa‘ p=1(y) is a right-continuous function.
We have

1 1
Fyoo.v10,0 (Y0, ¥10,0) = qCy; vi|p=0 (ECYO,D(FYO (¥0), q), aCYlo,D(FY10<y10)7Q)) ;
CYO7Y1,D (FYO (yO)a FY10 (?/10)> q) .

We now need to construct copulas C’yoyD(u,q), C’Ym,D(u, q), C~’y07yl‘D:0(u0,u1), and

Cyi 0.0 (10, u1, ¢) such that the following holds:
B 1 - 1 - B
Fyoo.v10,0 (Y0, ¥10,0) = qCy; vi|p=0 (ECYO,D(FYO(:UO),Q);gcylo,D(FYmQ/lo)’(J));

= CYO7Y17D (FYO (yo), FYw (ym), Q> )

n _ UB — UB
where Fy,,(y10) = pFy,|p=1(¥10) + aFvip=0(y10) = Fy;; (y10)-
Define
FyoyD(Q]E{)_ (u),0) if u € RanFy, N RanFy,,
FyoyD(Q]s%_ (u),0) if u € RanFy, N (RanFy,,)°
FYLD(Q]E;’IE (u),0) if u € (RanFy,)¢ N Ranﬁym
Fy,,p (Q%{(H(“)),O) + (FYO,D (Q%’;( ) Fyy,p (Q v, (u(u )) #(uu()u)
if u € (RanFy, ) (RanFym) ,u(u) € RanFy,, and u(u) € RanFy,
Cyvy.p(u,q) = Fy,,p (Q{%’lg(y(“)),o) + (FYl,D (Q%’m( ) Fy,,p ( )) o)

w(u)—u(w)

if u € (RanFy, )¢ (RanFym) ,u(u) € anFym, and @(u) € RanFy,,
Fyv,.p (Q{%’lg(ﬁ(“)),o) + (FYO,D (Qﬂé’o (u( ) Fyvy,p ( Yio )) uztu)l(f()u)

if u € (RanFy, ) (RanFym) ,u(u) € RanFy,,, and T(u) € RanFy,
Fy,,p (Q{%{;(E(U)),O) + (FYl,D (@Hé’m( ) Fyy,p ( T (u(u )) o)

w(u)—u(w)

if u € (RanFy,)° N (RanFy, )¢, u(u) € RanFy,, and @(u) € RanFy,,
Cvip.n(wq) = Cvy.p(u0),

where for any u € [0, 1], u(u) = sup{q € RanFy, U RanFy,, : ¢ < u}, u(u) = inf{q €
RanFy, U RanFy,, : ¢ > u}, and QR%O_(U) =inf{y € R: Fy,,(y) > u}.
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Fyy v110=0(Qy) p—o(u0), Q3 p—(u1))  if (uo,u1) € RanFy,p—g x RanFy;|p=o
Fy, v, |1p=0 (Q&’JD:O(E(UO)), QH)%'JD:O (w(u ))) +
[P va10 (@550 00002 @35 ol (6))) = Fr vy =0 ( Q55— 0 (0)): @5 ol ()|

(uo—ug (uo))(u1—u, (u1))
(@0 (wo) —uq(uo)) (W1 (u1) —uq (u1))

OYD,Y1|D:0(UO»U1) =

if (uo,u1) ¢ RanFy, p—o X RanFy, | p—o

where for ¢ € {0,1} and for any (ug,u1) € [0,1]?, u(u) = sup{q € RanFy, p=o : ¢ <
u}, while 7 (u) = inf{q € RanFy, p=o : ¢ > u}.
We then define for (ug,u;) € [0,1]?

N - 1 -~ 1 -~
OYOO,Ylo,D(UmUhQ) = qCYO,Y1|D:O (EOYO,D(U(),QL 5OYO,D(U1;Q)> .

We can verify that éyomylo, p(ug, u1,q) is a well-defined copula. We start by showing
that C’YO,D(uo,q) is a well-defined subcopula. To do so, we need to introduce two

intermediate lemmata:

Lemma A.2. For any u € RanF{P and v € RanFy, such that u < v, we have

CNVYO,D(Ua Q) < éYo,D(U7 Q) :

Lemma A.3. Suppose Fy,(y—) € RanFy, for all y. For any u € RanF{" and

v € RanFy, such that v < u, we have éy(),D(’U, q) < C’yo,p(u, q).

First, we have Cy, p(1,q) = FyO,D(Q&*(l),O) = ¢. Now let us show that for
all (u,v) € [0,1]> such that u < v, we have Cy, p(u,q) < Cy,p(v,q). From the
definition of Cy, p(u,¢) and Lemma 2, it follows that when u and v belong to the
same range this monotonicity condition holds. We are going to prove it when u and
v belong to different ranges. On the one hand, if u € RanFy,, and v € RanFy,,
then from Lemma A.2, we have éym[)(u, q) < éyO,D('U, q). On the other hand, if v €
RanFy,, and u € RanFy,, then from Lemma A.3, we have Cy, p(u,q) < Cy, p(v,q).
Since C’ymyl‘ p=o(ug, u1) is an extended copula of the identified part of the copula of
(Yo, Y1)|D = 0 through the Sklar theorem, it is a well-defined copula. Any extended
copula of this form should work for the proof, as we do not impose any additional
restrictions on the true copula of (Yp, Y1)|D = 0.

We also need to check that Cy,,y,,.0 (Fyo (o), Fy, (ylo),q) = Fy, v;.0(%0, Y10, 0).

This latter equality holds by construction of Cy, yi,.p(uo, 1, q).
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When we let ug go to 1, we obtain
. . - 1 -~ 1 -
CY10,D(U1> Q) = CYOO,Ylo,D<17 Uy, Q) = qCYO,Yl\DZO <aCY0,D(17 CI), ECYO,D(Ul, Q))

1 -~ -
= Q5CYO,D(U1,C]) = OYO,D(UhC])-

Similarly,
_ _ _ 1 - 1 -
Cyyo,0(10,q) = Cyyovi0,0(0,1,0) = qCy;viip=0 aCYO,D(Uo, q), ECYO,D(L q)

1 - ~
= q&OYO,D(um Q> = CYO7D(U0, Q)

And by construction, we have Cy,, p(u, q) = Cy,.p(u, q) for all u € [0,1] (Assumption
1 holds). Furthermore, we have shown above that éy07 p(u, q) is strictly increasing in
u (Assumption 2 holds).

By construction, the proposed joint distribution Fyoo,ym,ym p(Yo, Y1, Y2,d) is com-
patible with the data and the proposed copulas éyO,D(u, q), and C’yw,D(u, q) satisfy
Assumptions 1 and 2.

The proof is similar for the lower bound on Fy,;,, ,(y) and any distribution in the
identified set of Fy,,p=1(y10)-

To complete the proof, it remains to show the two intermediate lemmata.
A.3.3. Proofs of Intermediate Lemmata.

Proof of Lemma A.2. First, we start by the following claims:

Claim A.1. For any u, = F/P(y) € RanF{P, the smallest v € RanFy, such that
u, < v is v, = Fy, (h(y)).

Proof. We have

uy = qFyiop=0(y) + PFY.5 poy (4) = aFvieip=0(y) + pFyp=1(h(y)).

Since Fy,p=1(h(y)) € RanFy,p-1, to obtain the smallest element v € RanFy,, we

need to find the smallest element s on RanFy,p—o such that Fy, p—o(y) < s. From

Lemma A.1.(1), s = FY0|D=0(Q]§; ‘Dio(Fyl‘Dzo(y))). This completes the proof of Claim
oI D=
Al
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Claim A.2. For any u € Raanf, there exists v € RanFy, such that u < v =
éYo,D(u7 Q) S CN’Y(),D(Uv Q>

Proof. u, = FyP(y) = ¢Fyieip=0(y) +pFy ) p_i (y), where FY%h_ (y) = Fyyp=1(h(y))
with h(y) = Q5 (Frp-o(®). Then, , < aFyp-o(h(y) + pFyjor(h(y), since
Fy,oip=0(y) < Fyyp=o(h(y)) by construction. So, u, < Fy,(h(y)) = v, € RanFy,.
Now, the following hold:
uy vy = qFyip=o(y) + pFyip=1(h(y)) < aFyp=0(h(y)) + pFyyp=1(h(y)),
= Iy p=0(y) < ¢Fy;p=0(R(y)),
= Fyio,0(¥,0) < Fy,,p(h(y),0),

- éYo,D(FigloB(y% Q) S éYo,D<FY0(h(y))7 Q)a
— Cyp.n(uy, q) < Cyyn(vy, ).
This completes the proof of Claim A.2.
Now we proceed to complete the proof of the lemma. Take u € RanF{P and
v € RanFy, such that u < v. Since u € RanF{P | there exits y such that u, = F{5(y).
Then, from Claim A.1, there exists v, = Fy,(h(y)) such that u, < v,. From Claim
A1, we have v, < v. If v = v, then we have F/5(y) < Fy,(h(y)), which implies

successively

aFyiop=0(y) + PFyyp=1(M(y)) < aFyyp=0(h(y)) + pFyyp=1(h(y)),
< qFY0|D=0(h(y)),

< Fy,,n(h(y),0),
<
<

)
éYo,D(FYO(h(y))a Q)a
)

éYo,D(an .

)
aFyviop=0(y)
Fy,, p(y,0)
C'YO,D(Fgf( ) Q)
Cyo,n (1, )

If v, < v, then from Claim A.2 we have Cy, p(u,q) < Cy,.p(vy,q). And since

C'YU,D(U, q) is strictly increasing on RanFy, from Lemma 2, we have éyU,D(vy, q) <
éYo,D(”? q) Therefore, é’Yo,D(u7 Q) < CN’YQ,D(UJ q)

Proof of Lemma A.3. We first, start by stating and proving the following claim:
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Suppose Fy,(y—) € RanFy, for ally. For any u, = F{5(y) € RanF{5,

there exist w, € [0,1] and v, € RanFy, such that v, < w, < u, and Cy, p(vy,q) <
Cyy,n(wy, ¢) < Cvy p(uy, q)-

Proof. We have

Uy = F%OB(?/):C]FYMD 0( )—l—pF Yi0|D= 1<y>

v

0Fyoip=0(y) + PFY:D p=1(4) = ¢Fyioi0=0(y) + pFyy =1 (h(y)—) = wy,

> qFy,p=0(h(y)—) + pFyyp=1(h(y)—) = vy,

where h(y) =

QE:‘B(FYI‘ p=0(y)), and the second inequality holds from Lemma A.1.

We discuss two cases.
Case 1: F}Zf\p (y) = Féfw (1Y)

In this case, u, = w,, we have

Uy = Vy —
—
—_—
—

—

0,0 1p=0(y) + PFyyp=1(1(y) =) = aFyyip=0(h(y) =) + pFyyp=1(h(y) ),
qFyio1p=0(y) < qFy,p=0(h(y)—),

Fy,0,0(y,0) < Fy, p(h(y)—,0),

Cyo.n(FEE(y),q) < Cyon(Fyy (B(y)—), q),

Cyi.p(uy, @) < Cyyn(vy, q).

Case 2: F}%ﬁD (y) < Fgﬁp 1 (y)

In this case, w, ¢ RanF{/]lf . From Lemma A 1, v, is the highest element of RanFy,

such that w,

> v,. First, suppose wy ¢ RanFy,. Then w, € (RanFy,)° N (RanFy ).

Let u(w,) = inf{q € RanFy, U RanFy" : ¢ > w,}. We have v, < w, < u(w,) < u,,
and either u(w,) € RanFy, or u(w,) € RanF{P.
If w(w,) € RanFy,, then
éYo,D(wgp q)

P (@3 (1,).0) + [F » (@5 ((w,)),0) = Fyp (Q“é;-@y),o)] Il
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wy)—vy —

Since 0 < E(wy;”y <1 and {FYO,D (Q?ﬁ(’)_(ﬂ(wy)), O) -y, p (Q%_(vy),@} > 0 from
Lemma 2, the following holds:

éYg,D(”QW q) = Fy,p (Qﬂi’)_(vy% 0> < éYO,D(wya q) < Fy,p (Qﬁg‘(ﬂ(wy)), 0)
< Fyp (Q?%*(Uy% 0) = Cvy,.n0(uy, q),
where the last inequality holds because QI}R%’)_ (u) is monotone in u. Hence,
éYO,D(Uy,q) < OYO,D(wy,Q) < éYO,D(uya(J)'

If u(w,) € RanF{D, then u(w,) € RanFYP = u,, and

Cyo,n(wy, q)
Fyy,p (Q]Eo_ (vy), O) + {FYIVD <Q]§io_ (uy), 0) — v (Q]&O_ (vy), O) } ¥ %’
~ Wy — U
= CYo,D(Uya q) + |:FY1,D(y7 O) - FY07D (ﬁ(y)_a O):| * m

U(wy)—vy —

Since 0 < %% < | and [Fyl,Dw,m ~ Fyp @(y)—,m} > 0 from Lemma A1,
the following holds:

CN’Y(),D(Uya Q) S C~(Y(),D(,wya Q) S FY1,D (y7 O) = CYO,D(uyv Q)

Second, suppose w, € %FYO. Then, from Lemma A.1, we must have w, = v,,
which implies Fy, p(y,0) = Fy, p(h(y)—,0), which in turn implies Cy, p(uy,,q) =
éYo,D(Uya q) = OYO,D(wya q).

This completes the proof of Claim A.3.

Now we proceed to complete the proof of the lemma. Take u € Raan f and
v € RanFy, such that v < u. Since u € RanF{", there exits y such that u, = F/(y).
From Claim A.3, there exists w, € [0, 1] and v, € RanFy, such that v < v, < w, < u.

Case 1: FUlp_ 1 (y) = FEP 1 (y)
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In this case, u, = w,, we have

Uy > Uy qFyv,0p=0(y) + pFyyp=1((y) =) > qFyyp=0(h(y)—) + pFyyp=1(h(y)—),
0Fyioi0=0(y) > qFy;1p=0(2(y)—),

Fy,.p(y,0) > Fy, p(h(y)—,0),

OYO,D(Fng(y)7Q) > Cyy.p(Fyy (R(y)—), q),

éYg,D(“y q

Cyvo.n(u,q) > Cyy.p(v, q).
Case 2: F}%ﬁp:ﬂy) < F{,]lﬁD:l(y)

The proof here is very similar to Case 2 in Claim A.3, except the strict inequality

.q) > Cy,.p(vy,q) > Cyy.p(v,q), since v,,v € RanFy,,

AR

Wy —Vy

0< )y < 1. This strict inequality implies
Y Y

C’YO,D(UaCD < GYO,D(Uy7Q) < C’YO,D(wy7Q> < OYO,D(Uy7Q)'

Hence, CN’YQ,D(U7 Q) < éYo,D(u7 Q>
Now we have completed the proof of the two intermediate lemmata and thereby

the proof of Theorem 1.
O

A.4. Dependence stability vs parallel trends in Example 1. Consider the DGP
in Example 1. We have Q?ﬁo_(u) = & (u)oy, and Q%; (u) = @' (u)oy, where @1 (u)

denotes the quantile of the standard normal distribution. We also have:

Fyyp(y,0)=P(Yy <y,D <0) = &y (%,&po) :
0

Fron(s.0) =PV <. <0) = @ (L0ipn ),
1

where ®5(., .; p) is the joint cdf of a standard bivariate normal random variable with
parameter p.
From Nelsen (2006, Corollary 2.3.7), we have for u € [0, 1],

CY07D(U7 q) = FYO,D(QI)R%_ (u)7 Q%_ ((])) = 0, (CI)_1<u), 0; pO) )
OY107D(U’ (]) = FY107D(Q]510_ (u)v Q%_(Q)) =&y ((I)_l(u)a 0; pl) .
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Since the function ®y(., .; p) is strictly increasing in p,* we conclude that Cy, p(u, q) =
Cy,o.0(u, q) if and only if py = p;.

In Example 1, parallel trends in distribution implies o; = 0 and p; = po, i.e.,
Up and U have the same distribution N(0,c%), and copula stability (Assumption 1)

holds. Indeed, parallel trends in distribution states:

Fy,oip=1(y) — Fyoip=1(y) = Fyiop=0(y) — Fyyip=0(¥),

which implies

FrpoW:1) = Fvon(y,1)  Fyipn(®,0) = Fy.o(y,0)
P(D = 1) P(D = 0) ’
Fyon(®,1) = Frop(y, 1) Fyn(®,0) — Fyn(y,0)
0.5 0.5 ’

FY10 (y> - FY10,D<ya O) - FYO (y) + FYO,D(yu O) = FYlo,D(ya O) - FYO,D(% 0)7

Fy,o(y) = Fyy(y) = 2(Fyy,0(y,0) — Fy, p(y,0)),

that is, ®(£) — ©(2) = 2(P2(£,0; p1) — P2(£,0; p0)) for all po, p1, and y. In the
special case where pg = p1 = 1, and y > 0, we have: ®( ) — (L) = 2(min(%,0) —
min(2,0)) = 0. Hence, (L) — ®(L) = 0 implies - = £, which implies 01 = oy.
Therefore, <I>2(U—y0, 0;p1) = CI&(%, 0; po) for all py and py, which implies py = p; as the
function ®@s(.,.; p) is strictly increasing in p.

A.5. A variant of Example 1 with non-normal marginals. In this section, we
present a variant on Example 1 with exponential, instead of Gaussian, marginals. A
main takeaway from this example is that parallel trends assumption no longer has a

simple interpretation as in Example 1, whereas copula stability does.

Example A.1. Consider the following data generating process (DGP) in which the

treatment is received when its gain (treatment effect) is bigger than or equal to a

23Gee Sibuya (1959) and Sungur (1990).
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threshold, say 0 for simplicity. This is a simple Roy model where selection into treat-

ment 1s on the gain.
Yo = Uo
Yi = nD+U (A.11)
D = 1{n =0}
where Uy ~ exp (6;), Cu,.p(u,v) = $o (D7 (u), @ (v); p1), pr # 0.
In this case, we have the following:
(a) Copula stability: py = p;
Cvomy = Cuyp & po = p1 since Do (., .5 p) is strictly increasing in p.
(b) Parallel trends: [ Cyy, p(1—e=%" q)—(1—e~%")qdu = [ Cy, p(1—e= " q)—
(1 — e %) qdu
-~
J @2 (BT (L —e7%"), @7 (q); po) —(1—e~"*)qdu = [ @y (D7 (1 — ™), @7 (q); p1) —
(1 — e %) qdu

Cu,p(1—e " q) = PU, <u,D =0),
- ]P(Ut S u,mn S 0)7
= Cup(Fu,(u), F(0)),
= O (¢ (1 =), 97 q)i i) -
(c) Distributional DiD: py = p; and 6y = 6,

Since py # 0, D X Uy. Therefore, from Roth and Sant’Anna (2021), dis-
tributional PT holds iff stationarity holds, i.e., P(Uy < u|D = d) = P(U; <
ulD = d) for allw and d, which implies P(Uy < u, D =d) = P(U; < wu,D =d)
for all w and d, which in turn implies P(Uy < u) = P(U; < ), which finally
implies Oy = 01. Now, using the equality P(Uy < u,D =0) =P(U; < u,D =
0), we have $y (P11 — =), &7 (q); po) = P2 (P71 — e7%"), 71 (q); p1),
which implies pg = p1 since Po (., .; p) is strictly increasing in p.

A.6. Proof of Claim 1.

Proof. (i) = (ii).
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Since the cdf Fy,, is continuous and strictly increasing, we have
Yo = @y, (Frp(Yo)),
= Q]%; (Uw)), where Uy = Fy,,(Yio) ~ Upo .11
= hy(Uy), where hy(u) = QI}R%O_(U)
By definition, h; is continuous and strictly increasing as is the quantile function
Qﬂi’;. Then, the following equalities hold:
Cviop = Chytig).p = Cuy,0;
where the second equality holds from the invariance principle in Embrechts and Hofert
(2013, Proposition 4(2)). Therefore,
Cvao,0 (U, q) = Cyi,0(u,q) = Cluyy,p(u,q) = Cug,n(u, ),
Cog.0 (Figy (), Fp(0)) = Cu,0(Fny (1), Fp(0)),
Fuoo.p(u,0) = Fyyyy p(u, 0),
u — Fyyo.p(u,0) = u— Fyyy p(u,0),
Fuoo () — Fgo.p(u,0) = Fryy (w) — Fyyy.p(u, 0),
P(Up <u,D=1)=P(Uyp <u,D =1),

el

where the second implication follows from Uy ~ Ujp,1) and Fp(0) = ¢, the third holds

from Sklar’s theorem, and the fifth follows from Uy ~ Ujo1. Hence, we have:

Cyoo.0(u, @) = Cyyyp(u,q) = P(Uyp <u,D =d) =P(Uy < u,D =d) for d € {0,1},
— PUp <u,D=4d)/P(D=d)=P(Uy <u,D=d)/P(D =d),
—  Fyyp(uld) =P(Up < ulD =d) =P(Ug < u|lD = d) = Fy,,p(uld),
= Uy|D =d ~ Uy|D =d.

(i) = (i). Suppose there exist two strictly increasing functions hy(.),t € {0,1}

and two uniformly distributed random variables over [0,1] Uy and Ujo such that
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Yio = hi(Uy) and Ugy|D = d ~ Uyp|D = d. Then, we have
Fyoop(uld) = Fuygp(uld) = Fup(u|ld)P(D = d) = Fy,op(uld)P(D = d),
P(Uyy < u, D = d) = P(Uyo < u, D = d),
Fuoo.0(w,0) = Fyyyy p(u, 0) for d = 0,
Cag, 0 (Fie (), Fp(0)) = Cy,0(Fr (1), Fp(0)),
Cuoo.0 (1, @) = Cuyo,p(u, q),
Cho(W0),0 (s ¢) = Cuige, 0 (U, @) = Cr0,0(U; ¢) = Chy (1190),0 (U5 9,

e

OYOO,D(U7 Q) = OYm,D(U, q),

where the fourth implication holds from Sklar’s theorem, the fifth follows from Uyg ~
Ui, 1), the sixth follows the invariance principle in Embrechts and Hofert (2013, Propo-
sition 4.(2)), and the last holds from the assumption Yy = h(Uy). O

A.7. Proof of Example 2. We have: Cy g v(u,4,q9) = Cy, g v (u,t,q) for all
(u, @, q) € [0,1]® implies successively

Cuio,toy (s 1,0) = Cpy, 7, v (u, 1,9),

Co(Crry 0 (ws 1), q) = C1(Cyy, g, (u, 1), ),

Co(u,q) = Ci(u, q),

Cvyoo.0(t,q) = Oy, p(, q).
We need to check that the Sklar theorem holds on the range in this model. We have

P(Yyo=0,D=0) = PU;<c,U; <&,V <q),

= OUt,Ut,v(Cta ¢, q),

= CCy,p,(ct, ), 9),

= C}QO,D(CUtﬁt (ct,€0),q),

= Oy, p(P(Yio = 0),q) as P(Yy =0) = Cy, g,(ct, &),

= Cy,,p(P(Yyn =0),P(D=0))as P(D=0)=q.
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A.8. Derivations of Section 2.3. Here, we provide the distributions of X* and
X%% which are used to define the quantile-specific social welfare functions in Section
2.3.

Let X* = Q% (V), where V ~ U[0,u]. Note that by definition, Fyu(z) = 1 for
z > Q% (u). As for z < Q% (u), by Proposition 1(5) in Embrechts and Hofert
(2013), it follows that

. Fx(z
Fon(@) = B(Q% (V) <0) =BV < F(e)) = 20 (ay)
As a result,
@ for 2 < Q% (u)
F u - w X ’ Al
xe (@) { 1 forz > QY (u). (A.13)
For u € RanFy, Fxu(z) = &8 — _Ix0 _ _ p(x < 2|X < Q% (u)) for any

u Fx(Qx™ (u)
r < Qﬂfg_(u), thereby yielding the same truncated random variable introduced in

Aaberge, Havnes, and Mogstad(2013). For u ¢ RanFx, X" remains a well-defined
random variable.

Now consider X%% = Q%™ (V), where V' ~ U[u, 7. By similar arguments to the
case of X", it follows that

0 for z < Q% (u),
Fyus(z) = 28 for Q% (w) < 2 < Q% (1), (A.14)

u—u

1 for z > Q% (q).

A.9. Proof in the imperfect foresight case. By definition, Y;y = Yj1{Y,5 >
co} + col{Y5 < ¢o}. Take y > ¢o. In the following, all arguments are conditional on
4 =z

Making the conditioning on Z = z explicit, we have P(Y;p < y,D < 0|Z = z) =
P(Ygy <y, <9(2)|Z = 2) = &, (%,¢(2);pt(2))7 which implies Cy,, p|z=-(u, q) =



o

g
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QJ’%;t(u), Qﬂé’_(q);pt(z)> = ®o(D!(u),0; ps(2)). Therefore, it follows that

CYQQ,D|Z:Z(U'7 Q) - CYI()’D‘Z:,Z(,UH q) @ pQ(Z) = pl (Z)

53
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APPENDIX B. SUPPLEMENTARY EMPIRICAL ANALYSIS

B.1. Revisiting Card and Krueger (1994). In this section, we illustrate the CS
bounds in a smaller sample, revisiting Card and Krueger (1994), where the minimum
wage increase leads to a stark difference in the censoring point of the distribution of
wages. To assess the impact of the minimum wage increase in New Jersey in 1992
from $4.25 to $5.05 per hour, Card and Krueger (1994) survey fast food restaurants in
New Jersey and eastern Pennsylvania before and after the minimum wage rise. While
their main outcome was employment, for the purposes of this illustration we focus on
the wages offered by the firms, since its distribution is clearly neither continuous nor

discrete (see Figure A.1).

TABLE A.l. Revisiting Card and Krueger (1994): Summary Statistics
State Mean Variance # of Stores
Wave 1 Wave 2 Wavel Wave?2 Wavel Wave 2

Full Sample
Wages Offers:

NJ 4.61 5.08 0.12 0.01 314 318
PA 4.63 4.62 0.12 0.13 76 71
Diff -0.02 0.46

DiD: 0.44
Balanced Sample
Wage Offers:
NJ 4.61 5.08 0.12 0.01 285 285
PA 4.65 4.62 0.13 0.13 66 66
Diff -0.04 0.46

DiD: 0.50

Notes: The minimum wage increase took place in New Jersey on
April 1, 1992. Wave 1 (2) denotes the first (second) wave of the
survey which took place February 15-March 4, 1992 (November
5-December 31, 1992). The balanced sample we consider here
consists of restaurants with complete data for employment and
wages across both waves.

Before we apply the CS, we first provide summary statistics on the wage offers in
the sample of Card and Krueger (1994).>* The table presents the results for the full as

well as balanced sample from the two survey waves. The DiD estimates suggest that

2Before we proceed with this exercise, we replicate the DiD estimates for employment.
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the minimum wage increase led to an average increase of $0.5 ($0.44) in the wages
offered by firms in the balanced (full) sample.

Next, we apply the CS bounds to wage offers to estimate the counterfactual dis-
tribution for the treatment group in Figure A.1, respectively.?® Panels A and B of
each of these figures present the empirical cdfs for the control group (Pennsylvania
restaurants). Panel C presents the empirical cdf of the treatment group (New Jer-
sey restaurants) before the minimum wage increase, whereas Panel D presents the
empirical cdf after the minimum wage increase as well as the CS bounds on the coun-
terfactual distribution. The observed distributions for wage offers is clearly neither
continuous nor discrete (Figure A.1). When we consider the observed post-treatment
distribution of wage offers for the treatment group and the CS bounds on the counter-
factual distribution, we find that the distribution are starkly different, specifically due
to the minimum wage increase, the left-censoring threshold is higher in the observed
than counterfactual distribution. Panel E presents the distributional DiD estimate

of the counterfactual which violates the monotonicity and integration properties of a

cdf.

B.2. Supplementary Figures for Section 3. We include the CS bounds and the
distributional DiD estimates of the top quartile of the counterfactual wage distribution

in Figure A.2 as well as the entire counterfactual wage distribution in Figures A.3
and A 4.

25We present the results of the balanced sample. The results for the full sample are nearly identical,
so we omit them for brevity.
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FIGURE A.l. Revisiting Card and Krueger (1994) using CS: Wage
Offers (Balanced Sample)
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FiGURE A.2. Observed and Counterfactual Distributions: Top Quartile
Panel A. CS, Subgroup 1 Panel B. D-DiD, Subgroup 1
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Notes: Obs refers to Fyl ip=1, CF-LB (CF-UB) denotes the lower (upper) CS bound on Fy,,|p=1,
and D — DiD refers to the distributional DiD estimate of Fy,, p—1. Subgroup 1 (Subgroup 2)
refers to the subgroup of states with pre-treatment minimum wage < $8 (> $8).
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FiGURE A.3. Observed Wage Distribution and CS Bounds on the
Counterfactual Distribution
Panel A. Subgroup 1 (Pre-Treatment MW<$8 Panel B. Subgroup 2 (Pre-Treatment MW>$8)
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APPENDIX C. NUMERICAL EXAMPLES

In this section, we illustrate the wide applicability of the CS identification approach
using several numerical examples of outcomes with discrete and mixed distributions.
We consider four different marginal distributions presented in Table A.2; including
the Poisson distribution (Example I), left- and right-censoring (Examples II-I1T) and
a bunching example (Example IV). While Example I falls under the AI2006 identifi-

cation results, the remaining examples are not covered by their approach.

TABLE A.2. Examples of Marginal Distributions of Y;
I. Poisson Fy,,(y) = Ii(y), where II¢(-) is the Poisson cdf with mean A;.

_ 0 if Yy < ct
II. Left-censoring Fyio (y) = { Ai(y) fy>e
where A4(+) is the x? cdf with k; degrees of freedom.

_ ) My) ify<e
III. Right-censoring {FY*O (y) = { ify>c

where Aq(+) is the X cdf with k; degrees of freedom.

if y & [ce, we)
.Fy,[0 { CI)t Ct + bt @t(wt) @t(ct)) if Y=<
IV. Bunching Di(cr) + b (DPe(we) — Prler)) + (1 — be)(De(y) — Pe(er) if y € (cr,we)
where ®,(.) is the standard normal cdf with mean p; and standard deviation

Given marginal distributions of Yyq and Yjg, we can generate conditional potential
outcome distributions that satisfy the copula stability condition by the following, for
t=0,1,

Froipeoly) = gcyo,Dwm(w, 2, (1)
Froipe(y) = % (Fyio (4) — Cro.n(Fyio (1), ) - (C2)

We set Cy, p(u,q) = (maz(u=? +¢% —1,0))"%/%. In the following examples, we let
0 = 1 to fulfil the strict monotonicity condition imposed on the horizontal copula
for u € [0, 1]. Note that all parameters of the marginal distributions we consider are
allowed to vary across time in an arbitrary manner.

Figures A.5-A.9 present the numerical examples. Each figure presents a plot of
each of the observed distribution used in the evaluation of the CS bounds (Fy,p=o,

Fy,|p—o and Fy; p—1) in Panels A-C. Panel D of ech figure presents the counterfactual
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distribution for the treatment group (Fy,,p=1) together with the CS bounds labeled
as C'F and LB/U B, respectively.

Figure A.5 illustrates our bounds for the Poisson example with Ay = 1 and A\, = 3.
Since the CiC bounds proposed in AI2006 can be applied, we compute them and
compare them to the CS bounds proposed here. In this numerical example, both
bounding approaches coincide as illustrated in Panel D of Figure A.5.

Next, we examine mixed outcome distributions that fall outside the scope of the
AT2006 identification results. Figures A.6-A.8 provide two different parametriza-
tions of the left-censoring example (Example II). In the first case (Figure A.6),
RanFy,, p=1 C RanFy, p— and, as a result, the counterfactual distribution is point-
identified. In the second case (Figure A.8), RanFy,,p-1 € RanFy,p-i, and we
therefore only attain partial identification of the counterfactual distribution. Figure
A.8 illustrates the CS bounds for a right-censoring example (Example III), where the
censoring cutoff as well as the degrees of freedom of the x? distribution vary across
time. Finally, we consider a bunching example (Example IV), where the bunching cut-
off (¢;), the width of the bunching window (w; — ¢;) and the bunching probability (b;)
are time-varying. One notable feature of the bunching example is that the potential
outcome distributions are strictly increasing, but discontinuous. Panel D of Figure
A.9 shows that the CS bounds in this bunching example cover the counterfactual
distribution. Overall, for these mixed outcome distributions, our numerical analysis
illustrates that point-identification of the counterfactual distribution is possible on
the intersection of the range of Fylo‘ o, and Fy;p—1, whereas only set-identification
is possible outside this intersection.

Finally, it is important to discuss how the AI2006 CiC bounds would perform in
the context of the mixed-outcome examples we consider. In several of these examples,
the two quantiles used in the upper and lower bound in the AI12006 CiC bounds equal
each other, specifically Qzﬂgio(u) = Qgg\‘%;()(lb) for u € (0,1) (e.g. Examples III and
IV). It follows that the AI2006 CiC lower bound would equal its upper bound, and
the CiC bounds would not include the counterfactual distribution. As AI2006 point
out, the bound on quantiles that they exploit in their partial identification result for

discrete outcomes is not valid for outcomes with mixed distributions.
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FiGUurRE A.5. Numerical Example I: Poisson with \g = 1, \; =3

Panel A. FYoo\DZO Panel B. FY10|D:0
Panel C. Fy, | p—1 Panel D. CS Bounds on Fy, | p—;
k] L

. P R —— LB-AI2006
s o l — UB-AI2006

1B

[ -—--- UB

. - e

Notes: In Panel D, CF denotes the counterfactual distribution for the treatment group
(Fy,o|p=1), LB-AI2006 (UB-AI2006) denotes the CiC lower (upper) bound from AI2006,
and LB (UB) denote the CS lower (upper) bound proposed here.
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F1GURE A.6. Numerical Example II: Left-censoring, ¢co = ¢; = 5, kg =
5, k’l =3
Panel A. Fy, p=o Panel B. Fy, | p—o
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F1GURE A.7. Numerical Example II: Left-censoring, ¢co = ¢; = 5, kg =
3,k =5
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FiGURE A.8. Numerical Example III: Right-censoring, ¢y = 5, ¢; = 10,
ko=3,k =5
Panel A. Fy, p=o Panel B. Fy, |p—o

Panel C. Fy, | p=1 Panel D. CS Bounds on Fy, | p—1
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F1GURE A.9. Numerical Example IV: Outcome Distribution with Bunching
Panel A. Fy, p=o Panel B. Fy, p—o

0 1 2 3 -1 o 1 2 3

v v

Panel C. Fy, | p=1 Panel D. CS Bounds on Fy, | p—;

Notes: The figures are generated by numerically evalu-
ating the conditional potential outcome distribution for
the bunching example (IV) in Table A.2 with ¢o = 0.5,
wo = 1, Cc1 = 25, w1 = 3, b() = 025, and by = 0.75.
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APPENDIX D. PARALLEL TRENDS AS COVARIANCE STABILITY
Lemma A.4. Suppose P(D =1) € (0,1).

E[Yio — Yoo| D = 1] = E[Y10 — Yoo|D = 0] <= Cov(Yy, D) = Cov(Yi9p).
Proof. The result follows by first multiplying E[Y19 — Yoo| D = 1] — E[Y10 — Yoo| D = 0]
by P(D = 1)P(D = 0) and then simplifying the resulting expression as follows,

P(D
= P(D = 0)E[(Y1o — Yoo) D] — P(D = 1)E[(Y10 — Yoo0)(1 — D)]
= E[(Yio = Yoo)(1 = P(D = 1))D — (Yip — Yoo)(1 = D)P(D = 1)]
= E[(Yio = Yoo)(D —P(D =1))] = E[(Y10 — Yoo)(D — E[D])]
= Cov(Y1o — Yoo, D).

DP(D = 0)E[Yi — Yoo|D = 1] = P(D = 1)P(D = 0)E[Yyg — Yoo| D = 0]

The = (<=) direction follows from noting that it would imply the left-hand (right-
hand) side of the equality is zero. O

APPENDIX E. CONDITIONAL TIME INVARIANCE AND DEPENDENCE STABILITY

In this section, we provide additional discussion on why outside of the strictly
increasing, continuous cdf case, the copula stability and CiC conditions may not be
equivalent.

The following result relies on a representation condition that merits some discussion
before we proceed. We specifically assume that there exist U, ~ U[0,1] for t =0, 1,
such that (Y, D) L (Qy,,(Uy), D) for t = 0,1. The reasoning behind this represen-
tation condition stems from Proposition 2(2) in Embrechts and Hofert (2013), which
implies that since U; ~ U[0,1], Qy, (Uy) ~ Fy,. Since Qy. is weakly monotonic
by definition, Proposition 2(2) in Embrechts and Hofert (2013) therefore underscores
that the weak monotonicity of the structural function as well as the scalar, continu-
ous unobservable imposed in AI2006 holds wlog for any random variable. Proposition
2(2) in Embrechts and Hofert (2013) further implies that the time invariance of the
marginal distribution of U; also holds wlog. Thus, it is the conditional time invari-
ance restriction on U|D that is the essential restriction in AI2006. Now note that

since U; has a time-invariant continuous marginal distribution, the time invariance
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of the horizontal subcopula of (U, D) implies the conditional time invariance of the
distribution of U;|D imposed in AI2006. As a result, in Claim D.1, we examine the
relationship between dependence stablity of (Y, D) and (U, D).

Part (i) of the following claim imposes dependence stability on (Y;, D) and derives
the implication on the relationship between the horizontal subcopulas of (U, D) for
t = 0,1. Part (ii) of the claim imposes dependence stability on (U;, D) and derives
the implication on the relationship between the horizontal subcopulas of (Y, D) for
t=0,1.

Claim D.1. Fort = 0,1, consider (Yio, D) such that Yo ~ Fy,, and D is a binary
variable with P(D = 0) = g € (0,1). Suppose that there exist Uy ~ U[0, 1] fort =0,1
such that (Yio, D) < (Qy,,(Uy), D) fort=0,1.

(i) If Cy,o.p(u,q) = Cyyyp(u,q) for all u € [0,1], then for v € Ran(Fy,,) N
Ran(Fy,,)
CUO7D(U7 q) = OULD(,Ua CI) (El)

(i1) If Cuy p(v,q) = Cu,.p(v,q) for allv € [0,1], then for u € Ran(Fy,,)NRan(Fy,,),

CYOO,D(U7 Q) = OYm,D(ua Q)- (EQ)

Proof. (i) For y € R

Cyo.0(Fy,(4),4) = Fy,o,p(y,0) =P(Yyo <y, D = 0) = P(Qy, (U;) <y, D =0)
:]P)(Ut < FYm(y)v D = 0) = OUt,D(FYtO (y)7 Q)- (ES)

where the first two equalities follow by definition. The third equality follows by
the assumption that (Y;, D) < (Qy,,(U;), D). The penultimate equality holds by
Proposition 1(5) in Embrechts and Hofert (2013) and the right-continuity of Fy,,,
which ensure that Qy. (u) <y & u < Fy, (y)). Asaresult, fort = 0,1, Cy,, p(v,q) =
Cu,.p(v,q) for v € Ran(Fy,,).

As a result, the dependence stability condition in Claim D.1(i), Cy,,.p(u,q) =
Cyy.0(u, q) for all u € [0, 1], implies the following for v € Ran(Fy,,) N Ran(Fy,,)

OU07D<U’ Q> - CYO(LD(,U’ Q) - CYlOyD(,U7 Q) - CUMJ(U? Q) (E4)
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where the first and last equalities follow from (E.3), whereas the second follows by
the dependence stability assumption on Cy, p imposed in Claim D.1(i).
(ii) For y € R,

Fy,p(Fy,,(y),0) = Cu, p(Fy,,(y), q) = P(Us < Fy,,(y), D = 0) = P(Qy,, (U;) <y, D =0)

=P(Yyo <y, D =0) = Cy,y,0(Fy,,(¥), q) (E.5)

where the first two equalities follow by definition, the third follows from Proposition
1(5) in Embrechts and Hofert (2013) since Fy,, is increasing and right-continuous.
The last two equalities follow by definition.

As a result, the dependence stablity condition imposed in Claim D.1(ii) implies the
following for u € Ran(Fy,,) N Ran(Fy,,),

CYO(),D(U? q) - OUO,D<U7 Q) - CULD(U’7 q) - CYm,D(ua Q> (E6)

where the first and last equalities follow from (E.5), whereas the second follows by

the dependence stability assumption on Cy, p imposed in Claim D.1(ii). O

Part (i) of Claim D.1 establishes that the copula stability on the potential outcomes
implies copula stability for the unobservables for specific values on [0,1]. In general,
this would not be sufficient for the conditional time invariance assumption in AI2006,
except if Ran(Fy,,) = Ran(Fy,,) = [0, 1], that is, when outcomes are continuous. Part
(ii) of Claim D.1 shows that copula stability on (U, D) implies the copula stability
on (Yi, D) for u € [0,1] if Ran(Fy,,) = Ran(Fy,,) = [0,1]. However, in general, it

would only hold on the intersection of the two ranges.
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