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Abstract

Equal opportunity, widely invoked in popular discourse as a goal for policy, seems
at odds with the welfarist approach that is standard in economics. But are they
really different? We consider a canonical class of resource allocation problems and
ask whether the allocations chosen by an equal-opportunity criterion could also have
been chosen under some welfarist criterion. Typically, no such welfarist criterion
exists. However, for a rich class of problem specifications, it does exist, and we
characterize this class. When the welfarist criterion does exist, it can use either the
sum or the min to aggregate individual welfares; the freedom to use more exotic

aggregators does not expand the possibilities.
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1 Introduction

How should the conflicting interests of heterogeneous agents be combined to make policy
recommendations? In academic economics research, the overwhelming norm is to use
welfarist criteria. That is: for each agent in the economy, we posit some measure of the
agent’s welfare induced by the policy; these individual welfare measures are aggregated

together in some way (usually just by summing them together) to form a measure of social



welfare; this social welfare measure is then used to evaluate each of the available policy
options, and the policy that maximizes social welfare is deemed optimal.

However, many people—both policymakers and laypeople—have normative intuitions
about policy choice that are not naturally expressed in welfarist terms (see, for example,
the literature discussed in Fleurbacy and Maniquet (2018)). This suggests that economic
analysis can better contribute to policy debates if it engages with some of these alternative
criteria.

In this paper, we examine one such normative criterion: equality of opportunity. This
is a concept that is widely invoked in popular discourse and also has inspired a rich litera-
ture in political philosophy. There have been several approaches proposed in economics to
formalizing this concept (discussed further below). We adopt here a version of the formu-
lation by Roemer (1993, 1998), which has the virtue of being applicable to a wide range of
policy questions, and has inspired a significant empirical literature measuring inequality
of opportunity. We do not question here whether equality of opportunity (or, indeed, any
kind of equality) is actually the appropriate goal for society. Instead, we take as given
that the existing widespread interest in equal opportunity provides sufficient motivation
for better understanding what it entails.

Given the prevalence of welfarism in economics, arguably the first question for studying
equal opportunity (or any other non-welfarist criterion) is: Is it actually distinguishable
from welfarism? That is: Consider the policy choices of a planner who optimizes equal
opportunity. Could these same choices also have been produced by a welfarist planner?
And if not, can we give a simple explanation for what sets them apart? This paper aims
to explore this topic.

To make the question concrete, we need to do three things: we need to clarify what
is meant by welfarism; we need to explain what is meant by equal opportunity; and we
need to delineate a specific class of policy questions to consider. We will now overview
each of these in turn.

For purposes of this paper, welfarism means the following. For each agent:=1,...,n
in the economy, the effect of any policy (call it ¢) on agent ¢’s well-being is measured
by some quantity U;(¢). These welfare levels are then fed into some aggregator function
W. Thus, the policy ¢ is then evaluated by W(Ui(¢),...,U,(¢)), so that the policy
that maximizes this quantity is considered best. We assume that W is symmetric in its
arguments; thus any heterogeneity among agents (due to preferences, endowments, etc.)
is captured by the dependence of U;(¢) on i. In practice, W is usually taken to be the

sum function (and the welfare criterion is “utilitarian”), but it need not be; somtimes,



W is instead taken to be the min (the “egalitarian” criterion); other aggregators, such as
the median, also occur. Much of the academic literature also considers “Pareto-weighted
sums” of the form >, \;U;(¢) (where ); are individual-specific constants); this might seem
to be excluded due to the symmetry requirement, but actually it too is welfarist by this
definition, since it can be written as the symmetric aggregate >, ﬁz(qb) where U; = \U;.

The theory of equal opportunity, in turn, has its philosophical roots in Rawls (1971)
and Dworkin (1981a,b). (See the survey by Roemer and Trannoy (2016) for a brief
overview of other major contributions in the philosophy literature.) This theory is egali-
tarian in spirit, but only some inequalities are considered undesirable. Thus, if one person
earns less than another because she was born into a poor family, or is a member of a group
that faces discrimination, this inequality is considered undesirable, and policy should aim
to mitigate it; but if the differences come from different preferences over consumption and
leisure, or choosing different kinds of careers in the knowledge that the market rewards
them differently, this difference in outcomes is acceptable. More specifically, differences
among agents can be described by two kinds of variables, denoted by ¢ and e, and policy
should aim to compensate differences in outcomes associated with variation along the c
dimension but not the e dimension. To connect explicitly to the concept of opportunity,
we can interpret ¢ as capturing variation that leads to unequal opportunity initially, and
e as capturing whatever heterogeneity leads to different outcomes given the same oppor-
tunity. The question of exactly what real-world attributes correspond to each variable is
outside the formal model; we simply take the parameterization of agents by (¢, e) as given.
(These letters come from the terms “circumstances, effort,” which have become standard
in the relevant literature. However, it might be better to think of e as “merit” or “skill”
rather than “effort,” since it is a characteristic of the agent, not a choice variable.)

Any policy ¢ leads to an outcome for each agent, measured numerically by some
quantity A(c,e,¢). This A is called “advantage” or “achievement,” and is treated as
interpersonally comparable. Note that A need not be identified with individual welfare
(this distinction is natural given the philosophical pedigree of the theory, which views
“genuine” welfare as interpersonally non-comparable). Instead, A is the object for which
we wish to equalize opportunity: for example, we can speak about “equal opportunity for
income,” or, in a health policy context, “equal opportunity for longevity.”

The evaluation of policies is then based on two core principles:

e Aversion to inequality due to differences in ¢: for agents with different ¢ but the
same e, we evaluate policies based on the advantage of the worst-off, min. A(c, e, ¢)

(the “compensation principle”).



e Neutrality toward inequality due to e: for agents with different e but the same ¢, we

evaluate policies based on total advantage, > A(c, e, ¢) (the “reward principle”).

Of course, in general a population will feature differences in both ¢ and e, and no one
policy is optimal by both principles simultaneously, so we must mediate between them.

The criterion originally proposed by Roemer (1993, 1998) is

Z (mcinA(c,e, gzﬁ)) : (1.1)

This criterion can be loosely interpreted as a total measure of the opportunities that are

available to everyone in society. Van de gaer (1993) proposed the natural alternative

mcin (Z Alcye, gb)) : (1.2)

Both of these criteria coincide with the compensation and reward principles in the case
of “one-dimensional” populations (all agents have the same ¢ or the same e). These two
criteria were originally proposed on the basis of convenience; they, and others, have since
been characterized axiomatically by Ooghe, Schokkaert and Van de gaer (2007). For our
purposes, we will treat the compensation principle and reward principle—which determine
how policies should be chosen in the one-dimensional case—as being central to the theory
of equal opportunity. We will not take a firm stand on what criterion is used for general
populations, though both (1.1) and (1.2) will be considered.

Thus, equal opportunity resembles welfarism in that it proceeds from a numerical
measure for each agent and aggregates them to a population-level objective; but the
individual measure need not be interpreted as welfare, and the aggregator does not treat
all agents symmetrically but rather distinguishes between aggregation along the ¢ and the
e dimensions.

Next, we should identify a specific class of policy questions. This paper will focus on
distribution problems, in which a divisible good is available, in some specified quantity,
to divide among a population of agents. (For a concrete application, we can think of
a nonprofit foundation or government agency allocating scholarship funds to university
students, with a dual mandate: to use the money productively by giving it to the strongest
students, but also to promote social equity by giving extra support to applicants from
disadvantaged backgrounds. Thus, ¢ could measure, say, parents’ income, while e would be

a measure of academic merit.) There are a couple of natural reasons to focus on this class.



First, it figures prominently in much of the economics literature on equal opportunity,
such as Roemer (1998) and Maniquet (2004) (discussed further below). Second, one
criticism sometimes voiced against non-welfarist criteria is that they might choose Pareto-
dominated policies (Kaplow and Shavell, 2001). By studying distribution problems, we
can steer clear of that concern, since none of the options is Pareto-dominated.

Let us illustrate the framework with a example taken from Fleurbaey and Maniquet
(2011).} Suppose that ¢ and e are measured by positive numbers, and suppose the advan-
tage derived by any agent, A, depends on the agent’s characteristics (¢, ) and the amount

of the good x that the agent receives, via the formula?
A= (z+c)e. (1.3)

Consider a population of four agents, where ¢ and e can each take the value 1 or 3, and

each combination is represented by one agent.

¢ =1 | undeserving and poor | deserving and poor

¢ = 3 | undeserving and rich | deserving and rich

Suppoose there are 16 units of the resource to allocate among the agents. One can
calculate that the division that maximizes criterion (1.1), and the resulting levels of

advantage A, are given by

If the planner instead uses criterion (1.2), the solution is given by

e=1|e=3 e=1|le=3
z: c=1 0 28/3 A: c=1 1 31
c=3 0 20/3 c=3 3 29

In either case, we see the combination of “compensation” and “reward” features. The

!The example also appears quoted in Roemer and Trannoy (2016), although they give the wrong
answer for the policy that maximizes criterion (1.1).

2Henceforth, we write A as a function of ¢, e, z, rather than c, e, ¢ as before; this reflects an assumption
that an agent’s advantage does not depend on the amount of the good received by others.



reward aspect assigns all of the good to the high-e agents, who are most productive at
converting it to advantage. The compensation aspect assigns more of the good to low-c
than to high-c agents (but the two criteria differ in exactly how much more).

Now we can turn to the topic of this paper. Suppose that we observe the choices made
by an equal-opportunity-maximizing (henceforth “opportunitarian”) planner—not in this
example, but in any population of (c,e) parameters, and with any total amount of the
good. In particular, the planner adheres to the compensation principle and the reward
principle as above. (In the formal statements, we will restrict ourselves to one-dimensional
populations, where these two principles are sufficient to define the planner’s preferences.)
Are these same choices also consistent with a welfarist criterion?

The space of possible welfarist criteria is large. Many forms for the individual welfare
measure U are possible: one could take U = A = (x + ¢)e, but one could also take
U = z + ¢, say, or even just U = x. That is, different welfarist planners could have
different views as to what is the right way to take the individual characteristics (c, ) into
account (if at all) in making interpersonal comparisons of welfare; our only restriction is
that U should represent each individual’s “preferences” by being increasing in z. Planners
could also have different views as to what the aggregator function W should be. Rather
than make presumptions about these views, our question is whether any such view would
replicate the opportunitarian choices.

Our first major result, Theorem 3.1, says that, for the advantage function (1.3) as
in the example, the answer is no (subject to some mild regularity conditions on the
welfarist representation). Moreover, this negative answer holds even if we only consider
the opportunitarian’s choices on “minimal” populations—consisting of just two agents.

However, this example has a feature that is arguably rather special: a discontinuity
in the equal-opportunity solution. For two agents with equal e and just slightly different
¢’s, the good should be distributed approximately equally. Yet, for two agents with equal
c and slightly different e’s, the linearity of > A leads to a corner solution—giving all of
the good to the higher-e agent. It is perhaps no surprise, then, that no welfarist criterion
can match both kinds of choices.

If we consider instead an advantage function that is even slightly concave in z, this
discontinuity disappears: for populations of similar agents, total advantage and worst-off
advantage are both maximized by distributing the good roughly equally. For example,

suppose that instead of (1.3), advantage is measured by

A=t (1.4)



Now there is indeed a welfarist criterion that replicates the opportunitarian’s choices on
any minimal population (and indeed any one-dimensional population): namely, the total
advantage, > A. Indeed, it is obvious that this criterion satisfies the reward principle. To
check the compensation principle, note that if the population has no variation in e, then
maximizing total advantage is equivalent to maximizing > v/« + ¢, which by concavity
leads us to equate x + ¢ across all agents (to the extent possible; it may happen that some
agents with high ¢ end up at a corner, x = 0), and this is indeed the same allocation the
opportunitarian would choose.

This example shows that, on a qualitative level, the central principles of equal opportunity—
the compensation principle and the reward principle—are indeed jointly compatible with
a welfarist framework. It also raises the natural question: is the example typical? That
is, if we consider an arbitrary specification of the advantage function A(c, e, x), does the
situation look more like the example (1.3) or like (1.4)?

A natural conjecture is:

e (Conjecture A) As long as A is strictly concave in z, there exists a welfarist criterion

that replicates the opportunitarian’s choices.

As it turns out, this conjecture is strongly false. In a suitable sense, for “most”

specifications of the advantage function, this replication is impossible. One simple coun-

A=+/(c+e). (1.5)

(The impossibility in this example follows from the general result that will be described
shortly.)
On the other hand, the specification (1.4) is not totally unique either; it belongs to a

terexample is given by

broader family of specifications for which there is a welfarist criterion that replicates the
opportunitarian’s choices, and we can ask whether the structure of the criterion in the

example is typical within that family. In particular, two more natural conjectures are:

e (Conjecture B) In the cases where a welfarist criterion can replicate the opportuni-

tarian’s choices, this can be done with A itself being the individual welfare measure.

e (Conjecture C) In the cases where a welfarist criterion can replicate the oppor-
tunitarian’s choices, this can be done with the criterion being utilitarian (i.e. the

aggregator W is the sum function).



As it turns out, Conjecture B is again false. An example is
A =1—exp(—cex). (1.6)

Here, the opportunitarian’s choices cannot be replicated by a welfarist criterion where
U = A (we will explain why in Section 4). But they can be replicated by the criterion of
maximizing total welfare, where the individual welfare measure is

1 A

U=—(1—exp(—cexr)) = —.

- p(—cex)) = —
They can also be replicated by the criterion of welfare of the worst-off, where now the
individual welfare measure is

~ 1 1
U = gexp(ce:c) = m

Indeed, note that U /0x = 1/U, so that (by first-order conditions) the problem of max-
imizing Y U is equivalent to equalizing 1/ U , or equivalently equalizing U. Tt is then
immediate that, in a population with e constant, this is equivalent to equalizing A (the
compensation principle). And in a population with ¢ constant, maximizing » U is clearly
the same as maximizing »  A.

Conjecture C, on the other hand, is true. That is, in looking for a welfarist criterion
that replicates the opportunitarian choices, granting the freedom to use more exotic ag-
gregators rather than the sum function actually makes no difference. Moreover, the same
is true if we wish to use the min aggregator instead of the sum; as we just saw in the
example (1.6), a min-based representation can describe the same choices as the sum-based
representation.

All these findings are consequences of our two main results, Theorems 4.4 and 4.5,
which identify the class of specifications of A for which a welfarist criterion can replicate
the opportunitarian choices. An intuition can be gained by picturing a three-dimensional
(¢, e,x) space, as shown in Figure 1(a). Holding e fixed, and varying ¢ and z so that the
value of A stays constant, traces out a curve in this space (an “A-curve”). The compen-
sation principle says that, in a population with constant e, the good should be allocated
to put everyone on the same A-curve (aside from corner solutions). Likewise, holding ¢
fixed, and varying e and x so that the marginal advantage 0A/Ox stays constant, traces

out another curve (a “B-curve”), and the reward principle implies that, in a population



with constant ¢, we should put everyone on the same B-curve. The figure shows a typical
point (the hollow circle) and the A-curves and B-curves passing through it.

Suppose the space can be sliced into surfaces (“foliated”) in such a way that each
surface is a union of A-curves, and also a union of B-curves. (An example of this situation
is shown in Figure 1(b); the figures depicts several of the surfaces, and some representative
curves on one of the surfaces.) Then, both principles say that all agents should be put
on the same surface. This choice can be represented by a welfarist criterion: let U be a
function that indexes the surfaces, and evaluate any allocation by the minimum of U in
the population. Alternatively, let U be a function satisfying oU /0x = Z o U, where Z
is any decreasing function, and then the criterion of maximizing the sum of U will also

select this allocation. This is the content of Theorem 4.5.

Figure 1: (a) A typical A-curve and B-curve. (b) A foliation in which each surface can
be partitioned into A-curves, and also into B-curves.

Conversely, Theorem 4.4 says that existence of such a foliation is also a necessary
condition for the desired welfarist representation. It is intuitive that this should be a
necessary condition if we assume that the welfare aggregator takes either the min or the
sum form: either the level sets of U or those of OU/dx, respectively, form the foliation
surfaces. What is more surprising is that the foliation remains a necessary condition even
without making such an assumption. Roughly speaking, these forms for the aggregator
are forced on us by the first-order conditions for welfare maximization.

We can build on these findings to revisit the question of which allocation should be



preferred when the population is not one-dimensional—whether we should use criterion
(1.1), (1.2), or some other. In the cases where a welfarist criterion can replicate equal
opportunity for one-dimensional populations, it also provides a natural choice of allocation
for more general populations: namely, putting all agents on the same surface of the
foliation. This “canonical” allocation coincides with the solutions chosen by (1.1) and
(1.2) when all agents receive positive quantities, but it can differ from them in the corner
cases when some agents receive zero. This latter property is not a failing of these specific
criteria, however: Proposition 5.7 shows that no aggregation procedure that uses only
information about the agents’ advantage levels and their positions in (¢, e) space can
select the canonical allocation whenever it exists.

This completes the preview of our results. We defer further interpretive discussion to

the conclusion.

1.1 Related literature

The starting point for this work is that the currently prevailing approach to evaluating
policies in economics is welfarist. Although this claim might seem uncontentious as a de-
scription of the status quo, note that many applied economic questions are not concerned
with heterogeneity among agents and so can be studied with models where all agents
are identical (at least ex ante), in which case welfarism seems relatively uncontroversial.
What is more specifically relevant here is that even in models with heterogeneous agents,
it is common practice for the modeler to impose a specific functional form that makes
preferences comparable across agents and then to aggregate. A few recent examples of
this practice are Ales and Sleet (2022) in a taxation setting, Diamond (2016) in urban
economics, and Nigai (2016) in trade.

Perhaps most relevant is the work by Lockwood and Weinzierl (2015), who study an
optimal taxation problem in which agents vary along two dimensions (interpreted as “abil-
ity” and “preference for consumption”), which are behaviorally equivalent but normatively
distinct. They work directly in a welfarist framework—maximizing a Pareto-weighted sum
of utilities—which thus entails an assumption about how to make interpersonal compar-
isons; their parameterization is chosen so that whenever the population varies only on
the preference dimension, the optimal tax policy is laissez-faire. (Dworczak ® Kominers
® Akbarpour (2021) take a similar modeling approach in a market design context, though
without reference to the equal opportunity literature.)

As noted above, there are multiple approaches to conceptualizing equality of oppor-

10



tunity in the economics literature. This paper focuses on one particular version for the
sake of concreteness, and specifically chooses to follow Roemer (1998) because it has in-
spired numerous applications, both theoretical and empirical (see e.g. Roemer and Tran-
noy (2016) for a survey). However, the main results generalize to other formulations, as
discussed more in Section 6.

One alternative literature is that on “libertarian egalitarianism” based in the work of
Fleurbaey (1994, 1995) (see Fleurbaey (2008) for a book-length treatment). This liter-
ature, like the approach here, assumes that agents differ in two kinds of characteristics,
only one of which calls for compensation. However, there are two main conceptual differ-
ences. The first is that the “utilitarian” reward principle articulated here is replaced with
a “natural” reward principle, which specifies that when agents differ only in e, all agents
should receive the same amount of the good. The second is that the framework used is
axiomatic, rather than based on a optimizing a numerical objective. (This makes it less
obviously suited to comparing non-optimal allocations, which may be why this approach
has received less attention outside of the theoretical literature.)?

A separate literature, following Kranich (1996) and Ok (1997), conceives of “opportu-
nities” as elements of some abstract set and attempts to develop a theory of opportunity
inequality analogous to the theory of income inequality. This theory is more challenging
to apply to specific policy problems and, as far as this author is aware, has not informed
empirical work.

The one paper that shares the same basic goal as this one—of understanding whether
equal opportunity is equivalent to welfarism (and why or why not)—is Maniquet (2004).
That paper obtained the surprising finding that equal opportunity can always be repre-
sented as welfarism. In Section 6 we return to discuss the relation between the two papers

and account for their diverging results.

2 Preliminaries

We will write R for the set of nonnegative real numbers and R, for the positive reals.

Primes following names of single-variable functions (such as H'(u)) denote derivatives

3Also in contrast to Roemer (1993) and Van de gaer (1993), the strategy taken by Fleurbaey (1995)
to deal with the tension between the reward and compensation principles is to relax one or the other by
requiring it only in specific cases. This leads to the “egalitarian-equivalent” and “conditional equality”
solutions in Fleurbaey (1995). Versions of these solutions can be formulated in our framework; both of
them aim to equalize some measure of individual well-being across the population, so they are easily seen
to be replicable by a welfarist criterion with the min aggregator.
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unless otherwise indicated; primes elsewhere simply distinguish related variables (such as
x and z').

Agents will be indexed by a pair (c,e) of characteristics (termed “circumstances”
and “efforts” in the literature). We take as given open intervals C = (¢,¢) C R and
E = (e,e) C R, from which the values of (c,e) are drawn. The openness assumption will
be convenient for many of our arguments, but it is not a substantive restriction here.

A population is a set of the form P = C x E, where C, E are finite, nonempty subsets
of C and E respectively. Note that this definition is restrictive: it imposes that ¢ and e are
independently distributed in the population, and also that there are no two agents at the
same (c,e) pair. These restrictions are commonly imposed in previous literature, often
for expository convenience.? In particular, the interpretation of a criterion such as (1.1)
becomes more complicated when general populations are allowed. The restriction will not
be problematic for us: our negative results on existence of welfarist representations will
clearly continue to hold if more general populations are allowed, and in the cases where a
welfarist representation does exist, it naturally extends to pick out a particular allocation
in non-product populations.

A population is one-dimensional if |C| = 1 or |E| = 1, and two-dimensional otherwise.
It is a two-agent population if |C' x E| = 2; two-agent populations are one-dimensional.

Given a population P = C x E, an allocation on P is a function X : P — R,

specifying how much of the good each agent in the population receives.

It will sometimes be convenient to notate an allocation X as a list (cﬁl, Ao ,c%zn> ,
meaning that X is defined on a population whose elements are (ci,e1), ..., (cs,e,), and
X(Ci, ei) = Z;.

A distribution problem consists of a pair (P,T), where P is a population and T € R,..
We may also refer to this as a distribution problem on P. Write Ap(Z) for the set of
allocations X : P — Ry such that >, . pX(c,e) = T. The interpretation of the
problem (P, T) is that the planner needs to choose an allocation in Ap(7T).

Next, given a population P, we consider the planner’s preference over allocations on

it. A preference, notated 7, is a weak ordering (reflexive, transitive, complete) over

~)

4In Roemer (1993, 1998, 2002), independence of ¢ and e holds by definition: the analyst observes
some proxy variable that may conflate effort and circumstances, and the relevant measure of effort is
defined to be the quantile of this variable conditional on circumstances, which is therefore necessarily
independent of c¢. That specific approach to defining e will not work here, as it is important that we allow
variable populations with different choices of E (see Proposition 2.1). On the other hand, Roemer (2002)
argues that his definition of e is appropriate because otherwise the distribution of effort is a property of
the circumstance type, which, by hypothesis, agents should not be held responsible for; that defense for
assuming independence between ¢ and e does still apply here.

12



the allocations on P. We denote the asymmetric part of the preference by > and the
symmetric part by ~. The preference is monotone if for all allocations X, X', the following

are satisfied:
o if X'(c,e) > X(c,e) for all (¢,e) € P, then X' - X; and
o if X'(c,e) > X(c,e) for all (c,e) € P, then X’ >~ X.

The preference is continuous if, for all X, the sets of allocations {X’ | X’ = X} and
{X"| X z X'} are closed (in the natural topology).

To define equal-opportunity preferences, we take as exogenously given an advantage
function A : Cx ExR, — R. We denote its typical arguments as (c, e, z). We assume that
A is twice continuously differentiable in all variables jointly, and its derivative with respect
to x is positive. (The examples (1.3), (1.4), (1.6) satisfy these assumptions, assuming all
values of ¢ and e are positive. The example (1.5) fails differentiability at = 0, though
this failure is irrelevant to the purpose of the example; it can also be avoided by replacing
x with © 4+ « for any constant a > 0.)

An opportunitarian planner evaluates any allocation X on any population P = C x E
using a numerical criterion VPOP(X). An allocation X that maximizes VEOP over Ap(T)
is called an equal-opportunity choice for the distribution problem (P,Z). When P is

one-dimensional, VFOP is defined as follows:
o If |E| =1, then VFOP(X) = min(.oep A(c, e, X (c, €)).
o If [C] =1, then VFOP(X) =37 \cp Alc,e, X(c,e)).

For now, we avoid specifying VFOP when P is two-dimensional.
We now consider welfarist criteria to evaluate allocations. A welfarist criterion is a

pair of functions of the form (U, W), where
o U:C x E xR, — R, strictly increasing in its third argument z;

o W :U,>2R" = R, and for each n, the restriction of W to R" is weakly increasing

in all arguments and is symmetric (i.e. invariant to permutations of its arguments).

We interpret U as the measure of individual welfare, and W as the aggregator. In much
of the paper we will only need to concern ourselves with the behavior of W on RZ?,
but we define welfarist criteria for general population sizes to avoid multiple redundant
definitions. For completeness we can also include R! in the domain of W, and take W to
be the identity there.

13



Note that we require W only to be weakly increasing, not strictly; this is natural given
that the opportunitarian criterion uses the min operator.
We will often use the variable W to denote a welfarist criterion. We can naturally use

such a criterion W = (U, W) to evaluate an allocation (on any population) by defining
W (cﬁl, . ,Cyfzn> =W(U(cy,er, 1), ..., Ulcn, n, Tn))- (2.1)

If the allocation is denoted by X, then we can write this value more simply as W(X). By
symmetry of W the order in which the agents are listed is irrelevant.

We say that the welfarist criterion W is a welfarist representation of equal opportunity
for one-dimensional populations, or more simply that W represents equal opportunity for

one-dimensional populations, if

arg ngo)%f) VEOP(X) = arg xénﬁ:%f) W(X) (2.2)
for every distribution problem (P, Z) in which P is one-dimensional. Likewise, we will say
that W represents equal opportunity for two agents if (2.2) holds whenever P is a two-
agent population. We may say informally that W represents equal opportunity when we do
not need to be precise about which version is meant. We are interested in understanding
when a welfarist representation of equal opportunity exists.

Note that (2.2) requires exact equality of the sets of optimal choices for the two criteria.
A weaker definition of representation would only require the maximizers of V¥ to form
a subset of the maximizers of W, but then a welfarist representation would trivially
always exist: we could take U(c, e, ) = x and W to be the sum function, and then every
allocation would be a maximizer of W.

It may be helpful to briefly discuss what welfarism “means” in this context. Welfarism
essentially requires anonymity at the aggregation stage. It does not mean symmetry with
respect to the values of x; that is, it does not require W (cﬁl,%’? =W 0113;1,653’?
Nor does it mean symmetry with respect to the individual advantage levels A(c, e, x). It
allows an individual well-being measure that has been adjusted to take account of the
individual’s attributes before being fed into the aggregator; what is required is that this
adjustment should be independent of who else is in the population, or of how much of the
good they receive. (The term “welfarism” is used in different ways in the social choice
literature, but this usage seems to be consistent with the closest work, e.g. Maniquet
(2004); Roemer (2002, pp. 460-461).)

14



We now give a couple of background results that will help motivate the specific for-
mulation of our main results in the following sections. (Their proofs, and all others, are
in the appendix.)

First, if we consider a single, fized population P, then welfarism has no bite: any
well-behaved preference over allocations that the planner could have can be represented

by a welfarist criterion.

Proposition 2.1. Consider any population P = C' x E, and any continuous, monotone
preference - over allocations on P. There exists a welfarist criterion VW such that, for
all allocations X, X' on P,

W(X) > W(X') if and only if X = X'.

The reason is that, when the population is fixed, the only restriction imposed by
welfarism as we have defined it (aside from monotonicity) is that W should be symmetric;
but the individual welfare function U can be chosen so that different agents’ welfare have
disjoint ranges, and then the symmetry requirement becomes vacuous.

This motivates instead allowing P to vary and requiring representation for all possible
P, which is why we consider C' and F in ambient ranges C', E. In order for comparisons
across populations to have force, we need to further require U to be well-behaved with
respect to changes in the individual characteristics. In particular, a continuity requirement
seems natural. (Such a requirement then avoids the phenomenon in Proposition 2.1,
because the ranges of U(c, e, ) cannot be disjoint for agents who are sufficiently close in
(¢, e)-space.)

We will actually consider the following stronger requirement. Say that W = (U, W) is

reqular if

e U is jointly continuously differentiable in its arguments (c,e,z), and OU/0x > 0

whenever z > 0; and

e for each n, W is continuous on R".

It might seem inappropriate to require differentiability here, given that the opportuni-
tarian uses a min criterion, which is not differentiable. However, note that we are requiring
differentiability only on the individual welfare measure U, not the aggregator W-—and
we already assumed that A was differentiable. Thus, requiring regularity does not make
the welfarist more constrained than the opportunitarian. (The author conjectures that

Theorems 3.1, 4.4 will continue to hold even without this requirement.)
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Our second background result says that, once the population can vary (and regularity
is imposed), no welfarist criterion can agree with the equal-opportunity preferences over

all allocations, even just for two-agent populations.

Proposition 2.2. There is no reqular welfarist criterion W = (U, W) such that, for every

two-agent population P = C x E and any two allocations X, X’ on P,
W(X)>W(X')  ifand only if  VEOP(X) > VEOP(X).

The reason is quite simple: considering populations that differ only in ¢, W would have
to replicate the min-advantage criterion and so be indifferent to increases in one agent’s
quantity (at least over the relevant part of its domain), whereas considering populations
that differ only in e, YW would need to be strictly increasing; we cannot have both of these.

For this reason, we focus on just seeking a W that agrees with VFO? as to the optimal
choices in distribution problems, rather than agreeing over all possible allocations. This
goal requires nothing in terms of preferences between two non-optimal allocations of a
given total quantity, nor between two allocations with different total quantities.

It bears mention that, while the preceding simple explanation for Proposition 2.2 relies
on the “extremeness” of the min operator—its failure to be strictly monotone—the result
itself does not. In fact, one can prove a similar impossibility result for any formulation of
equal opportunity that entails more inequality aversion for agents differing in ¢ than in e.

The details will be left to a separate paper.

3 Linear advantage

We now proceed to study when a welfarist representation of equal opportunity exists. We
begin with the advantage specification (1.3) from the opening example, which we restate
here for convenience:

Alc,e,x) = (z + c)e.

We assume C, E C R, .

What would the equal-opportunity planner do, in any distribution problem with a
one-dimensional population? If |F| = 1, so the population varies only in ¢, then the
planner wishes to equalize A, which is done by giving each agent enough of the good
so that x 4 ¢ is equalized in the population. If doing this requires more than the total

available amount Z, then some agents (those with high ¢’s) will simply be given 0, while
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x + ¢ will be equalized among the remaining agents. If |C'| = 1, so the population varies
only in e, then the planner wishes to maximize total A, which entails giving all of the
good to the one agent with the highest e.

Our first main result states that no regular welfarist criterion agrees with these choices—

even if we only consider two-agent populations.

Theorem 3.1. Assume that A is given by specification (1.3). There is no reqular welfarist

criterion that represents equal opportunity for two agents.

An intuition is that the equal-opportunity choices involve a discontinuity as the two
agents converge to the same (c, e) pair: if they are arbitrary close and differ only in ¢, the
good is equally split, while if instead they differ only in e, the good is given entirely to
the higher-e agent. Thus the first step toward Theorem 3.1 is:

Lemma 3.2. Assume that A is given by (1.3). Suppose the regular welfarist criterion
W = (U, W) represents equal opportunity for two agents. Then, for any (c,e) € C x E
and for any x € Ry, and y € [0, 2z],

o ) () o a0,

Noe that the W(- - - ) notation in the lemma is not, strictly speaking, the welfarist value
of an allocation, since two agents with the same (¢, €) pair do not constitute a population.
(Indeed, if we had defined populations in a way that allows this, then Lemma 3.2 would
point to an even more basic problem—the equal-opportunity choice is not defined for such
a population.) Nonetheless we can still interpret this notation via (2.1).

This lemma alone is not enough for a contradiction; many welfarist criteria do satisfy
its conclusion. Instead, the key step is the lemma below, which is not specific to the
advantage specification (1.3) and will also be useful in the next section.

Suppose [u,u] C R is some interval, and m > 0. If the functions H : [u,u] — [0,m],
G :[0,2m] — R, and W : R? — R satisfy

W(ul, UQ) = G(H(U1> + H(u2))

for all uy,uy € [u,u|, we call the pair (G, H) an additive representation for W on the

interval [u, u).
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Lemma 3.3. Let i : [0,1] = C x E x Ry, be a continuous curve; denote its component
functions as p(t) = (c(t),e(t),z(t)). Let W = (U, W) be a regular welfarist criterion.
Suppose that

1. the function t — U(u(t)) is a bijection from [0,1] to a non-degenerate interval
lu,u] € R;

2. for every t,t' € |0, 1], there exists € > 0 such that
c(t),e(t) c(t').et’) ct)e(t)  c(t)elt)
W z(t), (') | >Wzt)+ext)—e¢
for all e € (—€,€), with strict inequality if t # t' and € # 0.

Then, the restriction of W to R? has an additive representation (G, H) on the interval

[u,@]. Moreover, G, H are strictly increasing, and H is differentiable.

The essential meaning of the lemma is the following. Suppose that we have a curve in
(¢, e,x)-space such that the equal-opportunity planner, facing any distribution problem
with two agents, would divide z between them so that they both land on the curve if
possible. (Condition 2 of the lemma is simply the local optimality condition for the
planner’s problem.) If U takes distinct values along the path, the lemma tells us that W
must have an additive representation on the corresponding interval of U-values. That is,
roughly speaking, one of the following must be true: either U is constant along the path,
or else W looks locally like the sum function, after an appropriate reparameterization of
the individual utility measure.

Why is the lemma true? It essentially follows from the first-order condition for the
equal-opportunity planner’s problem. For a sketch, assume that both U and W are
differentiable. Then, for any ¢ and ¢’, considering condition 2 of the lemma and using the

first-order condition at € = 0 gives

% WU (c(t), e(t), z(t) + €), Uc(t'), e(t'), z(t') — €))| o = 0
or, more explicitly,

U
w®auwy 0T

ow

" Ouy

L
) ox

ow

Ouy

—0 (3.1)

w(t')

(u(t),u (¥’ p(t)

18



(where arguments to W are being notated uy, ug, and u(t), u(t') denote the values of U at
points (1), u(t)).

Rearranging,
g_w oU
Ul u(t)u(t)) O ()
G “ (3.2)
002 | () ut')) g

Suppose we define H by the differential equation

ou

H'(u(t) x -

Then (3.2) becomes

ow
ouq

wuwy _ H'(ut))
H' (u(t))
(u(®),u(t"))
This says that, at the point (u(t),u(t')), the level curves of the functions W (uy,us) and

H(uy) + H(u2) have the same slope. By varying ¢ and ¢, this holds for all (us,us)

ow
Ousg

in a neighborhood, thus the level curves must coincide, which means W (uy,us) can be
expressed as a function of H(uy) + H(us).

The full proof of Lemma 3.3 shows that a more careful version of this argument works
even without assuming that W is differentiable.

Once this lemma is in hand, completing the proof of Theorem 3.1 is relatively me-
chanical. For populations of two agents with the same e, the equal-opportunity planner

would like to equalize their values of x 4+ ¢—that is, to put them on a curve of the form
{(c,e,x) | e constant, x + ¢ constant} (3.3)

if possible. If the value of U along such a curve is non-constant, we can apply Lemma
3.3 to obtain an additive representation for W over an interval. A few calculations then
show that it is impossible for such a W to satisfy the equality in Lemma 3.2—that is,
given a “population” of two agents at the same (c, €), to be indifferent between allocating
the good equally and allocating all to one agent—while strictly preferring the equalizing
allocation for two agents at the same e but distinct nearby c’s, as the equal-opportunity
planner should. This leaves only the possibility that the value of U is constant along each

curve as in (3.3), but this possibility is easy to rule out directly.
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4 Concave advantage

We now get rid of the discontinuity in equal-opportunity allocations that was a driving
force behind Theorem 3.1 by assuming that the advantage function A is strictly concave
in x. More specifically, we will rely on the following assumption throughout the remaining

results.

Assumption 4.1. The function A(c,e,x) satisfies the following everywhere:
o 0?A/02% < 0.
o A is weakly increasing in c, and 0A/0x is weakly increasing in e.

The role played by the monotonicity assumptions with respect to ¢ and e will be
explained later.

(We could alternatively replace either instance of “increasing” by “decreasing” in the
second part of Assumption 4.1; this is tantamount to reversing the order on ¢ or e.
However, the version here seems most natural since it implies that the equal-opportunity
planner would be inclined to give more of the resource to lower-c and higher-e agents.)

For some results it will be useful to have the following slightly stronger assumption,
which allows us to extend all the differentiability conditions to a neighborhood of the

x = 0 boundary:

Assumption 4.2. There exist a function A:CxEx R, — R and a constant o > 0 such
that A(c,e,z) = g(c, e,x + «) for all (c,e,x), and A is twice continuously differentiable,
satisfies 811/835 > 0, and satisfies all the conditions of Assumption 4.1.

To comment briefly on the examples from the introduction in relation to these assump-
tions: specification (1.4) satisfies Assumption 4.2 as long as values of ¢, e are bounded
strictly above 0; (1.5) can be tweaked to satisfy it (as before) by replacing = by = + a for
any positive «; and (1.6) satisfies it if ¢, e are bounded above 0, z is replaced by = + «
where « is a constant that depends on C' and E, and the ordering on e is reversed (see
the proof of Proposition 5.7).

It will be useful to write B = —0A/0x. The function B(c,e,z) is negative-valued
and strictly increasing in x. B plays a role symmetric to A from the point of view of the
equal-opportunity planner: for a population with constant e but different ¢’s, the planner
wishes to allocate the good to equalize A; for a population with constant ¢ but different
e’s, the planner wishes to equalize B (since this corresponds to the first-order condition

to maximize the sum of A across agents).
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More formally, we can describe the equal-opportunity choices as follows.

Lemma 4.3. Let P = C x E be a one-dimensional population. For any distribution
problem (P,T), there is a unique allocation X* that mazimizes VFOP, and it can be char-

acterized as follows:

1. If |[E| =1, then X* is the unique allocation of total quantity T having the following
property: there is a value A* such that every agent (c,e) with A(c,e,0) < A* is
given a quantity x such that A(c,e,x) = A*, and every agent with A(c,e,0) > A* is

given 0.

2. If |C| =1, then X* is the unique allocation of total quantity T having the following
property: there is a value B* such that every agent (c,e) with B(c,e,0) < B* is
given a quantity x such that B(c,e,x) = B*, and every agent with B(c,e,0) > B*

15 given 0.

It is useful to conceptualize these optimal choices in terms of curves in (c, e, x)-space.
Holding fixed the value of e, and varying ¢ and z so as to keep A constant, we trace out

a curve, which we call an A-curve. That is, an A-curve is a set of the form
{(c,e,2) € C x E xR, |e=e" Alc,e,x) = A*}

for some e* and A*. Likewise, we define a B-curve to be a set of the form
{(c,e,2) € C x ExR, | c=c" Blc,e z) = B*}

for some ¢* and B*. Note that the monotonicity conditions in Assumption 4.1 ensure
that each A-curve is connected, with x being a (weakly) decreasing function of ¢ along
the curve; and each B-curve is connected, with = being a (weakly) increasing function of
e along the curve.

In any population of agents with the same e, the equal-opportunity planner wishes to
put all agents on the same A-curve (aside from those who get zero and are still above this
curve); in any population of agents with the same ¢, the planner wishes to put them all
on the same B-curve. These properties are what we use below.

The key condition to have a welfarist representation of equal opportunity is that
(c,e,z)-space can be divided into surfaces, with each surface expressible as a union of

A-curves and also as a union of B-curves. Formally: We define an AB-foliation to be
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an equivalence relation ~ on the set C' x E x R, such that for all (c,e,z),(c,¢,2') €
U X E X R++:

o if e = ¢/, then (c,e,z) ~ (¢, €, 2) if and only if A(c,e,x) = A(d, €, 2');
o if c=(, then (c,e,z) =~ (¢,€,2') if and only if B(c,e,z) = B(c, €', 2’).

(Note that we have restricted to > 0; it will be convenient to work with this open set
and then deal with z = 0 later.) The equivalence classes are called leaves of the foliation.

Intuitively, an AB-foliation exists if, whenever we start at a point (¢, e, x) and walk
through space along A-curves and B-curves, if we return to the initial values of (c,e),
then we also return to the initial value of x.

With this definition, we can state our main results.

Theorem 4.4. Suppose that Assumption 4.1 holds. There is no reqular welfarist criterion

that represents equal opportunity for two agents unless an AB-foliation exists.

(Thus, when the foliation does not exist, this theorem—Iike Theorem 3.1—says that a
welfarist cannot match the equal-opportunity choices even if we only consider two-agent

populations.)

Theorem 4.5. Suppose that Assumption 4.1 holds, and an AB-foliation exists. Then
there is a welfarist criterion (U, W) that represents equal opportunity for one-dimensional
populations. In fact, there exists such a criterion in which the aggregator W is the min
operator; there is also one in which W is the sum operator. Moreover, if Assumption 4.2

holds, these welfarist criteria are reqular.

The intuition behind Theorem 4.5 is relatively straightforward. If an AB-foliation
exists, we can index the leaves from “lowest” to “highest,” and then define U(c, e, z) to be
the index of the leaf in which point (¢, e, x) lies. This U, together with the min operator for
W, constitutes a welfarist representation of equal opportunity (for any one-dimensional
population): indeed, this welfarist criterion is maximized by putting all agents on the same
leaf, to the extent possible, which corresponds in one-dimensional populations to putting
them all on the same A-curve or B-curve. Moreover, to generate a welfarist representation
(17 , W), where W is the sum function, notice that allocating x to maximize the sum of
U corresponds to equalizing the marginal values oU /Ox, so it suffices to define U in such
a way that OU/8z = Z(U) where Z is a decreasing function (in order to ensure the

maximand is concave).
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Theorem 4.4 says that existence of an AB-foliation is also a necessary condition for
a regular welfarist representation. The reason for this is a bit more subtle. If we cannot
construct an AB-foliation, this means that we can walk a path through (c, e, x)-space
along A-curves and B-curves and return to our starting (c, e)-coordinates, but at a dif-
ferent value of = (see Figure 2(a)). This already precludes a welfarist representation in
which W is the min function: such a representation would mean that the planner wants
to equalize values of U, so U should be constant on each A-curve and B-curve, and there-
fore constant along the whole path, but this is impossible because U should be strictly
increasing in x. A slight extension of this argument shows that we also cannot have a
regular welfarist representation in which W is the sum function: Such a representation
would require OU/0z to be constant along the path, and then by perturbing the path
(as in Figure 2(b)), we can reach a region of other points in (¢, e, z)-space, so OU/dx
must be constant throughout this region; but then all allocations contained in this region
would give equal welfare, contradicting that the equal-opportunity allocation should be
the unique maximizer.

To build on this reasoning to rule out any aggregator function, we use Lemma 3.3.
Because U cannot be constant throughout the path (as we already saw), the lemma
applies, and it implies the aggregator can be written as W(uy, us) = G(H (uy) + H(us)),
at least locally. Then maximizing W is equivalent to just maximizing H(uq) + H(uz),
and so we have a regular welfarist representation where the individual utility measure is
H o U and the aggregator is the sum function—but we already argued for why the latter
property is impossible.

To summarize, if a regular welfarist representation exists, either the utility measure
U is constant along A-curves and B-curves, in which case we can use it to construct the
foliation; or else we can apply Lemma 3.3 to obtain an additive representation, and in
such a representation, marginal utility is constant along A-curves and B-curves, which
again gives us the foliation.

Some additional complexity in the proofs arises from the fact that Lemma 3.3 applies
only locally, and so in the proof of Theorem 4.4, we must show that the foliation exists
locally—in a neighborhood of each (c,e,x) point—and then patch together the local
pieces. It is here that the second part of Assumption 4.1 plays a crucial role: it ensures
that each A-curve and B-curve is connected, so that gluing together local pieces does
give us an entire foliation. The assumption also plays a role in the proof of Theorem 4.5,
because each foliation leaf may cover only a portion of the rectangle C' x E (that is, as

we move along an A-curve, x may fall to zero or shoot up to infinity without reaching
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Figure 2: (a) A non-closing path along A-curves and B-curves. (b) Perturbing the path.

all c-values, and likewise along B-curves). The monotonicity assumption ensures that
even when different leaves cover disjoint parts of this rectangle, we have an unambiguous
notion of which leaf is higher than the other.

We can illustrate Theorem 4.4 by verifying that, for the example advantage specifi-
cation (1.5) from the introduction, there is no AB-foliation, and therefore the theorem
implies that no regular welfarist criterion can represent equal opportunity. We have not
specified C, E for this example, but they can be arbitrary intervals in R, ,. Take ¢,¢ € C'
and e, ¢ € F with ¢ < ¢ and e < ¢'. If the foliation exists, then the following must all lie

in the same leaf (adjacent points are either on the same A-curve or the same B-curve):

/ "2
(076’ 1) ~ | ¢, 6/, C—|—_€ o~ c',e’, (C+€)
C e Cc—T e)c e
- e+ ) +e)

< (e O ~ (e ot AT

But since the fraction in the third coordinate of the last point is greater than 1, this point

cannot be in the same foliation leaf as (¢, e, 1), a contradiction.
We can also use the analysis to address another claim made in the introduction:
that the advantage function (1.6) does not allow a regular welfarist representation of

equal opportunity with U = A. We just sketch the argument. Because U = A is not
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constant along B-curves, Lemma 3.3 implies that the welfare aggregator would have to
have an additive representation (G, H), and so, as argued above, marginal utility in this
representation, namely 6%([{ o A), would have to be constant along A-curves and B-
curves. But this marginal utility equals H'(A) x 0A/0x, and H'(A) is automatically
constant along A-curves while 9A/dx is not, so their product cannot be—a contradiction.

We can explore a bit further the class of advantage specifications for which an AB-
foliation does exist; this discussion will be left somewhat informal. If the foliation exists,
then we can consider a welfare function U that indexes the leaves as in Theorem 4.5.
For any fixed value of e, there is a one-to-one (and increasing) correspondence between

A-curves and values of U, and thus we have the equation
U=1.(A)

for some family of increasing functions I,, parameterized by e. Likewise, for any fixed

value of ¢, we have the equation

U= JC(B>

for some family of increasing functions J., parameterized by c. Consequently, for any

given choice of the families (1), (J.), we can write the equation
B = J (I.(A)). (4.1)

Now, for each fixed (c,e), we can use the fact that B = —0A/Jx (the first time we use
this relation!) to write (4.1) explicitly as a homogeneous differential equation governing
the function A(c,e,-):

oA
o, = (L(A(c,e, 2))). (4.2)

For each (c,e) pair, let K..(t) be an antiderivative of the function —1/J'(I.(t)), nor-
malized by taking (say) K..(0) = 0 for each (c,e), and write L., for the inverse of K.
Then we get

A(x) = Le(2)

as a solution to the differential equation, or more generally
A(x) = Lee(x + Blc,e))

where ((c,e) is any function of (¢,e) (subject to the smoothness and monotonicity re-
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quirements).
This provides a recipe for generating many examples of advantage specifications that
are consistent with an AB-foliation. For example, if we simply take I, to be the identity

function for each e, then K is parameterized by ¢ alone, thus so is L, and we can write
Afw) = Lo(w + fle,e))

That is, e enters into the advantage function only through the additive shifter §(c,e).
And indeed, for any advantage function that can be decomposed in this way (with L.
strictly concave), the equal-opportunity choices simply correspond to equalizing A over
the population—thus we have a welfarist representation where the individual welfare
measure is A itself, and the aggregator is the min. Similarly, if we instead take J. to be

the identity function for each ¢, then L is parameterized by e alone, and we get
A(z) = Le(x + B(c,€)).

For any advantage function of this form, the equal-opportunity choices correspond to
minimizing the sum of A over the population—so we have a welfarist representation
where the individual welfare measure is A and the aggregator is the sum (such as the
example (1.4) from the introduction). If we take nontrivial choices for both I. and J.
then we can generate more complex examples of A’s. For example, by taking a linear
specification, I.(A) = e¢(A — 1) and J.(B) = B/c, then (4.2) reads 0A/0x = ce(1l — A),
which is how the example (1.6) was generated.

How much flexibility in the choice of A is afforded by the condition (4.2)? Essentially,
for any fixed ¢* and e*, if we specify the values of A at points of the form (c*,-,-) and
(+,e*,-), then (4.2) pins down the rest of A, up to the choice of the shifters 5(c, e). We can
see this because if we write M., = J ! o I, then (4.2) identifies the function M. . for all
e and M, - for all ¢, and then these determine the function M, . for any other (¢, e)-pair
via the relation

-1
M.e=Mgexo M oo M,

*
,€e

and thus L., is also determined for each (c, e)-pair. This is a way to see that the class of

specifications of A that allows for an AB-foliation is rich but very far from generic.
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5 Larger populations

So far, we have focused exclusively on one-dimensional populations. When an A B-foliation
does not exist, a (regular) welfarist criterion cannot represent equal opportunity even for
these special populations. However, when it does exist, such a representation is possible,
and it is natural to ask whether the representation extends to general populations. This
requires first specifying what the equal-opportunity choice is in general; recall that it can
be defined in various ways—by maximizing objective (1.1), or (1.2), or something else.

We begin by pointing out that when an AB-foliation does exist, it already suggests
a natural solution to any distribution problem: namely, give each agent an amount that
puts them on the same foliation leaf (or zero, in corner cases).

Formally, assume that the advantage function A satisfies Assumption 4.1 and that
an AB-foliation exists. Let U be the function that, together with the min aggregator,
provides a welfarist representation of equal opportunity for one-dimensional populations
(from Theorem 4.5). For any distribution problem (P,Z), define the canonical allocation
as follows: for some value u*, each agent (c,e) € P with U(c,e,0) < u* receives x such
that U(c,e,x) = u*, and each agent (¢, e) with U(c, e,0) > u* receives 0; the value of u* is
determined such that the total quantity allocated is exactly . Note that this allocation
indeed exists and is unique.’

Note also that the specific U constructed in the proof of Theorem 4.5 is not essential
here; any U that indexes the leaves of the foliation will give rise to the same canonical
allocation.

It is immediate that the welfarist criterion (U, min) selects the canonical allocation in
any distribution problem. (The argument is similar to Lemma 4.3.) However, there can be
other welfarist criteria that represent equal opportunity for one-dimensional populations
but select a different allocation in some two-dimensional populations. This suggests that
our canonical allocation may not be quite so canonical. This is because the requirement
of representing equal opportunity for one-dimensional populations does not constrain

the shape of the welfare aggregator at points (uq,...,u,) that can arise only in a two-

5To see existence, pick a value u < min yep U(c,e,0) and @ = ming)ep U(c,e,T). For each
u € [u, )], define 271 (ulc,e) to be the quantity = such that U(c,e,z) = u, or 0 if U(c,e,0) > u. This
is a weakly increasing, continuous function of u. So, Z(C,e)epm’l(uk, e) is also weakly increasing and
continuous in u, running from 0 at u to a value > T at w, so it hits T at some u in between, and this
determines u*. To see uniqueness, note that if two allocations X*, X** both satisfy the conditions for the
canonical allocation with corresponding welfare levels u* < u**, then X*(¢,e) < X**(¢,e) for all (¢, e),
with strict inequality for any agent who receives a positive amount at either allocation, so they cannot
both sum to 7.
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dimensional population.

For a concrete example, let C' = E = (0,8), and suppose the advantage function is
given by A(c,e,x) = x/(1+ ). This satisfies the differentiability requirements and As-
sumption 4.1. It has an AB-foliation in which all sheets are flat; thus, in any distribution
problem, the canonical solution would simply divide the good equally. Now consider the

(regular) welfarist criterion W = (U, W), where

x
Ul(c,e,x) :H——x+c+€;

W(ug,...,u,) = ZUZ + € - max{0, max u; — minu; — 10},

where € is a small positive constant. Note that in any one-dimensional population, in
any allocation X, the difference between the highest and lowest values of U(c, e, X (c,€))
is less than 10 (because the x/(1 + z) terms are all between 0 and 1, and either all ¢
terms are equal and the range of e-values is less than 8, or vice versa). Therefore, the
second term in the definition of W will always be zero, and maximizing WV is equivalent
to maximizing the sum of U, which is achieved by dividing the good equally. Thus, this
criterion represents equal opportunity for any one-dimensional population. But consider
the two-dimensional population P = {1,7} x {1,7}, and quantity 4 of the good. The
canonical solution would divide the good equally. However, locally near this allocation,
the welfarist criterion is linear in utility with a weight 14 € on the (7,7) agent and weight
1 — € on the (1,1) agent, so this criterion would be improved by taking some of the good
away from the (1,1) agent and giving it to the (7,7) agent.

On the other hand, the canonical allocation is indeed singled out if we further restrict
ourselves to welfarist criteria in which the aggregator is separable, as in Debreu (1959);
Gorman (1968). Essentially, these are the criteria for which the planner’s preference
over allocations of the good within a subset of agents does not depend on the quantities
received by the remaining agents.

More specifically, say that a symmetric function W : U,>2R" — R is weakly separable

: , o
if, for all 1 <m < n,all (z1,...,2,) and (z4,...,2)), if
/ /
W1,y Ty T 1y o o5 @) > WY, oy X Tty -+ -5 T,
then
/ / / / / !/
W (1, . Ty Ty @) 2> WX, 2,2y, T).
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The sum and min are familiar examples of weakly separable aggregators; many others,
such as the median, are not. (The specific combination of strict and weak inequalities in

the definition is needed in order for the min function to satisfy it.) Then:

Proposition 5.1. Suppose the advantage function satisfies Assumption 4.2 and an AB-
foliation exists. Then, in any distribution problem (P, ), the canonical allocation X*(P,T)
1s the unique allocation X with the following property: for any regular welfarist criterion
W = (U, W) that represents equal opportunity for one-dimensional populations and such

that W is weakly separable, X mazimizes W over Az(P).

We take this henceforth as sufficient justification for focusing on the canonical alloca-
tion.

Now, how does this compare to the allocations selected by equal-opportunity criteria
in the literature? As noted in the introduction, there are two main such criteria®: the

“sum-of-mins” criterion (1.1), which we write out more explicitly as

VEM(X) = Z (minA(c,e,X(C, 6)))

ceC
eck

(for any population C' x E and any allocation X on it); and the “min-of-sums” criterion
(1.2):

V™2 (X) = min <Z A(c, e, X (c, e))) :

ceC
eckE

We note that these each select a unique allocation:

Lemma 5.2. As long as the advantage function A is strictly concave in x, for each
distribution problem (P,T), there is a unique allocation that maximizes V2™, and also a

unique allocation that mazimizes V"2,

We will accordingly refer to these allocations as X=™(P, %) and X™2(P,Z) (or just
X2 ™ and X™2 when the arguments are clear from context). We will also write X *(P, Z)
(or just X*) for the canonical allocation.

In general, the canonical allocation, the sum-of-mins allocation, and the min-of-sums
allocation need not coincide. In particular, they can differ in “corner” cases where some

agents receive zero of the good.

In the literature, e.g. Roemer and Trannoy (2016), these criteria have also been called the “mean-
of-mins” and “min-of-means.” The distinction between sum and mean is of course not substantive; by
using sums, we avoid carrying around a 1/|E| multiplicative factor.
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For a simple example, let ¢ = E = (1,5), and suppose advantage is given by
A(c,e,x) = y/(z+c)e as in (1.4). There is an AB-foliation; on each foliation leaf,
e/(x + ¢) is constant. Consider the population C' = E = {2,4}, and the total quantity

T = 7. The canonical solution X* is the following allocation:

e=2|e=4
c=2 1 4
c=4 0 2

This puts agent (4, 2) at the corner and puts the other three agents on the same foliation
leaf.

To see that X2=™ is different from X*, it suffices to check that X* does not maximize
the sum-of-mins criterion. Consider starting from X* and reducing the amount given to
the (2,4) and (4,4) agents by € each, and increasing the amount given to (2,2) by 2e.

The sum-of-mins criterion evaluates this allocation at

V(B+26)-24+/(6—¢€)-4=1+6+4e+ 24— 4e

which is increasing in € at ¢ = 0. Thus a perturbation in this direction would be an
improvement.

And improving the min-of-sums criterion is even easier: at the canonical solution, the
sum of advantages for the ¢ = 2 agents is strictly below that of the ¢ = 4 agents, so
taking some of the good from agent (4,4) and giving it to agent (2,4) would lead to an
improvement.

On the other hand, this phenomenon is specific to corner solutions in the sense that

it does not arise when all agents are allocated positive quantities of the good:

Proposition 5.3. Suppose that A satisfies Assumption 4.1, and that an AB-foliation
exists. Consider any distribution problem (P, T). If at least one of the allocations X*(P, ),
XXm(PT), X™X(P,T) gives positive quantities to all agents, then all three of these

allocations coincide.

The result follows relatively easily from examining the marginal conditions to optimize
the sum-of-mins and min-of-sums criteria.

In some cases, this equivalence also holds even when some agents are at corners. The
key condition is that, for each leaf of the foliation, the set of (¢, e) pairs that it covers has

a product structure. When this happens, in the canonical allocation for any distribution
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problem, the set of agents receiving positive quantities also has a product structure,
thereby avoiding the phenomena that drive the different solutions apart in the preceding
example.

To formalize this, continue to suppose that Assumption 4.1 holds and an AB-foliation
exists. We say that the flat-curve condition is satisfied if, for all (c,e) € C x E, either
A(d,e,0) = A(c,e,0) for all ¢ < ¢ or B(c,e¢/,0) = B(c,e,0) for all ¢ > e (or both).
Intuitively, this says that either the A-curve or B-curve through (c,e,0) is flat rather
than extending to points above = = 0.

An equivalent condition is as follows. Let U again be the function that indexes the
foliation leaves (constructed in the proof of Theorem 4.5). Then say that the product-
domain condition is satisfied if, for every u* € R, there exist thresholds ¢(u*) € [¢,¢] and
e(u*) € [e, €] such that, for all ¢,e, we have U(c,e,0) < u* if and only if ¢ < ¢(u*) and
e > e(u*). (Note that we can have ¢(u*) = ¢ or ¢, in which case the requirement ¢ < ¢(u*)
is never satisfied or always satisfied, respectively, and similarly for e(u*). Note also that
if this condition is satisfied for this particular function U, then it also holds for any other

continuous U that indexes the foliation leaves.)

Lemma 5.4. Suppose the advantage function satisfies Assumption 4.1 and an AB-foliation
exists. The flat-curve condition is satisfied if and only if the product-domain condition is
satisfied.

Proposition 5.5. Suppose the advantage function satisfies Assumption 4.1 and an AB-
foliation exists. If the flat-curve condition is satisfied, then for every distribution problem
(P,T), the allocations X*(P,T), X>=™(P, %), and X™>(P,T) coincide.

Conversely, if the flat-curve condition is not satisfied, then there exists a distribution
problem (P,T), where P = C x E with |C| = |E| = 2, such that the three allocations
X*(P, ), X2™(P,T), X™X(P,T) are all different.

Although we have been assuming existence of an AB-foliation, in fact, the second part
of Proposition 5.5 holds even without assuming this. When such a foliation does not exist,

the canonical allocation X* is not defined in general. However, we do have:

Proposition 5.6. Suppose that the advantage function satisfies Assumption 4.1, and for
every distribution problem (P,T), the allocations X>=™(P,T) and X™>(P,Z) coincide.
Then, an AB-foliation exists.

And in this case, the flat-curve condition must be satisfied (by the second part of

Proposition 5.5), so in fact all three solutions coincide in every distribution problem.
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Our next result is of a somewhat different flavor. We have seen that, even when there
is an AB-foliation so that the canonical allocation is defined, the sum-of-mins and min-of-
sums criteria may fail to select it. But perhaps this is just telling us that these criteria are
not the right way of defining the equal-opportunity choices. Is there some other way to
aggregate advantage that does always select the canonical allocation as optimal? Ideally,
we might hope to find a unique such aggregator; if so, that would suggest we could use
this aggregator to define the equal-opportunity criterion V¥°P more generally.

Unfortunately, the result below tells us that such an aggregator does not exist.

To state the result, we now need to allow the advantage function A to vary. Then the
canonical allocation in any distribution problem depends on A; write X (P, T) accordingly.

We also define an advantage allocation to be a set of triples, of the form
{(c,e,y(c,e)) |ce Ce€ E}

for some population C' x E and some function y : C' x E — R. For any specification of
A and any allocation X over a population C' x E, we can define the resulting advantage

allocation
AlX] ={(c,e,A(c,e, X(c,e))) | (c,e) € C x E}.

And now define an advantage aggregator V to be a function that maps every advantage
allocation (over any population) to a real number. Note that, unlike welfare aggregators
W that simply take as input a numerical list of welfare values, an advantage aggregator
needs to be told which agent (¢, e) is associated with each advantage value. This is natural,
since the standard aggregators (such as the sum-of-mins and min-of-sums) make use of

this information.

Proposition 5.7. There is no advantage aggregator V that has the following property:
For every specification of the advantage function A that satisfies Assumption 4.1 and has

an AB-foliation, and every distribution problem (P,T),

arg | max V(AX]) = {X4(P,7)}. (5.1)

Moreover, this impossibility arises even if we only consider distribution problems in which

P =Cx E with |C] = |B| = 2.

Note that this proposition indeed requires allowing the specification of A to vary,

unlike all of the other results in the paper. If we considered only a single, fixed A, then
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we could trivially satisfy (5.1) in all distribution problems, by just defining V(X)) to be 1

whenever X is the canonical allocation in some problem and 0 otherwise.

6 Discussion

We have adopted a formulation of equal opportunity based on Roemer (1993, 1998) for
the sake of concreteness. However, it should be clear that much of the analysis applies
equally well to many other formulations with the same basic structure: two-dimensional
heterogeneity among potential agents, one basic criterion used to evaluate allocations
in constant-c¢ populations, and a different criterion for constant-e populations. As long
as the equal-opportunity allocations in one-dimensional populations are defined so as
to satisfy Lemma 4.3, for some functions A and B that have appropriate smoothness
and monotonicity properties, then versions of our main results, Theorems 4.4 and 4.5,
will hold. Indeed, these results make no use of the fact that A and B are related by
B = —0A/0x. Thus, for example, instead of adopting complete inequality-aversion and
inequality-neutrality (the min and sum operators) for the Compensation and Reward
principles, we could use some alternative, less extreme criteria. Alternatively, we could
keep the extreme inequality attitudes but assume the planner has different individual-
level objectives, say min A in constant-e populations and ) A’ in constant-c¢ populations,
where A’ is a function different from A. (This might be natural, say, in a situation of
allocating scholarships: we could imagine a compensation principle that says scholarship
funds should be allocated across ¢’s to equalize the benefit that students derive, but
allocated across e’s to maximize total social benefits, which could differ from individual
benefits.) Finally, we could replace our reward principle by a version of the principle used
in Fleurbaey (1995), specifying that in constant-c¢ populations the good should be divided
equally: simply take B(c, e, x) = x.

This paper draws inspiration from Maniquet (2004), who also studies the possible
equivalence between equal opportunity and welfarism. This paper adopts major features
from that one, in particular the setup with variable sets of agents and the focus on distri-
bution problems. However, Maniquet works in the libertarian egalitarianism framework of
Fleurbaey (1994, 1995). In particular, the approach is axiomatic: Maniquet proposes a set
of axioms for a social preference order to capture equality of opportunity, and shows that
any preference satisfying these axioms can be represented as welfarist—a rather different
conclusion than in this paper. Importantly, one of Maniquet’s axioms is a consistency

axiom (a close relative of separability), requiring that when two allocations differ only for
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a subset of agents, the planner’s preference between them should be the same as if the
agents outside this subset were not present. This is a significant restriction: for example,
in our setting, the criteria (1.1) and (1.2) do not satisfy it. In fact, under the assumptions
of Section 4, when there is an AB-foliation and thus a welfarist representation of equal
opportunity exists, the sum representation does satisfy consistency. Conversely, when
there is no AB-foliation, one can readily check that no social preference over allocations
satisfying consistency will always select the equal-opportunity allocation in two-agent dis-
tribution problems (even without worrying about welfarism). This implies that, in our
framework, the notion of equal opportunity satisfies consistency if and only if it has a regu-
lar welfarist representation. This offers a new perspective on Maniquet (2004), suggesting

that the consistency assumption made there is actually playing a major role.

7 Conclusion

The concept of equal opportunity, with its dual principles of compensation and reward,
seems to be a quite different approach to evaluating policies than the welfarist method
that is standard in economics: the latter (as understood here) is based on anonymous ag-
gregation, allowing individual characteristics to matter only insofar as they enter into the
formula for individual welfare. We have asked whether this actually leads to distinguish-
able policy prescriptions, using a standard class of one-good distribution problems as a
test case. Initial examples suggest that it does not. These examples indicate that there is
no fundamental incompatibility between welfarism on the one hand, and the combination
of compensation and reward on the other.

However, these examples use specific forms for the advantage function. For most pos-
sible specifications, the equivalence breaks down—the equal-opportunity choices cannot
be represented by a (regular) welfarist criterion. There is a particular family of specifi-
cations for which they can; this family is characterized by the existence of A B-foliations.
Moreover, within this family, the individual welfare measure is usually different from the
advantage function, although in special cases it can coincide. Whenever such a welfarist
representation does exist, in fact there exists a utilitarian one—where the welfare aggre-
gator is the sum function—and also an egalitarian one—where the aggregator is the min.
In the search for a welfare criterion, we have allowed ourselves complete freedom in the
choice of aggregator, but this freedom turns out not to be useful.

When the sought-after welfarist representation does not exist, there is a simple struc-

ture that rules it out: a path along A-curves and B-curves from a point (¢, e, z) to (¢, e, 2’),
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with 2’ # z. Roughly speaking, this structure rules out a utilitarian representation be-
cause, for such a representation to exist, marginal utility would have to be equal at any
two points in (¢, e, x)-space that can appear together in an optimal allocation; these con-
straints force marginal utility to be equal across too many points in the space. Similarly,
an egalitarian representation is ruled out because absolute utility would have to be equal
across too many points. When considering more general welfare aggregators, we can re-
duce to the utilitarian case by using the first-order condition for the planner’s problem
to show that the aggregator locally has a separable structure, and thus other aggregators
do not bring us additional possibilities.

One possible interpretation of the results is that equal opportunity is indeed different
from welfarism in general, but the difference is somewhat subtle. If we have particularly
strong intuitions about what equal opportunity should mean in some application—in
particular, if there is a path along A-curves and B-curves as above that we confidently
regard as comprising the “correct” solutions to the corresponding distribution problems—
then a welfarist criterion is not sufficient to capture these intuitions. On the other hand,
if our intuitions are a bit less precise, it can be perfectly possible to express the ideas of
compensation and reward while working in the familiar welfarist framework. In particular,
the analysis offers tools for modelers, interested in writing down tractable models (such as
that of Lockwood and Weinzierl (2015)) that express these dual goals; we have identified
the class of advantage specifications that makes this possible. (Of course, we have worked
here in the simpler setting of distribution problems; doing a similar analysis for taxation
problems as in Lockwood and Weinzierl (2015), or other applications, is left to future
work.)

Note also that even in the cases where a welfarist representation does exist, the indi-
vidual utility measure U(c, e, z) is simply a formal representation of the opportunitarian’s
choices in a particular class of problems. It does not follow that this measure has any
natural normative interpretation; such interpretations are likely to be application-specific.

More generally, the starting point of this paper is that economics should engage more
directly with the range of approaches to evaluating policies that are prominent in popular
discussion, and that a first step for such engagement is to try to understand when and why
these approaches have different implications than the usual welfarist approach. Identifying
the differences can potentially help sharpen normative debates over which approach to

use. A hope is that this paper will inspire other efforts in this direction.
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A Omitted proofs

A.1 Proofs from Section 2

Proof of Proposition 2.1. First, it is a standard consequence of continuity and monotonic-
ity that, for any X, there exists a unique quantity x°(X) such that the allocation that
gives every agent quantity x°(X) is considered indifferent to X. Then, for any two allo-
cations X, X', we have X 77 X’ if and only if 2°(X) > 2°(X’), by transitivity. We use
this to define a welfarist criterion as follows.

Arbitrary label the n = | P| members of the population as (¢;, €;) for i = 1,...,n. This
lets us identify allocations on P with n-tuples of nonnegative numbers. For each i, let U;

be an increasing bijection from R to the interval [i,i41). Define U by Ul(c;, €;, ) = U;(x)

for each 1.
Let S denote the set of n-tuples of real numbers (ui,...,u,) such that, for each
i=1,...,n, exactly one coordinate u; lies in [¢,7 + 1); and for such an n-tuple and 1, let

u(;) denote the value of this coordinate. Define W:S—>R by

—~

W(ul, ... ,un) = Ul({Eo(Ul_l(U(l)),Uz_l(U(Q)), cee U_l(U(n)))).

n

Because of the outer U; operator, W takes values in [1,2). Now define W : R — R by

. —_ , /
Wi(uy, ..., u,) = inf  W(ui,...,u,),
(ul,...,ul)es
ul,>u; for all i

with W(uy,...,u,) =2 if no such (u},...,u},) exists.

For completeness, we need to also define U for agents not in P and define W for
arguments of dimension other than n. These can be done arbitrarily (say, U(c,e,x) =«
and W(uy, ... up) =uy + -+ Up).

It is immediate that U is strictly increasing in x, that W is weakly increasing (because
the inf is taken over a decreasing set), and that W is symmetric. Thus W = (U, W)
defines a welfarist criterion. We claim that for any allocation X on P, we have W(X) =
Uy (2°(X)); this will imply W(X) > W(X') iff °(X) > 2°(X"), and our desired conclusion
will follow.

To verify the claim, take X given, and define u; = U;(X(¢;,¢;)) for each i. Then

(ug,...,u,) € S, and the only other n-tuples (u},...,u,) € S that have u, > wu; for

»'n

each i are ones that are already in increasing order, in which case W(u},... ,u,) >

»on
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—~

W(uyq,...,uy,). Therefore,

O

Proof of Proposition 2.2. Suppose such a criterion exists. Pick any (c,e) € C' x E and
any v € R, . Let u* = U(c,e,z). For any € sufficiently small, c+ € € C and e + € € FE,

and continuity of U (and strict monotonicity in z) implies that there exist z1, x5 with
U(c+e,e,x1) =Ul(c,e + €,19) = u™.

Again by continuity and strict monotonicity in z, by choosing u’ larger than u* and

sufficiently close to it, there exist o/, 2, z, with
Ule,e, ') =U(c+e,e,x)) =Ule,e+€,25) =u'.

Consider population {c,c+e€} x {e}. If A(c,e,z) > A(c+e€, e, 1), then VEOP evaluates

the two allocations <C§ce, C}T) and | 2, e equally (both are valued at A(c + €, e, x1)).

c,e cte,e c,e ctee
If A(c,e,z) < A(c+e,e,x1), then VEOP evaluates <x, J:El > and (Q}, x) ) equally (both

valued at A(c,e,x)). So, by hypothesis, we have
c,e ctee C’? cte,e c,e ctee c,e c+§,e
W(x, :1:’1>:W T, I or W(x, xl):W T, 1

and thus in either case
W(u*,u*) = W(u*,u).

On the other hand, consider population {c} x {e, e + €¢}. We have
c,e c,et+e c,e cete
YEOP (i, x—g) = A(c,e,2) +A(c,e+e,13) < Alc,e, )+ A(c, e+e, ah) = PEOP (x, x )

and thus
c,e c,ete c,e c,ete
W(x, x2><W<x, xg)
and thus
W(u*,u*) < W(u*,u').
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This is a contradiction. O

A.2 Proofs from Section 3

Proof of Lemma 3.2. Consider € > 0 small enough that c—¢,c+e€ C ande+€e € E. In
the distribution problem with population {c¢ —¢€,c+ €} x {e} and quantity 2z, the unique

equal-opportunity choice gives the two agents = + €,z — ¢; thus, for any y € [0, 2z],
c—e,e  ctee c—¢,e cte,e
Wl lae+texz—e|2>2WI 22—y, ¥ |.

In the distribution problem with population {c} x {e + ¢, e} and quantity 2z, the unique
equal-opportunity choice gives all of the good to the first agent; thus,

cete ce cete  ce
W 2x,0)>2WI(22—-y,Y |.
Taking ¢ — 0 and using continuity gives the asserted result. O]

Proof of Lemma 3.3. Write u(t) = U(u(t)). By assumption, this is a continuous bijection
from [0, 1] to [u,@]. It is either increasing or decreasing; assume it is increasing (otherwise
just reverse the order on t).

Claim: If uy, v, us, vy € [u, @] with u; < u} and ug < uh, then W(uy, us) < Wuj,uh)
strictly.

To see this, suppose otherwise. Then, because W is weakly increasing, it would have
to be constant on the rectangle [uj,u}] X [ug,u)]. Then, we can choose t # t' with
u(t) € (ug,u)) and u(t') € (ug,uly). If we take any e > 0 sufficiently small, then still we
have U(c(t), e(t),z(t) + €) € (uy,u)) and U(c(t),e(t'),z(t') — €) € (u2,u)). But then we

would have
c(t),e(t) c(t')e(t) c(t),e(t)  c(t)e(t)
W z@), z(t') | =W |z@t)+ex)—¢],

contrary to condition 2 of the lemma.
Now, define H by

v 1
H(u) = / o dii.

0a | u(u=1 (@)

Thus, H is a differentiable, strictly increasing bijection from [u, @] to [0, m], where m =
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H(w), and we have

ou
Tl
for each ¢ € [0, 1].
We wish to show that W (uy,us) is a function of H(uy) + H(usz). Suppose for contra-

diction that there exist two points (uy,us), (u}, ub) € (u,u)? such that
H(uy) + H(uz) = H(uy) + H(us) (A1)

but W(uy,us) # W(uj,ul,). Without loss of generality, assume W (uf,u)) < W(uy,us).
In order for (A.1) to hold, it must be that v} < w; and u} > uy or vice versa. Assume
that indeed u} < uy and u!), > uy (otherwise, just swap u; with us and ) with u}). Now

consider the assertion
W (H’l(H(ul) + H(ug) — (1 — 0)H (uy)), u'z) < W (uy, ug). (A.2)

When § = 0, the left side is simply W (u}, u), and the assertion holds by hypothesis. So,
for small 6 > 0, the left side remains well-defined and (A.2) continues to hold. Fix such
ad.

Now define the differentiable function J on the rectangle [u,u]? by
J(uf,uz) = H(uy) + (1 — 0)H (uj).

Choose a point (uf,uy) to maximize the value of J over the rectangle [u],ui] X [ug, ub],
subject to the constraint W (uf,uy) < W(ui,us). From (A.2), the point (H'(H (uy) +
H(ug) — (1 — 0)H (u})), ub) is feasible in this maximization problem, and the value of
J there is higher than J(uy,us), implying that the point (u;,us) is not optimal in the
maximization problem. Moreover, J is increasing in each coordinate. Consequently, we
must have uf > us.

We have either uvf < u; or v = w;. Suppose first that vf < u;. Consider points ¢,
and ty such that u(ty) = u] and u(ty) = uj. For small € > 0, define

ui(e) = Ulc(tr), e(tr), z(t1) + €);

us(€) = Ulc(ta), eta), z(ta) — €).
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For small €, the point (u;(€), uz(€)) still lies in the rectangle [u], u1] X [ug, uj], and

N N c(tr),e(t1)  c(t2)e(ta) c(t1).e(t1) c(t2).e(t2)
W(ti(e),uz(e)) =W z(ty) + e, z(ta) —e | W a(t1) , z(t2) | =W(uf,uy),
(A.3)

where the inequality again comes from hypothesis 2 of the lemma. So (u1(€), u2(€)) is a

feasible point in the maximization problem defining (uf,u}). Moreover,

%J(ﬂl(e),ﬂz(e)) B = H'(u(ty)) x g—g ( )+(1—5) X H'(u(ty)) x <—2—Z ( ))
= 1+(1-0)x(-1)
= 0
> 0

Therefore, for small €, we have J(u;(€), uz(€)) > J(u1(0),u2(0)) = J(uy, uy). This contra-
dicts the optimality in the definition of (u],uj).

Therefore, we must instead have u} = uy. In this case, again define ty, ¢, u;(€), and
us(€) as in the previous case. For small € > 0, we still have inequality (A.3). Now,
however, the point (u;(€), uy(€)) lies strictly above (uy, us) in both coordinates. However,

from our initial claim, this implies W (uy, us) < W(uy(€), uz(€)). Thus,
W(ul,u2) < W(ﬂ1<€>,62<6)) < W(u’ll,ug) < W(Ul,UQ),

which is impossible. So this case leads to a contradiction too.
Thus, it follows that for all (u1,us) € (u,u)?, the value of H(u;) + H(us) uniquely

determines W (uy,uz), i.e. we can write

for some function G. As uy varies continuously over the interval (u, ), and us is kept equal
to uy, the value of H(uy)+ H (ug) increases continuously from 0 to 2m, and W (uq, uy) also
increases continuously (strictly, by the claim); this pins down G throughout the interval
(0,2m), and G is continuous and strictly increasing. Finally, we can extend the definition
of G to the endpoints by G(0) = W(u,u) and G(2m) = W (u,u); easily, (A.4) implies
G is continuous at these endpoints. Then, by continuity (A.4) holds on the boundary of

the square [u, ] as well, so it holds throughout the square. And we have already checked
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that G and H are both strictly increasing and H is differentiable, as needed. O]

Proof of Theorem 3.1. We assume the desired welfarist criterion W = (U, W) exists, and
seek a contradiction.

First we show that one of the following two cases holds:

(i) There exist ¢* € C and e* € E, and small € > 0, such that U(c,e*,0) is constant in

cforce ¢ —e " +e.
(ii) There exist ¢* € C, e* € E, € > 0, and values u < @ such that

e W|g: has an additive representation (G, H) on the interval [u,u], with G, H

strictly increasing, and

e Uc,e,x) € (u,u) for all (c,e,x) € [¢* —€,¢" + €] x {e*} x [0, 4€].

(In both cases, it is understood that e is small enough so that [c¢* —¢,¢* +¢] C C.)

To see this, suppose (i) does not hold. Fix any e* € E. Choose c' such that
oU /ac](cte*’o) # 0. (We can do this, since U is differentiable and, by assumption,
non-constant in ¢ for # = 0.) Choose ¢ > 0 small enough so that ¢/ — 2¢ > ¢ and
U0 (ot o 0y # 0

We claim that one of the choices ¢* = ¢! or ¢* = ¢l — ¢ has the following property:
the function Ul(c, %, ¢* — ¢) is non-constant in ¢ on the interval (¢, ¢*]. Suppose this is not

true for either choice. The constancy assumption implies

Ulc' — 2¢,e*,e) = U(clh — €,€*,0) (A.5)
and

Ulct — 2¢,e*,2¢) = U(ch — ¢, e*,¢), (A.6)

and therefore

cf—2e.e ct—e,e* ct—ee* ct—ee cf—eer cf—ce” ct—2¢e* cf—ee
w 2¢ , € =W € , € =W 0 , 2 =W e , 2 |.

Here, the first equality is by (A.6), the second by Lemma 3.2, and the third by (A.5).
However, in the distribution problem with population {c" —2¢, ¢ — ¢} x {e*} and quantity
3¢, the allocation that gives the agents 2¢, € respectively is an equal-opportunity choice,
while the allocation that gives them ¢, 2¢ is not, so VW should not value these allocations

equally—a contradiction.
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This proves the claim. Thus we now have ¢*,e* such that oU/dc (c*e%.0) # 0, and
U(c,e*, c* — ¢) is non-constant for ¢ € (¢, c¢*]. The former property implies that, taking

u* = U(c*, e*,0), for small enough 6 > 0 we have
(u* — 6,u* +9) C{U(c,e*,0) | ¢ € C}.

Using the latter property, let R(c) = U(c, e, ¢* — ¢); because R is differentiable and
non-constant in ¢, we can choose some point where its derivative is nonzero, and thus have
a closed interval I C (¢, ¢*) mapped bijectively by R to an interval [u,u] C R. Moreover,
we can choose this interval so that its image under R reaches points arbitrarily close to

U(c*, e*,0) = u*, in particular, so that
(u, @) N (u" = d,u"+6) # 0. (A7)

For any distinct ¢ < ¢ € I, we can consider the distribution problem with population
{c,d} x {e*} and quantity 2¢* — (¢ + ). The unique equal-opportunity allocation gives

these agents ¢* — ¢ and ¢* — ¢. Thus, for nonzero € with |e| < ¢* — ¢/, we have

c,e* c’,e* c,e* C/,B*
Wlc—c, "= | >W|c—c+e = —¢€].

The same inequality holds weakly for ¢ = ¢, by continuity (or by Lemma 3.2). Thus,
all the conditions to apply Lemma 3.3 are satisfied, and we obtain the claimed additive
representation.

This covers the first statement of (ii). For the second, by (A.7), we can find a point ¢/
with U(c,e*,0) € (u,u). By continuity, U remains in (u, @) throughout a neighborhood
of (¢,e*,0). Thus, relabeling ¢’ as ¢* (which does not affect the first statement), we get
the second statement of (ii) as well.

Thus we have shown that one of the cases (i), (ii) must hold, and now we proceed to
obtain a contradiction in each case.

First suppose case (i) holds. Then,

c*,e* c'tee” ce” cffee* c*tee*  c*fee* c*4ee*r CTtee”
Wi €, 0 >W| 0, € =W 0 , € =W e , 0 .

The inequality is by representation of equal opportunity, the first equality by the assump-

tion of case (i), and the second by symmetry.
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By monotonicity of W this implies
U(c*,e*,e) > U(c" +¢€,e"¢). (A.8)
We also have

e’ crqeer c*.e*  c*tee* et c*e* et ox er
W 2, ¢ >WI| 3e, 0 =W{ 3, 0 |>W| 2, ¢

where the first inequality is by representation of equal opportunity, the equality by case

(i), and the second inequality by Lemma 3.2. Then by monotonicity of W we get
U(c* +¢€,e"€) > U(c", e e)

contradicting (A.8).
Now suppose case (ii) holds. Let (G, H) denote the additive representation. We hold
fixed e = e* throughout the rest of the proof. For any ¢ € [¢* —¢€,¢* + €] and z,y € [0, 4],

it will be convenient to write
A (m S y) = H(U(c,e*,y)) — H(U(c,e", x)).

To see the usefulness of this notation, note that whenever

W(m g’c')zw<c’§, y> (A.9)

we can expand using the additive representation of W, cancel G’s on both sides, and then

rearrange terms to get
A (y’%x’) ZA(x@y). (A.10)

Likewise, if (A.9) holds as an equality (resp. strict equality), so does (A.10).

From Lemma 3.2, we have
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and applying the above observation gives us

A (6 C—>€2€) =A <OC—>66> .

Similar reasoning, again using Lemma 3.2, gives

A (266—3646) —A <o 0—726)
A(e—c>26) :A<Oc—>e>.

Now, in the distribution problem with population {c¢* — ¢,¢*} x {e*} and quantity e,

and

representation of equal opportunity implies

c*—ee*  cre” =€ e*
)4% e , 0 |>W 0o, € |,

A (ocje) > A (0 % e) . (A.11)

By similar analysis for the problem with same population and quantity 3¢, we get

A (0 c—> e) > A <266—>636)

and, for the same population with quantity 5e¢, we get

A <€ —c> 26) > A <3ec—>646> .

A(O—C>25> - A(Oc—>e> —|—A(e—c>26>
> A (266—36&) A (360—;646)

thus

Combining,
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However,
A<0—C>25) :A(Oc—>e> +A(€—c>2e) :2A<Oc—>e)
A (o 6—;626) —9A (oc—_fe) ,
A (O C—> e> > A (OC—_;G) ,

contradicting (A.11). O

and likewise

so we conclude

A.3 Proofs from Section 4

Proof of Lemma 4.3. Part 1: Continuity ensures a maximizer exists; we show any max-
imizer X must have the stated property. Let A* = min. A(c,e, X(c,e)). If ¢ is such
that A(d,e, X(c,e)) > A* and X(c¢,e) > 0, then we can decrease the quantity given to
agent (¢, e) by a small amount € and increase the quantity given to each other agent by
ICl;—l’ thereby increasing the objective, contradicting optimality. So every agent either
is given enough to exactly reach advantage level A* or is given zero and already has
A(d,e,0) > A*, which implies the stated property.

We also need to show that there is only one allocation with this property. Suppose that
two different allocations X*, X** have the stated property, with two different advantage
values A* < A**. Then, in particular, every agent with A(c,e,0) < A* receives positive
quantities in both allocations, and strictly more in allocation X** than X*. But in X*,
these agents’ quantities already add up to the total T (since the remaining agents receive
0). So their quantities in X** add up to more than T, which is impossible.

Part 2: Again, a maximizer exists, and we show any maximizer must have the stated
property. Let B* = min, B(c, e, X(c, e)), and pick some e attaining the min. If €’ is such
that B(c, €', X(c,€')) > B* and X (c,e’) > 0, then we can change the quantities assigned
to agents (¢, e) and (¢, €') by +€ and —¢, and increase the objective, a contradiction. Thus,
every agent either is given enough to reach a B-value of B*, or is given zero and already
has B(c,€,0) > B*, implying the stated property.

The proof that only one allocation has the stated property is exactly the same as for
part 1. O

For the remainder of this appendix section, we maintain Assumption 4.1.
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For the proofs of Theorems 4.4 and 4.5, it will be useful to have a few more definitions.

For (c,e,x), (c, ¢, 2') € Cx ExR,, write (c,e,x) <+ (c, ¢, 2) if the points (¢, e, x), (¢, €/, 2')
lie on the same A-curve or the same B-curve.

Suppose c CC, E C F are open intervals, and ¢ : C'xE — R, . is a function. Say
that & locally respects AB-foliation if, for all (c,e), (d,€’) € C xE,ifc=core=¢
then (c,e,&(c,e)) <> (¢, €,&(c,€)). A local foliation leaf is any set of the form

{(c,e,&(c,e)) | (c,e) € T x E'},

where £ : O xE — R, locally respects AB-foliation.

If (U, W) is a regular welfarist criterion, a local level set of U is a set of the form
{(c.,e,2) | (c,e) e C'x E, Ulc,e,z) = u*}

where 6/,E, are open intervals and u* is a value such that, for every (c,e) € C x E,,
some x € Ry, with U(c, e, z) = u* exists. Note that for every (c*,e*,2*) € C' x E x R,
there exists a local level set of U containing it, by choosing U/,E/ sufficiently small.
For any (c,e,z) € C x E x Ry, and any ¢ € C, define £4(c|c, e, ) to be the value
such that
A(d e, &4l |e,e,x)) = A(c, e, x)

if such a value exists. Note that ¢4 is defined on a neighborhood of {(c/, ¢, e, ) | ¢ = ¢},

and by the implicit function theorem, it is differentiable there, with

ot 0A/dc
o¢ ~  9Ajox

(¢/e84(cc,e,))

Similarly, for ¢’ € E, define £&(€’|c, e, ) to be the value such that B(c, €/, £8(e'|e, e, )
B(c, e, z) if such a value exists; £8 is defined on a neighborhood of {(¢/,c,e,z) | ¢ = e},
and differentiable with

ocr _ 0B/0e
d¢/  0B/ox

Notice also that if the function £4(:|c,e,x) is defined at some point ¢ and at some

other point ¢”, then it is also defined for every value in between, by the monotonicity of

A with respect to ¢ in Assumption 4.1 (and continuity in z). Likewise for £P.

Lemma A.1. Suppose the reqular welfarist criterion W = (U, W) represents equal oppor-

tunity for two agents. Suppose that S is a local level set of U, with U-value u*. If S is not
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a local foliation leaf, then W g2 has an additive representation, satisfying the conclusions

of Lemma 3.3, on some interval [u,u| with u < u* < 4.

Proof. Let & be the function such that © = £(c,e) for each (¢,e,x) € S. By the implicit

function theorem, ¢ is differentiable, with 9¢/dc = —gg;g; and 0¢/de = —gg;gfc.

Because S is not a local foliation leaf, there exist (¢, €', 2'), (", ", 2") € S with ¢/ = ¢’

ore =e" but (e, 2') 4 (", e’ 2"). Assume ¢’ = €”; the ¢ = ¢’ case is analogous. Fix
e =¢.
Thus, A(d,e°, ") # A(”, e, 2”). Consquently, there exists a point ¢® where the (total)

derivative of A(c,e° &(c,e®)) with respect to ¢ is nonzero:

DA HA [ U/de o
%—F%(_@U/ax)#o at(c7€7€(cae>)‘

Put 2° = £(c°, €°). By rearranging, the total derivative of the function U'(c) = U(c, €°, £4(c|c?, e°, 2°))

with respect to ¢ is nonzero at ¢°:

ou oU 0A/0c o o o
%—F%.(_—@A/f)x)#o at (c°, e, z2°).

Then, there exists a closed interval of c-values with ¢° in its interior, such that the
function UT takes this interval bijectively to an interval [u,u] in R. Letting ¢ € [0,1]

parameterize the interval, define

plt) = (c(t), e(t), x(t)) = (c(t), e, €4 (c(t)| ", €°, 2°)).

So condition 1 of Lemma 3.3 is met. To check condition 2, note that for any ¢t # t/,
we can take the distribution problem with population P = {c(t),c(t')} x {e°}, and total
quantity T = x(t) + «(t'). By Lemma 4.3, the unique equal-opportunity choice in this
problem gives the agents quantities x(t), z(t) respectively (since they then attain equal
values of A). Since W represents equal opportunity for two agents, it follows that the
strict inequality in condition 2 is met, with € = min; z(¢) (so that the allocations in the
condition are defined). Finally, continuity ensures that condition 2 is also satisfied (as a
weak inequality) when ¢’ = ¢.

Thus Lemma 3.3 applies, giving the desired additive representation on [u,u]. And

u* =U(c, e, 2°) = UT(c°) is in the interior of this interval. O

Lemma A.2. Suppose that the reqular welfarist criterion W = (U, W) represents equal

opportunity for two agents. Suppose that, on some interval [u,u], Wgz2 has an additive
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representation (G, H) satisfying the conclusion of Lemma 3.3. Suppose that (ci,eq, 1)
and (ca,€9,x2) are two points on the same A-curve or B-curve, with x1,x2 > 0, and

suppose that uy = U(cy, er,x1) and us = U(ca, €2, x5) both lie in the interval (u,w). Then,

(c1,e1,21) (c2,e2,22)

Proof. The assumptions imply that P = {(cy,e1),(co,e2)} is a population, and in the
distribution problem with population P and total quantity x; 4+ x5, the unique equal-
opportunity choice gives the agents x; and x5. So, if W represents equal opportunity for
two agents, then

w (655(121, c%?) > W (xil—e}—l €, x;2f26>
for all |¢] < min{zy,z5}. In particular, when € is close enough to 0, U(cy,er,z; +
€),U(ca, 9,79 — €) € (u,u), and we can use the additive representation, then apply G*

to get
H(U(cy,e1,m1)) + H(U (o, e2,22)) > H(U(cr, 1,1 +€)) + H(U (o, €9, 29 — €)). (A.12)

That is, the right side of (A.12) is locally maximized at ¢ = 0. The first-order condition
then gives the desired result. O

Lemma A.3. Suppose that the reqular welfarist criterion W = (U, W) represents equal
opportunity for two agents. Then, every point (c*,e*,x*) € C x E x Ry, is contained in

some local foliation leaf.

Proof. Fix (c*,e*, x*), and let u* = U(c*, e*,2*). Let S be a local level set of U around
(c*,e*,x*). If S is a local foliation leaf then we are done. Suppose not; then Lemma A.1
applies. Let [u, ] be as given by the lemma, and let (G, H) be the corresponding additive
representation for W there.

Consider neighborhoods C of ¢* in C, and E ofe*in E. For (c,e) € ' x E/, consider
attempting to define

zi(c,e) = |, e, x*);

zo(c,e) = &B(ele, et zi(c,e));
z3(c,e) = E4(cte, e, xa(c,€));
z4(c,e) = EB(e*|ct, e, m3(c,e))



These may not be defined for all (¢, e). However, by straightforward induction on j, each
function z; is defined and continuous on some neighborhood of (c*, *), and takes value z*
at (c*,e*). So, by taking C' xE tobea sufficiently small neighborhood of (¢*, e*), we can
assume that all z; are defined and continuous there. Moreover, if Ul,E/ are sufficiently
small, and X c R, is a sufficiently small neighborhood of z*, then the image of U on
C' xFE x X is contained in [u,@]. Assume this is the case; and by shrinking U/, E again
if necessary, we can further assume that for (c,e) € C x E, all values of zj(c,e) are
contained in X .

There are two possibilities: either
(i) for all (c,e) € C' x E , we have z4(c,e) = *; or
(ii) there is some (c,e) € C’' x E' for which this is not the case.

In case (i), we claim that x5 locally respects AB-foliation (on ' x E,); this then gives
us our local foliation leaf. To check this, consider two points (c,e), (c,€e’) € C <xE.If

¢ =, then z1(c,e) = z1(c,€'), so

B(c,e,x5(c,e)) = Blc,e*,x1(c,e)) = B(c,e*,x1(c,e")) = B(c, €, x3(c, "))

*

and hence (c,e,x9(c,e)) <> (¢, €, xa9(c,e’)). If e = €, then using (i), x4(c,e) = z* =

x4(c, ) implies
w3(c,e) = 7 (elc™ e wa(c, €)) = €8 (€], e, a(c ) = w3(c e)
and so
Alc,e,o(c,e)) = A(c*, e, x3(c e)) = A(c, e, x3(c e)) = A(d e, 22(c s €)),

hence (¢, e, xa(c,€)) <> (¢, e,z2(c, €)).
This leaves case (ii), and we will show that this case leads to a contradiction. Define
K to be the partial derivative of H o U with respect to x, on the domain C xE x 7/;

thus
oU

K(c,e,z) = H'(U(c,e,x)) - B (

c,e,x)
and this definition makes sense on its domain. Lemma A.2 tells us that, whenever two

points (c,e,x),(d, e, 2') € C' x E' x X lie on the same A-curve or the same B-curve,
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then K(c,e,x) = K(c,¢€',2"). In particular, for any (c,e) € C x E/, this implies

K(c* e x") = K(c,e*,x1(c,e)) = K(c,e,xa(c,e)) = K(c*, e,x3(c,e)) = K(c*, e*,x4(c, €)).
(A.13)
Now, by hypothesis of case (ii), there is (¢, ) such that x4(c, €) # x*; put 2** = z4(c, €).
So we have
K(c* e x*) = K(c" e, x™);

call this shared value K*. Moreover, for each ¢ € [0, 1], repeating (A.13) with (tc + (1 —
t)c* te + (1 —t)e*) in place of (¢, e) gives

K(c*, e, xy(te+ (1 —t)c* te + (1 — t)e*)) = K*

for each t. Now, z4(tc+ (1 —t)c*, te+ (1 — t)e*) is continuous in ¢, so as ¢ varies between
0 and 1, it ranges over (at least) the interval between x* and z**; thus for each z in this
interval we have

K(c* e, x)= K"

By choosing § > 0 small, we also have £4(c* + d|c*, e*, 2*) and &2(c* + §|c*, e*, x**)
lying in X', and distinct. Fix such a d. Put ((x) = €4(c* +d]|c*, e*, x), which is increasing
in z. Again by continuity, as = ranges between z* and z**, ((z) ranges over the interval
between ((x*) and ((x**). Moreover, for each x, Lemma A.2 again applies to tell us

K(c"+d,e",((x)) = K(c",e",2) = K.
Fix 2T = (2* + 2**)/2. For small enough €, the above imply
K(c* et al 4+ €)= K(c* +6,e",((z") —e) = K* for all € € (—€,€).
Therefore, if we consider the various allocations

c*e* c*44,e*
at e C(ah) — e

for e € (—€,€), all of them consist of points where the additive representation of W applies
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and where K = K*. Therefore, for each such ¢, we have
c*e* c*+44,e*
W (x* T e ¢(at) - ) — GUH(U( e, ot + €) + HUE +6,¢",C(ah) — ). (A.14)

Note that

% (HU(, ¢, + ) + HU(E +6,¢",((ah) — )

=K(c' e 2 +¢) - K(c"+6,e,((2') —e) = K* — K* =0

and therefore (A.14) is constant in € € (—F€,€).

However, if we consider the distribution problem with population {c¢*,c¢* + §} x {e*}
and total quantity z' + ¢(27), the unique equal-opportunity choice gives the two agents
quantities 21 and ((27). Since W represents equal opportunity for two agents, this implies
that the value of (A.14) should be strictly higher at e = 0 than any other nearby e. But

we just showed that (A.14) is locally constant in e—a contradiction. ]

Lemma A.4. Suppose that every point in C x E xR is contained in some local foliation
leaf. Then, an AB-foliation exists.

Proof. Define the binary relation ~, on C' x E x Ry, as the transitive closure of the
relation «». It is clear that ~ is an equivalence relation, and that if (c, e, x), (¢, €', 2)
are two points with (c, e, x) <> (¢, €, 2’) then (c,e,x) = (¢, €', z'). We need to show the
converse: if (c,e,z) = (¢, €,2’), then e = ¢’ implies A(c,e,x) = A(d,€/,2’), and ¢ = ¢
implies B(c,e,x) = B(d, e, 2').

So suppose (c,e,z) ~ (c,e,z'). By definition, we can proceed from (c,e,z) to

(', €', z") by a sequence of steps
(c,e, ) = (co, €0, %0) <> (c1,€1,01) > -+ > (cp, ep,wx) = (€', 7). (A.15)

Consider such a sequence with & minimal. All points in the sequence are then distinct,
and each step consists of points either lying on the same A-curve (an “A-step”) or on
the same B-curve (a “B-step”). Moreover, if two successive steps are both A-steps or
both B-steps, then we can contract them into a single step, contradicting minimality of
k. Thus, the sequence must alternate between A-steps and B-steps. We will show that if
k > 3, and either ¢ = ¢’ or e = €/, then it is possible to replace some three consecutive

steps of the sequence by two steps, again contradicting minimality of £. This will imply
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k =1 or 2. Note that if ¢ = ¢ or e = ¢/, then we cannot have k = 2 (because this
would require the sequence to consists of one A-step and one B-step, leading to ¢ # ¢
and e # ¢'); thus we have k = 1, so (¢, ¢/, 2') lies on the same A-curve or B-curve as
(c,e,x), as needed.

Thus, assume k& > 3. Assume also that e = ¢’ (the case ¢ = ¢ is similar). Since not
all steps are A-steps, there must be some points (¢;, €;, z;) on the sequence with e; # e.
We can assume that there exist some points with e; > e (the case where some points have
e; < e is similar). Let € be the maximum value of e;. Since the sequence begins and ends

at e < e, there are some three consecutive steps
(Ciy €15 75) <> (Cig1s €ig1, Tig1) <> (Cigas Civa, Tiga) < (Cigs, €iy3, Tits) (A.16)
with
€i+1 = €iy2 = € €4, €i+3 < €.
And of course
Ci = Cit1, Cit2 = Cig3.

Assume that e; < e;;3 (otherwise, the logic below applies after reversing the whole
path (A.15)). The middle step of (A.16) is an A-step, telling us that

A<Ci+1 s /é, l’¢+1) = A(Ci+2, é\, Ii+2). (Al?)
For each €¢” € [e;13, €], consider whether the equality

Alcig, e, B(€”|C¢+17a Tiv1)) = Alcia, €, 3(6//’Ci+2,a Tiy2)) (A.18)

holds. Note indeed that the £& values in (A.18) are well-defined for each €’ € [e;,3,¢],
since the £P on the left side is well-defined at e; < e;15 and at € (where it equals z; and
7;41 respectively) and the £ on the right side is well-defined at e;,3 and at € (where it
equals z;,3 and x;o respectively). Moreover, (A.18) holds at ¢” = € since there it reduces
to (A.17). Let € be the infimum of all values ¢” € [e;13,¢€] for which (A.18) is satisfied;
by continuity, it holds at ¢” = €. If € = e;,3 then we can shorten our three steps (A.16)

to the two steps

(Ci, €i,$z‘) = (Cz‘+1, €¢,§B(€z‘|ci+1aa $¢+1)) & (Cz'—i-h €i+37§B(€z‘+3\Cz‘+1,a xz‘+1))
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« (Cz’+27@i+3,fB(€z‘+3|Cz‘+27a =’Uz‘+2)) = (Cz‘+3>@z‘+3a$i+3)a

which is what we claimed. Thus, we now assume € > ¢;,3, and we will derive a contra-
diction.
Write

T =EP(@lein, 6 ein), Ty = EP(Cleia, € wiya) = €M (cigalein, €, 1),
By assumption, each point on the A-curve between the points
(Ciy1,€,71) > (Cit2, €, T2)

is contained in a local foliation leaf. By compactness, there exists a finite set of such local
foliation leaves that cover the curve. In particular, because the curve is connected, we

can form a sequence of points
(civ1,6,71) = (¢, €, 1p), (¢}, €, 21), ..., (¢, €, 2)) = (Cito, €, T2)

on the A-curve such that, for each j, the points (¢, e, z7) and (c} ,,¢€,2},,) lie in the
same local foliation leaf S;. By choosing € > 0 small enough, € — € also lies in the domain

of each §;. Therefore, by taking

m;' = ¢Ble— e|c;»,'ev, x;)

(which is well-defined for e small), we have

(C;W’é/_ €, xg)7 (C;+17g_ €, m;',—i-l) € Sj'

Because S; is a local foliation leaf, this implies
A(dj, e —e,2)) = A(cj, 1, € — €, 07,,).
Stringing together these equalities for each j, we get

A(cy, € —e,25) = A(c), e — €, 27),

which is to say that (A.18) holds at € — e. This is inconsistent with the minimality of €,

so we have our needed contradiction. ]

53



Proof of Theorem 4.4. The theorem is now immediate by combining Lemmas A.3 and

A4 [l

For the proof of Theorem 4.5, it will help to first define a partial order < on C'x E xR,
by

(c,e,x) Q(d, e, 2") if c<d,e>¢€, and x < 2.
We also write (c,e,z) < (¢, €, 2’) if all three inequalities hold strictly.

Lemma A.5. If an AB-foliation exists, then the transitive closure of the relation <> is
itself an AB-foliation.”

Proof. Denote the given AB-foliation by ~'. Denote the transitive closure of <> by =.

', and if two points (c, e, x),

Evidently, ~ is a (weakly) finer equivalence relation than ~
(c,€e,2’) are on the same A-curve or B-curve then immediately (c,e,x) ~ (¢, €, 2).
Conversely, if (say) e = ¢’ and (c,e,x) ~ (¢, €, 2'), then also (¢,e,x) &' (¢, €',2'), hence

A(c,e,x) = A(d, €, 2') by assumption that ~" is an AB-foliation; similarly if ¢ = ¢. [

Lemma A.6. Suppose an AB-foliation exists, and let =~ denote the transitive closure of

<. Then, there are no two distinct points (c,e,x) = (¢, €/, x") with (¢, e',;z') < (c, e, x).

Proof. Fix (c,e,x). Let S denote its equivalence class under =, and also write
S_={(d,€e) ]| (c,e,a") € S for some 2'}.

We claim that if (¢, €¢’) € S_ with ¢ < cand ¢ > e, then either (¢, e) € S_or (¢,e’) € S_.
This will prove the lemma, since in the first case (¢, ', z') = (¢, e,2") = (c, e, x) for some
x2”, and the monotonicity of A-curves and B-curves then implies ' > z” > x, so we
cannot have (¢, ¢’,2') < (¢, e, z); and the second case is similar.

To prove the claim, since (¢, ¢’) € S_ implies (¢, e, x) = (¢, ¢/, 2’) for some z’, we can
proceed by “induction” on the number of <> steps linking (¢, e, z) to (¢,€’,2"). Thus,
suppose (¢, e", 2") < (¢, ¢/, 2'), and if ¢ < c and €’ > e then (¢”,e) € S_ or (¢,e") € S_.
Suppose ¢ < ¢ and € > e. We wish to show (¢,e) € S_ or (¢,€¢') € S_. Assume ¢’ = ¢
(the case ¢” = ¢’ is similar). If ¢” < e, then connectedness of the domain of B-curves

implies (¢, e) € S_. If on the other hand ¢” > e, then we know (¢, e) € S_or (¢,e”) € S_.

“This is not a trivial equivalence, as the given foliation may be strictly coarser than the transitive
closure of «<». For example, we can start from the latter foliation, take two equivalence classes whose
ranges of c-values and e-values are disjoint, and merge them into a single equivalence class, thus creating
a coarser AB-foliation.
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In the first case we are done. In the second case, if ¢/ > ¢ then using (c,e) € S_ and
(c,e”) € S_, and connectedness of the domain of B-curves, we get (c,e’) € S_. So
suppose €’ < ¢’. We will show that (c,€’) € S_ in this case too. Let Z be the value with
(c,e”,7) € S. Using

(c,e,z) <> (c,e",T) < (", e, 2") + (", € ,2) = (d, ¢, 2)

and e < €’ < €, ¢ > ', by the monotonicity properties of A-curves and B-curves
we have x < T < 2” < 2/. This monotonicity also implies B(c,e’,7) < B(c,e”, 7).
On the other hand, we claim B(c,¢',2') > B(c,e”,Z). If this is not the case, then
B(e, e, 2" +€) < B(c,e”,x) for small enough € > 0; on the other hand, B(c,e”, 2’ +¢€) >
B(c, e”, %) since 2’ + € > T, so by continuity, there is some intermediate €” € (e”,€’) with
B(e,e”,2'+¢€) = B(e,e”,7). Now, by connected domain and monotonicity of B-curves, we
know there exists x° € [z”, 2'] such that (¢, e, 2°) € S. Then, (¢, €”,2°) =~ (¢, ", x'+¢),
so these two points lie on an A-curve by Lemma A.5, so by monotonicity of A-curves,
x° > o’ + e. But this contradicts z° < a’. This contradiction gives the claim. So indeed
Ble,e',2') > B(c,e",T) > B(c,€',7). Thus, by continuity, there is some point z' € [z, 2]
with B(c, ¢, 2") = B(c,e”,Z) = Blc,e,x), i.e. (¢c,¢') € S_ as needed. O

For the next lemma, and the proof of Theorem 4.5, define a curve v : (0,1) — C x

FX R++ by

() = (e te- g tie -0, 15 ).

Also denote the coordinates of y(t) by v¢(t), v¢(t), v*(¢).

Lemma A.7. Suppose an AB-foliation exists, and let =~ denote the transitive closure of

<. Then, if S is an equivalence class of =, there is a unique value of t such that v(t) € S.

Proof. Let S_ = {(c,e) | (¢,e,x) € S for some 2}. Then S_ is an open subset of C' x E.
For each (c¢,e) € S_, there is a unique z such that (¢,e,z) € S (by Lemma A.5), and
there is a continuous function £ : S_ — Ry, such that S = {(c,e,&(c,e)) | (c,e) € S_}.
Moreover, £ is weakly decreasing in ¢ and increasing in e. (£ can be defined locally by
composition of £ and £8.)

We first claim that the set

T={t] (), () € S-}
is nonempty. To see this, pick any (c*,e*) € S_. Put t¢ = (¢* —¢)/(c—¢) = (v*)"!(c*) and
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t¢=(e—e*)/(e—e) = (v*)"e*). If t* = t¢ then (c*,e*) € T already, so suppose t¢ < t°
(the case t¢ > t¢ is similar, with the roles of ¢ and e swapped and inequalities flipped).

Let R denote the rectangle [y¢(t¢),v¢(t%)] x [y¢(t¢),y°(t°)]. For (c,e) € R, define
x(c,e) = (9)"Hc) — (79)"Y(e). Let T denote the image of RN S_ under x. This is a
relatively open subset of the interval x(R) = [t¢ — t¢,t° — t°], and it contains x(c*,e*) =
¢ —te. If 0 € T then there exists ¢ with (v¢(¢),7°(t)) € S_, as claimed. So suppose not.
Then the component of T containing t¢ — t¢ is an interval of the form [t¢ — t¢, 1) for some
t<0.

This means that there exists a sequence of points (cy,e1), (¢2,€2),... in RN S_ with
x(cx, e) approaching ¢ from below. By compactness of R, we can assume (cy, ej,) converges
to some limit (¢,€) € R, with x(¢,¢) = t.

Pick an arbitrary € R, ;. The foliation leaf containing (¢, €, z) gives a function E,
defined on an open rectangle (c—e, c+€) x (e —¢, e+¢) for some €, such that (c, e, g(c, e)) ~
(c,e,7) for all (¢, e) in that rectangle. In particular, for k sufficiently large, (c,ex) lies
in the domain of 5 Also, by again taking a subsequence, we can assume either (i)
E(cr, er) > Elcn, er) for all k, or (i) &(cp, er) < E(ck, ex) for all k. (Because (cx, er) € S-,
we know &(cy, e) is well-defined.)

In case (i), for (cg, ;) sufficiently close to (¢, €), we have ¢, < ¢+¢€/2 and x(¢+€/2,e;,) >
t. But then for every ¢ € [cx, ¢ + €/2], we have

A(C7 €k, §(07 ek)) = A(Cka €k, g(Ck, ek)) < A(Cka €k, g(ck” ek)) < A<Cv €k, g(Ck, 619))

which implies that there is an intermediate value " with A(c, ex, ') = A(cy, ex, &(ck, ex));
that is, (c,ex) € S_. If ¢+ €/2 < 4°(t°) then every such point (c,eg) is in S_ N R, so T
contains the interval from x(cx,ex) < t to x(¢ 4 €/2,ex) > t, contradicting the definition
of t. So ¢+ €/2 > 4°(t°). But then still, every point (c,e;) with ¢, < ¢ < 44(t°) is in
S_N R, so T contains the interval from X(ck, ex) to x(7°(t°), ex) > 0 and thus contains 0,
again contrary to assumption.

In case (ii), likewise, for every (cy, ex) sufficiently close to (¢, €), we have e}, < €+ €/2
and x(c, € + €/2) > t. The same argument shows that if & + ¢/2 < ~v°(t°) then every
point (cx, ) with e, < e < €4 ¢/2is in S_ N R, and thus T contains the interval from
X(ck, ex) < tto x(ck, €+€/2) > t, contradicting the definition of ¢; and if €+ €/2 > ~¢(t°),
then every point (¢, e) with e, < e < 44(t°) is in S_ N R, so T contains the interval from
X(ck, ex) to x(ck, ¥¢(t°)) > 0 and so contains 0, again a contradiction.

Thus in each case we reach a contradiction, establishing the claim.
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So T is a nonempty, open set. Let (£,f) be one of its connected components. Then
E(v°(t),~v4(t)) is continuous and weakly decreasing on (¢,t). We claim that if ¢ < 1, then
as t — t from below, £(7°(t),7¢(t)) — 0. Suppose this is false; then &(y¢(t),v4(¢)) is
bounded strictly above some positive number z°. By local foliation, there exists a con-
tinuous function £°, defined on a neighborhood of (y¢(t),v¢(¥)), such that (c,e, £°(c,e)) ~
(v¢(t),~v4(t),z°) throughout the neighborhood, and in particular £°(~%(f),7¢(t)) = z°.
This implies that for ¢ close to ¢, (v°(t),v4(¢)) is in this neighborhood, and &(y¢(t), y¢(t)) >
£°(y4(t),~4(t)). Then, by monotonicity of A-curves and the fact that A-curves do not
cross, (7¢(t),74(%)) is in the domain of definition of {&—that is, (v°(f),7¢(¢)) € S_, contra-
dicting ¢ ¢ T. This proves the claim. A similar argument shows that, if £ > 0, then as
t — t from above, £(y¢(t),v¢(t)) = oo.

Thus, the function &(y¢(t), v¢(t)) —v*(¢) is defined and continuous on (¢, t); for ¢ close
to ¢ it becomes negative (either because t < 1 and &(v¢(¢),v%(t)) — 0, or because t = 1 and
¥ (t) — o0); and for ¢ close to t it becomes positive (for analogous reasons). Therefore,
there is some intermediate ¢ such that £(v¢(¢),7¢(¢)) = 7*(t). That is, y(t) € S, as
required.

Finally, uniqueness of ¢ is immediate from Lemma A.6.

]

Proof of Theorem 4.5. Suppose an AB-foliation exists; by Lemma A.5, we may assume
it is the transitive closure of <+, and we denote it by =.
We will show that there exists a function Uy, defined on C' x E X R, , such that

e U,.in is constant on A-curves and B-curves;
e U,.;, is increasing in x; and

o for x > 0, Uyin(c,e,x) is continuously differentiable, with 0U,,;,/0x > 0; and if

Assumption 4.2 is satisfied, these properties extend to x = 0.

For x > 0, we can define U,,;,(c, e, x) to be the unique value of ¢ such that (c, e, x) ~
v(t), as given by Lemma A.7. We then complete the definition by defining U, (c,e,0) =
inf,~o Unin(c, e,x). We will show that this function meets the required conditions.

Fix any (c*,e*,2*) € C x E x R, ; we will show the conditions are met on a neigh-
borhood of (c*,e*, z*). Put (cf,el, z") = v(Upin(c*, e, 2*)); thus there exists a sequence

of distinct points

(c*, e, x%) = (co, €0, T0) <> (c1,€1,21) <> -+ > (Cp, ep, Tp) = (CT,GT,ZL’T).
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For (c,e,z) in a neighborhood of (c¢*, e*, z*), define functions y_1, v, ...,y of (¢, e, z)

by

y_1(0,6,$) = ( |C€£IZ)
yo(C,e,fE) = 6(
ween) = {§ (elos,en,1(00,0) i e =i,

M@h&bmlwe@)ﬁq=Q4

|t e, y-1(c e, x));

fori=1,... k.

Thus we get

(C,@,I’) A (0076=y—1(0767$)) A (007€0ay0(c)67x)) A (01761791(07 673:)) A g (Ckwekayk(cu 67:)5))'

Note that these functions are indeed defined, and continuously differentiable, for
(c,e,z) in a neighborhood of (¢*,e*, x*). Moreover, using the implicit function theo-
rem and the definition of £4, one easily checks that, at any (¢, ¢, e, x) where £# is defined,
O&A [0z > 0; similarly, 968 /0z > 0. Using these, it is an easy induction that dy;/dx > 0.

Likewise, for (c,e,x) in a neighborhood of (¢, ef, z1), we can define z;, 2, by

21(07 €, I) = £A<CT|Ca €, LL’),

so that
(C,G,l’) < (CT,G, 21(6,6,1')) ANe (CT,GT,ZQ(C,G,ZE)).

A similar argument shows that these are continuously differentiable, with 0z,/0x > 0.
Moreover, because (c, e, z) ~ (cf, ef, z3(c, e, z)), the function z; is constant on A-curves and
B-curves, hence 0z5/0c > 0 and 0z2/de < 0. It follows that if we define Z(t) = z5(7(t)),
then z is defined for ¢ in a neighborhood of U, (¢, e, x), and moreover is continuously
differentiable there with dz/dt > 0.

This in turn means that Z is locally invertible, and its inverse has positive derivative.

Finally, for (¢, e, z) in a neighborhood of (¢*, e*, 2*) we have

(C7€vm) ~ (Cka ekayk<cae7l‘)) = (CT, eTvyk(C’ 6,1‘)) ~ ’7(?1(%6(076’1‘)))

and therefore

Umin(c7 €, [L‘) = ?1(yk’(ca €, $))
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Thus Uy, is continuously differentiable, and because dz/dt and Oy, /Ox are positive, so
is OUpin /0.

Also, as long as x > 0, Uy, is constant on A-curves and B-curves, so OU,,,/0c > 0
and OU,,;,/0e < 0.

This shows that U,,;, meets the required conditions for z > 0. Note also that since
U is increasing in x for x > 0, we have U(c,e,0) = lim, o U(c,e,x). This, in turn,
readily implies that U,,;, is constant on A-curves and B-curves and is increasing in =z,
even including points with x = 0.

Finally, if Assumption 4.2 is satisfied, we modify the construction as follows: let A
be the function given in the assumption, with A(c,e,z) = g(c,e,x + «a); perform the
preceding construction with A in place of A, obtaining a function ﬁmm(c,e,x); then
define Upyin(c,e,x) = ﬁmm(c, e,r + «). It is immediate that the desired properties hold
for U, for all x > 0.

Now we can check that the welfarist criterion W,,;,, defined by U = U,,;,, and W(uy, ..., u,) =
min{u;, ..., u,} represents equal opportunity for one-dimensional populations, and that
under Assumption 4.2, this criterion is regular. The latter property is immediate from
what we have already established.

Consider any population P = C' x F, with E = {e}, and any total quantity T. From
Lemma 4.3, there is a unique allocation X* maximizing VFOP, characterized by a value
A*: every agent (c,e) with A(c,e,0) < A* is given X*(c, e) so that A(c,e, X*(c,e)) = A*,
and every agent (c,e) with A(c,e,0) > A* is given 0. Moreover, because A is increasing
in ¢, the latter set of agents (if nonempty) is characterized by ¢ > ¢* for some cutoff ¢*.
Then, because U,,;,, is constant on A-curves and weakly increasing in ¢, Up,in(c, €, X*(c, €))

is constant (at some value U, ) for the former set of agents, and takes values > U, for

the latter set. Therefore W, (X*) = U

- Any other allocation X’ would have to give
some agent in the former set less than X* does, and therefore U, (c, e, X'(c,e)) < U},
SO Whnin(X") < U

vin- Thus, X* is the unique maximizer of W,,;,, as required. A similar
argument applies for populations with |C| = 1 instead of |E| = 1.

Finally, to construct the representation using the sum aggregator, let Z : [0,1] — R
be any continuously differentiable function with Z' < 0. (For example, Z(t) = 2 — ¢t

works.) Define

Usum(c,e,x):/ Z(Upin(c,e,)) dz.
0

We will check that the welfarist criterion Wy, defined by U = Ugy, and W (uy, ..., uy,) =

uy + - - - + u,, again represents equal opportunity for one-dimensional populations, and is
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regular under Assumption 4.2.

It is clear that this is indeed a welfarist criterion, i.e. Uy, is strictly increasing in
x—indeed, differentiable in z, with OUsyy,/0x = Z(Upin(c, e, x)) > 0. Under Assumption
4.2, the stronger continuous differentiability requirement for regularity follows as a direct
consequence of the continuous differentiability of U,,;, and Leibniz’s rule for differentiation
under the integral.

To see that W, represents equal opportunity for one-dimensional populations, con-
sider a distribution problem (P, T) with P one-dimensional. Uy, is strictly concave in z,
$0 Wisum is strictly concave, and therefore its maximizer X* in the given distribution prob-

lem (which exists by continuity) is unique. Now logic identical to that of Lemma 4.3 (part

a quantity so that Upn(c,e, X*(c,e)) = U}

min>?

2) implies that there is some such that every agent with Uy, (c,e) < U, is given

and every agent with Uy,in(c,e) > Uy, is

given quantity 0. But this is exactly the condition for X* to maximize W,,;,; thus Weum

selects the same allocations as W,,;, does. O

A.4 Proofs from Section 5

Proof of Proposition 5.1. Let Wqy,,, and Uy, be as in the proof of Theorem 4.5. It suffices
to show that the canonical allocation is optimal for any regular VW with a weakly separable
aggregator; its uniqueness then follows from the fact that W, is such an aggregator and
is strictly concave over Az(P), so its maximizer is unique.

For any two allocations X, X’ € Az(P), say that X’ is a feasible reallocation from X
if either

e there exists ¢ € C such that the restriction of X’ to {c} x E equals the equal-
opportunity choice for problem ({c} x E,>"_ X(c,e)), and X’ coincides with X on
(C\{c}) x E; or

e there exists e € E such that the restriction of X’ to C' x {e} equals the equal-
opportunity choice for problem (C' x {e},> . X(c,e)), and X’ coincides with X on

Cx (E\ {e}).

(Thus, the feasible reallocations from X are those reached by choosing an element of C'
or E/; and reallocating canonically within the corresponding one-dimensional subpopula-
tion.) Because the reallocation increases the value of VW within the subpopulation, weak
separability implies that W(X') > W(X).
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Now start from any allocation X € Az(P). Define a sequence of allocations X =
X' X2, ... as follows: given X*, we consider, among all feasible reallocations from X*,
one that maximizes the value of Wy,,,, and take X**1 to be this reallocation. Evidently,
both W(X*) and Wy (XF¥) are weakly increasing in k. By compactness, there exists a
subsequence of (X*) that converges to a limit X°°, and then by continuity Wym(X*) —
Wium (X ) and W(X*) — W(X>) also. In particular, W(X) < W(X*>).

We claim that X °° must equal the canonical allocation X*, which will suffice to show
that X* indeed maximizes V. Note that within each one-dimensional subpopulation
{c} x E or C x {e}, X* must coincide with the equal-opportunity choice (for the total
quantity allocated to that subpopulation by X*°): otherwise, we could reallocate within
the subpopulation so as to strictly increase the value of Wy, say t0 Weum (X ) + €; but
then, for large enough k, the corresponding reallocation from X* would increase the value
of Waum to at least Wiym (X®) + €/2 > Weum (X*1), contradicting the fact that X*+1
was chosen among feasible reallocations from X* to maximize the value of Wi,n,.

Now, both X*° and X* have the property that, within each one-dimensional sub-
population, they coincide with the equal-opportunity choice. We will show that this
property forces X and X* to be identical. Let ¢, = min(C) and e* = max(F), and
assume that X*(c,,e*) > X*(c,, €*) (the argument when X*(c,, e*) < X*(c,, €*) is sim-
ilar). If X*°(c,,e*) = 0, then X*(c4,e*) = 0, and (by the monotonicity of B-curves)
X>(cy,e) = X*(ci,e) = 0 for all e. Otherwise, (cy,e*, X®(cy, €*)) lies on a (weakly)
higher B-curve than (c,,e*, X*(c,, e*)), hence X*®(c,,e) > X*(c,,e) for all e. Now, for
each e, repeating the foregoing argument in the c-dimension gives X*°(c,e) > X*(c, e) for

each c. Since both allocations have the same total quantity =, they must coincide. O]

Proof of Lemma 5.2. First consider V™. Suppose X maximizes V=™ over Ap(Z). For
each ¢ and e, if A(c,e, X(c,e)) # ming A(d, e, X(c,e)) then X(c,e) = 0: otherwise, we
could reduce X (c, ) by some € > 0, increase X (c/,e) by @1 for each ¢ # ¢, and thereby
improve the objective.

Also, for each e, the quantity m.(X) = min. A(c, e, X(c, €)) is a weakly concave func-
tional of the allocation X. Now, suppose X, X’ are two allocations that both maximize
VXm and put X” = (X + X')/2. We thus have

VZm X// Zme X// > Z )+ me (X)) = (VZm(X> + VZm(X/)) ’

(A.19)

and by weak concavity we must have equality throughout, and X” also maximises VX"

1
2
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Hence, for each e, and any ¢ such that A(c, e, X" (c,e)) = m(X"), we must have X (c,e) =
X'(c,e) = X"(c,e): otherwise, we would have A(c, e, X" (c,e)) > 3 (A(c,e, X (c,e)) + A(c,e, X'(c,e)))
strictly, leading to strict inequality in the m.-comparisons in (A.19), a contradiction.
Then me(X), me(X") < me(X"), and we must have equality. Moreover, for any ¢ such
that A(c,e, X"(¢c,e)) > m.(X"), we must have X”(c,e) = 0 by the previous paragraph.
Then immediately X (c,e) = X'(c,e) = 0. Thus, X and X’ agree everywhere, so the
maximizer of V2™ is unique.

Now consider V™2, For each ¢, the value s.(X) = >"_ A(c,e, X(c, €)) is a strictly con-
cave functional of the partial allocation (X (c,-)). Suppose that X and X’ both maximize
VX and put X” = (X + X’)/2. Note that V"2 is a weakly concave function of the
allocation, so X” must also maximize V™. For any c such that s.(X") = miny s (X"),
if X(c,e) # X'(c,e) for some e, then s.(X") > 3(s:(X) + s:(X’)) by strict concavity,
implying V"> (X") > 1 (VmZ(X) + VmZ(X’)), contradicting that X and X' are max-
imizers. Thus, for each such ¢, we have X (c,e) = X'(c,e) for all e. Moreover, for any ¢
such that s.(X”) > min. s (X"), we must have X”(c,e) = 0 for every e, since otherwise
we could modify X” by giving € less of the good to agent (c, e) and giving \Cl%l to agent
(c,e) for each ¢ # ¢, thereby increasing the objective and contradicting optimality of
X". This again implies X (c,e) = X'(c,e) = 0 for each such ¢ and all e. So X and X’

coincide. n

Proof of Proposition 5.3. For brevity, denote the three allocations by X* X2m™ Xm%
(suppressing the (P,T)). Suppose first that X*(c,e) > 0 for all (c,e) € P = C x E.
Then, for every e, the advantage level A(c,e, X*(c,e)) is constant across ¢ € C; hence,
the sum ) _A(c,e, X*(c,e)) is also constant across ¢, and we denote its common value
by A**. Suppose that X™2 is different from X*. Then the optimal min-of-sums value
is some A > A**. However, for each fixed ¢, if we consider the distribution problem
({c} x E,>", X*(c,e)), the allocation that maximizes total advantage is exactly given
by the restriction of X* to this one-dimensional population (because the corresponding
points lie on the same B-curve, by construction). Since X™ 2= achieves a higher total ad-
vantage than X* on this subpopulation, we must then have >°, X™2(c,e) > > X*(c,e).

Summing over each ¢ € C'; we then have

T = Zsz(c,e) > ZX*(C, e) =T,

c,e

a contradiction. Thus X% = X*.
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Suppose that X2=™ is different from X*. For each e, the difference X2=™(c, e)—X*(c, e)
must be positive for all ¢, negative for all ¢, or zero for all c. To see this, suppose that
XXm(ce) < X*(c,e) but X*(c/,e) < X=™(c,e), with at least one inequality strict.
Then

Alc,e, X=™(c,e)) < A(c,e, X*(c,e)) = A(d, e, X*(¢,e)) < A(c, e, XZ™(c, €)),

with one inequality strict, and X2=™(c’,e) > 0. Then, as in the proof of Lemma 5.2, we
could start from allocation X 2™, take some of the good from agent (¢, €) and redistribute
so as to improve the sum-of-mins objective, a contradiction. Now, since X2 # X* but
both allocations use the same total quantity 7, this implies there must be some e such
that the difference X=™(c,e) — X*(c, e) is negative for all ¢, and some e such that it is
positive for all ¢; call these e_ and e, . Then for each ¢, we have

g—;{(c, e, X="(c,e)) > Z—ﬁ(e, e, X*(c,e_)) = g—i(c, er, X*(c,eq)) > g—i(c, er, X2 (e, el)).
Consequently, for small € > 0, if we start from X2 ™, and reallocate the good so as to
increase the advantage enjoyed by agent (c,e_) by amount € and decrease the advantage
of agent (c,ey) by € (for each ¢ € c¢), the total quantity of the good used decreases,
while the value of the sum-of-mins objective stays constant. We can then redistribute the
remaining supply of the good so as to increase the sum-of-mins objective, contradicting
optimality of X>™. Thus X>™ = X* also.

Next, start from the assumption that X™2(c,e) > 0 for all (c,e). Then, again, the
sum Y, A(c, e, X™2(c, €)) must be constant across ¢ € C (otherwise we could redistribute
so as to improve the objective). Moreover, for any given ¢, the points (c, e, X" (c, €)), as
e varies, must all lie on the same B-curve (otherwise we could again improve the objective)
and therefore all lie on the same leaf of the AB-foliation. Consequently, for each ¢, the
difference X*(c,e) — X™2(c, e) must be negative for all e, positive for all e, or zero for all
e: if (for example) X*(c,e) > X™2(c, e), then both X* and X™2 place any other agent
(c,e') on the same foliation leaf as (c,e), and so X*(c,€') > X™2(c, ¢'); similarly for the
X*(c,e) = X™X(c,e) case. So, if X* # X™X then there must exist some value ¢ such
that X*(c,e) — X™X(c, e) is negative for all e, and another such that it is positive for all

e; call these values c_ and c,. Then we have

A(C*767sz(cfue>> > A(C*767X*(C*>e>> > A(C+7€7X*(C+7€)) > A(C+7€7sz(c+7e))
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for each e. (The middle inequality reflects the fact that X* puts (c¢_,e) and (c4,€) on
the same foliation sheet, except for the possible corner case X*(c_,e) = 0; note that
the opposite corner case X*(cy,e) = 0 cannot occur due to X*(ci,e) > X™2(cy,e).)
Consequently, we cannot have >, A(c_,e, X™2(c_,e)) = Y, A(cy, e, XX (cy,€)) as
claimed. So, X* = X™X and now we are in the previous case where X* gives positive
quantities to all agents.

Finally, start from the assumption that X>™(c,e) > 0 for all (c,e). For each e,
A(c,e, X2™(c,e)) must be constant across all ¢ (otherwise we could redistribute and
improve the objective); thus the points (c,e, X2=™) lie on the same A-curve. Therefore,
for each e, the difference X*(c,e) — X2™(c,e) is either positive for all ¢, zero for all ¢, or
negative for all ¢; the argument is the same as in the previous paragraph. If X* # XX™
then there is some e_ such that X*(c,e_) < XX™(c,e_) for all ¢, and another e, such
that X*(c,e;) > X2™(c, e, ) for all ¢. Then, for each ¢, we have
%(c, er, X2 (e ey)) > %(c, er, X" (c,eq)) > %(c7 e_, X"(c,e_)) > %(C, e, X="(c e ))
where the middle inequality comes from X* putting (¢, e;) and (c,e_) on the same B-
curve, except in the corner case X*(¢,e_) = 0. Therefore, for small € > 0, we can start
from X2™ and reallocate the good so as to increase the advantage of agent (c,e) by ¢
and decrease the advantage of (¢, e_) by € for each ¢, reducing the total quantity allocated.
Then we can further redistribute the excess supply to all agents. This increases the sum-
of-mins objective, contradicting optimality of X2™. So X* = XX™ and we are again

now in the case where X*(c,e) > 0 for all (c,e). O

Proof of Lemma 5.4. First, note that U is weakly increasing in ¢ and weakly decreasing
in e. (This was shown in the proof of Theorem 4.5.)

Now suppose the flat-curve condition is satisfied, and fix u*. We show that there exist
¢, € satisfying the requirements of the product-domain condition. Assume there are some
pairs (c,e) € C x E such that U(c,e,0) < u* (otherwise we can take ¢ = ¢, € = ).

Let ¢ be the supremum of ¢ over all such pairs (c, €), and let € be the infimum of e over
all such pairs. So it is immediate that, whenever ¢ > ¢ or e < €, we have Ul(c, e,0) > u*,
and this inequality extends to pairs with ¢ = ¢ or e = € by continuity (note that if ¢ =—¢
or € = e this statement is vacuous). Conversely, consider (c,e) with U(c,e,0) > u*; we
need to show that ¢ > ¢ or e < €. By the flat-curve condition (and the fact that U
is constant on A-curves and B-curves), we have U(c,e,0) = U(c,e,0) for all ¢ < ¢ or

U(e,e,0) = Ulc,e,0) for all ¢ > e; assume the first case. Then, by monotonicity in c,
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U(d,e,0) > u* for all ¢ > ¢ as well. Then by monotonicity in e, U(c,€’,0) > u* for all ¢/
and all ¢/ < e. But then the definition of € implies that € > e as needed. Similarly, the
second case (U(c,€’,0) = U(c,e,0) for all ¢ > e) implies that ¢ < c.

Conversely, suppose the product-domain condition is satisfied. For any (c, €), consider
u* = U(c,e,0). Then, by the product-domain condition, either ¢ > ¢(u*) or e < e(u*).
The first case implies U(c,€’,0) > u* = U(c,e,0) for all ¢ > e (by definition of ¢(u*)),
so we have equality by monotonicity of U. Thus, for all ¢’ > e, (¢,¢’,0) and (c,e,0) lie
on the same B-curve. Likewise, the second case implies that for all ¢ < ¢, (¢, e,0) and

(¢,e,0) lie on the same A-curve. O

Proof of Proposition 5.5. First, suppose the flat-curve condition is satisfied. Let U index
the foliation leaves. Fix a distribution problem (P,Z) with P = C' x E, and write X* =
X*(P, 7). From Lemma 5.4 and the definition of X*, there are some thresholds ¢, e and
some value U* such that for each agent (c,e) with ¢ < ¢ and e > €, we have X*(c,e) > 0
and U(c,e, X*(¢,e)) = U*; and for each other agent, X*(c,e) = 0 and U(c,e,0) > U*.
We can assume some agent (c,e) € P has ¢ < ¢ and e > e, otherwise we are in the trivial
case T = 0.

We check that for each e € F, the value of A(c, e, X*(c,e)) is constant across all ¢ € C'
with ¢ < ¢. For e > € this is immediate from the fact that X* places all such agents (c, €)
on the same A-curve. For e < €, the claim is that A(c,e,0) is constant across all ¢ < ¢,
c € C. If not, there exist ¢ < ¢ in C, both less than ¢, where A(¢/,e,0) # A(c", e,0); then,
by the flat-curve condition, B(c¢”,e,0) = B(c”,¢’,0) for all ¢ > e. But this contradicts
that U(c",e,0) > U* while U(¢",€',0) < U* for ¢ = max(E) > e.

It follows that the value of > _A(c,e, X*(c,e)) is constant across all ¢ € C with
¢ < ¢; call this value A**. And since the canonical allocation puts agents with higher
c-values at a weakly higher advantage level, we also have ) _A(c,e, X*(c,e)) > A™
for ¢ > ¢, so that A™ is the min-of-sums value for X*. We claim that A** is in fact
the optimal min-of-sums value, so that the min-of-sums allocation X2 coincides with
X*. Suppose instead that X™2 attains a min-of-sums value A > A Then, for each
¢ < ¢, we must have >, X™2>(c,e) > >, X*(c,e), as in the proof of Proposition 5.3.
And for ¢ > € we have >, X™2X(c,e) > > X*(c,e) since the right side is zero. So
T=) .. Xm2(c,e) > Y e X*(c,e) =T, a contradiction.

Next, we must show that the sum-of-mins allocation X2 also coincides with X*.
Suppose not. Then there exist some agent (c_, e_) who receives strictly less under X xm

than X*, and some agent (c,, ey ) who receives more under X2-™ than X*. In X2>™ any
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two agents with the same e-value are put on the same A-curve (aside from corners with x =
0), as in the proof of Lemma 5.2—as is the case for X*. Therefore X2™(c,e_) < X*(c,e_)
for all ¢, and XX™(c,e;) > X*(c, e, ) for all ¢. Furthermore, X2=™(c_,e_) < X*(c_,e_)
implies e_ > €.

We claim that X2™(c,e;) > X*(c,ey) for all ¢ < €. Indeed, if e, > € then this claim
follows from X=™(c,e,) > X*(c,e;), and the strict inequality comes from the fact that
both X>™ and X* place all agents (c,ey) on the same A-curve (and agents with ¢ < ¢
are not at corners) and the fact that the strict inequality holds for ¢ = ¢,. Otherwise,
the claim follows from the fact that all for all ¢ < ¢, (¢, €,0) lie on the same A-curve (as
shown above), and X>=™ also places all such (c,€) on the same A-curve, and the latter
curve lies strictly above zero (since X2™(c,,e;) > 0 implies X2=™(min(C),e,) > 0 by
monotonicity of A-curves).

For each ¢ < ¢, we have

0A 0A 0A 0A
or (07 6_7X (Ca 6_)) = Ox (C7 6_,X (Ca 6_)) = or (C> €+>X (C7 €+)) > or (Ca 6+,X (07 6+))

where the strictness of the last inequality holds by the preceding paragraph. Therefore,
for small € > 0, we can modify X2 by increasing the advantage of agent (c, e_) by € and
decreasing the advantage of agent (¢, e, ) by € for each ¢ < ¢ (note that the latter agents
all receive positive quantities in X2 by the previous paragraph). This change strictly
reduces the total amount of the good used. The minimum advantage among agents with
e = ey is reduced by no more than €, while the minimum advantage among agents with
e = e_ is increased by exactly € as long as we check that, at X2=™, this minimum was not
attained by any agent with ¢ > ¢ (and as long as € is small enough). However, we know
that any such agent (¢, e_) is placed at the z = 0 corner by both X 2m and X*, and also

X* assigns a positive (non-corner) quantity to agent (c_, e_); hence,
Ale,e, XZ™(c e )) = Alc,e_, X*(c,e_)) > Ale_,e—, X*(c_,e_)) > Ac_,e_, XZ=™(c_,e_)),

showing the needed non-minimality for (¢, e_).

Thus the change from X2 weakly increases the value of the sum-of-mins objective,
while using strictly less of the good. The excess of the good can then be redistributed
to strictly increase the objective, contradicting optimality of X2™. This contradiction
shows that indeed X2™ = X*.

Now we prove the second part of the proposition. Suppose the flat-curve condition
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is not satisfied, at some (c,e) € C x E. Then there exists ¢ < c¢ and ¢ > e such
that A(c;e,0) < A(c,e,0) and B(c,e’,0) < B(c,e,0). So, by choosing U* slightly less
than U(c,e,0), we can find an allocation X* on the population P = {¢, '} x {e, €'}
that gives positive quantities to agents (¢, e), (¢, €'), and (¢, €’), with U(c, e, X*(¢,e)) =
Ule, e, X*(c,€') =U(d, e, X*(d,e)) = U*, while X*(¢,e) = 0. Thus, X* is a canonical
allocation in a problem (P, ).

We show that X* does not maximize either the min-of-sums or sum-of-mins objec-
tive for this problem, so that the corresponding optimal allocations must be different
from X*. For the min-of-sums, note that A(c,e, X*(c,e)) > A(cd,e, X*(c,e)) while
Alc, e, X*(e,€)) = A(d, €, X*(d,€')), thus the sum of A-values across {e, €'} is lower
at ¢ than at ¢, so we can strictly improve it by taking some of the good from agent (c, ')
and giving it to (¢, €’). For the sum-of-mins, note that A(c, e, X*(c,e)) < A(c,e, X*(c,€))
and %(C’, e, X*(d,e)) = %(c’, e, X*(d,¢e)), so if we consider perturbing X* by increas-
ing the amount given to agent (¢,e) by € > 0 and decreasing the amounts of agents
(c,€e') and (c,€e’) by Ae and (1 — A)e (where X is a fixed value slightly less than 1), the
sum-of-mins objective then equals the sum of the advantages of agents (¢, e) and (¢, €),

whose derivative with respect to € at e = 0 is 22(¢, e, X*(, €)) — MG (c, ¢/, X*(c',¢')) =

oz

(1-XN)24(c, e, X*(c,e)) > 0. So, some such perturbation improves the objective.

Finally, we need to show that the min-of-sums and sum-of-mins allocations for this
problem also do not coincide. Suppose that some allocation X’ does optimize both
these objectives simultaneously. To be sum-of-mins optimal, X’ must put (¢,e) and
(c,e) on the same A-curve modulo corners, and likewise for (¢,¢’) and (c,¢’). Then
A(d e, X'(c,e)) + A(d, e, X'(d,€)) < Alc,e, X'(c,e)) + Ale, €/, X' (e, €')), hence (¢, e)
and (¢, ¢’) must be on the same B-curve modulo corners, otherwise we could improve
the min-of-sums. Consequently, if we set U** = U(c, €/, X'(¢/,€’)), then X' either puts
agent (c,e’) on the same foliation leaf U**, or gives this agent zero and is then already
above that foliation leaf. Likewise, the same is true for agent (¢, e), and then for (¢, e). In

conclusion, X’ is the canonical allocation for population P and some quantity Z’'. Since we

must have T = T, X’ coincides with X*. But we already showed this cannot happen. [

Proof of Proposition 5.6. It suffices to show that every point (c¢*,e*,2*) € C x E x Ry,
is contained in some local foliation leaf, since the result then follows from Lemma A.4.
Fix (c¢*, e*,z*), and define the functions x1, s, z3, x4 as in the proof of Lemma A.3. As
in that proof, we can choose neighborhoods U/, E of c*, e* respectively, so that each z; is
defined throughout CxE. And, as in that proof, if x4(c,e) = x* for all (c,e) € O xF,
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then xy locally respects AB-foliation, and we are done. So, suppose there exists some
(¢, e) such that z4(c,e) # x*, and seek a contradiction.

Consider the distribution problem with population P = {c*, ¢} x {e*, e} and total
quantity

T =a"+ z1(c,e) + x2(c, e) + z3(c, €).

Counsider the allocation

X*=XX™(P,T) = X"%2(P,7)

(by assumption, these two optimal allocations coincide). Compare it to the allocation X

given by
)A((c*,e*) =" )?(c, e*) = z1(c, e); )A((c, e) = za(c, e); )?(c*, e) = x3(c, e).

Note that if X* allocates weakly more than X to some agent (c,¢e), then the other
agent with the same e-value, (¢”, '), must be placed on the same A-curve as (¢, e’)—and
therefore also receives weakly more under X* than under X (since X puts these two agents
on the same A-curve). Indeed, if they were not placed on the same A-curve, then we could
remove € of the good from one agent and give it to the other, thereby improving the value
of V2™ contradicting the optimality of X*. (This uses the fact that whichever agent has
a higher value of A must be receiving a positive quantity of the good.) Likewise, if X*
allocates weakly more than X to one of the two agents (c,e*), (c,e), then it must place
these two agents on the same B-curve as each other (and therefore both of them receive
weakly more under X* than under X ): otherwise, a small transfer would improve the sum
of their A-values, and then a further small transfer from either of them to agent (c*,e*)
would result in a strict improvement in the value of V2, contradicting optimality.

Since X* and X allocate the same total quantity x, there must be some agent who
receives weakly more under X* than X. The above arguments, applied repeatedly, then
show that this is the case for all four agents, and so X* = X. But then the same argument
also implies that X* should place agents (¢*, ¢*) and (c*, e) on the same B-curve, otherwise
a small transfer will improve the value of V™2, Since X*(c*,e) = x3(c, e), this requires
X*(c*,e*) = z4(c,e). But we already have X*(c*,e*) = X(c*,¢*) = 2* # z4(c,e), a

contradiction. O

Proof of Proposition 5.7. Suppose that such an advantage aggregator exists; we will iden-
tify two mutually contradictory inequalities that it has to satisfy. The construction uses an

advantage specification based on the example (1.6) from the introduction, appropriately
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modified to satisfy Assumption 4.1. All logarithms below refer to natural logarithms.
Let ay, as, by, by, and § be numbers chosen to satisfy the conditions (A.20), (A.21) and
(A.22) below. (We can verify that, for example, (a1, as, by, be,d) = (40,41, 53,50, 4) will
work.)
First, require
1<a; <as <by<b (A.20)

and

Lo Jog(bi/b) _ay log(bi/by) _ (A.21)

by log(az/ay) ~ by log(as/ay)

This allows us to define

aq lOg(bl/bg) ai , ,

C1 bl log(a2/a1) ) €1 bl ) Cl 61 ’
a9 log(bl/b2) a9 , ,

= — —- 1 = — pr— p— 1.
= by log(az/ay) ’ “ by’ 2=

Note that (A.20-A.21) imply all these expressions are positive, and ¢; < ¢}, e; < €,
co < ¢, and e < €.

We also require

Y Y

C1 €1 C2 €2

(A.22)

Now, consider the following specification of advantage. Take (¢,¢) = (e,e) = (0,3).

1 1
max {—, log(br), ——. log(b)

Cci1€1 C2€2

Let 1{ : R — R, be any strictly increasing, smooth function with
Yi(l) = e, Yi(2) =, ¥5(0) close to ¢y,
and ¢f : R — R, be any strictly decreasing, smooth function with
Ui(1) = e, Yi(2) = e, Y3 (3) close to e,
such that ¢§(0) - $(3) > 1/d (possible by (A.22)). Define
Ai(c,e,x) = 1 — exp(—=¢i(c)vi(e)(z + 9)).

We can check that this satisfies Assumption 4.1. (The decreasing function §, and the
shift of = by § > 1/95(c)15(e), ensure the needed monotonicity of A;/dx with respect
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to e.) It also has an AB-foliation: as in the introduction, the function

1 1
~ (o)1 - Allc e, x)  dile) - exp(— (v (e)(x + 0))

Ul (Ca €, ZL')

is constant on A-curves and B-curves, thus defines an A B-foliation.
Put

a5 log(as) N log(az) N log(bs) 36,

cre; cher c1€) crey cher cr€e)

7, — log(ay) N log(ay) N log(by)

where the equality of the two expressions follows from the definitions of ¢y, ey, ], €.

Consider the population {1,2} x {1,2} and the two allocations X;, X given by

log(b 1 1
X1 1) = B0 5 v =180 5 w01y =0, x@2) = 8@ s
1€} c1é1 dier
and
log(b 1 1
Xy =205 g =)y =0 xjey="E%
161 ci€1 ciel

The quantity given to each agent is nonnegative by (A.22) and (A.20), and both

allocations feature the same total quantity . The resulting advantage allocations are
1,1 1,2 2,1 2,2
X — <1 —1/by,1—1/a;,1 —exp(—9),1 — l/al)

and
1,1 1,2 2,1 2,2
X = (1 —1/by, 1 —1/as,1 —exp(—6),1 — 1/a2) :

Refer to these two advantage allocations as Y; and Y; respectively.

Now, X; is the canonical allocation for the given population and quantity z;: this
follows from the fact that it achieves the same U-values for agents (1, 1), (1,2), and (2, 2),
while achieving this value for agent (2,1) would require a negative amount of the good,
so this agent belongs at a corner. (Use the formulas for e, €], and inequality (A.22), to
verify these claims.) Meanwhile, X7 is a different allocation that is feasible in this same

problem. Therefore, if V selects the canonical allocation as in (5.1), then

V(Y1) > V(Ya). (A.23)
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Now we repeat the construction with the 1’s and 2’s swapped. Let ¢§: R — R, be

strictly increasing and smooth with

Y5(1) = e, Y5(2) = ¢y, 15(0) close to ¢y,

and Y5 : R — R, be strictly decreasing and smooth with
5(1) =€y, P5(2) =€z, P5(3) close to ez,
such that 5(0) - ¥5(3) > 1/d (by (A.22)). Now redefine the advantage function as
Aolc,e,7) = 1 — exp(—yE(us(e)(x + ).

Again, check that it satisfies Assumption 4.1, and it has an AB-foliation defined by the

leaf index

1 1
T U1 = As(e,e,7)) () - exp(—v5(e)us(e) (@ + 6))

U2<Ca €, :L‘)

Consider now the total quantity

7 — log(as) +1og(a2) +10g(bz) _ g5 _ log(a1) +10g(a1) +log(bl)

Co€9 ches co€l Co€9 ches co€l

— 30

where, again, the equality follows from the definitions of ¢y, €5, ¢}, €5. Consider the popu-

lation {1,2} x {1,2} and total quantity T, and the two allocations Xs, X)), where

1 1 |
PACII R L A TS N L) N A SRS WX L G
6262 Co€9 0262
and
log(b 1 1
X5(1,1) = chill) —0, X}(1,2) = ocg(:1) LS XL21) =0, X(2.2) = ch(:l> s
272 262 es

Again, both allocations involve total quantity T, and all individual quantities are non-
negative. Check that X, leads to advantage allocation Y3, and X leads to advantage
allocation Y].

Now, similarly to before, we verify X, is the canonical allocation for the given pop-

ulation and quantity T, while X} is a different allocation with the same total quantity.
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Consequently, we must have

V(Yz) > V(). (A.24)

Evidently, (A.23) and (A.24) are incompatible. O
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