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Abstract

In this paper, we develop a unified approach to study partial identification
of a finite-dimensional parameter defined by a moment equality model with in-
complete data. We establish a novel characterization of the identified set for the
true parameter in terms of a continuum of inequalities defined by optimal trans-
port costs. For a special class of moment functions, we show that the identified
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1 Introduction

Let Y7 € V1,Yy € Vo, and X € X denote three random vectors, where ), C R%,

Vo C R% and X C R% are the supports. Consider an unconditional moment model,
IEO [m (Y17YE)7X79*)] :07 (1)

where 6* € O is the true unknown parameter, © C R% is the parameter space,
and m is a known k& dimensional vector-valued moment function. We reserve the
notation [, to denote the expectation taken with respect to the true but unknown
joint distribution p, of (Y;, Yy, X). Many parameters of interest in applied research
can be expressed as 0* itself or its known functions, where 6* satisfies model (1)
for an appropriate choice of the moment function m. Identification, estimation, and
inference on 6* are well studied when complete data information on (Y7, Yy, X) is
available to the researcher, namely, when (Y}, Yy, X) is observed in one dataset. See
e.g., the seminal paper of Hansen (1982) on Generalized Method of Moment (GMM)
and partial identification analysis of Andrews and Soares (2010). However, in many
applications, complete data on (Y7, Yy, X) are unavailable rendering existing methods
such as those in Hansen (1982) and Andrews and Soares (2010) inapplicable.

This paper considers a prevalent case of incomplete data in empirical research,
where the relevant information on (Y7, Yy, X) is contained in two datasets' and the
units of observations in different datasets cannot be matched: the first dataset con-
tains a random sample on (Y7, X) and the second dataset contains a random sample
on (Yp, X). Examples of such datasets include long-run returns to college atten-
dance (PSID/NLSY+Addhealth, Fan et al. (2014, 2016)); algorithmic fairness (deci-
sion outcome and protected attribute are observed in separate datasets, Kallus et al.
(2022)); long-term treatment effects (Experimental+observational data, Athey et al.
(2019)); and repeated cross section data in difference-in-differences set-up (Fan and
Manzanares (2017)). The sample information thus allows the identification and esti-
mation of the distribution functions of (Y7, X) and (Y, X), but does not identify the
distribution of (Y7, Yy, X)) without additional assumptions on the joint distribution
of (Y1,Yo, X) or additional structure on the moment function. When the moment

function is additively separable in Y; and Yj, point identification of 6* is possible

!The methods developed in this paper could in principle be extended to the case of more than
two datasets. We leave extensions for future work.



under weak conditions; see e.g., Hahn (1998), Chen et al. (2008), and Graham et al.
(2016), among others. However, when the parameter of interest depends on the joint
distribution of Y; and Y, the moment function m will typically not be additively
separable. In the special case that both Y; and Y| are scalar random variables, Fan
et al. (2023b) study partial identification and inference in model (1) via the copula
approach.? Their method fails to apply when at least one of Y; or Y is multivariate.
This motivates the current paper, where we allow Y; and Y to be of any finite di-
mensions, making our framework and methodology the most general available in the
current literature.

The first and main contribution of this paper is to characterize the identified set for
¢* (and known functions of #*) in the moment model (1) via optimal transport costs.
Our characterization allows for the general moment function of any finite number
of components and for Y; and Y; of any finite dimensions. We demonstrate via
several running examples the flexibility and broad applicability of our methodology
in diverse applications. Example 1 is the Linear Projection (LP) model in Pacini
(2019); Example 2 is the demographic disparity (DD) in Kallus et al. (2022) with
any finite number of protected classes; Example 3 is the true-positive rate disparity
(TPRD) in Kallus et al. (2022) with any finite number of protected classes; and in
Example 4, the parameter of interest is an extension of that in Fan et al. (2017) to
any finite dimension and Y; and Yy of any finite dimensions.

As the second contribution of this paper, we apply our general characterization of
the identified set for 6* to an important class of moment models, where the moment
function m (+; #) can be written as an affine transformation of 6 with the expectation of
the linear transformation matrix being identifiable but not the translation vector. We
show that the identified set for 8* is characterized by a continuum of linear inequalities
and is thus convex. Furthermore, we derive the expression of the support function of
the identified set and show that the value of the support function in each direction
can be obtained by solving an optimal transport problem, which is easy to compute.

Third, through our running examples, we show that one can often choose the
moment function m and #* in such a way that m is an affine transformation and the

parameter of interest is a known function of 8*. We demonstrate through Example 3

2Fan et al. (2023b) include a point-identified nuisance parameter v* in their moment function
to separate the parameter of interest 6* from v*. Model (1) can be accommodated to having the
nuisance parameter by appending v* to 6*.



that this formulation is advantageous over directly modeling the parameter of interest
into the moment function because the identified set for the parameter of interest may
not be convex, while the identified set for 6* is.

Our fourth contribution is to provide a detailed analysis of each running example.
For Example 1, we make use of the monotone rearrangement inequality to provide a
closed-form expression of the support function of the identified set for multidimen-
sional Yy, extending the result in Pacini (2019) for one dimensional Y;. We provide
a numerical comparison of our identified set with the outer set in Pacini (2019) for
multivariate Y. The result confirms that our identified set is always a subset of the
outer set in Pacini (2019). We further demonstrate the importance of obtaining the
identified set instead of the outer set through cases where our identified set identifies
the sign of the true parameter while the outer set does not.

For Example 2 on the DD measure, again by making use of the monotone rear-
rangement inequality, we provide a closed-form expression for the support function
of the identified set for any collection of DD measures and any number of protected
classes. For the specific collection of DD measures studied in Kallus et al. (2022), our
closed-form expression is the solution to the infinite dimensional linear programming
formulation in Kallus et al. (2022). We derive the time complexity of our procedure
that uses the closed-form expression of the support function to compute the identified
set and demonstrate that it is much faster than solving the linear programming prob-
lem in Kallus et al. (2022). Furthermore, we show that the identified set for any single
DD measure is a closed interval regardless of the number of protected classes and pro-
vide closed-form expressions for the interval endpoints. This extends the result in
Kallus et al. (2022) established for two protected classes.

For Example 3, the identified set for the TPRD measures is non-convex when the
number of protected classes is larger than two. As a result, Kallus et al. (2022) rec-
ommend constructing the convex hull of the identified set instead of the identified set
itself and characterizes the support function of the convex hull through a complicated,
computationally costly, non-convex optimization problem. Choosing the parameter
vector 0% cleverly, we express the identified set for any finite number of TPRD mea-
sures as a continuous map of the identified set for #*. We show that the identified
set for 0" is convex. As a continuous transformation of the convex identified set for
0*, the identified set for the TPRD measures is connected. As a result, the identi-

fied set for any single TPRD measure is a closed interval regardless of the number



of protected classes. Furthermore, we provide closed-form expressions for the lower
and upper bounds of the closed interval extending the result in Kallus et al. (2022)
for two protected classes. However, for multiple TPRD measures, the identified set is
more challenging to evaluate than that of multiple DD measures. In particular, the
monotone rearrangement inequality is not directly applicable. Instead, we develop a
simple algorithm for computing the support function of the identified set for 8* and
for any collection of TPRD measures. We call our Algorithm 1 Dual Rank Equilibra-
tion AlgorithM (DREAM). DREAM builds on a special feature of the solution to the
partial optimal transport problem that defines the support function of the identified
set for 6*. We further analyze the time complexity of DREAM, which is much faster
than solving the NP-hard non-convex optimization proposed by Kallus et al. (2022).

The rest of this paper is organized as follows. Section 2 introduces our general class
of models and presents four motivating examples. In Section 3, we first characterize
the identified set for 8* in terms of a continuum of moment inequalities and then study
the properties of the identified set for a special class of moment models. Sections 4 to
6 apply our general results to the motivating examples. The last section offers some

concluding remarks. Technical proofs are relegated to Appendix A.

Notation We let 0 denote the zero vector and I; denote the identity matrix of
dimension d x d. We denote S¢ as the unit sphere of dimension d. For any cumulative
distribution function F defined on R, we let F'~! (¢) = inf {x : F (z) > ¢} denote the
quantile function. For any two random variables W and V', we use Fv{,}v (+) to denote
the quantile function derived from the distribution of W conditioning on V' = v.

2 Model and Motivating Examples

Denote p1x and pox as the probability distributions of (Y3, X) and (Yp, X) respec-
tively. Our model is defined by (1) and Assumption 2.1 below.

Assumption 2.1. (i) d; > 1, dy > 1, and d, > 0. (ii) The distributions p1x and
tox are identifiable from the sample information contained in two separate datasets,
but the joint distribution p, is not identifiable. (iii) The projections of p, on (Y1, X)
and (Yo, X) are pu1x and pox respectively.

To avoid the trivial case, we assume that d; > 1 and dy > 1, but d, > 0. If



d, = 0, then there is no common X in both datasets. Assumption 2.1 (iii) can be
interpreted as a comparability assumption. Consider, for example, the first dataset
that contains only observations on (Y;, X). Since Yj is missing, the distribution of
(Yo, X) is not identifiable. Assumption 2.1 (iii) requires the underlying probability
distribution of (Yp, X) in the first dataset to be the same as the one of (Yp, X) in
the second dataset. The latter probability distribution pox is identifiable because
the second dataset contains observations on (Y, X). Furthermore, it implies that the

distribution of X in both datasets is the same.

2.1 Linear Projection Model: Short and Long

(%)

In many applications such as those discussed in Pacini (2019) and Hwang (2023),

Consider the linear projection model:

le(YOT,XT>9*+eand]E — 0.

researchers do not observe random samples on (Y7, Yy, X) but observe two sets of
samples on (Y7, X) and (Yp, X) respectively. In consequence, we can identify pqy and

tox separately but not p,. Let

m (1, Y, X;0) = | (¥, X7) 0 - 13| ( ? )

Then we have E, [m (Y7, Yy, X;0%)] = 0. This is the model studied in Pacini (2019)
and Hwang (2023). Both focus on scalar Y, but encounter difficulty when dy > 1. In

Section 4, we derive the identified set and its support function for any value of d.

2.2 Example 2: Demographic Disparity

We illustrate the applicability of our methodology in assessing Algorithmic Fairness
through data combination studied in Kallus et al. (2022). We focus on the demo-
graphic disparity (DD) measure in this section and the true-positive rate disparity
(TPRD) measure in the next section. Other measures such as True-Negative Rate
Disparity (TNRD) can be studied in the same way. The assumptions on the data

imposed in this and next sections align with Kallus et al. (2022).



Let Y7 € {0,1} denote the binary decision outcome obtained from either human
decision-making or machine learning algorithms. For instance, Y; = 1 represents
approval of a loan application. Let Yy be the protected attribute such as race or
gender that takes values in {ay,...,a;}. Researchers might be interested in knowing
the disparity in within-class average loan approval rates. Such a measure is called
demographic disparity and is defined as Pr(Y; =1 | Y, =a;) —Pr (Y1 =1|Y,= (ij)
between classes a; and a;i. Define 05 = Pr (Y, =1]Yy; =a;) for j =1,...,J. The
DD measure dpp (j,jT) for any j # j' is defined as dpp (j,jT) =0; — 9;2. Denote
X as the set of additional observed covariates. Assume that we observe (Y7, X) and
(Yo, X) separately.

Kallus et al. (2022) study the identified set for [0pp (1,J),...,0pp (J —1,J)],
where a is treated as an advantage /reference group. For J = 2, they provide a closed-
form for the identified set for opp (1,2). For J > 2, they state that the identified
set is convex and characterize its support function evaluated at each direction as an
infinite dimension linear program. Applying the result in the paper, in Section 5 we
are able to derive a closed-form expression of the support function for J > 2.

Denote 0* = (0%, ...,0%)". We characterize 6* via the moment model (1) with the

following moment function:

Ol{Yo=a} —I{Y1=1Y = a}
m<}/17}/va;8): E )
0,1{Yo=as;} —1{Y1=1,Yy=ay;}

where 6 = (01, ...,0,)". Tt is easy to see that that E, [m (Y1, Yy, X;6*)] = 0.

Let e, (j) € R7 (e_ (j) € R’) be a row vector such that the j-th element of e, ()
(e~ (y)) is 1 (—1) and all the remaining elements are zero. Then any DD measure
0pp (j,jT) can be expressed as [e+ (7) +e_ (jT)] 0*. Suppose we are interested in K
different DD measures, where K can be smaller than, greater than, or equal to J — 1.
The vector of DD measures can be written as £0*, where £ € RX*/ is a matrix such
that each row of E is of the form ey (j) + e_ (j'). The identified set for E6* follows

from that of 6*. For a particular



we obtain E*0 = [0pp (1,J),...,0pp (J —1,J)] in Kallus et al. (2022).

2.3 Example 3: True-Positive Rate Disparity

Let Y35 € {0,1} be the decision outcome and Y;, € {0, 1} be the true outcome. The
true outcome is the target that justifies an optimal decision. Yy and X denote the pro-
tected attribute and proxy variable introduced in the previous section. True-positive
rate disparity measures the disparity in the proportions of people who correctly get
approved in loan applications between two classes, given their true non-default out-

come. The TPRD measure between any two classes a; and a;+ is defined as
5TPRD (];]T) EPI‘(}/IS =1 | }/lr - 17YE) - aj) —Pr (}/is =1 | }/17' - ]-7YE) :ajT) .

Let Y7 = (Yis, Y1,). We assume that (Y7, X) and (Y, X) can be observed separately.

Kallus et al. (2022) study the identified set for [07prp (1,J), ..., 0rprp (J — 1, J)].
When J = 2, they establish sharp bounds on drpgp (1,2). For cases where J > 2,
Kallus et al. (2022) state that the identified set is non-convex and provide the support
function of its convex hull through rather complicated non-convex optimizations. As
a result, it is difficult to directly analyze the properties of the identified set such as its
connectedness. Moreover, solving the optimizations can be computationally intense.

Instead of directly analyzing the identified set for the TPRD measures, which is
non-convex, we propose to formulate the TPRD measures as a nonlinear function of
some carefully chosen 6* such that the identified set ©; of 6* is convex. Using this
formulation, we show that the identified set for the TPRD measures is connected and
can be obtained as a nonlinear map from ©;. The support function of ©; at each
direction is an optimal transport problem, for which we introduce a simple algorithm
to compute. We also provide a closed-form expression of the identified set for single
TPRD measure that is valid for any J > 2.

Let 0* = (67, ...,05,), where for j =1, ..., J, we define

i1 =Pr(Yis =1, Y1, = 1,Yy = a;) and 03, = Pr (Y1, =0,Y1, = 1,Yy = a5) .

For any j # j1, define a nonlinear map g; ;i : [0, 1> = [-1,1] as
03511

0

*
2j—1

= * k - *
92j_1 + 92] HQjT—l

9j.51 (9*)



The TPRD measure d7prp (j,jT) between classes a; and a;+ can be expressed as
OTPRD (j, jT) = gt (0*). And we can represent any K different TPRD measures as
G (6*), where G : [0,1]*) — [=1,1]" is a multidimensional nonlinear map such that
each row of G (+) takes the form of g; ;i (-).

For 0 = (04, ...,05;), we let the moment function be

01_1{E521m0d27}/17":17}/b:a/1}
Oy —I{Yi;,=2mod 2,Y;, =1,Y5=a
m (Vi Yo, X:0) — 2 " ' 1 0 1}
62y — I {Y1, = 2J mod 2,Y, = 1,Yy = ay}

It holds that that E, [m (Y3, Yo, X;60%)] = 0.

2.4 Example 4: Causal Inference Under Strong Ignorability

Let Y7 and Y, denote the potential outcomes of a binary treatment. Define Y =
Y1D 4+ Y, (1 — D) as the realized outcome, where D is the binary treatment indicator
such that an individual with D = 1 receives the treatment and an individual with
D = 0 does not receive the treatment. Strong ignorability stated below is commonly

adopted in the literature to identify various average treatment effect parameters.

Assumption 2.2 (Strong Ignorability). (i) For all x € &, (Y1,Y)) is jointly in-
dependent of D conditional on X = z. (ii) For all x € X, 0 < p(z) < 1, where
plx)=Pr(D=1|X =ux).

The strong ignorability assumption is composed of two parts. The first one is often
referred to as the unconfoundedness or selection-on-observables assumption; and the
second one is the overlap/common support assumption. Under strong ignorability,
for all x € X, it holds that

Fi(y|2)=Pr(Y <y| X =ux,D=j) for j=1,0.

Suppose that a random sample {(Y;, X;, D;)};, on (Y, X, D) is available. Then
Fy(-]-) and Fp (- | -) are point identified. Moreover, since the distribution of X is
identified, the unconditional distributions of (Y7, X) and (Yp, X) are also point iden-
tified. As a result, if the parameter of interest depends only on the distributions of
(Y1, X) and (Yp, X), such as the average treatment effect, then it is point identified.

9



Let A be a known function of dimension k£ > 1 and

This is an example of model (1) with 8* = E, [h (Y7,Y))]. For univariate potential
outcomes Y7, Yy and scalar 0*, Fan et al. (2017) characterize the identified set for 6*.
And for two special classes of functions h, they establish interval identification of 6*.
For example, when h is supermodular, an application of monotone rearrangement

inequality leads to interval identification of #* with the identified set given by

Jon (Pl (o), Fyl (1= u | 2)) dudpx

0ecO:
<9<ff0 ( 1\33 (ulx), Fo\ (u]:c))dudux

where Fﬂ; (u | ) and FO\x

and Yy given X = x respectively, and px is the marginal distribution of X. However,

(+ | ) are conditional quantile functions of Y7 given X = z

this approach is not applicable when dy > 1 or when Y; and Y, are multivariate.

3 The Identified Set for 6* and its Characterization
Let ©; C © denote the identified set for 8* defined as
={0 €O E,[m((Y1,Y X;0)] =0 for some o € M (p1x, ftox)} (2)

where K, denotes the expectation taken with respect to some probability measure
p € M(pix, tox), and M (u1x, ox) is the class of probability measures whose
projections on (Y7, X) and (Yp, X) are u1x and pox.

When both Y; and Y; are univariate, Fan et al. (2023b) express E,, [m (Y1, Y, X;0)]
in terms of the conditional copula of (Y7, Yp) given X. Exploiting the result that any
smooth copula can be approximated arbitrarily well by a Bernstein copula, they
establish the identified set for 6* by varying the conditional copula in the Bernstein
copula space assuming that the true conditional copula is invariant with respect to
the value of X. To allow for potentially multivariate Y; and Y, we establish a
novel characterization of the identified set ©; via a continuum of inequalities defined
by optimal transport costs in the next subsection. Even when both Y; and Yj are

univariate, our approach is more general than that in Fan et al. (2023b), as the latter

10



relies on copula being smooth and invariant to X.

3.1 A Characterization via Optimal Transport

Let 1), and pop, be the conditional distributions of ¥; on X =z and Yy on X =z
respectively. Denote px as the probability distribution of X. Recall that ), ),
and X are the supports of random variables Y, Yy, and X. For any x € X, let
M (,u1|,,3, ,uo‘x> denote the class of probability distributions whose projections on Y;
and Yy are p); and g,

Applying the method of conditioning in Riischendorf (1991), the identified set ©;

defined in (2) can be equivalently expressed as

0, = {9 co- LS S m (1,90, 250) dpaoe (y1, y0)] dux () =0 } ‘ 3)

for some 119, € M (,u1|z,/10‘x) for any x € X

To simplify the notation, from now on, we omit the variables of integration when
there is no confusion.
Let S¥ denote the unit sphere of dimension k. Define the following set character-

ized by a continuum of inequalities:
0, = {6’ €0: //C'Tgm (ul‘x,uom;m,@) dux <0 forallt e Sk} , where (4)

KT it m (1112, tojz; 2, 0) = inf //tTm (y1, Yo, 23 0) dpiro)s-
:u'10|m€M(:u1\:m/uO|m)

For given x € X and 0 € ©, KT,;7,, (M1|x,ﬂo\x;$,0) is the (Kantorovich) optimal

transport (OT) cost between measures fi1), and fi, with (ground) cost function

t"m (y1, yo, ;0). Here we state the explicit dependence of KT, (,LL1|m, Hoja; T 9) on

x and 6 because the cost function t"m (y1, yo, x;0) is allowed to depend on z and 6.

It is not difficult to see that ©; C ©,. With the following continuity condition on

m, we prove that these two sets are equal.

Assumption 3.1. For every § € © and z € X, m (y1,yo,x;0) is continuous in

(ylay()) on Y1 X V.

Assumption 3.1 holds automatically when the supports of ji, and j;, are finite

3All the statement with “for any € X can be relaxed to “for almost any x € X’ with respect to
wx measure”. We ignore such mathematical subtlety to simplify the discussion.

11



for every x € X, i.e., pig, and p), are discrete measures, because any function on a
finite set is continuous. As a result, Examples 2 and 3 introduced in Sections 2.2 and

2.3 satisfy Assumption 3.1 even though they involve indicator functions.
Theorem 3.1. If Assumption 3.1 holds, then ©; = ©,.

The proof of the theorem is provided in the appendix. It relies on the minimax the-
orem derived in Vianney and Vigeral (2015) and the result on the weak compactness
of M (M\x,,uoke) in Fan et al. (2023a).

Theorem 3.1 characterizes the identified set for 6* via a continuum of inequality
constraints on the integral of the optimal transport cost KT 7, (e, toje; , 0) with
respect to px. This novel characterization allows us to explore both theoretical
and computational tools developed in the optimal transport literature to study the
identified set ©;. See e.g., Rachev and Riischendorf (2006), Villani et al. (2008),
Santambrogio (2015), and Peyré and Cuturi (2019). For example, using Theorem
3.1, we show in Section 3.2 that ©; is convex when the moment function m is affine
in # and the characterization O, provides a straightforward way to study the support
function of ©;. Furthermore, we revisit Examples 1-3 in Sections 4-6 and show that
for all three examples, KT 7., (f1)e, tojo; T, 0) either has a closed-form expression or

can be substantially simplified.

3.1.1 The Role of the Conditioning Variable X

The conditioning variable X provides information on the joint distribution of (Y7, Yp)
by restricting the conditional distributions of Y7 on X = x and Y; on X = x to be ji;,
and fig|,, which are identifiable from the datasets. The set obtained without taking
X into consideration can be potentially larger than the identified set, which includes
the information of X. Consider the special case that the moment function does not
depend on x and denote it as m(y;, yo; ). This includes Examples 2-4. Define a set

using information only on the distributions of Y; and Y:

00 = {96@: inf )//tTm(ylayo;Q)dulog()fOr allteSk}_ (5)

10 €M (11,10

The following proposition shows that ©;, which exploits the information on X is at

most as large as ©F, which ignores such information.

Proposition 3.1. Under Assumption 3.1, it holds that ©; C ©°.

12



As long as X is not independent of both Y; and Yj, we expect the identified set
©; to be smaller than ©Y. This is in sharp contrast to the complete data case with
identified 6%, where X would be irrelevant as far as identification of #* is concerned.
In general, the stronger X and Y; (or Yy) are dependent on each other, the smaller
is the identified set for #*. When one of Y; and Y is perfectly dependent on X, the
identified set becomes the one for complete data, and 6 is point identified under the
standard rank condition. We show this result in the following proposition for the case
where Yj is perfectly dependent on X. Without the common X in both datasets, this
would only be possible in the extreme case that one of Y] and Y} is constant almost

surely.

Proposition 3.2. Under Assumption 3.1, if the conditional measure i, is Dirac
at go(x), then ©; reduces to the identified set for the moment model with complete
data:

Or={0€©:E[m(Y1,00 (X),X;0)] =0}

The expectation in the proposition is taken with respect to the joint distribution
of Y7 and X, which is identifiable from the data.

3.2 A Characterization for Affine Moment Functions

In this section, we show that if the moment function m is affine in 6, then we can
exploit this structure to establish convexity of ©; and derive a simple expression of its
support function. Throughout the discussion, we assume that Assumption 3.1 holds

so that Theorem 3.1 applies.

Assumption 3.2. Let my (yo, x) and mq (y1,x) be matriz-valued functions of dimen-
sion k x dg and ms (y1, Y0, x) be a vector-valued function of dimension k. One of the
following decompositions of m holds:

(1) m (Y1, Yo, z;0) = m1 (Yo, ) 6 + ma (Y1, Y0, T);

(1) m (y1, Yo, x;0) = ma (y1, ) 6 + ma (Y1, yo, ).

For all the examples discussed in the paper, the moment function m satisfies
Assumption 3.2. We focus on the first decomposition in the following discussion
because we can always rename Y; and Yj.

We make the following assumption on the parameter space.

13



Assumption 3.3. © is compact and convex with a nonempty interior.

Theorem 3.2. (i) Let Assumptions 3.1 and 3.2 hold. Define

KT m, (M1|x,/~00\x;$) = inf )//tTm2 (Y1, vo, ) dﬂlom (6)

MIO\ZEM<:U’1\J;7:U'O\Z

Then, the identified set ©p can be rewritten as
O = { €O :t'E[m (Yo, X)]0<— KT, (M1|x,M0\x;$) dux for allt € SF } )

(i) Furthermore, if Assumption 3.3 also holds, then Oy is closed and convez.

Note that KT 7, (Mllzw Ho|z; x) does not depend on 6, because the cost function
t"my (y1, Yo, ) does not depend on #. Under Assumption 3.3, the convexity of ©;
follows immediately from Theorem 3.2 (i), because the constraints in the expression
of ©; in Theorem 3.2 (i) are affine in 6.

3.2.1 The Support Function of O,

For a convex set ¥ C R%_ its support function hy (-) : S% — R is defined pointwise
by hy (q) = supycy q" . Any non-empty, closed convex set is uniquely characterized
by its support function. Moreover, the support function is compatible with many
natural geometric operations, like scaling, translation, and rotation, and it provides
the maximal and minimal contrasts achieved over a set. We use the latter property
in Examples 2 and 3 to obtain the identified set for a single DD measure and a single
TPRD measure for any number of protected classes.

Our novel characterization of the identified set in Theorem 3.2 provides a straight-
forward way to obtain the support function. We make the following two additional

assumptions. Define
Or = { 0t E[my (Yo, X)10 < — [ KT rmy (1js ftoge; ) dpsy for all ¢ € S* } |

where KT, (M1|a:, Hoja x) is defined in (6). The first assumption is on the parameter
space O.
Assumption 3.4. [t holds that ©; = Op.

By definition, we have that O N © = O;. Assumption 3.4 requires that the

parameter space © does not provide additional information on the identified set ©;
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given Ox. It implies that the boundary of ©; is completely determined by the con-
tinuum of inequalities in Theorem 3.2 (i). For all the examples, we can easily choose

O to make Assumption 3.4 hold. The second assumption is on the moment function.
Assumption 3.5. Suppose k = dy and E [my (Yo, X)] has full rank.

Assumption 3.5 requires that the number of moments is the same as the number
of parameters and that the coefficient matrix is of full rank. It implies that if the joint
distribution p, of (Y7, Yy, X) is identifiable from the data, then 6* is just identified
but not overly-identified. For the examples in the paper, Assumption 3.5 is satisfied
either automatically because E [m; (Y, X)] is a diagonal matrix with positive diagonal
entries or under very mild conditions.

Under Assumption 3.5, the expression of O in Theorem 3.2 (i) is equivalent to
@12{ 0eO:q"0<s(q) forall g € S% },Where

s(q) = /}CT TE[m1 (Yo, X)]  ma (Mllsu Ho|z x) dpx

-]

As a result, we have that ¢'0 < s(q) for all § € ©;. If we can further show that for
each ¢ € S% ¢"0 = s(q) for at least one § € Oy, then s (-) is the support function of
©;. Define

1nf //q E [m1 (Yo, X)] ™' ma (y1, 0, @) d/~¢10|x] dpx .-

HlO\xeM “1\%7:“‘0\96

My ={ € M. pox)  E [y (Yo, X))0 + s (1, ¥, X)] = 0 for some 6 € ©; |-

Assumptions 3.4 and 3.5 together imply that M; = M (u1x, piox ), which means that
for any u € M (p1x, pox ), there exists some 6 € O; such that the moment condition
holds.? As a result, for any solution to the OT problem in the definition of s (q),
there is some 6 € O that makes ¢'6 = s (q) hold. Thus, s(q) is the support function
of the identified set O;.

Proposition 3.3. Under Assumptions 3.1-3.5, it holds that he, (¢) = s (q).

4Suppose k > dp. Without Assumption 3.5, M can be a proper subset of M (u1x, pox ). If M
is singleton, then 6* is point identified even under Assumption 2.1. Bontemps et al. (2012) provide
a detailed discussion on conditions under which point identification is restored in incomplete linear
moment models when k& > dy.
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Proposition 3.3 shows that we can obtain the value of the support function for any
direction ¢ by computing an optimal transport cost ICTQTE[mI(YO, X)] s (,u1|z, Ho|z; x)
for each x and then integrating with respect to px. Moreover, if the parameter of
interest is expressed as a linear map from 6* through the linear operator L, then
based on Proposition 3.3, the support function of the identified set for the parameter
of interest can be simply calculated as s (L*q), where L* is the adjoint operator with
respect to the inner product.

As a simple illustration, consider Example 4. The moment function satisfies As-
sumptions 3.2 and 3.5 with my (yo,x) = 4, and ma (y1, %0, ) = —h (y1, Yo, x). If the
parameter space © satisfies Assumptions 3.3 and 3.4, then the identified set for 6* is

convex with support function given by

he, (q) = — / KT i (f112s oje; ) dpex

-

The identification results in Section 3.1 apply to the most general model defined in

inf )//_th (ylayﬂam) dIUIO\w d,uX

Mm\mEM(Huz,Mo\z

(1). Even if any of Assumptions 3.2-3.5 fails, one can still use the original definition of
0, to study the identified set ©;. However, if Assumptions 3.2-3.5 are satisfied, then
the result in Section 3.2 provides a mathematically and computationally attractive
way to obtain the support function of ©;. In both cases, the computational bottleneck
lies in the evaluation of the optimal transport cost: KT v, (ft1)z, fojz; @, 6) in the
general case and KT 7, ()2, fojz; ) in the affine case.

In the remaining sections of this paper, we illustrate through Examples 1-3 ap-
plications of existing results in OT literature to the computation/evaluation of the
above OT costs. We verify assumptions in Section 3.2 and derive the support function
of ;. For Examples 2 and 3, we further discuss how to connect the identified of ©;
to the identified set for the parameter of interest, which is a function of 6*.

For Examples 1 and 2, we show that 77, (-) can be evaluated by the monotone
rearrangement inequality. For Example 3, KT ;7,,, (-) is an optimal partial transport

cost and we introduce a simple algorithm (DREAM) to solve it.
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4 Example 1: Linear Projection Model: Short and
Long

Since the moment function satisfies Assumption 3.1, Theorem 3.1 provides that ©; =
0O,. Additionally, Assumption 3.2 holds with

Y Y1y
my (yo»ﬂf) = ( xo > (y(-)rwr—r) and ) (ylay0ax) = - ( ylxo ) .
1

As a result, Theorem 3.2 (i) applies, where

KT 7 m, (Ml\xa 10|z 217) = Hlf // to Y1Yo + txl/lﬂf) dpt10)z,

#10\z€M B #o\z

where t = (tOT,t)T()T with tg € R% and tx € R%. Although Y; is univariate, Yj
has dimension dy with dy being any positive integer. Consequently, KT ;t,,, (+) is the
OT cost between a univariate measure and a measure of dimension dy. However, the
linear structure of ms (y1, 4o, ) in yo simplifies the computation of the potentially
challenging K7 ;7,,, (-) to a univariate OT problem amenable to the application of

monotone rearrangement inequality. In particular, it holds that

KT T my (Hjzs Hoja; ) = lnf { / / (to o) yrdptiop: — / / thlde10|x:|
Mlo\IEM H1lz> NO\
0

( ) (7.)

O = {ee@ tTM9<// th ) Fy,l, (w) dudpx + t3E (Y1X) for alltGSk}.

Proposition 4.1. Define M = E . The identified set for 6 is

Proposition 4.1 holds for any value of dy. If Assumption 3.3 holds, then ©; is
convex. If © is large enough and M is invertible, then we can apply Proposition 3.3

and obtain the support function for ©; evaluated at ¢ as

[ | ¥t ey (0 Bk ) i + (a7 B+ a3 D) B ),
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A B
where ¢ = (qOT,q)T()T € S%*de guch that gy € R® and ¢x € R% and ( . ) =

M~! being partitioned accordingly.
When Yy is a scalar, the following corollary verifies that ©; is equal to the identified
set O obtained in Pacini (2019) and the one in Proposition 1 in Hwang (2023).

Corollary 4.1. When Yy is a scalar, the identified set © obtained in Proposition 4.1
is the same as O in Pacini (2019) and the identified set in Proposition 1 in Hwang
(2023).

On the other hand, when Yj is multivariate, either the bound in Pacini (2019) or
the computationally simple bound in Proposition 2 of Hwang (2023) is tight. Let

U = {to € R% : at most one element in ¢, is nonzero} and

St = {t = (to,tx) € ST 1 ) € U™ and tx € R }.

The identified set obtained in Pacini (2019) is equivalent to a set defined by the same

dO +d7:
Sy

inequality constraint as in ©; in Proposition 4.1 but for ¢ € rather than for all

t € S%+ds We demonstrate the difference via the following numerical examples.

4.1 Numerical Illustration

We perform two numerical exercises. The first one is to show the difference between
our identified set © and the set provided in Pacini (2019) when dy > 1. In the second
exercise, we illustrate the effect of the dependence between Yy and X on the size of
the identified set.

Simulation 1.  Define X = (1, X). The linear projection model is defined as

Y1:<Y0T,7T>9*+eand]E<e(;))zO. (7)

Let (YOT,X) = (You, Yor, X) ~ N (0,42), where

2

I
e I
o = D
- o o



is the covariance matrix. For 6* = (o, of, 51, 55) = (1,1,0,1), we let

Yi=aYo+a)Y,+ 57 + 65X + €
=Y, +Y, + X +e

where € follows a standard normal distribution and is independent of (Yyq,, Yop, X).

Figure 1: Top-left: p = 0; top-middle: p = 0.25; top-right: p = 0.5; bottom-left:
p = 0.75; bottom-middle: p = 0.9; bottom-right: p =1

Figure 1 compares the identified sets for (o, aj) obtained from our method (green
area) with the one from Pacini (2019) (orange area) for different values of p. When
p = 0, random variables Yy, and Yy, are independent. However, even in this case,
the approach in Pacini (2019) provides a larger identified set. This is because the
method in Pacini (2019) ignores the possible connection between the dependence
within (Yp,, Y1) and the dependence within (Yg,Y7). For example, if the depen-
dence within (Yy,, Y1) reaches the Fréchet-Hoeffding bound, then dependence within
(Yop, Y1) cannot reach the bound anymore, because that would imply a perfect corre-

lation between Yy, and Yg,.
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The bottom-right of Figure 1 illustrates the identified set when p = 1. When
|p| = 1, the model is not identified even if we have the joint distribution of (Y7, Yy, X).
In the case where p = 1, we can only identify o + o7 but not individually. The

approach in Pacini (2019) is not applicable, because it requires E [YOYOT} be invertible.

11
Since E [YUYOT} = L when p = 1, it is not invertible any more. On the other

hand, our Proposition 4.1 still applies and provides the upper and lower bounds for
ol + a;. Because we do not observe the distribution of (Y7, Yy) = (Y7, Yoa, Yob), we do
not point identify o + aj.

It is interesting to compare the identified sets between |p| = 1 and |p| # 1. When
p = %1, any ¢ and —¢ pair would provide the same upper and lower bound for o £aj.
On the other hand, when |p| # 1, the green identified set is an oval. Because for any
given t, the linear inequality of o, a; in Proposition 4.1 defines a half-plane, we need
t to vary along S? to obtain the oval-shaped identified set. On the other hand, when
p = =1, the identified set for (o, ;) is just an interval bound for o £ a;. We only
need two values to obtain such an identified set. We can just pick any ¢t and —t pair
to obtain the bound.

Simulation 2. Consider the same linear projection model as defined in (7). We
now let X ~ N (0,4) and Yy = (Yoa, Yo), where

Yoo = X2 41, and Yy, = Y2 + 1

with 7, ~ N (0,02) and n, ~ N (0,07). Random variables X, 7,, and 7, are mutually
independent. The value of o, controls the dependence between Yy, and X; and the
value o, controls the dependence between Yj, and Yy,. We let Y = oY, + oY}, +
By + B5X + ¢, where (o, af, 57, 55) = (1,0.2,1,1) and € follows a standard normal
distribution and is independent of (Yg,, Yo, X).

Figure 2 shows the identified sets for (o, a;) based on our method (green area)
and the ones based on Pacini (2019) (orange area) for different values of o, and o,
First, we see that as o, and o, decrease, the green identified sets become smaller.
This agrees with our discussion in Section 3.1 on the role of X in reducing the size
of the identified set because the dependence between X and Y, and the dependence
between X and Yp, become stronger when o, and o, decrease. Second, the identified

sets obtained from our method are always smaller than the ones from Pacini (2019).
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Figure 2: Top-left: o, = 2,0, = 40; top-middle: o, = 2,0, = 20 top-right: o,

2,0, = 2; bottom-left: o, = 0.5, 0, = 20; bottom-middle: o, = 0.5, 0, = 4 bottom-

right: o, = 0.5,0, = 0.1

Such a difference can be crucial in cases such as those described in the last two
graphs. When o, = 0.5 and o0, = 4, our identified set becomes small enough to
lie in the first quadrant. On the other hand, the identified set from Pacini (2019)
includes both o} = 0 and a; = 0. When o, = 0.5 and o, = 0.1, both Y{, and Y{, are
strongly dependent on X. However, because the method in Pacini (2019) ignores the

dependence between Y{, and Y, the orange identified set still cannot exclude o) =0

even in this case.
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5 Example 2: Demographic Disparity

5.1 Identified Set for 6*

Because Y] and Yj are both discrete random variables, Assumption 3.1 holds. The

moment function m also satisfies Assumption 3.2 with
my (Yo, ) = diag ([ {yo =a1},..., 1 {yo = as}) and
ma (Yo, y1,2) = — ([{y1 = Lyo=ao}, ..., [ {y1 = 1,90 = @J})T

Therefore, the identified set ©; of 8* follows from Theorem 3.2 (i), where

’CTtng (,u1|m7/JJ0\w;x) = lnf //Z —t; [{yl =1 y Yo = a]} dﬂlo\x

/'L10|1‘€M K1z lu‘Oll

Differently from Example 1, the OT cost K7 7, (+) is between two univariate mea-
sures with a complicated ground cost function ijl —t; I {y1 = 1,90 = a;}. To solve
it, we let d (y1) = I {y1s = 1} and d; (yo) = Z}]=1 til {yo = a;}. We then have

/CTtTmQ (;u1|mnu0|:1:;x) = mf // 3/1 X dt ?/0) d,ul(]\x (ylv?/o)

M10|16M ISTES M0|
= — /0 FD|1$ (u) FD_t‘x (u) du

with D = I{Y} =1} and D, = Z‘jjzl t;1{Yo = a;}. The last equality follows from

monotone rearrangement inequality.

Proposition 5.1. The identified set for 6* is

@1—{969 Zt@Pr Yo =a;) < // D| Dm()dud,quoralltESJ}.

Because the elements of * are probabilities, we have © = [0,1]”. Both Assump-
tions 3.3 and 3.4 hold. Assumption 3.5 is satisfied with

E [my (Yo, X)] = diag (Pr (Yo = a1),...,Pr (Yo =ay)).
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We apply Proposition 3.3 to obtain the support function of ©; as

where D, = ijl @I {Yo = a;} Pr(Yy=a;)"".

5.2 Identified Set for any Collection of DD Measures

The vector of K different DD measures E6* is a known function of #*. In consequence,
we can express the identified set for £6*, which is denoted as App, by mapping each
element 0 in O through F0: App = {Ef: 0 € ©;}. Meanwhile, because O is convex
and F is a linear map, App is convex. We can characterize App through its support

function:

App={6:p"6 < hap, (p) for all pe S}, (8)

where for any p € S¥, the support function of App can be immediately obtained as

s () = o, (E7p) = [ / o () it () dudp. )

Given p, both D and Dgr, are discrete random variables. As a result, we can eas-
ily obtain their quantile functions. For any given x, in principle, we can compute
fl Fil i (U )F_ e (u) du completely by hand.

Our closed form expression of the support function of App in (9) provides an
easy way to obtain the identified set for any single DD measure dpp (j, jT) for J > 2.
For instance, if we are interested in dpp (1,2), then we can let K = 1 and £ =
(1,—1,0,...,0). Then p can be either 1 or —1. We first let p = 1. Plugging p in the

support function ha,, (), we obtain the following equalities:

hay, (1) = he, (ET) = sup E'6 = sup (6; — ) = sup dpp (1,2).

0eO; 6€0; 0€0;
As a result, it suffices to compute hg, (ET) to obtain the tight upper bound of
dpp (1,2). The tight lower bound can be obtained similarly with p = —1. Since
any one-dimensional convex set is either an interval or a degenerated interval, i.e. a
point, the tight upper and lower bounds characterize the identified set for dpp (1,2).
The following corollary provides the expression for the identified set for dpp (j, jT)
for J > 2.
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Corollary 5.1. For any J > 2, the identified set for any single DD measure: dpp (j,jT)
s given by [5%,[) (j,jT) ,5%D (j,jT)}, where

E [min {Ps (X), Pp (X)}] E[max{Pa(X)+ Pc (X) —1,0}]

%0 (7)== 5,50 = a) Pr (Yo = a;)
5 (5,41 _E[max{Ps(X) + Pp(X) —1,0}] E[min{Ps(X),Pc(X)}]
pp (1, 7") = Pr (Yo = a;) Pr (Yo = a;t) ;

in which Py (x) =Pr (Y1 =1|X =2), Pg(z) =Pr(Yo =0, | X =), and Po (x) =
Pr(Yozaﬁ |X:x).

Because Y; and Y, are both one dimensional, the Fréchet-Hoeffding inequalities

provide the identified set for 67 as a closed interval [OJL , HJU], where

_ Emax{Pr(Y1=1|X)+Pr(Yy=aqa; | X)—1,0}]

L

o = Pr (Yo = a;) and
U Emin{Pr (Y1 =1|X),Pr (Yo =qa; | X)}]

’ Pr (Yo = a;) '

Since dpp (j,jT) =07 — 0}, we have that HJ-L — erT < dépp (j,jT) < HJU — Gﬁ. When

J =2, Kallus et al. (2022) prove that there is a joint probability on (Y7, Yy, X) that

allows 67 to achieve its lower (upper) bound and 0% to achieve its upper (lower)
jT? J

identified set for dpp (j, jT) when J = 2. Corollary 5.1 shows that the interval

[GJ.L — 6’%, 9][-] — QJLT] is the identified set for épp (j,jT) even for J > 2.

bound simultaneously. In consequence, interval [HJL — Y. 9Y — GJLT} is in fact the

5.3 Time Complexity

To construct the identified set App via (8), we first sample N, vectors pi,...,pn,

uniformly from the K-dimensional unit sphere and Ns vectors dy,...,dy, uniformly

8

from [—1,1]. Then, we construct the set:
KDD = {5:51,...,51\;5 pld < ha,, (p) for allp:pl,...,pr}

as an approximate to App.

Given any p, we compute ha,, (p) based on (9). Suppose a grid-based method
is employed for the numerical integration with respect to measure pyx. It remains
to study the time complexity for computing fol F[j'lw (w) Fy' . (u) du. The following

ETp|$
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lemma shows the result.

Lemma 5.1. The time complexity for computing fol F5|1x (u) Fng o () du is approz-
E'p
imately %JQ + %J +2K.°

Let N, denote the number of grid points used in the numerical integration. Then
for any given p, computing ha,, (p) requires (%J2 + %J + 2K) N, number of opera-
tions. We obtain the overall time complexity as (%J2 + %J + 2K) NyN, 4+ NsN,,.

5.4 Comparison with Kallus et al. (2022)

Kallus et al. (2022) study the specific collection of DD measures
E*0" = [0pp (1,J),...,0pp (J —1,J)].

Denote A%, as the identified set for £*60*. They propose to approximate A7, by

AEDE {5:51,...,51\76 :pTég/@K(p,x)duX(aj) for allp:pl,...,pr},

where [ @ (p,x) dux (x) is the value of the support function evaluated at p € S7~*.
Kallus et al. (2022) develop the following result to compute @k (p, x).

Lemma 5.2 (Proposition 10 in Kallus et al. (2022)). Given p € S'™! and z € X,

Dk (p, x) is the value of the following mazximization problem:

J-1

yi % (1) y1 Py (1) )
max ; — Pr(Y; = X =z 10
Pi( )i, pJ(.);ylgl}pJ (pr (Yb — aj) Pr (Yb — G/J) ( 1=U | ) ( )
s.t. for any j=A{1,...,J} andy; € {0,1} :
J
() 0 < Py () < 1; (i) Y P;(pn) =1; and
j=1
(iii) Y Piy)Pr(Yi=u|X=1)=Pr(Yo=0q;| X =u1).
y1€{0,1}

For any given p and x, (10) is a linear program with 2./ variables and about

5J (equality and inequality) constraints. The time complexity of solving (10) varies

5We ignore the effect of the bit-length, which refers to the number of bits required to represent
the input data of the problem.
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depending on the algorithm used to solve the linear programming program. For
relatively small J (e.g. J < 5), the simplex method is more efficient and requires
roughly (5J)° = 25J% number of operations (Dantzig (2016)); while for moder-
ate J, interior-point methods are often computationally cheaper and require about
33 (5.J)" ~ 40007 number of operations (Karmarkar (1984); Wright (1997)).6 When
applied to E*6*, Lemma 5.1 shows that our procedure computes @k (p,x) for any
given p € 7! and z € X with § (J? + 7.J) number of operations. This is advanta-
geous even compared with the fastest theoretical running time for solving (10), which
is roughly O ((2J )2'37), where the notation O hides polylogarithmic factors (van den
Brand (2020); Cohen et al. (2021); Williams et al. (2024)).

6 Example 3: True-Positive Rate Disparity

6.1 Identified Sets of 6* and TPRD Measures

Similar to Section 5, we obtain the identified set ©; of 8* by applying Theorem 3.2
(). Assumption 3.2 is satisfied with m; (yo, ) being the identify matrix of dimension
2J x 2J and

I{y1s =1mod 2,41, = 1,y = a1}
I{y1s =2 mod 2,41, = 1,y = a1}
mao (ylayOwr) = - .

I{y1s =2J mod 2,y;, = 1,90 = ay}

where y; = (Y15, ¥1,). Consequently, the identified set for 6* is

2J
O;= {0 €0: Zt]ﬁj < —/ICTtTm2 (M1|x,M0\z;9€) duy for all t € SQ‘]} )
j=1

Furthermore, Assumptions 3.3, 3.4, and 3.5 are satisfied, because © = [0, 1]2‘] and

[E [m; (Yy, X)] is the identity matrix. Thus, the support function of ©; for any ¢ € S*/

6The algorithms used in modern solvers, such as Mosek and Gurobi, share the ideas of the simplex
method and interior-point methods. The information on the exact time complexity of these solvers
is often not public.
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is given by

h@l (q) = _/ICTqug (,u1|m>,u()|x; */I:) dﬂX (11>

Let Arprp denote the identified set for K different TPRD measures represented

by G (6*). We can compute Arpgp as a non-linear map from O;:
Arprp ={6=G(0):0€0;} ={6=G(0):q' 0 < he, (q) forall g S*},

where hg, (+) is defined in (11). Because Oy is convex and the map G is continuous,
we know that Arpgrp is connected, which implies that the identified set for any single
TPRD measure is a closed interval. Using the simple expression for the support
function (11) of ©;, we can derive the closed-form expressions for the lower and upper
endpoints of the interval, extending the result in Kallus et al. (2022) established for
J=2.

Corollary 6.1. For any J > 2, the identified set for any single TPRD measure:
dTPRD (j,jT) is given by [5%PRD (jajT) 751qPRD (jva)]; where

, = — an
TPRD (J J ) 9%;1 +92Lj 92Ljf_1 +9§J'T

U
PN, B SH
TPRD A% O 05, 605 oy

where the expressions for each term in 6% ppp (4,71) and 6% ppp, (4,57) are provided in

the proof of the corollary.

For any j € {1,...,J}, 05, ; and 65, , are the Fréchet-Hoeffding upper and lower
bounds of Pr(Y; = (1,1), Yy = a;); and 65; and 6%; are the Fréchet-Hoeffding upper
and lower bounds of Pr (Y7 = (0, 1), Yy = a;). The proof reduces to computing he, (¢)
for two carefully chosen values of ¢, which essentially solves two optimal transport
problems.

For the general case of multiple measures, we need to compute K7 7, (-). In
contrast to the OT costs in Examples 1 and 2, evaluating K7 ,7,,, (-) for Example 3
is more complicated because the ground cost function ¢'m, is a complex nonlinear
function of y; = (y1s, 1) and yo. To understand the challenge and the idea underlying
our algorithm, in the following, we rewrite the OT problem for KT ;7,,, ().
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Given t = (ti,...,t2s), define 7 (4, j) = —toj_(imod2) fori =0,1and j =1,...,J.

Because Y] and Y{ are both discrete random variables, we let
Fo\x (]) = /I{yo = aj}d,uma; (3/0) =Pr (Yo = Qy | X = l‘) and
Mg (4,1) = /I{yls =4,y = 1} e (1s, 1) = Pr(Yis =4, Y, =1 X =2x).

Given any fi19), € M (Ml\z,,uopc), define

F10|x (i, 1>j) = //I{yl = (L 1)>y0 = Gj}dulo|x (ybyo)-

The OT cost KT 7, (+) can then be rewritten as the following optimization problem

with the argument I'yo, (, 1, j):

J 1

ICTqu2 (/~L1|x7 Mo\ .I‘) = min Z Z m (Za j) FlO\x (l7 17 ]) (12>

r
0l 51 =0

st. (i) Ty (4,1,5) > 0fori=0,1and j=1,...,J,

1
(11) Zrlokv (7’717.]) < FO\x (]) for j = ]-7 .- '7J7 and

1=0

J
(i) Y Tiop (i,1,4) = T (4, 1) for i =0, 1.
j=1

Note that the second constraint is an inequality rather than an equality because the
OT cost KTy, () does not involve /195 (y1,%0) for y1 = (y15,0). In consequence,
(12) is actually an optimal partial transport problem, where Ty, (j) and I'y|, (4, 1) are
identified from the sample information.

The following lemma shows that there exists a solution to this reformulation of

the optimal partial transport problem whose support is monotone.

Lemma 6.1. Suppose that 7 (i,7) is submodular for i = 0,1 and j = 1,...,J, i.e.,
for any j > jt, it holds that

m(1,5) =7 (0,5) =« (1,57 + 7 (0,4%) <.

Then there is a solution {Fio‘x (1,1,§):i=0,1and j=1,..., J} to (12) with mono-

tone support which implies that for some J* € {1,...,J}, o (1,1,5) = 0 for all
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j<J* and o (0,1,7) =0 for all j > J*.

Lemma 6.1 is analogous to monotone rearrangement inequality for the classical
OT problem with submodular cost. Since i in the optimization problem (12) takes

two values only, we can always make m submodular and apply Lemma 6.1.

6.2 Dual Rank Equilibration Algorithm

Exploiting the structure of the solution Ioje (1,1, 7) described in Lemma 6.1, we pro-
pose our Algorithm 1 for solving (12) and call it Dual Rank Equilibration AlgorithM
(DREAM). DREAM involves only basic arithmetic, comparison, and logical opera-
tions, making it straightforward to implement directly in code. In fact, it can be
executed by hand. DREAM is built on an equivalent characterization of (12) which
allows it to use the ranks of 7 (i,j) to equilibrate between minimizing the partial
transport cost and respecting the constraints in (12). The equilibration is done twice
by first separately adjusting I'};, (0,1, 7) and Ioje (1,1,7) across index j and then
jointly adjusting I', . (0,1,7) and Yo, (1,1, ) for a fixed j—Dual Rank Equilibration
AlgorithM.

In the rest of this section, we describe each of the three steps in DREAM and the

equivalent optimization problem that it solves.

Algorithm 1: Dual Rank Equilibration Algorithm (Part 1)
Input : 7(i,j), I',(i,1), and T, (j) fori =0,1and j=1,...,J
Output: KT 7, (K12 Ho|a; T)
/* Initialization */
d(j) < m(1,7) = m(0,7) for j =1,....J;
Sort the indices j in ascending order of d(j);
Relabel the indices in 7(i, j) and Ty, (j) accordingly;
[i)z(i,1,j) <= 0fori=0,1and j =1,...,J;
JL + 1;
JU « J:
/* Step 1: Determine JL and JU */
while 37 T, (j) < T'14(0,1) do
| JL <+ JL+1;
end
while 327 ;1 Top,(j) < T1j2(1,1) do
| JU <+ JU - 1;
end
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Algorithm 1: Dual Rank Equilibration Algorithm (Part 2)

for j5 =JL to JU do
/* Step 2: Ranking and assignment based on 7(0,j) and 7(1,7)
Compute ranking ro(1),...,7r9(j7) for 7(0,1),...,7(0,75);
m <= Fl\m(oa 1);
for r + 1 to jj do
Let w be the index where ro(w) = r;
FlOlm(07 17w) — min{rmm(w)ﬂ m};
m <= m —I'19z(0,1,w);
end
Compute ranking r1(1),...,r1(J —jj+ 1) for n(1,54),...,m(1,J);
m < Ty (1,1);
forr<~1toJ—jj+1do
Let w be the index where ri(w) = r;
Cioje(1, 1L, w + 55 — 1) <= min{Tg,(w + jj — 1), m};
m<—m— F10|:Jc(1’ Lw+jj— 1);
end
/* Step 3: Adjustment for feasibility
while I'yg,(0,1,77) + T'io (1,1, 55) > T (jj) do
dd, 1lb + [|;
for r + r9(jj) + 1 to jj do
Let w be the index where ro(w) = r;
Append 7(0,w) — (0, 57) to dd;
Append w to lib;
end
jddg < length of dd;
forr+r(1)+1toJ—jj+1do
Let w be the index where 1 (w) = r;
Append 7(1,w + jj — 1) — 7 (1, jj) to dd;
Append w + jj — 1 to llb;
end
jdd < length of dd;
Compute ranking rdd(1),...,rdd(jdd) for dd;
for r < 1 to jdd do
Let w be the index where rdd(w) = r;
if w < jddy then
| 1+ 0;
else
| 14+ 1;
end
mmy < Tio2(0,1,57) + Tioj2(1, 1, 55) — Loz (47);
mmeg < Lo (lld(w)) — T'g) (4, 1, lld(w));
mm < min{mmy, mma};
Lo (4, 1, lld(w)) <= Tyg15 (4, 1, lld(w)) + mm;
Flo\z(i’ ij) « 1_‘1O|ac(i7 1ajj) —mm;

end
end

.. J .. . )
C(]J) < Zj:l 23:077 (%J)Flou (17 17])%

end
return
ICTtTmz (/Jfllxa Ho|z3 x) < min {C (JL) , C (JL + 1) yeeyC (JU)}

*/

*/
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Part 1 of DREAM includes Initialization and Step 1. During Initialization, we

" Lemma 6.1 shows that there is a solution

relabel j so that 7 (4, 7) is submodular.
o (4,1, j) with the following structure: there exists some J* € {1,...,J} such that
Iope (1,1,7) = 0 for all j < J* and I'}, (0,1,5) = 0 for all j > J*. In Step 1, we
narrow down the range of J* to {JL,JL+1,...,JU}.

The idea behind Step 1 is that the values of I'y, (0,1) and I'y, (1,1) only allow
certain values of J* € {1,..., J} to satisfy the structure of the solution. Consider the

lower bound JL. For any value of J*, it must hold that

J* J* 1 J* J
> Tow () =)0 Taop (6,1,5) = Tiop (0.1,5) = Y Tige (0,1,5) =Ty (0,1,
j=1 j=1 j=1

j=1 i=0

where the first inequality follows from the second constraint in (12), the second in-
equality holds by the first constraint in (12), the first equality follows from the struc-
ture of the solution, and the last equality holds by the third constraint in (12).
Consequently, Zj; Loje () > T'12(0,1). Because Z;}:ﬂ Loz (4) is an increasing
function of JL, we start with JL = 1 and gradually increase JL until inequality
Zjﬁl Loje () > T'yj2 (0,1) holds. This provides us with the lower bound JL. Simi-
larly, it must also be true that Z;]:J* Loje (j) > T'yjz (1,1). Because Zj:JU Loje (4) is
a decreasing function of JU, we start with JU = J and gradually decrease JU until
Z;.]:JU Loje (7) > T'yjz (1, 1) holds. The resulting JU is the upper bound.

Forany jj € {JL,JL +1,..., JU}, after imposing the structure that I'yg, (1,1, 7) =
0 for all j < jj and Iy, (0,1,7) = 0 for all j > jj, the optimization problem (12)

"By reordering the label j, we can always make 7 (7, j) submodular.
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reduces to (13) below:

min min Zﬂ' 0,7) Flo\x (0,1,4 —1—2 (1,7) Tio (1,1, 5) | (13)

JJE{ILILH1,..,JU} Tioj, —

s.t. (i) F10|x(0,1,j)ZOfOI"]Zl,...,]] and I'yg; (1,1,7) >0 for j = jj,...,J;

(
(iii) oz (0,1, 57) + Tioje (1,1,55) < Lo (47) 5
(iV) Flo\x (1> 1;j) < Po\x (]) for j =73j4,...,J;

Jj J
V) > Tiop (0,1,5) = Ty2 (0,1) and Y Tigp (1,1,5) = Typ (1,1).
J=Jj

Steps 2 and 3 of DREAM solve the inner and outer minimization problems in (13)
sequentially. Once we obtain the solution to the inner optimization problem for any
given 77, solving for the outer one is trivial. In the following, we give a succinct
discussion of Steps 2 and 3 for solving the inner optimization problem for a given
jj € {JL,JL+1,...,JU} and refer interested reader to Appendix B for detailed
explanations.

Given jj, directly solving the inner minimization problem in (13) can still be
complicated due to its third constraint (iii). It is the only constraint in (13) that
involves both I'yo|; (0,1,7) and I'yo), (1,1, ) for the same j. So we first ignore this
constraint and solve the following simpler optimization problem:

JJ
min Z (0, ])Flo\x (0,1,5) + Z (1,7 F10|:z: (1,1,7) (14)

Tiojz | 4
Jj=1 J=JjJ

s.t. (i), (ii), (iv), and (v) in (13) hold.

Since the objective function and the constraints in (14) can be separated in two parts,
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(14) is equivalent to the following two minimization problems:

Jj
Problem 1: min Z 7(0,7) oz (0,1, 4)

r
10|z =1

st. (i) Typ (0,1,5) > 0 for j =1,.... 5],
( )FIO\J:(()?L.]) <F0\a:( ) fOI‘j :1 7]]; and

(111) Z FlO\x (07 17]) = Fl\x (07 1) ;

Problem 2: mlnz (1,5) Tio2 (1,1, 5)

10|z X
Jj=Jjj
st. (i) Taope (1,1,5) > 0 for j = jj,..., J,

( )Flo\x(1717.]><P0\x( ) fOI‘j—jj, ‘7J7 and

(ii) Z Tiofe (1,1, 5) = T1p (1,1) .
=33

Problem 1 and Problem 2 are solved during Step 2 of DREAM. First we assign
mass to I'yg); (0,1, 7) based on the rank of 7 (0,7) to solve Problem 1 and then
assign mass to I'y, (1, 1, 7) based on the rank of 7 (1, j) to solve Problem 2. If the
third constraint >; oz (7,1,77) < Toz (j7) in (13) is satisfied automatically by
the solution to (14), then we obtain the solution to (13). If it is violated, then we
proceed to Step 3 of DREAM.

In Step 3, we move mass from I'jg, (0,1,77) to other I'yg, (0,1,5) and/or mass
from I'yo); (1,1, j7) to other I'yg); (1,1, j) until the third constraint in (13) is satisfied.

Given the values of I'yq|, (4,1, j), we can compute

J 1
:ZZT{' 1 ] 1—‘10|m Z,l,])

j=1 i=0

for the given jj.
Finally, we repeat Steps 2 and 3 for each jj € {JL,JL+1,...,JU}. Then the
optimal value of the outer minimization problem in (13) or equivalently of (12) equals

tomin{c(JL),c(JL+1),...,c(JU)}.
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6.3 Time Complexity

In this section, we compute the time complexity of our algorithm. In practice, we
construct Arprp via three steps. First, we sample N, vectors qi, ..., gy, uniformly
from the 2.J-dimensional unit sphere and Ny vectors 6y, . . ., 8y, uniformly from [0, 1]2‘].

Then, for each 6, we compute a set
Or = {9:91,...,91\79 :q"0 < he, (q) for all ¢ = ql,...,qu}.
Finally, we map from each element in ) 1 to obtain
Arprp = {5:@(9) 0 e @1}.

Assume that a grid-based method is used for the numerical integration when com-
puting he, (q) for any given ¢g. During the construction of Arp rD, all the operations
are basic except computing the optimal partial transport cost KT ,7,,, (Ml\x, [ojz; x)
The following lemma establishes that DREAM computes K7 ,7,,, with remarkable

efficiency.

Lemma 6.2. The time complexity for computing KT ;7.,, (,U1|x,llo\x;$) 1S approxi-
mately 3 (3J% 4 38J% +9.J).

Let N, denote the total number of grid points used during the numerical integra-
tion. Then we need £ (3J° + 38.J% 4 9.J) N, basic operations for computing he, (¢) for
one given ¢. As a result, constructing ©; requires % (3J% +38J%+9J) N.N, + N,Ny
number of operations. By definition, for any 6, G (0) takes 5K operations. Thus, in

total, it requires at most

(3J° 4 38J% 4+ 9J) NN, + NNy + 5K Ny

N —

basic operations to construct ATPRD. It can be seen that our efficient DREAM is

essential for such a low time complexity.

6.4 Comparison with Kallus et al. (2022)

Differently from our approach, Kallus et al. (2022) study the convex hull of the
identified set for a collection of TPRD measures instead of the identified set itself.

They focus on drprp = [07prp (1,J), ..., drprp (J — 1, J)], which is one example of
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our TPRD measures with G* (6*) = [g1,5 (0%),...,9s-1.5 (6%)]. Kallus et al. (2022)
propose to compute the support function hcony (p) of the convex hull at direction

p = (p1,...,ps—1) from the maximization problem (15) below.

Lemma 6.3 (Proposition 11 in Kallus et al. (2022)). For any p € S”7, heony (p) 48

the value of the following maximization problem

YsaYT;X YSYT’ —E[P YS,YT,X YSYT‘
o max ij 1) Yir, X) Y1sY1p] = E [Py (Yis, Yir, X) Yis Y3,

(15)
s.t. for any g =A{1,...,J}, y1s € {0, 1} yir €{0,1} andz € X :

(Z) E[ (3/137}/17*7 )Sflr - 1 (”) Z yls,ylr’ ) - 17’ (“Z) Pj (ylsvylﬁx) > 07' and

(iv) Z Pj(yls,ylr,x)Pr(Yls:yls,Yl,,:ylr | X=2)=Pr(Yy=0a,;| X =2)p;.
yis,Y1r€{0,1}
Algorithm 2 in Kallus et al. (2022) and the following-up discussion provide that

the approximate of the convex hull of A%y, is computed as
Conv (Afprp) = {6 =061,...,0n, : p'6 < heony (p) forall p=py,. .. ,DN, } -

Assume that a grid-based method is used for computing the expectation in (15), then
the inner maximization in (15) is a linear programming with 4.JN, number of vari-
ables, where N, is the number of grid points. As a result, the inner maximization
itself takes at least O ((4J Nx)2‘37) number of operations. Moreover, the outer maxi-
mization is a non-convex optimization problem which is known to be NP-hard. Thus,
we expect our procedure to be computationally much more efficient than the one in
Kallus et al. (2022).

7 Concluding Remarks

In this paper, we have developed a unified approach via optimal transport to char-
acterize the identified set for a finite-dimensional parameter in a moment equality
model with incomplete data. Using three running examples, we have demonstrated

the advantages and simplicity of our approach compared with works in the current
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literature. First, for Example 1, we constructed the identified set allowing Yj to be of
any finite dimension while existing work established the identified set for univariate
Yy only; Second, for Example 2, we solved the existing linear programming charac-
terization in closed form; Third, for Example 3, we developed an effective algorithm,
DREAM, for evaluating the identified set for any collection of TPRD measures and
established its time complexity. In contrast, the existing work requires solving a non-
convex optimization problem and only constructs an outer set of the identified set for
more than two TPRD measures.

In a follow-up paper, we will study estimation and inference for 6* and its known
transformations. Given the inequality characterization of the identified set for 6*
in (16), plug-in estimation of its identified set and that of a known function of
0* is straightforward. Inference is complicated by the presence of unknown func-
tions/marginal distributions in the continuum of moment inequalities. However,
methods developed for partially identified /incomplete models in the literature can
be extended to account for the first step estimation of the unknown nuisance func-
tions such as Andrews and Shi (2013) and Chernozhukov et al. (2013) for inference
on the entire vector 0* and Bei (2024) for subvector inference. For models satisfying
Assumption 3.2, more computationally efficient methods may be developed by taking
into account the convexity of the identified set especially the closed-form expression
of its support function, see Beresteanu and Molinari (2008), Beresteanu et al. (2011),
Bontemps et al. (2012), and Kaido (2016) for confidence sets of the identified set and
Kaido et al. (2019) for subvector inference.

Finally, we focused on parametric moment condition models in this paper. How-
ever, our general identification result also applies to semiparametric moment condition
models with both finite-dimensional and infinite-dimensional parameters. It would

be interesting to work out some specific examples. This is left for future work.
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A Technical Proofs
Lemma A.1. Consider O; defined in (2). Define
O, = { 0 € O :inf e My pox) Eu [tTm (Y1, Yo, X;0)] <0 for allt € S } . (16)

(i) It holds that ©; C ©,. (ii) Conversely, if 0, € ©,, then there exists a sequence of
measures i\ € M (pix, pox) such that B, [m (Y1, Yo, X;6,)] — 0 as s — oo.

Proof of Lemma A.1: Part (i). By the definition of ©; in (2), for any 6; € Oy,
E, [tTm (Yl,YO,X;é’Iﬂ = 0 for some p1 € M (p1x, pox) and for all ¢ € S*. Then it

must be true that
inf E, [tTm (Yl,YO,X;HI)} <0

HEM(p1x,10x)
for all t € S*. Hence we have 6; € ©, and ©; C O,.
Part (ii). Because the left-hand side of the inequality in the definition (16) is

positive homogeneous in t, ©, is equivalent to

O, = { 0eco: inf e M o) B [t (Y1, Y0, X50)] <0 }

for all t € R* s.t. ||¢]| <1

If 0, € ©,, then we have that for all t € R* such that ||t|| <1,

inf E, [t'm (Y1, Y5, X;6,)] <O0.

HEM(p1x,10x)

Taking the supremum over all ¢ with [|¢]] < 1, we get

sup inf E, [tTm (YI,YO,X;QO)} <0.
teRk |t <1 HEM (1 510X )
The idea is now to apply a minimax theorem to the left-hand side of the above
inequality. The result in Vianney and Vigeral (2015) is sufficiently general. Because
the function (¢, ) — E, [tTm (Y1, Yo, X; 90)] is bilinear, it is concave in ¢ and convex
in p. The domains of both ¢t and p are convex, and t is finite-dimensional and

bounded. For ¢t = 0, the function is identically 0 and therefore bounded below.
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Therefore, Theorem 1 in Vianney and Vigeral (2015) applies and we obtain that

sup inf E, [tTm (Y1, Yo, X; 90)}
teRk ¢ <1 HEM(p1x 510X )
= inf sup E, [tTm (Yl,Y('),X;HO)} <0.

HEM(p1x,10X) teRF |[¢]|<1

For any € M (pix, ftox), if ||E, [m (Y1, Yo, X;6,)]|| # 0, then the supremum of the

optimization problem sup;egr ;<1 Ey [tTm (Y1,Y,, X;6,)] is attained at
t= By [ (Y1, Yo, X5 00)][| 7y [ (Y2, Yo, X56,)].

If |E, [m (Y1,Ys, X;60,)]|| = 0, then the supremum is achieved at any ¢ € R* for
|t]] < 1. In both cases, the maximal value equals to ||E, [m (Y1,Y,, X;6,)]||. Thus,
we have

0> inf sup E, [tTm (Y1, Yo, X; 90)]

 HEM(p1x HoxX) R |t <1

= o B [m (Y1, Y0, X560l > 0,

REM(11x 10X

which implies that inf,c ) [[E, [m (Y1, Y0, X;6,)]]] = 0. This completes the

proof for the second part of the lemma. O

H1X H0X

Lemma A.2. Consider O, defined in (4). If 0, € ©,, then for any x € X, there

exists a sequence of measures :“S))pc eM (ul‘x, ,u0|$) such that as s — 00,

/|://m(ylay0axa00)dﬂ§%)|m d[llx—)o

Proof of Lemma A.2: By Lemma A.1 (ii), there exists a sequence of measures
p'® € M (pix, pox) such that B, [m (Y1,Ys, X;6,)] = 0 as s — oo. For any s, the
measure ,u(s) represents a joint distribution of (Y3, Yy, X) with pyx and pox being
the distributions of (Y7, X) and (Yp, X) that do not depend on s. From such a joint
distribution of (Y7, Yy, X), by the disintegration theorem, we can obtain px as the
probability measure of X and ug‘ax
are [y, and fig,. None of the measures jix, pi1), for all x € X, or pg), for all z € X

change with s. Therefore, we obtain the sequence of measures uﬁf}w e M (M1|:p, ,UO|30)

for each x € X whose projections on Y; and Yj

for each © € X that satisfies the condition in the lemma. OJ
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Proof of Theorem 3.1: By Lemma A.1 (i), it remains to show that for any 6, € ©,,
it holds that 6, € ©;. By Assumption 3.1, given every 6 € © and almost every x € X
with respect to px measure, the continuity of m (yi, yo, x; 0,) with respect to (y1,yo)

makes the functional

Koz //m(?/1;y07$;90) dpi10) (y1, %0)

continuous with respect to weak convergence of measures. By Proposition 9 in Fan
et al. (2023a), M (,u1|x,u0‘m) is compact with respect to the weak convergence. In
consequence, for almost every x € X with respect to ux measure, the sequence of mea-
(k)
0

Sures [y, in Lemma A.2 has a subsequence converging to some Nfo\x eM (,u1|x, ,u0|x).

Thus, there exists MIOM eM (ul‘x, ,u0|$) for almost every x € X such that

/ |://m(y17y0ax; 90) d:u’,l(0|x d[LX =0.

Hence, 6, € ©; and the theorem holds. O

Proof of Proposition 3.1:  Under Assumption 3.1, Theorem 3.1 provides that
©; = O,. It suffices to show that for any # € ©,, it holds that # € Y. The weak
compactness of M (ul‘x, u0|r) shown in Fan et al. (2023a) provides that for any ¢t € S*
and 0 € O,

/ICTnm (Hajes tiojas , 0) dpix :/ [//tTm(yl,yo;H) d/ﬁimm] A

for some :“Io\x e M (ul\m,umz) for each x € X. By the definition of conditional
probability, we have that

/U/tTm (1, 90; 9) duimm} duxz//tTm (41, y0; 0) dpl,

where 1, (y1,0) = Jocn :“10|z (y1,%0) dpx (x). Because 1), and pg), are the condi-
tional distributions of Y; on X = x and Yy on X = x respectively by definition and

fix is the probability measure of X, it holds that ul, (y1,0) € M (11, po). Thus, we
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have that for any t € S¥ and 0 € ©,
KT rm ( ;2,0 dux = t"m (y1, yo; 0) du}
tTm \ M1z Hojzs Ty Mx Y1, Yo; Hio

inf t"m (y1,y0;0) d
moeM(Ml J140) // yl yO Hio-

In consequence, if § satisfies the inequality conditions in the definition of O, for each
t € S*, then it would also satisfy the inequality conditions in the definition of ©°.
Hence, ©; C 0°. O]

Proof of Proposition 3.2:  Because fi|, is Dirac at go (z), we can compute the

optimal transport cost in the definition of ©, as

/[ mf //t m (Y1, Yo, T; 0) d,ulOa:] dpx
Mlo\zEM Hi|z» ,uo\

= /Ut m (y1, go (x) , x; 60) dpaay (?Jl)} dpx ()

//t m (g1, 90 () 230) djirx (91, )

=E[t'm(Y1,9(X), X;0)],

where the second equality follows from the definition of j;, and px. Denote the set
in the proposition as ©. Since ©; = O, by Theorem 3.1, in the following, we show
that ©, C ©F and ©F C O,.

If 6, € ©,, then for any ¢t € S* we have that

E [t"m (Y1, 90 (X),X;0,)] <0.
If t € S¥, then —t € S* holds as well. In consequence, we have that for any t € S*,
0>E[t'm (1,9 (X),X;0,)] = —E{~t"m(Y1,90(X),X;0,)} >0.
This shows that E [t"m (Y1, 9o (X), X;6,)] = 0 for any ¢ € S*, which implies that
Em (Y, g0 (X)), X;6,)] = 0.

Thus, we have that 6, € ©F. The other side ©F C O, is straightforward. Hence, the
proposition holds. []
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Proof of Theorem 3.2:  Theorem 3.1 implies that ©, = ©;. Plugging the first

decomposition of m provided by Assumption 3.2, we obtain that

//tTm(yl,yO,x; 9) d,ulo|x I//tTml (yo,l‘) 9d,u10x+//tTm2 (yhyo;fU) du10|x
ZtT//Tm (907515) Qdﬂ0|x+//tTm2 (ylay07x) d,ulD|a:

— (TE [my (Yo, X) | X]6 + / / (T (1, 90, 2) ditzope.

where the second equality follows from Assumption 2.1. Thus, it holds that for any
t € Sk,

/ICTtTm (11]2» tojz; 7, 0) dux <0
= /tTE [my (Yo, X) | X]0dpx + /iCTtTmz (11)es ojas @) dpx <0
=t E[my (Yo, X)] 0 + /ICTtTmQ (11je» Hoje; ) dpx <0
> t"E[my (Yo, X)]0 < — /ICTﬂm2 (H1je, tojes @) dpix .

Thus, we show that each inequality in (4) can be alternatively expressed as the in-
equality in part (i) of the theorem.

To prove that ©; is closed, assume the contrary. Then there exists a sequence
{6,}>7, and its limit 6" such that 6,, € ©; for all n, but 6" ¢ ©;. Then, there is at
least one t" € S¥ and some § > 0 such that

t'E [m1 (Yo, X)] 0" > — /’CTﬁTmQ (M1|z>ﬂo|x;93) dpx.
Because Hen — GT” — 0 as n — 00, there must be some N and some § > 0 such that
tTE [my (Yo, X)] On > t1TE [my (Yo, X)] 07 — 0
> —/’CTHTM (Mux,uomm) dpix.

This implies that 6y ¢ ©;, which contradicts that 6, € ©; for all n. Therefore, ©;
is closed. The convexity of ©; holds because the constraints in the expression of O;

are affine in # and © is convex by Assumption 3.3. Thus, part (ii) of the theorem
holds. O
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Lemma A.3. Under Assumptions 3.1, 3.2, and 3.5, the identified set ©p in Theorem
3.1 (1) can be rewritten as { 0cO:q"0<s(q) forallqe S }, where

s(q) = —/’CTqTE[ml(Yoyx)]—lmQ (Nl\xa o)z JU) dpx.

Proof of Lemma A.3:  Denote the set in the lemma as . We aim to show that
Ol € ©; and ©; C ©!. Under Assumption 3.5, matrix E [m; (Y, X)]™" exists. For
any t € S, let ¢ = E[m; (Y, X)]Tt. Then for any t € S¥, we have

/’CTtTmz (Mllmaﬂolw59€) dpx = /’CTtTE[ml(YO,X)}E[ml(Yg,X)}_lmg (M1|maﬂo|m;9€) dux
= /ICTqT]E[ml(YO,X)]lmQ (/“Ll\xu Ko x) dpx.

In consequence, for any ¢ € S¥, if § € © satisfies the inequality constraint

£TE [my (Yo, X)]0 < — / KT o, (1111, Hore: ) dji,

then it would also satisfy

qTQ < — /]CTqTE[ml(YO’X)]lmQ (Hl|x7ﬂ0\x;x) dux,

where ¢ does not necessarily belong to S%. On the other hand, because the constraint
is positive homogeneous in ¢, it is equivalent to letting ||¢|| = 1. Thus, we have shown
that for any constraint in ©y, there is a corresponding constraint in @}. It holds that
@J} C Oy. The other direction ©; C @J} follows from a similar argument by letting
t = [E[my (Yo, X)] ] q. Hence, ©, = OF. O

Lemma A.4. Under Assumptions 3.1-3.5, for any q € S% there exists some 6 € O
such that

B / KT o B (v, )]~ o (Bl Hope; ) dpix = ¢ 0. (17)
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Proof of Lemma A.4:  Under Assumption 3.5, E [my (Yg, X)]™" exists.

sumption 3.1, the proof of Theorem 3.1 shows that for any g € S%,
/’CTqT]E[ml(Yo,)()]—lm2 (Ml\mumx;?ﬁ) dpx
= / [//QT]E [ma (Yo, X)) ™" ma (1,90, @) duimx} dpx
= ¢ E[m (Yo, X)}_l/ V/mz (Y1, %0, %) duiw} dpx,

for some Niop; eM (,uux, Mo\m) for every x € X. Let

o1 =<l (10,01 [ | [ [ n0) di | e

Then for such 07, Equality (17) holds. It remains to show that 67 € ©;.

Note that 0" satisfies the following system of linear equations

E [my (Yo, X)) 67 —|—/ {//mg (y1, Yo, x) duiolm} dux = 0.

By Assumptions 3.2, the proof of Theorem 3.1 implies that
E[ml (}/OaX)] 9T+/ |://m2 (yhyOJx) d/“L];Ox:| d:U’X

=/ [//m(yl,yo,x; 0") duhx} dpx = 0.

Since Oy is in the interior of © by Assumption 3.4, O; is equivalent to

Or = {9 eR¥ : J U S m (v, yo. 250) dpnnoje (y1,90)] dux () = 0 } .

for some 110, € M (ul‘x, ,u0|x) for every x € X

By As-

Because for every x € X, /ﬂ belongs to M (fi11z, ftojz), it holds that 87 € ©;, which
10|z | \

completes the proof.

]

Proof of Proposition 3.3: The definition of the support function states that

he, (¢) = supyeg q¢' 0. For any given ¢ € S%, the expression of O; in Lemma A.3
implies that ¢"0 < s(q) for all § € ©;. Therefore, he, (¢) < s(g). As the same time,
Lemma A .4 states that there exists some 0 € Oy, such that ¢" 0" = s (g). This implies
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that he, (¢) > s(q). Combining the two results, we have that he, (¢) = s (q). O

Lemma A.5. Let V and W be two univariate random variables with probability

measures [y and py respectively. It holds that

in / / —vwdpyy (v, w) = / R () Bt () d

pv,w EM(py,1w)

Proof of Lemma A.5:  The proof follows directly from Proposition 2.17 in San-
tambrogio (2015) by letting the cost function h (v — w) be (v — w)>. O

Proof of Proposition 4.1:  Both Assumptions 3.1 and 3.2 hold by the nature of

the moment function. Thus Theorem 3.2 implies that
O = { 0ecO:t"Mo<— S KTt m, (,ul‘m,,umz;a;) dux for all t € S¥ }

It remains to compute [ KT, (,u1|x, Ho|z; IL‘) dpx. By definition, we have

]CTtTmQ (Ml|xaﬂ0\x;x) = 1nf // —t' yldlhopc
Mlo\zEM Mi|zs Mo\
= lnf {// to Yo) y1dpiol — //thlxd/L10|x:|
Mlo\zEM Mi|z» Mo\
= mf // to Yo) Y1dpiops — //txylxduuz
Mw\zGM IGED Ho\

Apply Lemma A.5, we obtain that

mf // tO yo 1d,u10‘$ = — / FtTY0|z ('LL) Fi‘lx ( )du
u10|z€M K1z /’LO|1

Moreover, since
//t}ylxduumdux = tyE(V1X),
we obtain the expression for the right-hand side of the inequality in the proposition.

]

Proof of Corollary 4.1: For an easy comparison with the result in Pacini (2019),

we adopt the notation in Pacini (2019) in this proof. The support function can be
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rewritten as

// qu+q )Xz (u )FY|Z (v) dudpz + (an +4q3 D) Sy

Using the definitions in Pacini (2019), we have

GoA + q5C = qobo + q5dy = €0y and
(an + qﬂ D) SZ?/ = Galo + q;—CO = qu-

As a result, the support function can be further written as

1
/0 Fe_on|z (u) F;ﬁz (w) dudpiz + Vg (18)
Depending on the sign of e, it holds that

Fe_o;X|z (u) = . (u) for eoq > 0 and

F
gl (1 —u) for e,y < 0.

Fe_on|z (u) X|z

Therefore, the left hand side of (18) is equivalent to

1
oql (€0q > 0)/ F);‘lz (u) FY|z( w) dudpy
0
1
+ €ogl (€0g < 0) / Fgﬁz (1—u) F;‘lz (u) dudjiy + vog.
0

Applying the change-of-variable, we have that
1
/ F);|1z (U) FY\Z ( )dud,uz [YFXIZ (Fy|Z (Y))] = >‘0Fu and
0

/01 Fil (1= w) Fy L (w) dudjz = B [YFyl, (1= Bz (V)] = 2

using the definitions of A%, and A%, in Pacini (2019). In addition, by the last statement
in the proof of Lemma 3 in Pacini (2019), it holds that

€ogl (€ag > 0) Mgy, + €oql (€ag < 0) Ay = max {eog ALy, €og iy } -
Thus, the support function (18) can be expressed as
max {€og Ay, €og Ay} + Vog-
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This is the same as the support function for ©p in Pacini (2019).

Simple algebra would show that the support function of ©p defined in Lemma
1 in Pacini (2019) is equal to that of the identified set in Proposition 1 in Hwang
(2023). Since any non-empty closed convex set is uniquely determined by its support
function, the two sets are equal, which in turn shows that O; is equal to the identified
set in Hwang (2023). O

Proof of Proposition 5.1:  Since Y; and Y are both discrete, Assumption 3.1
is satisfied. Additionally, Assumption 3.2 holds with m; (yo,x) and ms (Yo, y1, )
discussed in Section 5. Thus, Theorem 3.2 (i) applies. We have that

E [m; (Yo, X)] = diag (Pr (Yo = a1),...,Pr (Yo =ay)).

It remains to compute K7 ;7,,, (,Lb1|z7 Mol I)

Plugging in the functional form of ms (yo, y1,x), we have that
’CTtTmQ (Ml\xa Ho|zy T )

_ o / / Z 45T {n = 1,90 = ay} dyinos

M10|L€M I5TES Mou

= mf // Iy =1} [Zt I{yo = aj}] dftrofs-

#10|z€M IGED /J'0|m

Let d(y1) = I{y1 = 1} and d; (o) = Z‘j]:l t;I {yo = a;}. Apply Lemma A.5, we have
that

mf // (y1) x di (Yo) ditrojz (Y1, %0) = / Fgﬁx (u) F[_)jm (u) du,

NlO\xGM M|z .U‘O\ac

where the random variables D and D; are defined in the proposition. We have ob-

tained each term in Theorem 3.2 (i). The proposition hence follows. O

Proof of Lemma 5.1:  We count the number of elementary operations when com-
puting fol FB‘I w) F ! Tl (u) du for given p and z. First, we compute £ 'p. Because
E* has only 2K non-zero elements and p is one dimensional, it takes 2K operations
to compute Random variable D takes two values. As a result, the quantile func-

tion F Dl (u) is a step function with two jumps. Similarly, discrete random variable
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Dy, has J values, where each value requires 1 multiplication/operation to compute.
The function Fj, 1T " (u) is a step function with J jumps. Sorting its J jumps needs
E'p

1J(J — 1) number of operations. The product Fy,! (u) F,' | (u) is also a step func-

D|z ETPIJ?

tion of u with J+ 1 jumps. The integration in fol FD_‘i (u) F[_)1

ETp|:C
a summation of J + 1 terms, where each term requires 1 multiplication. In total, we

(u) du is essentially

need
1 1
2K+ T+ (=) +J+ 1+ T+ 125 (] +3J]) +2K
operations to compute fol Fl;'lm (u) Fng o () du. O
E'p

Proof of Corollary 5.1:  Following the discussion in Section 5, we know that the
identified set for dpp (j, jT) = 0; — 0} is an interval or a degenerated interval. We
aim to find the two endpoints of the interval. Let E =e, (j) +e_ (jT).

Part 1. We first derive the upper bound. Let p = 1. The discussion in Section 5
shows that

happ (1> = he, (ET) = Oseug dpp (]JT) .
I

Thus, it suffices to compute

1
he, (ET) :// Fl;‘lx (U)Fﬁém (u) dudpx,
0
where D = [ {Y; =1} and
Dy =I{Yo =} Pr(Yo=a;)" =1 {¥p =} Pr(Yp=a;) .

Define .
50 (.1 | 2) = / Fyl () Fl (u) du

We now compute 09, (j,jJr ] x) for each x. To simply the notation, we use Pr (- | x)
to denote Pr(- | X = x). We also let p; = Pr(Yy = a;)”" and pji =Pr (Yo = ajf)_l.
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A simple calculation would show that

0 d<0
Fp(d)=qPr(Y1=0]z) 0<d<1 and
1 1<d
B 0 0<u<Pr(Y1=0]|x)
FD\;(U):

1 Pr(Yi=0|a)<u<l
Similarly, we obtain that

Pr(Y():ajMa:) —pjt <d <0
Pr(Yo#a;|2) 0<d<p;

FDE|CC (d) =

This implies that

—pji OSUSPr(Y():ajMa:)
F,;;‘m(u)z 0 Pr(Yo=a;i |z) <u<Pr(Yy#a;|z).
Dj Pr(Yp #a;|z) <u<1

Therefore, for any given z, it holds that 6%, (4,57 | z)

—pjt [Pa(x) + Po (x) = 1] 4+ p;jPp (x) if 1 — Py (x) < Po ()
p; Pp () if Po(z) <1—Py(z)<1—Pg(x),
p;Pa () if 1 — Pg(x) <1— Pa(x)

where the conditional probabilities P4 (), P (x), and Px (z) are defined in the corol-

lary. By plugging the values of p; and p;+ into the above expression and combining

terms, we obtain the expression of 69, (4,41 | z):

min {Pa (z), Pp (v)} max{P4(z)+ Pc(z) — 1,0}
Pr (Y, = a;) Pr (Yy = a;1) '

48



Therefore, we obtain that the upper bound for dpp (j, jT) as

[ 850 1)ty ~E L. P 2O
E [max { P4 (X) + Pe (X) — 1,0}]
Pr (Yo = a;1)

Part 2. By the definition of the support function, we have that

— jnf (0, —0;1) = sup - (0, — 0;1) = ha,, (—1).

In consequence, the lower bound is obtain by computing —ha,, (—1) = —he, (—ET),

where
1
~he, (E") = / / —Fp (W) Fp', (w) dudpy = / 0pp (4.5" | @) dux,
0
where D = I {Y; =1} and
D_p=—I{Yy=a;} Pr(Yo=a;)" +1{¥p=an} Pr(¥o=an)".
We can obtain that

0 d < —p;
Pr(Yo=a;|2z) —p;<d<0
Pr (Yo #a;i |z) 0<d<pj .
1 pit <d

FDfE‘x (d> =

This implies that

—p; 0<u<Pr(Yo=a;|a)
Fplye (=490  Pr(Yo=a;|2) <u<Pr(Yo#a;|z)-
pji Pr(Yo#a;|z)<u<l
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Therefore, for any given z, it holds that 65, (j, g x)

p; [P (x) + Pa(x) = 1] = pjiPo(x) if 1 —Ps(x) < Pp(x)
= —p;i Po (2) if Pp(z) <1—Pq(r)<1— Pc(x)-
—pji Py (2) if 1 — Po(x) <1— Pa(x)

We obtain the expression of 6%, (j, G| :c) by replacing p; and p;: with their values

and combining terms:

Lo ~ max{Pp(z) + Py (r) — 1,0} min{Ps(z),F o (v)}
5DD (jajT ‘ :L') - Pr (YO _ Clj) o Pr (YE) _ aﬁ) :

Therefore, we obtain that the lower bound for dpp ( 7, jT) as

E [max {Pg (X) + Pa (X) —1,0}]
65 p X =
/ (.71 Pr (Yy = a;)
_E [min { P4 (X), Pc (X)}]
PrVi—an)
This completes the proof. O

Proof of Lemma 6.1: Let F10| (-) solve the partial transport problem (12). We

aim to show that there exists I}y (+) with monotone support such that

J 1 J 1
SN w6, ) Tig (1, 1,5) = > 7 (i, ] o (i 1,7) (19)

j=1 i=0 j=1 i=0

Set F0|x ()=, Fﬁ”m (,1,7). Consider the following optimization problem:

min > Y "7 (i, 5) Trope (4, 1, 5) (20)

r
Wl 51 =0

t. (i) I’10|x(i,1,]) Ofori=0,1and j=1,...,J,

(ii) Zflo‘x i,1,7) = F| (j) forj=1,...,J, and

(iii) Zrm‘x (i,1,7) = Ty, (i,1) for i =0, 1.
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Because Zl ol (4,1) = Z;.Izl I‘OA‘x (7), (20) is a full optimal transport problem
between F oz (+) and I'yj; () by ignoring the normalizing constant 1/ S0 Dupe (i, 1).
We claim that Fw\ () then must solve (20). This holds because if there is another

FV

10j () that satisfies the above constraints and

J o1 J o1
22 (i), (1,9) < 3 ) m (i) Ty, (051.5).

j=1 i=0 J=11i=0

then it clearly satisfies the constraints in (12), and therefore I, (-) cannot be optimal
n (12). This establishes the claim.

Second, it is well known that the full optimal transport problem (20) has a solution

10[z

with monotone support. Therefore, if the support of Flo\ (+) is not monotone, there
exists another solution I'}; (-) to (20) whose support is monotone. Since I'j, (-)
satisfies the constraints in (20), it must also satisfy the less stringent constraints in
(12). By the optimality in (20), Equality (19) holds. Hence, I'{; () is optimal in
(12), which proves the desired result. O

Proof of Lemma 6.2: We compute the number of basic operations in DREAM.
We often overestimate the required operations to simplify the calculation.

During initialization, we first compute J differences and then sort them. This
requires in total £J (J 4 1) operations. In the worst case where JL = JU, Step 1
requires J (J + 1) operations.

In the beginning of Step 2, we rank 7 (0,1),...,7 (0, j7), which takes %jj (j7—1)
operations. During the first for-loop, finding the index w requires jj operations;
assigning values takes in total 4 operations. Thus, the first for-loop needs jj (jj + 4)
operations. Similarly, ranking = (1,jj),...,7(1,J) and the subsequence for-loop
takes % (J—jj)*+ % (J — jj) operations. We can obtain that the time complexity of
Step 2 is at most (%J2 + %J)

Step 3 requires first constructing two arrays: dd and [lb. During the first for-
loop, finding the index and appending values to dd and lld need (jj + 3) operations
in total. So the first for-loop requires jj (jj + 3) operations. The second loop takes
maximum (J — jj) (J — jj + 3) operations. Thus, we need at most about (3.J2 + 3.J)
operations to obtain dd and [lb. The length of dd is at most J. Next, we rank dd,

which takes J operations. The third for-loop contains J + 13 basic operations for
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each loop and J (J + 13) operations in total.

We repeat Steps 2 and 3 at most J times. As a result, the total number of
operations is % (3J3 + 38J% + 9J). Note that this is a greatly amplified upper bound
because we only consider worst cases during the calculation and ignore results that

can be reused across steps. O

Proof of Corollary 6.1: We first provide the definitions of each term in the corol-
lary. For any j € {1,...,J}, define

05,1 =E[min{Pr(Yi, =1,Y, = 1] X),Pr (Yo =aq; | X)}],
0%,y = E[max {Pr (Y, =1,Y;, =1 | X) + Pr(Yy =a; | X) — 1,0}],
05; = E [min {Pr (Y1, = 0,Y;, = 1| X),Pr(Yy =a; | X)}], and

05; = E [max {Pr (Y1, =0,Y;, = 1| X) +Pr (Yo =a; | X) —1,0}].
Without loss of generality, we prove the result for drprp (1,2) with any J > 2. Since
any one-dimensional connected set is an interval, it suffices to derive the tight upper
and lower bounds of the identified set. We focus on the tight upper bound. The tight
lower bound can be obtained in the same way.

By definition, we have that

0; 05

) 1,2) = — .
TPRD( ’ ) 9T+9; 9§+92

It is easy to see that drprp (1,2) is an increasing function of 7 and 0 and a decreasing
function of 63 and 65. Let 0, 7, 6%, and 6% denote the tight upper bounds of 7 and
03 and tight lower bounds of 65 and 603 respectively. Let @?74) be the set obtained
from projecting ©; onto its first four elements (61, 02, 63, 0,). In the following, we first
provide the expressions of Y, 87, 0% and 0f. Then we show that the bounds can be
achieved simultancously: (6Y,6%,6%,6Y) € @(11_4).

By the support function expressed in (11), we can let ¢ = [1,0, ... ,O]T to obtain
the tight upper bound of #;. For any 6 € Oy, its first element 6, satisfies that

/ inf //z{ylszLylr:l,yo:al}dumu dux > 61,
MlO\zejV[(“l\znu‘O\z)
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In addition, the bound is tight by Lemma A.4. We obtain that

/{ inf //I{yls Ly =1y = al}dulox} dpix

10|z GM #1\x #O\x

:/{ 1nf //I{yo = al}l{yls =1 y Yir = 1}d:u10x} d:U’X
110je EM(11]2 0] )

[ [ ol Et 0= s,

where Dy = [ {Yy = a;} and D; = [ {Y}5, = 1,Y}, = 1}. The last equality follows from
the monotone rearrangement inequality. To simply the notation, we use Pr (- | ) to
denote Pr (- | X = x). We have that

1 0<u<PrYo=a1 |2
Folo(u) = sushrifo=a| ),and
0 PriYo=a1|2z)<u<l

1 0<u<Pr(Vi,=1Y,=1]x2)
0 Pr(Yiy=1Y,=1]2)<u<l

We thus obtain the tight upper bound of 67 as
0V = E[min{Pr (Y, =1,Y;, =1|X),Pr(Yo=a, | X)}].
Applying the same technique, we can obtain that

0% = E[max{Pr (Y}, =0,Y;, =1 X)+Pr(Yy=a; | X) — 1,0},
0 = E[max{Pr(Yi,=1,Y;, =1| X)+Pr(Yy=ay | X) —1,0}], and
0¥ = E[min {Pr (Y1, =0,Y, = 1| X),Pr(Yy; =ay | X)}].
Next, we show that (87,05, 6%,67) € 0. Let ¢ = [1,-1,-1,1,0,...,0]". We

ignore the normalizing factor that makes ¢ € S*/ hold to simplify the derivation.

Then, by the definition of support function, we have that
he, ([1, —1,-1,1,0, ... ,0]T> >0, — 0y — 05 + 0,

By Lemma A .4, the left-hand-side of the inequality is the tight upper bound of 6; —

0y — 05 + 04. Because 0, — 05 — 03 + 6, is an increasing function of ¢; and 6, and a
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decreasing function of #3 and 6,4, the following equality
he, ([1, —1,-1,1,0,... ,O]T> =0V — oL — gL 4 gV

holds if and only if (Y, 6%,60%,6Y) € @§1_4). In the following, we solve the optimal
transport problem on the left-hand-side and verify that the equality holds.

Plugging in the expression of msy, we have that

ho, ([1,—1,—1, 1,0,...,0]T)

:/ inf |://[{yls = 17y1r = 17?/0 = al}dﬂ10|z
NlO\zGM(MHza/‘LO\z)

- //]{?Jls = 0,91, = 1,50 = a1} dpiopa
- //I{yls =Ly,r=1Ly = a2}dﬂ’10|m

+//I{y15 =0,y1r = 1,9 = a2}dﬂ10|x} } dpex -

Let ”TOII denotes the optimal coupling conditional on X = x. We have that

he, ([1,—1 —1,1,0,...,0]T)

:/ { [ /I{yls =Ly =1Ly = Ch}du{ou o //1{y15 =0,y1, = 1,90 = m}dlﬁolm

//—[ {yls — 1;y17‘ — 173»/0 e a2}d#){0|x + //I{?/ls = O7yl7“ = 1,y0 = QQ} dlu“’l(Oar;:| } d,UX
(21)
Next, we solve for o)+
Note that the cost function assigns only the values of +1. We must couple all of

the mass of the points (yis,v1,) € {(1,1),(0,1)} with the points yo € {a1,a2}. Note

that the mass satisfies

e ((1,1)) + pagz ((0,1)) < 1= pope (a1) + pioje (a2) - (22)

The extra mass on the |, side (at points (1,0) and (0,0)) is assigned with cost 0,
regardless of where it couples to.
The cost of coupling (1,1) with a; and (0, 1) with ag is —1, while the cost of (1,1)
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with ay and (0,1) with ay is 1. It is therefore optimal to assign as much mass to the

former configurations as possible. As a result, the optimizer o) will satisfy

Mfo|z( (1v 1) 70’1) = min {,u1|a: ((17 1)) y Ho|z (al)} and
MTO|x( (07 1) 7a2) = min {,U1|;t ((07 1)) y 0|z (a2)} :

Now, if either 1), ((1,1)) > pioje (a1) or pi1jz ((0,1)) > pigjz (a2) (note that by (22),
at most one of these can be true) then these configurations do not use up all of the
mass from (1,1) and (0,1) and we will have to couple either the remaining mass
from (1,1) with ay or the remaining mass from (0, 1) with aq, at cost 1. The optimal

coupling therefore satisfies

:U’TO\x( (17 1) 7a2) = max {:ullx ((17 1)) — Moz (CLl) 70} = max {NIIx ((17 1)) + Ho|z (a2) - 17 0} and

,u{o‘x( (0,1),a1) = max { g5 ((0,1)) — projs (a2) , 0} = max { paj, ((0,1)) + projx (a1) — 1,0} .

Computing each term in (21) with the optimal coupling pj,,, we have that the

optimal cost conditioning on X = x is

/f1(0|z< (17 1) >a'1) + :U’TO\:E( (O? 1) =a2) - N’TOL’E( (17 1) 7a2) - MIOM( (07 1) ?al)‘

Integrating over x and rearranging terms, we obtain that
ho, ([1,—1,—1,1,0, o ,O]T) — 0V — gL — gL 4 gV

This completes the proof of the corollary. O

B Additional Detail on DREAM

In this appendix, we provide additional details on Steps 2 and 3 of DREAM.

In Step 2, we solve Problem 1 and Problem 2. The first for-loop solves Prob-
lem 1 during which we assign values to I'yg; (0,1,7) for j < jj according to the
following rule. We first order 7 (0,7) for j < jj from the smallest to the largest.
Then we assign the value of 'y, (7) to I'ig, (0,1, ) following this order until we
use all the mass in I'y, (0,1). If we exhaust I'y, (0,1) before the assignment of
[0z (0,1, j) for every j, then we let all the I'yg; (0,1, 7) without assignment equal

to zero. We will eventually exhaust I'y, (0,1) after assigning mass to all j because

95



;le Loje (7) = T'yj2 (0,1). The procedure is the same for the second for-loop which
solves Problem 2. We assign the value of 'y, () to I'yg)z (1,1, 7) starting from j
corresponding to the smallest 7 (1, j) until we use all the mass in I'y, (1,1). Next, we
check if the third constraint "1 Tyop. (4, 1,77) < Topx (j7) in (13) is satisfied. If not,
we execute Step 3.

During Step 3, we move the masses from I'yg, (0,1,77) to other I'ig (0,1, )
and/or mass from I'ig, (1,1, jj) to other Iy, (1,1,7) until the constraint is satis-
fied. We shall not look for j such that 7 (0,7) < 7 (0,jj) because we have already
assigned the largest possible mass to I'ig|, (0,1, ), otherwise there will be no mass
left for T’y (0,1,57). For a similar reason, we do not need to look for j such that
7w (1,7) <7 (1,77). Therefore, we only work on 0,7 pair such that 7 (0,7) > 7 (0, j5)
and 1,7 pair such that 7 (1,7) > 7w (1,7j). Denote the two sets of j’s as Jy and
Ji. Rank 7(0,7) — 7 (0,77) for all j € Jy together with 7 (1,j) — 7 (1,7jj) for
all j € J, from the smallest to the largest. Then move mass from I’y (0,1, 57)
and/or I'yg, (1,1, 77) to I'igz (0,1, 5) and/or to I'ygp, (1,1, j) following this order until
Z;ZO oz (4,1,77) < Do (47). The inequality will eventually be satisfied because

3 Toe (j) > T2 (0,1) and 37 Top, () > T'yjp (1,1), which implies that there is
enough space to move away the extra mass at I'g|, (0,1, 77) and/or I'ygp, (1,1, j7).
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