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Abstract
I develop a new theory of wage rigidity and unemployment fluctuations. The starting
point of my analysis is a generalized version of Burdett and Mortensen’s (1998) job ladder model featuring risk-neutral firms, risk-averse workers, and aggregate risk. Because of
on-the-job search, my model generates wage rigidity both for incumbent workers, through
standard insurance motives, and for new hires, through novel strategic complementarities in
wage setting between firms. In contrast to the conventional wisdom in the macro literature,
the introduction of on-the-job search implies that: (i ) the wage rigidity of incumbent workers, rather than new hires, is the critical determinant of unemployment fluctuations; (ii )
fairness considerations in wage setting dampen, rather than amplify, unemployment fluctuations; and (iii ) new hire wages are too flexible, rather than too rigid, in the decentralized
equilibrium. Quantitatively, the wage rigidity of incumbent workers caused by the insurance motive alone accounts for about one fifth of the unemployment fluctuations observed
in the data.
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Introduction

Does wage rigidity matter for unemployment fluctuations? There is little debate about the fact
that the wages of incumbent workers are rigid. The conventional view, however, is that this
empirically well-documented source of wage rigidity in itself is inconsequential for unemployment fluctuations (Barro, 1977; Pissarides, 2009).1 The core of the theoretical argument behind
this skepticism is that the wages of new hires, rather than incumbent workers, are what determine a firm’s marginal cost, and in turn, its hiring incentives.
The starting point of this paper is that the previous argument, as intuitive as it may sound,
is at odds with one key feature of labor markets: job-to-job transitions. As Figure 1 shows,
such transitions are a pervasive feature of the US labor market, making up more than 40% of
new hires.2 For firms hiring from a pool of unemployed and employed workers, the incentive
to create jobs cannot be independent from prevailing incumbent wages. If, in recessions, the
wages of incumbent workers do not fall, new jobs have a hard time attracting workers, which
in turn discourages job creation.
Motivated by the previous fact, I propose a new theory of wage rigidity and unemployment
fluctuations with on-the-job search. Among other things, it implies that: (i ) wages of both
incumbent workers and new hires are endogenously rigid; (ii ) the wage rigidity of incumbent workers, rather than new hires, is the critical determinant of unemployment fluctuations;
(iii ) fairness considerations in wage setting dampen, rather than amplify, unemployment fluctuations; and (iv) new hire wages are too flexible, rather than too rigid, in the decentralized
equilibrium.
Section 2 develops a generalized version of Burdett and Mortensen’s (1998) job ladder model
with risk-neutral firms of heterogeneous productivity, risk-averse workers, and aggregate risk.
I start with a two-period model to derive a number of sharp qualitative insights. In the first
period, firms write state-contingent wage contracts with an exogenous number of incumbent
workers to insure against aggregate risk.3 In the second period, aggregate productivity shocks
are realized, and firms post vacancies and wages to hire new workers. Without aggregate risk,
the model is in the spirit of Burdett and Mortensen (1998). Incumbent firms and poaching
firms compete for workers strategically along the job ladders subject to search frictions. While
firms can commit to the wage contract, workers cannot: workers search on the job and are free
to take an outside offer from other firms. In the presence of aggregate shocks arriving in the
second period, the incumbent wage contract plays the role of insurance. Firms need to balance
1 See

also Haefke, Sonntag, and van Rens (2013) and Rudanko (2009).
US is not an outlier. Engbom (2020) shows that although the US features higher job-to-job transition rates
than most European countries, the magnitudes are comparable. Donovan, Lu, and Schoellman (2018) find that
developing countries tend to have higher job-to-job transition rates than the US.
3 The insurance motive is the most common explanation for incumbent wage rigidity, which goes back at least
to Azariadis (1975) and Baily (1974). Therefore, in my model, wage rigidity is an outcome of optimal contracts and
does not stem from unexplained inefficiencies.
2 The
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Figure 1: NE and EE hiring rates
Note: Figure 1 shows the NE (non-employment to employment) and EE (employment to
employment) hiring rates from 2000-2019. The NE and EE hiring rates refer to the flow
of workers from non-employment to employment, and from one employer to another as a
fraction of total employment, respectively. Data are from the Census LEHD j2j database.

the provision of insurance and incentivizing the workers to stay with the firm. At the same
time, firms also create new jobs to attract workers from a pool of unemployed and employed
workers. The wage distributions of incumbent workers and new hires, as well as distribution
of vacancy creation, endogenously respond to aggregate shocks as an equilibrium outcome.
Section 3 then characterizes the decentralized equilibrium. Up to a first-order approximation, I show that the equilibrium can be characterized as the solution to a system of ordinary
differential equations (ODEs), in which each firm on the job ladder only cares about about the
wages and hiring decisions of their neighboring competitors, not the entire distribution. This
allows me to derive two main results on wage rigidity and unemployment fluctuations.
The first main result is that wages are endogenously rigid (i.e., they respond less than the
aggregate productivity) not only for incumbent workers but also for new hires. The fact that
incumbent wages are rigid is intuitive: firms optimally provide some insurance to workers. The
fact that new hire wages are also rigid, at least for some firms, is more subtle. Using my ODE
characterization of the equilibrium, I show using simple phase diagrams that new hire wages
must always feature rigidity at the top of the job ladder. This comes from the fact that at the
very top of the job ladder, new hire firms have no incentive to increase wages above what the
incumbent firms offer because there would be no additional workers to poach. This extremely
strong strategic complementarity spills over toward lower job ladder rungs, and the wages are
asymptotically rigid regardless of functional forms or parameter values. This result provides
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an explanation for the recent evidence on new hire wage rigidity.4
My second main result is that the wage rigidity of incumbent workers, rather than new hires,
is the critical determinant of fluctuations in job creation. In fact, in this two-period model, the
aggregate response of vacancy creation only depends on incumbent wage responses. This implies that despite the fact that my model delivers the endogenous wage rigidity of new hires,
it has no consequence on unemployment fluctuations. Moreover, to a first-order approximation, introducing exogenous rigidity in the wages of new hires has no effect on unemployment
fluctuations. In this sense, incumbent wage rigidity is a sufficient statistic for unemployment
fluctuations regardless of whether or why wages of new hires are rigid.
This result is in contrast to the conventional view that in the textbook Diamond-MortensenPissarides (DMP) models, wage rigidity of new hires is the only source of unemployment
volatility. Why are the conclusions strikingly different? My result is the consequence of a
combination of two assumptions: on-the-job search, as emphasized earlier, but also wage posting. The presence of on-the-job search implies that the incumbent wage rigidity does affect job
creation because it affects the prospective for poaching. Wage posting further implies that any
rigidity in the wages of new hires has no first order effect on the profitability of vacancy posting because of the envelope theorem: since firms set the posted wage optimally as a trade-off
between hiring more workers and higher costs, any (non-)movement in posted wages has no
first order effect on the incentive to create jobs.5
As noted earlier, incumbent wage rigidity in my model is not exogenously imposed, but,
rather, is derived from a firm’s motive to insure workers. This implies that privately optimal
risk-sharing contracts between firms and workers drive the unemployment fluctuations. When
workers are more risk-averse, the unemployment rate becomes more volatile because firms provide more insurance. This result challenges the consensus in the literature that wage rigidity
derived from long-term contracting should not drive unemployment fluctuations in the canonical models of labor markets (Barro, 1977; Rudanko, 2009). Accounting for on-the-job search is
crucial for reaching a starkly different conclusion. In fact, I show that in a version of my model
without on-the-job search, unemployment volatility is invariant to the workers’ risk aversion.
In Section 4, I build on the above insights to consider two extensions of the model. The first
one focuses on the introduction of fairness constraints that tie wages of incumbent workers and
4 Gertler, Huckfeldt, and Trigari (2020), Hazell and Taska (2019), and Grigsby, Hurst, and Yildirmaz (2019) show

the rigidity in wages of new hires is comparable to that of incumbent wages.
5 The importance of new-hire wage rigidity is claimed mainly in the context of the Diamond (1982); Mortensen
(1982); Pissarides (1985) models, which not only abstract from on-the-job search but also assume wage bargaining.
If wages are bargained, firms would prefer to pay wages as low as possible so long as workers accept the job. Since
profits are strictly decreasing in wages, (non-)movements in wages have a first order effect on profits. This brings
the issue of whether wage posting or wage-bargaining is a more realistic assumption. Existing survey evidence
(Hall and Krueger, 2012; Faberman, Mueller, Şahin, and Topa, 2020) suggests that wage posting is more prevalent,
which is consistent with my model.
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new hires.6 With fairness constraints, firms have to use the same wage to provide insurance
for incumbent workers and to attract new hires. Although such constraints are often used in
the previous literature to increase the volatility of unemployment, they actually decrease the
volatility in my framework. In the models where the wages of new hires are important for the
incentive to create jobs, restricting the flexible adjustment in wages of new hires unambiguously amplifies the unemployment fluctuations.7 In light of this reasoning, evidence in favor of
fairness constraints is often interpreted as the source of amplification in unemployment volatility (e.g., Bewley, 1999). An overlooked aspect is that such a constraint makes incumbent wages
more flexible. If incumbent wage rigidity is important for unemployment fluctuation, as is the
case here with on-the-job search, it reduces unemployment volatility. Therefore, the implications of fairness constraints in my model are the opposite of what conventional wisdom would
suggest.
The second extension considers the introduction of government-provided insurance. The
government makes a transfer to workers during recessions and taxes workers during booms.
I show that such public insurance reduces unemployment fluctuations by crowding out firm
insurance. Because now that the government provides insurance, incumbent firms need to
provide less of it. Consequently, incumbent wages become more flexible, which in turn reduces
unemployment volatility. This exercise also clarifies the source of unemployment volatility in
my model: it comes from the fact that only incumbent firms can provide insurance to workers —
workers cannot write contracts with potential new employers. If workers could write contracts
with potential new employers, which is in principle what the government is doing here, the
unemployment volatility would disappear.
Section 5 turns to the efficiency of the decentralized equilibrium. I first show that even
without aggregate risk, there is a novel source of inefficiency in the economy. As in Burdett and
Mortensen (1998), I assume that firms can commit to the wage contract, but workers cannot.
Therefore, when firms post vacancies, they do not internalize how their offers affect the outside
option of incumbent workers, and in turn, the contracts of incumbent jobs.
First, I show that firms tend to make too aggressive wage offers as long as workers are
strictly risk-averse. The planner improves welfare by forcing all firms to offer lower wages.
This intervention reduces the consumption dispersion of all workers by reducing its upward
potential. As workers prefer smooth consumption profiles, this makes it cheaper for incumbent
firms to deliver the same utility to workers, leading to Pareto improvement. Moreover, the
externality is larger for more productive firms because their high wage offers contribute most
to enlarging workers’ consumption dispersion. I next show that, through the same externality,
6 Such

a constraint arises from social norms that workers who perform the same job should be paid the same.
The presence of such social norms are documented empirically (Card, Mas, Moretti, and Saez, 2012; Breza, Kaur,
and Shamdasani, 2018).
7 It has also been common to impose fairness constraints in wage posting models since the seminal work of
Burdett and Mortensen (1998). My result clarifies the role played by such constraints within this class of models.
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the number of vacancy postings is excessive. Productive firms especially tend to over-create
jobs because their vacancies distort incumbent wage contracts the most.
Next, I discuss the efficiency in the presence of aggregate risk. An important implication of
my framework is that wage rigidity is not necessarily inefficient because it insulates workers
from aggregate risk. In fact, I show that new hire wages are always too flexible relative to the
social optimum. This is the case for two reasons. First, competition to attract workers excessively increases the workers’ consumption fluctuations. Second, flexibility in new hire wages
exacerbates cyclical misallocation. As the wages of incumbent workers respond less than the
wages of new hires, workers can flow from more productive firms to less productive firms in
booms and reject the offers from more productive firms in recession, manifesting here as misallocation of labor. Forcing new hire wages to respond less improves the allocative efficiency.
This is in contrast to the wage rigidity studied in the canonical models of labor markets (e.g.,
Hall, 2005; Hall and Milgrom, 2008). There, wages are too rigid, and welfare can be improved
by making wages more flexible.
Section 6 concludes by exploring the quantitative importance of the mechanisms described
above in a generalized version of the baseline model with continuous time and infinite horizon.
Methodologically, I propose a new computational algorithm that starts from the same ODE representation of the decentralized equilibrium as in the baseline two-period model. This allows
me to construct equilibria by starting with a guess of the wage that the least productive firms
offer, which is the reservation wage, and then to compute recursively the wages along the entire
distribution by computationally climbing up the job ladder. Instead of having to solve infinite
dimensional fixed point problems, I only need to solve a fixed-point in terms of the sequence of
market tightness and reservation wages, which are low dimensional problems. Building on a
recent contribution by Auclert, Bardóczy, Rognlie, and Straub (2019), I exploit sequence-space
Jacobians to solve this fixed-point, which typically takes less than a few seconds to compute the
transition dynamics.
Quantitatively, I find that the wage rigidity of incumbent workers caused by the insurance
motive alone generates a 20% dampening of wage responses of new hires and accounts for 20%
of the unemployment volatility observed in the data. Contrary to the conventional wisdom,
imposing fairness constraints dampens the volatility of unemployment by 70%. Finally, I show
that, different to the two-period model, new hire wage rigidity plays a role in unemployment
fluctuations, but incumbent wage rigidity remains the dominant source of the fluctuations.
Moreover, I show that the type of wage rigidity that matters for unemployment fluctuations
in my model is very different from that in the textbook Diamond-Mortensen-Pissarides model.
This comes from the fact that the Burdett and Mortensen (1998) model features dynamic competition in the labor market, while such competition is absent in the DMP model.

6

Related Literature
This paper relates to six strands of the literature. First, it relates to the literature that puts emphasis on the new hire wage rigidity while (implicitly or explicitly) de-emphasizing the role of
incumbent wage rigidity; this includes Barro (1977), Pissarides (2009), Haefke et al. (2013), and
Rudanko (2009). The latter three papers make a specific point that in the textbook DiamondMortensen-Pissarides models, what matters for the incentive to create jobs is the presented
discounted value of wage payments to new hires; thus, the response of incumbent wages to aggregate shocks themselves are irrelevant for fluctuations in vacancy creation. As these papers
abstract from on-the-job search, they shut down any meaningful interaction between incumbent wages and labor market dynamics. Among them, perhaps the most closely related paper
is Rudanko (2009). Like the current paper, she micro-founds the incumbent wage rigidity as
risk-neutral firms providing insurance to risk-averse workers. She demonstrates that it barely
affects unemployment fluctuations compared with a model with risk-neutral workers. Contrary to Rudanko’s (2009) findings, I show that the insurance motive does drive unemployment
fluctuations once on-the-job search is taken into account.
Since the emergence of the above papers, subsequent literature has measured and modeled new hire wage rigidity. While Haefke et al. (2013), Kudlyak (2014), and Basu and House
(2016) document strong pro-cyclicality of new hire wages, more recent papers, Gertler, Huckfeldt, and Trigari (2020), Hazell and Taska (2019), and Grigsby et al. (2019) have found weak
cyclicality. The controversy comes from the difficulty in adjusting worker and job compositions
that change over business cycles. In contrast, measuring incumbent wage cyclicality does not
suffer from such problems, and there is a widely held consensus that incumbent wages are
fairly rigid over business cycles (see Grigsby, Hurst, and Yildirmaz (2019) for the most recent
evidence). The implication of my theory is that what is less controversial is what matters the
most.
Theoretically, several papers have proposed mechanisms that generate endogenous new
hire wage rigidity. In Menzio and Moen (2010), firms can commit to wage contracts to insure
incumbent workers, but cannot commit not to fire them. This asymmetric commitment technology implies that firms have an incentive not to lower the wages of new hires to avoid replacing
incumbent workers with new hires. Although my model is close in sprit in deriving incumbent wage rigidity from firm insurance, the underlying mechanisms are entirely different. For
example, in Menzio and Moen (2010), it is important that a firm that posts a vacancy and a
firm with incumbent workers are the same firm, but it is not important in my framework. In
Kennan (2010), workers do not ask for higher wages in expansions because they do not know
whether the firm’s productivity increased or not. I provide another mechanism that relies on
strategic complementarity in wage setting. This is a natural mechanism to explore because
search friction with on-the-job search implies that firms compete for a worker in an imperfectly

7

competitive labor market. In this sense, my paper also relates to the recent papers on strategic
complementarity in price settings in oligopolistic product markets (Mongey, 2017; Wang and
Werning, 2020).
A more popular and simpler way to generate new hire wage rigidity is to impose fairness
constraints, together with other assumptions that generate incumbent wage rigidity. Among
others, Menzio (2004), Gertler and Trigari (2009), Snell and Thomas (2010), and Rudanko (2019)
pursue this approach. They all conclude that such a constraint amplifies unemployment fluctuations because in those models, new hire wage rigidity, rather than incumbent wage rigidity, is
the key source of fluctuations. By contrast, I show that with on-the-job search, such a constraint
dampens unemployment fluctuations.
There are models in which incumbent wage rigidity matters for unemployment fluctuations.
Schoefer (2016) adds financial frictions into Diamond-Mortensen-Pissarides models and shows
that incumbent wage rigidity can tighten financial constraints in recessions. Bils, Chang, and
Kim (2016) add endogenous effort choice by workers. In their model, if incumbent wages are
too high in recessions, incumbent workers provide too much effort, which reduces the value of
the additional workforce. Carlsson and Westermark (2016) show that incumbent wage rigidity
leads to inefficient job destruction. In contrast to these papers, I provide a simple and empirically well grounded channel that operates through job creation.
The second strand of literature to which this paper relates emphasizes the role of on-the-job
search in business cycle dynamics. There are three approaches in this line of research. The
first approach adopts directed search and wage posting (competitive search) (Menzio and Shi,
2011; Schaal, 2017; Baley, Figueiredo, and Ulbricht, 2019). The second approach is to assume
a random search together with wage bargaining (Lise and Robin, 2017; Moscarini and PostelVinay, 2018, 2019; Bilal, Engbom, Mongey, and Violante, 2019). A third approach, which I
pursue in this paper, is to assume random search and wage posting in the tradition of Burdett
and Mortensen (1998) and Burdett and Coles (2003) (Moscarini and Postel-Vinay, 2013, 2016b;
Morales-Jiménez, 2019).8 All these papers feature risk-neutral workers, thereby flexible wages,
so they do not speak to the issues studied here. Relative to this strand of literature, I introduce
risk-averse workers and aggregate risk into Burdett and Mortensen’s (1998) models to study
the nature and the consequence of wage rigidity.9 I build on Burdett-Mortensen model because
the model has a well-defined notion of wages.
Several other papers explore alternative mechanisms whereby the presence of on-the-job
8 While

papers using this framework to study long-run wage and employment distribution is abundant (van
den Berg and Ridder, 1998; Bontemps, Robin, and den Berg, 1999; Engbom and Moser, 2017; Heise and Porzio,
2019, just to name a few), the literature on transition dynamics is far more scarce. See also Yamaguchi (2010);
Bagger, Fontaine, Postel-Vinay, and Robin (2014); Jarosch (2015); Caldwell and Harmon (2019); Karahan, Ozkan,
and Song (2019); Engbom (2019), which study the role of on-the-job search in the long-run wage and firm dynamics
using the bargaining framework.
9 Morales-Jiménez (2019) has an extension with exogenous wage rigidity in the form wage adjustment costs à
la Rotemberg (1983) but does not separate the role played by rigidity of incumbent workers and new hires.
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search amplifies the business cycle through the changes in search efficiency. Eeckhout and
Lindenlaub (2019) show that the pro-cyclical job search effort by employed workers leads to
self-fulfilling fluctuations in the presence of worker sorting. Engbom (2020) shows that cyclical
changes in the composition of employed and unemployed job searchers amplify separation
shocks due to greater applications from the latter. I add to this literature by providing a novel
mechanism through which the presence of on-the-job search amplifies business cycles.
Third, I build on the long tradition of the literature that micro-founds incumbent wage rigidity as insurance provided by firms. Azariadis (1975) and Baily (1974) are early contributions on
this. Harris and Holmstrom (1982) add limited commitment to the workers’ side, and this
mechanism leads to downward wage rigidity.10 Beaudry and DiNardo (1991) test its prediction
in the data. Rudanko (2009) and Lamadon (2016) embed the mechanism into a-search-andmatching labor market. My paper contributes to this literature by demonstrating that such
insurance not only explains the wage dynamics, but also increases the volatility of unemployment. Since I focus on the first order approximation around the steady-state, I do not study the
non-linear effect such as downward nominal wage rigidity that Harris and Holmstrom (1982)
emphasize. However, I conjecture that the non-linear dynamics of my model features downward wage rigidity, which I leave for future work.
Fourth, my paper relates to a series of papers on Shimer (2005) puzzle: i.e., the textbook
Diamond-Mortensen-Pissarides models cannot generate unemployment volatility comparable
to the data. As mentioned before, many papers rely on new hire wage rigidity (e.g., Hall,
2005; Dupraz, Nakamura, and Steinsson, 2019). As summarized by Ljungqvist and Sargent
(2017), many other solutions rely on increasing the sensitivity of profits to labor productivity
by making profits small (e.g., Hagedorn and Manovskii, 2008; Hall and Milgrom, 2008; Pissarides, 2009). However, Chodorow-Reich and Karabarbounis (2016) criticize these approaches
by showing that much of the amplifications disappear if one assumes that the outside options
for unemployed workers are equally as cyclical as labor productivity, and they provide evidence for this. In keeping with this evidence, I adopt the assumption that outside options of
unemployed workers scale with labor productivity. Hall (2017), Borovička and Borovičková
(2018), Kehoe, Lopez, Midrigan, and Pastorino (2019), and Martellini, Menzio, and Visschers
(2020) explore whether movements in discount rates or risk premium explain unemployment
volatility.11 My contribution to this strand of the literature is that incumbent wage rigidity and
on-the-job search, which are uncontroversial features of the data, can help resolve the Shimer
puzzle.
Fifth, I build on the recent developments on the computation of the transition dynamics of
heterogenous agent models. It is widely believed that solving the transition dynamics of the
Burdett-Mortensen model is challenging because the endogenous distribution enters as a state
10 Thomas
11 See

and Worrall (1988) further extend this to an environment with two-sided limited commitments.
also Yashiv (2000) and Mukoyama (2009).
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variable. Moscarini and Postel-Vinay (2013) propose one methodology under a set of restrictive
assumptions, and Morales-Jiménez (2019) applies Reiter (2009) approach to approximate the
distribution as a low dimensional object. I add to this literature by providing a fast approach to
compute the transition dynamics that is accurate to a first order in the size of aggregate shocks,
without the need to approximate the distribution. The key idea is that firms do not care about
the entire distribution when solving their decision problems. Other than a small number of
aggregate variables, such as the market tightness and reservation wages, firms only care about
their neighboring competitors. Thus the equilibrium solution boils down to solving a system
of ODEs, rather than infinite dimensional fixed point problems. Therefore, I only need to solve
for a sequence of aggregate market tightness and reservation wages that is consistent with
equilibrium. I apply the sequence-space Jacobian approach by Auclert et al. (2019) in solving
the sequence of aggregates to efficiently compute the equilibrium. While Auclert et al. (2019)
write “in the model of on-the-job search in Burdett and Mortensen (1998), ..., it is impossible to
represent this via a DAG (directed acyclical graph) of feasible dimension,” I show that it can
indeed be represented as a low dimensional problem.
Sixth, my paper touches on a growing strand of the literature on theoretical models of
monopsony in the labor market (Manning 2003; Berger, Herkenhoff, and Mongey 2019; Jarosch,
Nimczik, and Sorkin 2019; Lamadon, Mogstad, and Setzler 2019; Gouin-Bonenfant 2020). In my
model, firms exercise monopsony power because of search frictions. The presence of market
power is necessary to study wage rigidity because under perfect competition, wages always
respond one-for-one with aggregate productivity. While the literature typically focuses on how
the monopsony power shapes the level of wages, I shed light on how the monopsony power
shapes the pass-through of aggregate productivity shock through endogenous changes in wage
markdowns.
Layout. The rest of the paper is organized as follows: Section 2 describes the basic two-period
model. Section 3 provides qualitative insights on why wages are rigid and what this implies
for unemployment fluctuations. Section 4 considers two extensions to study the implications of
fairness consideration in wage setting and public insurance. Section 5 highlights the inefficiency
of the model. Section 6 quantitatively explores the mechanisms by extending the basic model
to an infinite horizon and continuous time setup. Section 7 concludes.

2

A Job Ladder Model with Risk Averse Workers and Aggregate Shocks

I start from a two-period model to derive a number of sharp qualitative insights. Later in
Section 6, I will turn to the quantification of these results in a continuous time and infinite
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horizon version of the model. In this section, I describe the model environment and define
equilibrium.

2.1

Preferences and Technology

Consider an economy with two dates, t = 0, 1. In the initial period, t = 0, the firms and workers
write contracts (to be described later). At t = 1, all the consumption and production take place.
There are two states, s ∈ {h, l } at t = 1, with different aggregate productivity, As , with Ah ≥ Al .
The aggregate productivity is revealed at the beginning of t = 1. The probability for each state
is given by πs = 1/2 for s ∈ {h, l }. In words, there will be either a boom or recession at t = 1
with equal probability.
The economy is populated by two types of agents: a unit mass of workers and a unit mass
of firms (or entrepreneurs). Workers consume only at t = 1, and their preferences are given by
Eu(c1 )

with

u(c) =

c 1− γ
,
1−γ

where γ ≥ 0 corresponds to the relative risk aversion. At t = 0, workers are initially divided
into two groups: a fraction 1 − µ of incumbent workers and a fraction µ of unemployed. Both
types of workers search for a job at the beginning of t = 1. Unemployed workers meet with a
E
U
firm with probability λU
s , and incumbent workers meet with probability λs ≡ ζλs , where ζ > 0
is the relative search efficiency of the employed. A worker faces no search cost. When workers
end up being unemployed at t = 1, they enjoy home production, which produces As b amount
of consumption goods, where b > 0 is a parameter. Here, the outside option of unemployed
scales with the aggregate productivity shock, As .12
Firms consume and produce only at t = 1, and they are risk-neutral,
Ec1e ,
where c1e is the consumption of entrepreneurs. Each firm has access to production technology
that is linear in labor,
As zl,
where l is labor and z is the idiosyncratic productivity. The idiosyncratic productivity is a
fixed characteristics of a firm. The cross-sectional distribution is continuous and has a bounded
support [z, z̄] and z ≥ b. Let G (z) and g(z) denote the cumulative and the probability density
function, respectively. Each firm z is exogenously endowed with `0 (z) amount of employed
workers at t = 0.
At t = 1, firms choose how much vacancy to post, vs (z), to attract new workers. The vacancy
12 This

is consistent with the evidence documented in Chodorow-Reich and Karabarbounis (2016).
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posting is subject to convex cost, cs (v; z). I assume the cost of vacancy creation, cs (v; z) takes
the form
v1+1/ι
,
(1)
cs (v; z) = As c̄(z)
1 + 1/ι
where ι > 0 corresponds to the elasticity of vacancy creation. The assumption that the cost function scales with the aggregate productivity follows Blanchard and Galí (2010).13 This captures
the idea that to recruit workers, existing workers must reduce their time devoted to production,
which costs a firm lost output. The assumption ensures that the fluctuations in job creation is
not driven by differential productivity growth between the output production and recruitment
activity.
Each vacancy will meet a worker with probability λsF . I have not described whether a firm
that posts a vacancy and a firm with incumbent workers are the same firm or not. Because of
the constant-returns-to-scale technology, there is no well-defined boundary of firms. Thus, it is
not important whether a firm that has an existing workforce and the one that hires new workers
are the same firm or not.14
Finally, the total number of meetings between firms and workers is given by a constantreturns-to-scale matching technology M(µ̃, Vs ). The first input to the matching function is the
total efficiency unit of search by workers, µ̃ ≡ µ + ζ (1 − µ). The second input is the total
R
amount of vacancy postings, Vs ≡ vs (z)dG (z). Search is random. When firms meet with a
µ
worker, the worker is an unemployed with probability χ ≡ µ̃ and is employed with probability
1 − χ. Likewise, when workers meet a firm, the probability that the firm has productivity z is
v (z)
given by sV g(z).

2.2

Contracts and Markets

Firms that have incumbent workers at t = 0 write state-contingent wage contracts with workers
at t = 0. A worker employed by a firm with productivity z is endowed with promised utility
W̄0 (z): the firm has to deliver expected utility at least W̄0 (z) through the contract. Although
this is an exogenous parameter, one can think of this as an object that is determined in the past
when a worker is hired. In fact, this will be the case in the infinite horizon version of my model
studied later.
The contract specifies the wage payments in each state {w0h (z), w0l (z)}. There are two assumptions in the contract. First, workers cannot commit to the contract, so they are free to leave
firms when receiving a better offer. Workers are also free to quit and become unemployed. In
contrast, I assume firms have full commitment. Second, the contract cannot depend on the outside offers that workers received. A justification for this assumption is that outside offers are
13 See

also Shimer (2010), or more recently Kehoe et al. (2019).
will be important when I later introduce the fairness constraint that exogenously tie incumbent and new
hire wages.
14 It
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Random matching market opens:
• Unemployed meets with prob λsU
• Employed meets with prob λsE

wage-contracts {w0h(z), w0l(z)}
with incumbent workers

As realizes

t=0

t=1
Firm posts {w1s(z), vs(z)}

• workers accept or reject the offer
• firms produce, pay wages
• consume

Figure 2: Timing
Note: Figure 2 describes the timing assumption of the model.

not verifiable. These two assumptions are common in the wage posting literature (e.g., Burdett and Coles, 2003). The risk-neutral firms have an incentive to provide insurance against
aggregate productivity shock to risk-averse workers through the contract.
At t = 1, when firms post a vacancy after the realization of the aggregate productivity
shock, they also post wage, w1s (z). Firms commit to the wage contract; therefore, the offer is a
take-it-or-leave-it offer.
Timing. The timing of the model is described in Figure 2. First, incumbent workers and firms
write contracts before the realization of aggregate productivity shock. Then, after the observing
the aggregate productivity, firms post a vacancy. Next, a matching market opens, and firms
and workers meet with each other. Workers either accept or reject the offer, and production and
consumption take place.

2.3

Equilibrium Definition

In an equilibrium, incumbent firms at date 0 maximize expected profits taking the wage distribution induced by wage offers by new hire firms at date 1 and the reservation wage of their
workers as given, whereas new hire firms at date 1 maximize expected profits taking n the distribution of wage contracts by incumbent firms at date 0 and the reservation wages of workers
as given.
Incumbent firms’ optimal contracting problem. Incumbent firms take the new hire wage
distribution, which I denote as F1s (w), and the meeting probability λsE as given. The incumbent
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wage contracts of firms with productivity z solves the following problem:
max

∑

∑



{w0h ,w0l } s∈{h,l }

s.t.

πs

πs ( As z − w0s )(1 − λsE + λsE F1s (w0s ))

(1 − λsE )u(w0s ) + λsE

Z


max{u(w0s ), u(w̃)}dF1s (w̃) ≥ W̄0 (z)

(2)

s∈{ h,l }

w0h ≥ Ah b,

w0l ≥ Al b.

where W̄0 (z) is the promised utility of firm z. The objective function is the expected profits,
taking into account the probability of workers being poached. With probability 1 − λsE , a worker
does not receive an outside offer, and with probability λsE , s/he receives an offer. If the offer is
lower than the current wage, w0s , which happens with probability F1s (w0s ), s/he find it optimal
to stay with the current firm. Otherwise, the worker leaves for the new firm. The constraint
guarantees the worker’s expected utility, which takes into account that the wage payments in
the new firm, is greater than the predetermined promised utility. The constraint ws ≥ As b
captures the fact that workers can always quit and engage in home production, which firms
never find it optimal to let happen.
The key trade-off in this contracting problem is insurance versus incentive. Firms would like
to insure workers as the worker’s utility is concave, but if firms do too much insurance, firms
will not be able to keep workers during good times, while tending to keep workers during bad
times. The optimal wage contract strikes a balance between the two.
New hire firms’ profit maximization. The new hire firms take the incumbent wage distribution, which I denote as F0s (w), and the meeting probability λsF as given. A firms with productivity z solves the following profit maximization problem:
max ( As z − w1s )λsF (χ + (1 − χ) F0s (w1s )) vs − cs (vs ; z),

vs ,w1s

s.t.

(3)

w1s ≥ As b

where χ ≡ µ/(µ + ζ (1 − µ) is the share of unemployed. Since firms always find it optimal to
offer at least As b because z ≥ b for all z, the unemployed always accept an offer. The remaining
fraction 1 − χ of workers are already employed, and they accept the offer with probability
F0s (w1s ). Again, the constraint w1s ≥ As b captures the fact that the firms always find it optimal
to offer wages that at least attract the unemployed. The firm chooses the wage offers and the
amount of vacancy to maximize expected profits after observing the aggregate productivity
shock, As .
The equilibrium definition is as follows:
Definition 1. Equilibrium consists of incumbent firms’ wage contracts, {w0s (z)}, and new hire firms’
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wage offers and vacancy postings, {w1s (z), vs (z)}, associated wage distribution { F0s (w), F1s (w)} and
meeting probabilities λsE and λsF such that (i) given the entrants’ wage distribution F1s and λsE , incumbent wages {w0s (z)} solve (2), (ii) given the incumbents’ wage distribution F0s and λsF , {w1s (z), vs (z)}
solve (3), and (iii) the wage distribution is consistent with the equilibrium wage strategies: F0s (w) =
R
R
1
`
(
z
)
dG
(
z
)
,
F
(
w
)
=
0
1s
1−µ z:w≥w (z)
z:w≥w (z) ( vs ( z ) /Vs ) dG ( z ); (iv) the meeting probabilities are
0s

given by the matching function,

1s

λsE

=

M(µ̃,V )
ζ µ̃ s

and λsF =

M(µ̃,Vs )
.
Vs

Equilibrium is a fixed point in terms of the wage distribution (and matching probabilities).
Each individual firm is infinitesimal and takes the wage distribution of competitors as an input to their decision problems. The optimization problems give the wage distribution as an
outcome, which has to be consistent with the distribution that firms took as an input.

2.4

Discussion of the main assumptions

The assumption that workers have limited commitment and firms have full commitment has
been standard in the literature, which at least goes back to Harris and Holmstrom (1982) or
more recently Lamadon (2016). The assumption is realistic. Firms have reputation costs of
reneging the contract, while workers arguably have much less costs in doing so.
The assumption on wage posting also deserves some discussion. This assumption plays
important roles in many of my analyses. Another common approach is to use a sequential
auction protocol as in Postel–Vinay and Robin (2002). Perhaps, both wage setting protocols coexist in a real world, but existing empirical evidence suggests wage posting is more prevalent.
Survey evidence shows two-thirds of workers do not bargain over wages (Hall and Krueger,
2012; Faberman et al., 2020). Faberman et al. (2020) also document that counter-offers are rather
rare: only 12% of offers that workers received are countered by their employers. Moreover,
recent evidence by Addario, Kline, Saggio, and Sølvsten (2020) shows that workers’ wages
display little dependence on past jobs, contrary to the prediction of sequential auction protocol
models, but this fact is consistent with wage posting models.
Another assumption is random search, as opposed to directed search or competitive search
(Moen, 1997; Acemoglu and Shimer, 1999; Menzio and Shi, 2011). Both assumptions are equally
common in the literature, and the reality should lie somewhere in between. It is thus an important open question to study wage rigidity in an environment with directed search, which I
leave for future work.15
15 Bilal

et al. (2019) argue that the recent evidence on worker and firm flows by Bagger, Fontaine, Galenianos,
and Trapeznikova (2020) is consistent with random search but not necessarily with competitive search.
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3

Wage Rigidity and Unemployment Fluctuations

This section studies equilibrium wage rigidity and its consequences on unemployment fluctuations. Section 3.1 describes the solution approach. Section 3.2 presents the main result on
wage rigidity, and Section 3.3-3.4 study what type of wage rigidity matters for unemployment
fluctuations.

3.1

Solution Approach

I first characterize the equilibrium by considering the optimality conditions of firms. The first
order necessary condition associated with incumbent firm’s optimization problem (2) is
0
−(1 − λsE + λsE F1s (w0s (z))) + ( As z − ws (z))λsE F1s
(w0s (z))
h
i
+η (z) (1 − λsE )u0 (w0s (z)) + λsE F1s (w0s (z))u0 (w0s (z)) = 0

(4)

where η (z) is the Lagrangian multiplier on the promise-keeping constraint. The first order
conditions associated with new hire firm’s optimization problem (3) is
0
(w1s (z))( As z − w1s (z)) − (χ + (1 − χ) F0s (w1s (z))) = 0
(1 − χ) F0s

( As z − w1s (z))λsF (χ + (1 − χ) F0s (w1s (z))) − c0s (vs (z); z) = 0.

(5)
(6)

In deriving these conditions, I have assumed that the wage distributions, F0s and F1s , are differentiable. I will later confirm that that they are as such in my analysis.
Symmetric equilibrium without aggregate risk. Although I have already simplified the model
by focusing two-period model, analyzing the model still poses a challenge. As is clear from the
equilibrium definition, the problem involves multiple infinite dimensional objects (incumbent
and new hire wage distribution, as well as vacancy distribution in each state). It is intractable
not only analytically but even computationally. To the best of my knowledge, there is no efficient algorithm to solve the model non-linearly because the equilibrium does not have a convenient property such as contraction mapping.
To overcome the difficulty, I propose a tractable solution approach. I consider a perturbation of a particular equilibrium with respect to the aggregate risk. I first focus on a particular
parametrization that features the following properties: (i) zero aggregate risk, Ah = Al , and (ii)
symmetry between incumbent and new hire wages, w0 (z) = w1 (z) ≡ w(z), where I dropped
the s subscript as two states are the same. These properties will naturally arise in the steadystate of an infinite horizon setup that I will study later. For this reason, I call this equilibrium as
the steady-state equilibrium.

16

After imposing (i) and (ii), the new hire firms first-order condition (5) becomes

(1 − χ) F00 (w(z))( Az − w(z)) − (χ + (1 − χ) F0 (w(z))) = 0.

(7)

Here F00 , is well-defined as there cannot be a mass point in the incumbent wage distribution.
If there is a mass point, then one of the incumbent or the new hire firms at the mass point
can raise wages by a small amount and discontinuously increase the profits, which contradicts
with the optimality of wage setting. Moreover, w(z) is strictly increasing because the objective function (3) is strictly log-supermodular in (z, w). Because the wages are monotone, it
Rz
`0 (z)dG (z), so F̂00 (z) = F00 (w(z))w0 (z), where F̂0 (z) is
follows that F̂0 (z) ≡ F0 (w(z)) = 1−1 µ
the employment-weighted productivity distribution. Using these expressions, we can rewrite
(7) as a single ODE:

(1 − χ) F̂00 (z)( Az − w(z)) − χ + (1 − χ) F̂0 (z) w0 (z) = 0

(8)

with the boundary condition w(z) = Ab because the least productive firms can only hire from
a pool of unemployed. The solution is
w(z) =

χAb + (1 − χ)

Rz

Az̃d F̂0 (z̃)

,
χ + (1 − χ) F̂0 (z)
b

(9)

which corresponds to the employment weighted average productivity level conditional on productivity below z. As is standard in Burdett and Mortensen (1998) models, the firms exercise monopsony power, w(z) < Az, because of search frictions. Appendix A.1 also shows the
second-order condition is satisfied.
Given (9), the optimal vacancy solves

( Az − w(z))λ F (χ + (1 − χ) F (w(z))) = c0 (v(z); z).

(10)

The meeting probabilities are given by
1
λ = M(µ̃, V )
V
F

M(µ̃, V )
λ =ζ
µ̃
E

with V =

Z

v(z)dG (z).

(11)

Finally, I have to guarantee that the incumbent firms find it optimal to offer w(z). I can always guarantee this if the promised utility is appropriately chosen and if the promise-keeping
constraint is binding. The promise-keeping constraint is always binding as long as λ E is small
enough, which is the case for sufficiently small ζ. Intuitively speaking, if incumbent firms do
not face too tough competition from being poached, they would like to exercise monopsony
power to lower wages as much as they can. Then, one can appropriately choose W̄0 (z) so that
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the incumbent firms need to offer w0 (z) = w(z). I summarize the discussion as follows:
Lemma 1. Suppose Ah = Al and the relative search efficiency of the employed, ζ, is sufficiently small.
Then, there exists {W̄0 (z)} under which the equilibrium wage strategy is symmetric between incumbent
and new hire firms, w0 (z) = w1 (z) ≡ w(z). In such an equilibrium, {w(z), v(z), λ F , λ E } are given by
(9), (10) and (11), and
W̄0 (z) = (1 − λ E )u(w(z)) + λ E

Z

max{u(w(z)), u(w(z̃))}(v(z̃)/V )dG (z̃).

All the proofs are collected in Appendix A. I next turn to the analysis with aggregate risk by
taking a first order perturbation around the above symmetric equilibrium.

3.2

Wage Rigidity

I introduce aggregate risk into the economy by assuming Ah > Al . I consider a first order
perturbation that is a mean preserving spread around Ah = Al ≡ A, ln Ah = ln A + d ln A
and ln Al = A − d ln A. I let variables with hat denote the log deviation from the steady-state
equilibrium, x̂ ≡ d ln x.
3.2.1

Characterization

The following lemma shows that the responses are symmetric between two states:
Lemma 2. In the presence of small aggregate risk, Â > 0, to a first order, the equilibrium is symmetric
between two states: ŵ1h (z) = −ŵ1l (z) ≡ ŵ1 (z), ŵ0h (z) = −ŵ0l (z) ≡ ŵ0 (z), v̂h (z) = −v̂l (z) ≡
v̂(z), V̂h = −V̂l ≡ V̂, λ̂hE = −λ̂lE ≡ λ̂ E , λ̂hF = −λ̂lF ≡ λ̂ F .
Because the equilibrium conditions are smooth with respect to endogenous variables, the
symmetric aggregate productivity shocks induces the symmetric responses. This is useful because we can reduce the number of unknowns by half.
I turn to characterizing the equilibrium responses to the aggregate shock. I first concentrate
on the wage responses by assuming vacancies are inelastic. Even in this case, the equilibrium
is potentially very complicated because it is an infinite dimensional fixed point problem. New
hire firms need to form expectation over the entire incumbent wage distribution and decide
where to position their wage rank. Conversely, incumbent firms need to form expectation about
entire new hire wage distribution and decide which wage offers they would like to block. These
expectations need to be consistent with optimization behaviors. However, it turns out that the
equilibrium solution takes a very simple form, as the following lemma shows:
Lemma 3. Assume vacancy creation is inelastic, ι = 0. In the presence of small aggregate risk, Â > 0,
to a first order, the equilibrium incumbent wage responses, ŵ0 (z), and new hire wage responses, ŵ1 (z),
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solve the following two ODEs:
(new hire)

ŵ1 (z) = θ1a (z) Â +

θ1w (z)ŵ0 (z)
{z
}
|

−

competition within a job-ladder rung

(incumbent)

ŵ0 (z) = θ0a (z) Â +

θ0w (z)ŵ1 (z)
|
{z
}

competition within a job-ladder rung

w(z)
θ1a (z)α(z) 0 ŵ00 (z)
w (z)
|
{z
}

(12)

w(z)
θ0a (z)α(z) 0 ŵ10 (z)
w (z)
|
{z
}

, (13)

competition between job-ladder rungs

−

competition between job-ladders rungs

with the boundary conditions, ŵ1 (z) = Â and ŵ0 (z̄) = ŵ1 (z̄). The coefficient α(z) ≡ ( Az −
w(z))/Az is the wage markdown and the other coefficients are such that θ1w (z) + θ1a (z) = 1 and
θ0a (z) + θ0w (z) ≤ 1, with equality if workers are risk-neutral, γ = 0, as shown in Appendix A.3.
The two ODEs come from the log linearization of the first order conditions (4) and (5) and
are the best response functions of the firms wage settings. Note that the original best response
0 , which in turn depends on the
function of incumbent firm of productivity z depends on F1s , F1s
entire functions of {w1s (z̃)}z̃ . The key observation of Lemma 3 is that to a first-order approximation, the best response of incumbent firm of productivity z only depends on, w1s (z) and
0 ( z ), not on the entire function { w ( z̃ )} , substantially reducing the dimensionality. To see
w1s
z̃
1s
this, the first order change in cumulative distribution function F1 (w0 (z)) is given by
dF1 (w0 (z)) = F10 (w(z))w(z) (ŵ0 (z) − ŵ1 (z))
and the first order change in the density function F10 (w0 (z)) is given by

w(z)
dF10 (w0s (z)) = F100 (w(z))w(z)ŵ0 (z) − F100 (w(z))w(z) + F10 (w(z)) ŵ1 (z) − F10 (w(z)) 0 ŵ10 (z).
w (z)
That is, the competition remains always local in response to small shocks. Firms do not need
to form expectations about the wage offers of firms in significantly different job ladder ranks
because they won’t affect the labor supply curve. Firms need to only care about how their local
competitors will behave.
The term “competition within a job ladder rung” captures how the competitors with exactly
the same productivity level affect the labor supply. For example, if the new hire firm with productivity z increases its wages, the incumbent firm with the same productivity z is more likely
to be poached. The term “competition between job ladder rungs” captures how the neighboring competitors’ wage setting affects the labor supply. For example, if the new hire firm with
productivity z − dz increases its wages more than those with productivity z + dz, the incumbent
firm with productivity z faces more elastic labor supply because there would now be a greater
mass of marginal competitors.
The coefficients on (12) and (13) cannot be arbitrary and have theoretical restrictions. First,
19

θ1a (z) > 0 and θ1a (z) + θ1w (z) = 1.16 That is, the new hire firms’ problem is homogenous: if the
aggregate productivity increases by 1% and the incumbent firms increase wages by 1%, then it
is optimal for them to increase wages just by 1%. In contrast, θ0a (z) > 0 and θ0a (z) + θ0w (z) ≤ 1
with strict inequality if and only if γ > 0. That is, incumbents’ overall wage responses are
dampened as long as workers are risk-averse. This is intuitive. Because incumbent firms have
incentives to insure workers, they do not want to fluctuate wages too much with the aggregate
shocks. Moreover, these coefficients can be expressed as a function of steady-state moments,
which have a clear data counterpart. The new hire firms’ response θ1a (z) depends only on wage
markdown, α(z), and the elasticity of new hire wage density function, η F0 (z). These expressions
have a natural counterpart in pass-through literature in the context of product price-settings
(see Burstein and Gopinath (2014) for a survey). In the context of product price settings, it is
well-known that pass-through of costs to product prices mainly depends on the (i) elasticity
of demand function and (ii) super-elasticity of the demand function. Here, α(z) captures the
former, and η F0 (z) captures the latter. In addition to wage markdown and the elasticity of
the density function of incumbent firms, the incumbent firms’ response depends also on the
elasticity of workers’ staying probability and the relative risk aversion.
Since the system consists of two ODEs with two unknowns, we need two boundary conditions. The first boundary condition describes what happens at the bottom of the job ladder,
ŵ1 (z) = Â. Because unemployed workers’ outside options scale one for one with the aggregate
productivity, the least productive firm, which hires only from a pool of unemployed, also needs
to move wages one for one with the aggregate productivity. One may wonder why the same
boundary condition does not apply for the incumbent firms at the bottom, z = z. The reason
is that the constraint w0s ≥ As b strictly binds because the firm would like to insure workers
as much as possible, and hence they are no longer in the interior solution. Therefore, the bottom boundary of the incumbent firms is at ŵ0 (z+ ) ≡ limz↓z ŵ0 (z), which is free. The second
boundary condition describes the behavior at the top of the job ladder, ŵ0 (z̄) = ŵ1 (z̄). It says
that both incumbent and new hire firms must find it optimal to offer exactly the same wages
at the top of the job ladder. If one firm at the top offers strictly higher wages then the other at
the top, it can strictly increase profits by slightly lowering wages because it does not affect the
labor supply but yet reduces costs. This extremely strong form of strategic complementarity at
the top of the job ladder is at the heart of the analysis that comes next.
3.2.2

Equilibrium Wage Rigidity

Having characterized the equilibrium wage responses as a system of ODEs, I am ready to study
their properties.
16 Second-order

condition implies θ1a (z) > 0 for all z.
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Proposition 1 (Endogenous wage rigidity). Assume the elasticity of vacancy creation, ι, is sufficiently small. If workers are risk-neutral, γ = 0, then all wages are flexible, ŵ1 (z) = ŵ0 (z) = Â for all
z. If workers are risk-averse, γ > 0, then all incumbent wages are rigid, ŵ0 (z) < min{ Â, ŵ1 (z)} for
all z, and new hire wages are rigid at the top of the job ladder, ŵ1 (z) < Â for z close enough to z̄.
The proposition states that with risk-neutral workers, wages for both incumbents and new
hires are fully flexible. With risk-averse workers, incumbent wages are rigid. Perhaps more
surprisingly, new hire wages are also rigid, at least toward the higher end of the job ladder. Let
me turn to an explanation for each of the result, assuming ι = 0. By continuity, the results hold if
ι is small enough. Throughout, I often impose the elasticity of vacancy creation, ι, is sufficiently
small. This is largely a technical assumption. I have not encountered any counter-example even
with large ι. Moreover, it has been common to assume relatively small ι in the literature that
builds on Burdett and Mortensen (1998) because as ι → ∞, the firm size distribution becomes
too concentrated to the most productive firm.
As (12) and (13) consist a system of two ODEs, one can draw a phase diagram to explain
the proposition, as I do in the left panels of Figure 3a-3c. Let us start with a case of risk-neutral
workers, γ = 0, in the left panel of Figure 3a. I plot ŵ0 (z) on a vertical axis and ŵ1 (z) on
a horizontal axis.17 A particular point (ŵ0 (z), ŵ1 (z)) in the phase diagram corresponds to a
pair of incumbent and new hire wage responses at job ladder (productivity) z. If the point lies
inside the gray square, it means that both incumbent and new hire wages respond less than the
aggregate productivity, ŵ0 (z) < Â and ŵ1 (z) < Â, or in other words, wages are rigid (sticky).
In the figure, I draw two lines, each corresponding to the ŵ0 (z) = 0 locus and the ŵ0 (z) = 0
locus.
When γ = 0, the two lines have to go through a point ( Â, Â). Moreover, the ŵ00 (z) = 0
locus needs to have slope greater than one because θ1w (z) < 1, and the w10 (z) = 0 locus needs
to have a slope less than one because θ0w (z) < 1. One of the boundary conditions states that
ŵ1 (z) = Â, so starting from z = z, it has to originate from somewhere in the vertical line that
goes through ( Â, Â). The other boundary condition states that ŵ1 (z̄) = ŵ0 (z̄), so the path
needs to end up somewhere in the 45◦ line. Then, it is immediately clear that the only path that
satisfies the two boundary conditions is the one that starts from ( Â, Â) at z = z and stays there
until it reaches z = z̄. That is, both incumbent and new hire wages are fully flexible. The wage
response for each z is depicted in the right panel of Figure 3a. This result is intuitive. With riskneutral workers, incumbent firms have no incentive to insure workers, so both incumbent and
new hire firms’ problems are homogenous in aggregate productivity and competitors’ wages.
Wages just scales up and down with the aggregate productivity.
More interesting cases arise when workers are risk averse, γ > 0. The left panel of Figure
17 Although the two lines are generically moving around depending on

z, I study the phase diagram as if the two
loci are unchanged for all z. Qualitative properties are unaffected by this consideration, as long as the coefficients
are continuous in z, which is the case here.
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Â

w′̂ 1(z) = 0
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Figure 3a: γ = 0
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Figure 3b: γ > 0 and θ1w > 0
ŵ 0(z), ŵ 1(z)
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Figure 3c: γ > 0 and θ1w < 0
Note: The left panels of Figure 3a-3c show the phase diagrams. The right panels show the wage reponses for each z.
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3b shows the phase diagram with γ > 0 and typical parametrization θ1w > 0. With γ > 0, the
ŵ10 (z) = 0 locus uniformly shifts downward compared with γ = 0. With θ1w > 0, the ŵ10 (z) = 0
locus is upward sloping. A path that satisfy the boundary conditions are drawn as a black line:
it needs to start with ŵ1 (z) = Â and end up on the 45◦ line. In this case, since the entire path
lies inside the gray square, both incumbent and new hire wages are rigid. The wage response
at each job ladder is drawn in the right panel of Figure 3b. Incumbent wages are unresponsive
throughout the job ladder. In contrast, new hire wages become less and less responsive as we
look at a higher job ladder rank, eventually reaching the same rigidity at the top of the job
ladder.
However, Figure 3b is not the only possibility. Suppose θ1w < 0. Then the ŵ00 (z) = 0 locus
is negatively sloped, as shown in the left panel of Figure 3c. In this case, the path that satisfies
boundary condition could be the one depicted as a black line. The right panel of Figure 3c
shows the corresponding wage response at each job ladder rank. In this case, new hire wages
respond more than the aggregate productivity at the lower end of the job ladder, but incumbent
wages respond less for the entire job ladder.
The result that incumbent wages are always rigid for γ > 0 is not surprising. As firms have
an incentive to insure workers, they respond less than the aggregate productivity. The reason
why new hire wages are also always rigid at the higher end of the job ladder comes from the
strategic complementarity in wage setting. job ladder models feature a very extreme form of
strategic complementarity at the top, z = z̄: no firm wants to set wages strictly above the
competitor’s one. This strategic complementarity spills over from the top to lower job ladder
ranks. If incumbent and new hire firms at the very top, z = z̄, set exactly the same wages, firms
at a slightly lower-rank, z = z̄ − dz, also set the similar wages. The reason why the new hire
wages can overshoot at the lower-end of the job ladder is as follows. The case θ1w < 0 happens
when
1 − 2α(z)
,
η F0 (z) ≥
α(z)
d ln F 0 (w(z))

0
η F0 (z) =
is the elasticity of density of wage distributions. This says the elasticity
d ln w
of incumbent wage density function is large enough (but not too large as θ1a > 0 requires
2−2α(z)
η F0 (z) < α(z) ). Intuitively speaking, when this is the case, the new hire firms can poach a lot
more workers if they increase wages slightly more than the incumbent firms. Therefore they
have an incentive to become aggressive in making high wage offers if incumbent wages are
not responsive — that is, new hire firms’ wage setting is strategic substitutes with respect to
incumbents’.
It is worth noting that on-the-job search was the key for new hire wages to feature any kind
of rigidity. Without on-the-job search, new hire firms find it optimal to offer outside options of
the unemployed, w1s (z) = As b, so new hire wages are fully flexible, ŵ1s (z) = Â. It is precisely
the competition for employed workers through which incumbent wage rigidity spills over to
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new hire wage rigidity.
Relationship to recent evidence on new hire wage rigidity. My result above shows that the
two empirically well grounded assumptions, (i) incumbent wage rigidity and (ii) on-the-job
search, naturally leads to endogenous new hire wage rigidity, especially at the top of the job
ladder. This result provides an explanation for the recently documented empirical evidence.
While Haefke et al. (2013) or Kudlyak (2014) originally documented that new hire wages are
substantially more cyclical than incumbent wages, more recent evidence that carefully adjusts
for the job compositions (Gertler et al., 2020; Hazell and Taska, 2019; Grigsby et al., 2019) shows
that new hire wages are much less cyclical than previously thought. However, we tend to lack a
theoretical understanding of the underlying mechanisms without imposing ad-hoc constraints
on wage setting. My model provides a natural explanation for this. Although there are some
other theories of endogenous new hire wage rigidity (Menzio and Moen, 2010; Kennan, 2010), a
distinguishing feature of my theory is that it predicts that new hire wages should feature more
rigidity at the higher job ladder rank. Consistently with this prediction, Bloesch and Taska
(2019) use the data from online vacancies to document that posted wages are much less cyclical
for high-wage jobs than low-wage jobs.
Non-strategic incumbent firms. The mechanism that generates endogenous new hire wage
rigidity comes from strategic complementarity in wage setting. It relies on the fact both incumbent firms and new hire firms are acting strategically what wages to offer workers. If one has a
view that the reason why incumbent wages are rigid is because of the cost of changing wages
or other institutional constraints, then it might not be realistic to think incumbent firms are
acting strategically. Here, I will argue that new hire wages are (asymptotically) rigid even if
incumbent firms are non-strategic.
Suppose incumbent firms mechanically fix wages due to some costs of changing wages or
other constraints, ŵ0 (z) = 0 for all z.18 Then, from (12), new hire wage responses are given by
ŵ1 (z) = θ1a (z) Â.
The key question here is whether θ1a (z) < 1 or not. If θ1a (z) < 1, then new hire wages become
rigid whenever incumbent firms cannot adjust wages. The following proposition shows that
this is indeed always the case toward the higher end of the job ladder:
Proposition 1’ (Endogenous wage rigidity with non-strategic incumbent firms). Assume the
distribution of z is such that z̄ → ∞ with finite variance. If incumbent firms have exogenously fixed
wages, ŵ0 (z) = 0, then new hire wages are rigid at the top of the job ladder, ŵ1 (z) < Â for z close
enough to z̄.
18 The

argument goes through for any constant C < Â with ŵ0 (z) = C.
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Therefore, regardless of incumbent firms being strategic or not, the job-ladder model robustly predict that there should be endogenous new hire wage rigidity toward the top of the
job-ladder. However, the underlying mechanism here is distinct from the one with the strategic
incumbent firms. Proposition 1’ comes from the fact that very productive firms are shielded
from competition in the labor market. The degree of competition in this class of model is determined by the number of neighboring competitors. Since very productive firms have fewer of
them, their monopsony power is high. As firms become more monopsonistic, their wage offers
are increasingly tied to the workers outside options, w0 (z), which is fixed here.Therefore, their
wage offersbecome disconnected from the marginal product of labor. As such, wages are not
responsive to aggregate productivity changes. In fact, I can show
lim θ1a (z) = 0,

z→∞

which means new hire wages become completely rigid for very productive firms when incumbent firms fix wages.
The fact that very productive firms are insulated from competition in the labor market is a
common feature of Burdett and Mortensen (1998) models. Recently, Gouin-Bonenfant (2020)
exploits this insight to study the implications for labor shares. I exploit the same insight but
shed light on the implications for wage rigidity.

3.3

Incumbent Wage Rigidity Drives Unemployment Fluctuations

In Section 3.2, I have shown the model generates both incumbent and new hire wage rigidity,
but which wage rigidity is important for unemployment fluctuations? Pissarides (2009) makes
a strong argument that only new hire wage rigidity matters for job creation. In what follows, I
challenge his conclusion.
I present two results in sequence:
Proposition 2 (Incumbent wage rigidity as sufficient statistic). Aggregate vacancy, Vs , is a function only of incumbent wage distribution, {w0s (z)}. To a first order approximation, firm-level and
aggregate vacancy responses are given by

1 − α(z)
F
( Â − ŵ0 (z)) + λ̂ ,
v̂(z) = ι
α(z)


ι
1 − α(z)
V̂ =
Ev
( Â − ŵ0 (z)) ,
1 + ι (1 − κ )
α(z)


d ln M(µ̃,V )

(14)
(15)

where κ ≡
is the elasticity of the matching function with respect to vacancy, and Ev [ x (z)] ≡
d ln V
R
x (z)(v(z)/V )dG (z) denotes the vacancy-weighted average of a given variable.
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The above result shows incumbent wages are sufficient statistics for unemployment fluctuations. It comes from the fact that since wages of new hires, {w1 (z)}, are optimally chosen,
the profit from vacancy positing is not a function of {w1 (z)}. Consequently, while my model
delivers new hire wage rigidity endogenously, such rigidity in itself has no consequence on
unemployment fluctuations. The following result shows imposing further rigidity in new hire
wages has no consequence either.
Proposition 2’ (Incumbent wage rigidity as sufficient statistic with constrained new hire
wages). Assume new hires wage changes are exogenously given by ŵ1 (z) = ŵ1exo (z) for some ŵ1exo (z).
To a first order approximation, the firm-level and the aggregate level vacancy responses are still given by
(14) and (15).
While the result comes from the linearization of (6), the proposition is a striking result. It
says that incumbent wage rigidity is the only source of fluctuations in job creation, and any form
of rigidity in the wage of new hires, no matter whether the rigidity is endogenously derived
or exogenously imposed, has no consequence on unemployment fluctuations. In other words,
incumbent wage rigidity is a “sufficient statistic” for unemployment fluctuations. The result is
precisely the opposite from what the conventional wisdom would suggest.
First, why does incumbent wage rigidity matter for job creation? It is because incumbent
wage rigidity affects the prospect of poaching. If incumbent wages do not fall when the aggregate productivity falls, then incumbent workers are better paid relative to the overall economic
condition. Under this situation, potential new employers have a hard time attracting incumbent workers. This reduces the return from the posting vacancy, in turn reducing job creation.
Second, why does wage rigidity of new hires not matter for job creation? It is because of envelope theorem. Without shocks to the aggregate productivity, new hire firms were optimally
setting wages to maximize profits, facing trade-off of paying higher labor costs and attracting
more workers. Therefore, any first order (non-)response of their wages has no effect on profits
from posting a vacancy, and in turn, on job creation.
The fact that rigidity of incumbents matters is very robust; the fact that it is the only rigidity
that matters, so that new wage rigidity does not matter, is less robust to extension of the model.
It is always the case that a firm is not affected by its own rigidity of the wage, but there are potentially general equilibrium effects from the wage of others. The result here is stark because of
the two-period assumption. I explore the robustness of the result in the context of quantitative
infinite-horizon model in Section 6. Although new hire wage rigidity matters there, the quantitative magnitudes are small, and I find the incumbent wage rigidity still remains the dominant
source of unemployment fluctuations.
Relationship to Pissarides (2009). The fact that incumbent wage rigidity does matter for job
creation comes from the presence of on-the-job search. The fact that new hire wage rigidity does
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not matter for job creation comes from the assumption of wage posting. These two assumptions
shape the backbone of Burdett and Mortensen’s (1998) model. Pissarides (2009) and many
others obtained the opposite conclusion because the argument is based on the DMP model. The
DMP model has been popularly used to study the business cycle dynamics of unemployment
due to its tractable nature, but this class of model assumes wage-bargaining and no on-the-job
search.
To clarify the difference, consider an alternative version of my model with two modifications. First, let us assume there is no on-the-job search, ζ = 0. Second, assume wages are
bargained for instead of posted. With these assumptions, any wage w1 (z) ∈ [ Ab, Az] generates positive gains from trade between unemployed and firms with productivity z. Therefore,
wages can be anywhere in the bargaining set, [ Ab, Az], as in Hall (2005). Starting from steadystate value of w1 (z), suppose the wage responses are given by ŵ1exo (z), as before. The rest of the
models are unchanged.
Appendix A.7 shows that with these assumptions, to a first order, the firm-level vacancy
response is given by


1 − α(z)
F
( Â − ŵ1 (z)) + λ̂ ,
(16)
v̂(z) = ι
α(z)
and the aggregate level response is


ι
1 − α(z)
V̂ =
Ev
( Â − ŵ1 (z)) .
1 + ι (1 − κ )
α(z)

(17)

These expressions echo Pissarides (2009) that new hire wages are the only source of fluctuations in job creation. Equation (17) is also a version of Ljungqvist and Sargent’s (2017) formula
incorporating firm heterogeneity and the finite elasticity of vacancy creation. By comparing
(17) with (15), one again sees the striking contrast between the two. The two expressions only
differ in terms of whether it is new hire or incumbent wages that enter the job creation equation.
Expression (17) does not depend on incumbent wages because by abstracting from on-the-job
search, it mechanically shuts down any interaction between incumbent workers and labor market dynamics. Expression (17) does depend on new hire wages because firms are not optimizing
what wages to offer. With wage-bargaining, firms would prefer to pay as low of wages as possible so long as workers accept the job. This implies that new hire wage rigidity does have a
first order effect.
Given that a different set of assumptions deliver strikingly different implications of wage
rigidity, the natural question to ask is which assumptions are empirically relevant. The prevalence of on-the-job search is hard to deny. As mentioned in the introduction, 40-50% of new
hires are employer-to-employer transitions. The assumption of wage posting is more controversial, but as discussed in Section 2.2, the available evidence is more supportive of wage posting
than wage bargaining.
27

Employer-to-Employer (EE) transition rates. Equation (15) immediately implies that the UE
(unemployment to employment) transition rate is unaffected by new hire wage rigidity because
log-deviation in the UE rate is simply
c ≡ λ̂U = κ V̂.
UE
In contrast, the EE transition rate is affected by the new hire wage rigidity. The EE rate is
defined as
Z
E
EEs = λs (1 − F1s (w0s (z̃))`0 (z̃)dG (z̃)
because workers employed in firm z move to new employers whenever they receive better
wage offers, which happens with probability 1 − F1s (w0s (z)). The log deviation in the EE rate
is
E
c = λ
EE
EE

Z

F10 (w0 (z̃))w(z̃) [ŵ1 (z̃) − ŵ0 (z̃)] `0 (z̃)dG (z̃) + (terms unrelated to ŵ1exo (z̃))

(18)

This expression implies that relative rigidity in incumbent and new hire wages matter for the
EE rate, and the EE rate responds more when new hire wages are more flexible relative to incumbent wages. Intuitively speaking, when new hire wages respond more than the incumbent
wages, new hire firms can poach more workers. In fact, a firm poaches workers from other
firms with higher productivity, causing a misallocation of workers. Therefore, although new
hire wage rigidity is irrelevant to the UE rate, it matters a lot for the EE rate.
Since ŵ1 (z) ≥ ŵ0 (z) in equilibrium as we saw in Proposition 1, equation (18) implies that
EE rate is strongly amplified relative to the case with flexible wages, ŵ1 (z) = ŵ0 (z) = Â. This
fact is consistent with the evidence documented in Haltiwanger, Hyatt, Kahn, and McEntarfer
(2018). They show that the firm wage ladder is strongly procyclical, meaning the number of
workers who climb up the job-ladder collapses in recessions.19 My theory provides a natural
explanation of this.
3.3.1

Beyond First Order Approximation

Non-optimizing new hire wages in the steady-state. The reason why new hire wage rigidity
does not affect job creation is because of the envelope theorem. Then, it is natural to think that
if new hire wages are not optimized in the steady-state, they start to matter for unemployment
fluctuations. I will show that although new hire wages matter, the way it matters is more subtle
than one may think. Holding the incumbent wage distribution the same as (9), suppose the
19 See also Barlevy (2002), Mukoyama (2014), and Nakamura, Nakamura, Phong, and Steinsson (2019) for related

evidence.
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new hire wage distribution in the steady-state equilibrium is given by w1non (z) 6= w(z). Let
τ1 (z) ≡

(1 − χ) F 0 (w1non (z))w1non (z)
w1non (z)

−
Az − w1non (z)
χ + (1 − χ) F (w1non (z))

denote the wedge of the optimality condition for the wage setting of new hire firms. I consider a
small deviation of w1non (z) from w(z) so that τ1 (z) < 0 if w1non (z) > w(z), τ1 (z) = 0 if w1non (z) =
w(z), and τ1 (z) > 0 if w1non (z) < w(z). Let ŵ1exo (z) ≡ ln w1s (z) − ln w1exo (z) denote the arbitrary
constraint on new hire wage setting expressed as a log-deviation from the non-optimized ones.
Linearizing the optimality condition for vacancy creation gives


1 − α(z)
exo
exo
v̂(z) = ι λ̂ +
Â − ŵ0 (z)) + τ1 (z)ŵ1 .
α(z)


F

This expression immediately tells us new hire wage rigidity now matters for unemployment
fluctuations. Suppose Â > 0. The more rigidity in new hire wages (lower ŵ1exo ) implies amplification of job creation if τ1 (z) < 0, but it implies dampening of job creation if τ1 (z) > 0.
Intuitively speaking, when the initial wage is located in the increasing part of the profit function, the fact that wages cannot increase will decrease the profit from the vacancy posting. This
dampens job creation in response to the positive shock to the aggregate productivity. In contrast, when the initial wage is located in a decreasing part of the profit function, job creation is
amplified. Therefore, whether new hire wage rigidity amplifies unemployment fluctuation or
not is generally ambiguous.
Second-order approximation. Another consideration is to study higher-order effects. Applying the second-order approximation to the optimality condition for vacancy creation at the
firm-level, one can write


d2 log w1exo (z)
d log w1exo (z)
d log w0exo (z) d log w1exo (z)
d2 log v(z)
= ν1
+ ν2
+ terms unrelated to
d log A
d log A
d log A
d log A2
d log A2
n
o
(1−α(z))
(1−α(z))
(1−α(z))
where ν1 ≡ ι α(z)2 [2(1 − α(z)) − α(z)η F0 (z)] < 0 and ν2 ≡ −ι α(z)
η F0 (z) − α(z)
.
Not surprisingly, new hire wage rigidity has a second-order effect on job creation, but does new
hire wage rigidity amplify job creation? Not necessarily. The first term implies that relative to
d log wexo (z)
d log wexo (z)
the case without rigidity, d log1 A > 0, if we impose rigid new hire wages, d log1 A = 0,
fluctuation in job creation is amplified in response to a negative shock, but it is dampened in
response to a positive shock. The sign of the second term is generally ambiguous. Therefore,
incorporating new hire wage rigidity in this environment does not necessarily amplify job creation, even to a second-order.
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3.4

Firm Insurance Drives Unemployment Fluctuations

In Section 3.3, I studied the implications of an arbitrary form of wage rigidity on vacancy creation, but I also showed that in Section 3.2, my model endogenously generates wage rigidity as
an equilibrium outcome. Now, I connect the two to study the unemployment fluctuations arising from equilibrium wage rigidity. Extending Lemma 3, the first order equilibrium responses
with endogenous vacancy creation {ŵ1 (z), ŵ0 (z), v̂(z), V̂, λ̂ E , λ̂ F } solve
w(z) 0
ŵ (z)
w0 (z) 0

w(z)
ŵ0 (z) = θ0a (z) Â + θ0w (z)ŵ1 (z) − θ0a (z)α(z) 0 ŵ10 (z) + θ0a (z)α(z) 1 − θλ,p (z) λ̂ E
w (z)


+ θ0a (z)α(z)θλ,r (z) V̂ (z) − V̂ + θ0a (z)α(z) v̂(z) − V̂


1 − α(z)
F
v̂(z) = ι
( Â − ŵ0 (z)) + λ̂ ,
α(z)
ŵ1 (z) = θ1a (z) Â + θ1w (z)ŵ0 (z) − θ1a (z)α(z)

with

λ̂ F

= (κ − 1)V̂,

λ̂ E

= κ V̂, and V̂ =

1
V

R

v(z)v̂(z)dG (z), where V̂ (z) ≡

the log change of the cumulative amount of vacancies, θλ,p (z) ≡

(19)

Rz
v(z̃)v̂(z̃)dG (z̃)
Rz
v(z̃)dG (z̃)

λ E (1− F (w(z)))
1−λ E +λ E F (w(z))

is

is the share of
λ E F (w)

workers who meet with other firms and are poached, and similarly θλ,r (z) ≡ 1−λE +λE F(w) is
the share of workers who meet with other firms but reject the offer. The boundary conditions
remain the same: ŵ1 (z) = Â and ŵ0 (z̄) = ŵ1 (z̄).
Compared with Lemma 3, the vacancy responses enter into the best response function of
incumbent wage settings. For example, if there is a positive response of aggregate vacancy,
λ̂ E > 0, all else equal, incumbent firms have the incentive to raise wages to prevent workers
from leaving.
The following proposition shows that the firm insurance does drive unemployment fluctuations:20
Proposition 3 (Risk-aversion and unemployment fluctuations). If workers are risk-neutral, γ =
0, there is no unemployment fluctuation.
As we move to risk-averse workers, γ > 0, the economy exhibits unemployment fluctuation, V̂ > 0. Furthermore, one can show that the maximum unemployment fluctuation occurs
in the limit where workers are infinitely risk-averse, γ → ∞:


1 − α(z)
ι
Ev
Â > 0.
lim V̂ →
γ→∞
1 + ι (1 − κ )
α(z)
20 The assumption that ι is not too large is largely a technical assumption. If ι is too large, I cannot exclude the
possibility that incumbent firms raise wages more than the productivity increases. However, I never found such a
numerical example.
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.
Figure 4 illustrates the result by plotting wages (left-top), vacancy (right-top), the UE rate
(left-bottom) and the EE rates (right-bottom) against the relative risk aversion, γ. First, the
model generates no unemployment fluctuations with risk-neutral workers, γ = 0. As we have
already seen, with risk-neutrality, incumbent wages move one for one with the aggregate productivity. Since the cost of vacancy also scales with the aggregate productivity, the profitability
from a vacancy posting is unchanged.21 This serves as a useful benchmark. As soon as we
move away from risk-neutral workers, incumbent firms start to insure workers, which generate incumbent wage rigidity. This rigidity tends to spill over to new hire wages, as depicted in
the left-top panel of Figure 4. Because we have already seen that the incumbent wage rigidity
drives the fluctuation in vacancy creation, the response of vacancy increases with γ (the righttop panel of Figure 4), reaching the limit described in the proposition as γ → ∞. Moreover, the
model predicts the EE rate to substantially respond more than the UE rate because the fact that
new hire wages respond more than the incumbent wages make poaching easier, as we have
already discussed.
The fact that firm insurance solely drives unemployment fluctuation is in stark contrast to
the arguments made in Barro (1977) and Rudanko (2009). Both papers point out that longterm contracts between firms and workers do not contribute to unemployment fluctuations.
Here, on-the-job search was crucial to reach the opposite conclusion. The following proposition
formally illustrates the importance of on-the-job search:
Proposition 4 (On-the-job-search and unemployment fluctuations). If there is no on-the-job
search, ζ = 0, there is no unemployment fluctuation.
Abstracting from on-the-job search shuts down any interaction between incumbent wages
and labor market dynamics. Since the hiring pool only consists of unemployed and their outside option scales with the aggregate productivity, the return from vacancy posting is invariant
to the aggregate productivity. In this case, as explained in Rudanko (2009) and Pissarides (2009),
the incentive to create jobs is disconnected from the incumbent wage rigidity, no matter how
rigid they are.
It is worth emphasizing wage rigidity and unemployment fluctuation in my model solely
come from optimal contracting problems between firms and workers. The theory differs from
existing models of wage rigidly and unemployment fluctuations in the following two senses:
First, it does not rely on any unexplained inefficiencies such as the ad-hoc cost of changing
wages, and, thus, immune to Barro’s (1977) critique that wage rigidity should not interfere
with mutually beneficial contracts. Second, it does not rely on an arbitrary choice of the wage
setting rule in the bargaining set (Hall, 2005). The degree of wage rigidity and unemployment
fluctuations in my model are disciplined by the structural parameters, such as workers’ risk
21 The

same benchmark case appears in Blanchard and Galí (2010) and Kehoe et al. (2019).
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Figure 4: Workers’ risk aversion and wage and unemployment fluctuations
Note: The figure shows a numerical example of the responses to a 1% aggregate productivity shock for
each value of γ. All the reported values are log deviations from the steady-state. The parameter values
are µ = 0.06, ζ = 0.2, M(µ̃, V ) = µ̃1−κ V κ , κ = 0.6, ι = 1, b = 1, c̄(z) = zc̄ , c̄ = 10, G (z) = 1 − z−α , α = 5.

aversion. In contrast, models of wage rigidity in DMP tradition lack such discipline, so they
cannot speak to the questions of how wage rigidity changes with counterfactual policies, for
example.
Propositions 3 and 4 continue to hold, without qualifications, in the quantitative infinite
horizon model that I study later in Section 6.

4

Extensions: Internal Firm Fairness and Public Insurance

Building on the insights that I derived in Section 3, I consider two comparative statics in the
model. The first exercise studies the effect of imposing fairness constraint within a firm. which
prevents firms to discriminate incumbent workers and new hires. The second exercise considers the effect of public insurance.
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4.1

Fairness Constraints Dampen Unemployment Fluctuations

In the baseline model, I have assumed that incumbent wages and new hire wages can be set separately in an unconstrained manner. However, in practice, if incumbent workers and new hires
belong to the same firm, it might be difficult to discriminate wages due to fairness concerns.22
It is often argued that such a constraint amplifies unemployment fluctuations by making new
hire wages more rigid. This idea at least goes back to Bewley (1999), and has been formalized
later in several papers (Snell and Thomas, 2010; Rudanko, 2019; Menzio, 2004; Gertler and Trigari, 2009).23 Because conventional wisdom says that new hire wage rigidity is the source of
amplification, it is natural to expect that any constraint that prevents the flexible adjustment of
new hire wages would amplify unemployment fluctuations. However, I will argue that these
implications are reversed in my model. The key idea is that fairness constraints make new
hire wages more rigid, but incumbent wages more flexible. As incumbent wage rigidity is the
source of amplification in my model, the constraint dampens unemployment fluctuations.
I assume that that the boundary of firms are such that each productivity z corresponds to a
single firm.24 Then, I impose that the firms cannot discriminate new hire wages and incumbent
wages due to fairness concerns or other social norms, w0s (z) = w1s (z). Each firm z solves the
following problem:
max

w0s ,w1s ,vs

∑



πs ( As z − w0s )(1 − λsE + λsE F1s (w0s ))`0 (z)

s∈{ h,l }

+ λsF vs (χ + (1 − χ) F0s (w1s ))( As z − w1s ) − cs (vs ; z)
s.t.

∑


πs

(1 − λsE )u(w0s ) + λsE

Z




max{u(w0s ), u(w̃)}dF1s (w̃) ≥ W̄0 (z),

ss∈{ h,l }

w0s ≥ As b,

w1s ≥ As b,

w0s = w1s .
Therefore, firms maximize the weighted average of profits from new hires (the first term) and
incumbents (the second term) while delivering the promised utility to incumbent workers. I
again consider a perturbation around a symmetric steady-state equilibrium. In the steady-state,
the fairness constraint, w0s = w1s , is not binding because incumbent workers and new hires are
offered the same wages anyway. With shocks, the constraint is binding because incumbent and
new hire firms now face different incentives to set wages. Let ŵ(z) ≡ ŵ0 (z) = ŵ1 (z) denote the
firm-level wage responses. The following lemma characterizes the response to the aggregate
22 The

presence of such social norms are documented empirically (Card et al., 2012; Breza et al., 2018).
the business cycle literature, it has been common to impose fairness (equal treatment) constraints in
wage posting models since Burdett and Mortensen (1998).
24 Or one can think that all firms with the same productivity are symmetric.
23 Besides
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productivity shock:
With fairness constraints, first order equilibrium responses, {ŵ(z), v̂(z), V̂, λ̂ E , λ̂ F } solve

w(z) 0
eq
ŵ (z) + θ a (z) ϕ(z)α(z) 1 − θλ,p (z) λ̂ E
0
w (z)


eq
eq
+ θ a (z) ϕ(z)α(z)θλ,r (z) V̂ (z) − V̂ + θ a (z) ϕ(z)α(z) v̂(z) − V̂ ,


1 − α(z)
F
v̂(z) = ι
( Â − ŵ0 (z)) + λ̂ ,
α(z)
eq

eq

ŵ(z) =θ a (z)d ln As − θ a (z)α(z)

λ̂ F = (κ − 1)V̂, λ̂ E = κ V̂, and V̂ =
eq
θ a (z)

1
1+γϕ(z)θλ (z)

1
V

R

v(z)v̂(z)dG (z) with the boundary condition ŵ(z) = Â,
λ E F 0 (w(z))` (z)

where
≡
and ϕ(z) ≡ λ F v(z)(1−χ) F0 1(w(z))+λ0 E F0 (w(z)` (z) .
0
0
1
As one might expect, with fairness constraints, the best responses are the weighted average
of the best responses of (12) and (13) after imposing ŵ0 (z) = ŵ1 (z). The following result is
immediate from the above expressions:
Proposition 5 (Fairness constraints and wage rigidity). Assume the elasticity of vacancy creation,
ι, is sufficiently small. Fairness constraints raise the flexibility of incumbent wages at the bottom of the
job-ladder, ŵ(z) > ŵ0 (z) for z close enough to z.
The result says near the bottom of the job ladder, incumbent wages become more flexible,
which comes from the boundary condition at the bottom. This is intuitive, as incumbent wages
not only serve as insurance but also need to attract new workers. While I cannot prove that
this holds globally, the wage rigidity at the bottom of the job ladder plays a dominant role for
unemployment fluctuations. This is because low-productivity firms have a low surplus (low
α(z)), so their vacancies are particularly more sensitive to wage rigidity (see equation (16)).
Figure 5 shows a numerical example of how incorporating fairness constraints affects labor
market fluctuations. The left top panel shows the responses of wages. As one would expect,
the fairness constraint increases the flexibility of incumbent wages, and reduces new hire wage
flexibility for most of the range of γ. Because incumbent wage rigidity is the sole driver of
vacancy fluctuations, the fairness constraints dampen the vacancy response, as the right top
panel shows. This is in stark contrast to conventional wisdom. The bottom two panels show
the effect on the EE and the UE rates. Notably, fairness constraint dampens the EE responses
much more than the UE response. This comes from the fact that with fairness constraints, the
term highlighted in (18) is zero. Because wages are strictly increasing in productivity z, workers
always flow from less productive firms to more productive firms. Therefore, in contrast to the
case without fairness constraints, there is no cyclical misallocation.
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Figure 5: The impact of fairness constraints on labor market fluctuations
Note: The figure shows a numerical example of the responses to a 1% aggregate productivity shock for
each value of γ. All the reported values are log deviations from the steady-state. The parameter values
are the same as Figure 4.

4.2

Government-provided Insurance Dampens Unemployment Fluctuations

The source of unemployment fluctuations in my model comes from firm insurance. What if
the government could also provide insurance to workers? Suppose the government imposes
lump-sum taxes/transfers, Ts , in state s to all workers (including the unemployed), financed
via a lump-sum tax from entrepreneurs. Under this assumption, the only modification is the
promise-keeping constraint of incumbent firms:

∑


πs

(1 − λsE )u(w0s

+

Ts ) + λsE

Z


max{u(w0s + Ts ), u(w̃ + Ts )}dF1s (w̃) ≥ W̄0 (z).

ss∈{ h,l }

Because income taxes are unconditional, workers’ job mobility decisions are not affected. The
transfers are revenue-neutral in expectation, ∑s πs Ts = 0. I assume that in a steady-state, T = 0,
and dTl = −dTh ≡ dT > 0 under small aggregate risk. This means the government transfers
money in recessions and taxes in booms. The linearized best response of incumbent firms now
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Figure 6: Labor market response with and without government insurance
Note: Figure 6 shows a numerical example of the responses to a 1% aggregate productivity shock for
each value of γ. All the reported values are log-deviation from the steady-state. The cyclicality of the
transfer is set to dT = 0.2. The remaining parameter values are the same as Figure 4.

become
public insurance effect (≥ 0)

z

}|

{
1
w(z)
(20)
ŵ0 (z) = θ0a (z) Â + γω2 (z)θ0a (z)
dT +θ0w (z)ŵ1 (z) − θ0a (z)α(z) 0 ŵ10 (z)
w(z)
w (z)



+ θ0a (z)α(z) 1 − θλ,p (z) λ̂ E + θ0a (z)α(z)θλ,r (z) V̂ (z) − V̂ + θ0a (z)α(z) v̂(z) − V̂ ,
where ω2 (z) > 0 is defined in Appendix A.3. All the other equilibrium conditions are unchanged.
The following result is immediate:
Proposition 6 (Public insurance and unemployment fluctuations). If workers are risk-neutral,
γ = 0, public insurance has no effect on equilibrium.
Moving to the case wth risk-averse workers, γ > 0, we can see from equation (20) that,
holding everything else constant, public insurance makes incumbent wages more flexible. The
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intuition is that firms now do not need to provide insurance as much as before because the
government partially substitutes for it. If incumbent wages become more flexible, this dampens
unemployment fluctuations. Figure 6 shows a numerical example by making a comparison
with and without government insurance. I set dT = 0.2. The left panel confirms that incumbent
wages become more flexible with government insurance. The middle panel shows that through
strategic complementarity, the public insurance also increases the flexibility of new hire wages.
Finally, the right panel shows that the fluctuations in vacancy creation are dampened.
While it is an incentive for firms to provide insurance to incumbent workers which drives
unemployment fluctuations, providing more insurance to all workers reduces unemployment
fluctuations. The crucial market failure in my model is that workers are allowed to write contracts only with their current employers. If they could write contracts with potential new hire
firms, which is in principle what the government is trying do here, the unemployment fluctuations would disappear. Note that if private agents do not anticipate that the governmentprovided insurance, there is no effect on unemployment fluctuations. Any ex-post tax on labor
income that is imposed after the realization of aggregate productivity does not affect the firm’s
nor the worker’s behavior. Therefore, it is precisely the ex-ante role of public insurance that
crowds out firm insurance, which in turn reduce unemployment volatility.

5

Inefficiencies: Steady States and Response to Shocks

So far, we have focused on the positive implications of the model. What are the normative
implications? I first ask whether the steady-state equilibrium is efficient or not. Then, I study
whether equilibrium responses to the aggregate shock is efficient. The spirit of exercise is to
consider whether a small perturbation of the equilibrium achieves Pareto improvement or not.
If it does, it implies the equilibrium is constrained inefficient. Although a more satisfactory and
interesting analysis is to derive the optimal policy, I leave this for the future followup work.

5.1

Steady-state Inefficiencies

Let us start from the welfare properties of the steady-state equilibrium. While Gautier, Teulings, and Vuuren (2010) and Cai (2020) study the efficiency property of the Burnett-Mortensen
model with risk-neutral workers, to the best of my knowledge, the efficiency property with
risk-averse workers has not been studied before. I consider a planner who can directly intervene to perturb (i) the wage offers; (ii) the amount of vacancies; and (iii) unemployment benefit,
{δw0 (z), δw1 (z), δv(z), δb}, where δx denotes the marginal changes in x. I assume the unemployment benefit is financed via a lump-sum tax on firms.

37

Inefficient wage offers. First, fixing δv(z) = 0, consider a small reduction in new hire firm’s
wage, δw1 (z) < 0, for some z, combined with {δw0 (z), δb}, which would leave workers indifferent. This exercise is meant to isolate whether the wage offers in equilibrium is efficient or
not by shutting down the vacancy margin. Can such an intervention improve welfare? The
following proposition shows the answer is yes if workers are risk-averse:
Proposition 7 (New hire wages are too high). Consider the steady-state equilibrium. For any z,
there exists a feasible perturbation featuring the same amount of vacancies at all firms, but strictly lower
wages for new hires at firm z, δw1 (z) < 0, that yield a Pareto improvement if and only if workers are
strictly risk-averse, γ > 0.
Therefore, new hire firms make too aggressive wage offers, which is more true for more
productive firms. In what follows, I sketch the proof. As workers have to be indifferent, the
perturbation must satisfy



(1 − λ E ) + λ E F1 (w(z̃)) u0 (w(z̃))dw0 (z̃) + I(z > z̃)λ E u0 (w(z))(v(z)/V ) g(z)δw1 (z) = 0

(1 − λU )u0 ( Ab) Aδb + λU u0 (w(z))(v(z)/V ) g(z)δw1 (z) = 0
for all z̃ ∈ [z, z̄]. The question is whether such perturbation can raise the net total surplus (total
firms’ profits), which is given by

F=

Z h

i
( Az − w0 (z̃))(1 − λ E + λ E F1 (w0 (z̃)))`0 (z̃) dG (z̃)
Z h
i
+
v(z̃)λ F (χ + (1 − χ) F0 (w1 (z̃)))( Az − w1 (z̃)) − c(v(z̃); z̃) dG (z̃) + µ(1 − λU ) Ab

where F̃ (w) ≡ χ + (1 − χ) F0 (w). As long as workers are strictly risk-averse, γ > 0, the answer
is yes:
 



Z z
u0 (w(z))
u0 (w(z)) `0 (z̃)
+ (1 − χ )
1− 0
dG (z̃) g(z)δw1 (z)
dF = −v(z)λ χ 1 − 0
u ( Ab)
u (w(z̃))) 1 − µ
F

>0
where the last inequality follows from δw1 (z) > 0 and u00 < 0. This implies that we can Pareto
improve welfare by forcing a new hire firm to slightly lower the wage offer. The reason is that
new hire firms do not internalize their contribution to the idiosyncratic income risks. If new
hire firms lower wage offers, workers’ consumption dispersion goes down, and it becomes
cheaper for incumbent firms to deliver the promised utility if the utility function is concave.
Of course, such an intervention potentially creates a form of misallocation because workers
now accept an offer from less productive firms. However, as there is no misallocation in the
steady-state, such consideration has no first order effect on welfare and only has a second-order
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effect. Moreover, we see that the term inside parenthesis is strictly increasing in z, which means
that the externality is greater for more productive firms. The reason is that, because workers
only accept a better wage offer, the contribution to the income risk is greater for high-paying
productive firms.
Inefficient vacancy creation. Next, I ask whether the vacancy creation is efficient or not. To
focus on vacancy margin, I fix δw1 (z) = 0. Then, I consider a perturbation δv(z), {δw0 (z̃)} and
δb that leave workers indifferent and see whether such a perturbation can raise the total net
surplus. The following expression characterizes the effect of such perturbation on the total net
surplus:
idiosyncratic income risk externality (≤ 0)

}|
{
z Z 

z u ( w ( z )) − u ( w ( z̃ ))
− [w(z) − w(z̃)] dP(z̃) δv(z)
dF = λ F
u0 (w(z̃))

Z Z z̃ 
u(w(z̃)) − u(w(ζ ))
v(z̃)
F
+ (κ − 1) λ
( Az̃ − w(z̃)) − (w(z̃) − w(ζ )) +
dP(ζ )
dG (z̃) g(z) δv(z),
0
u (z̃)
V
|
{z
}
congestion externality (≤ 0)

(21)
where κ ≡
is the elasticity of matching function with respect to vacancy, and P(z) ≡
Rz 1
χI(z > z) + (1 − χ)
1−µ `0 ( z̃ ) dG ( z̃ ) is the search-efficiency weighted cumulative employment distribution (including unemployed).
The expression shows that the welfare effect of reducing the vacancy of a particular firm
z can be decomposed into two (generically) non-zero terms. The first term, which I label as
idiosyncratic income risk externality, captures that firms do not internalize their contribution
to the worker’s income risk when they create jobs. One can immediately see that if workers are
risk-neutral, this term is zero. With risk-averse workers, this term is negative because more job
creation increases the workers upward income risk, which makes it costlier for incumbent firms
to deliver the promised utility. Welfare can be improved if the planner forces firms to reduce
job creation. Moreover, the absolute size of this term is increasing in z because they contributed
the most to enlarging workers’ consumption dispersion. This implies productive firms tend to
be too large relative to the social optimum. In contrast to this, many theories predict productive
firms are too small compared with the social optimum. Under search and matching frictions,
Acemoglu (2001) shows that unproductive firms create too many jobs relative to productive
ones because they do not internalize that they crowd out more productive matches. Golosov,
Maziero, and Menzio (2013) show also in the context of a frictional labor market that too few
workers seek jobs in productive firms because of search risk. Under an oligopsonistic labor
market, productive firms hire too few workers (e.g., Berger et al., 2019) due to labor market
power.
The second term, which I label the congestion externality, is relatively more standard (Gaud ln M
d ln V
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tier et al., 2010; Cai, 2020). This term is zero when the elasticity of the matching function with
respect to vacancy is one, κ = 1. Since the wage posting model can be interpreted as firms
having all the bargaining power, this condition is analogous to Hosios’(1990) condition. As we
move toward κ < 1, this term becomes negative. Firms do not internalize that their job creation will congest the market and lower meeting probabilities of other firms. Welfare can be
improved by reducing job creation. Notably, this term does not depend on z, so the externality
is the same for all firms.
I summarize the above discussion as follows:
Proposition 8 (Too many vacancies are created, especially in more productive firms). Consider
the steady-state equilibrium. For any z, there exists a feasible perturbation featuring the same new hire
wages at all firms, but strictly lower vacancies at firm z, δv(z) < 0, that yield a Pareto improvement if
and only if workers are risk-averse, γ > 0, or Hosios condition fails, κ < 1. Furthermore, for a given
change in vacancies δv, the change in social surplus is increasing with the productivity of firm z.

5.2

Inefficient Wage Flexibility under Aggregate Risk

So far, I have focused on the efficiency in the steady-state. The natural next question is whether
the equilibrium response to aggregate shocks is efficient or not. In particular, are wages too
flexible or too rigid in equilibrium? Because wage rigidity in my model is fully micro-founded
as an optimal contracting problems, these questions are well defined. This is in contrast to
many existing models of wage rigidity, in which rigidity is imposed exogenously.
Inefficient new hire wage flexibility. I consider a planner who can directly intervene to perturb new hire wages in each state, but cannot control vacancies. Let me first concentrate on
the efficiency of new hire wage settings by imposing δw0h (z) = δw0l (z) = 0 for all z. Take
a particular firm zs in each state s, and consider a perturbation, δw1h (zs ), δw1l (zs ). For such a
perturbation to leave workers indifferent, they must satisfy
vs (zh )
g(zh )
V
vs (zl )
+I(w0l (z̃) ≤ w1l (zl ))λlE u0 (w1l (zl ))dw1l (zl )
g(zl ) = 0
V

I(w0h (z̃) ≤ w1h (zh ))λhE u0 (w1h (zh ))dw1h (zh )

(22)

for all z̃. Note that (22) implies that unemployed workers are also left indifferent, because
λsE = ζλU
s . I focus on the non-trivial case with w0h ( z̃ ) ≤ w1h ( z h ) and w0l ( z̃ ) ≤ w1l ( zl ) for all z̃.
This implies that there exists z̆ such that w0h (z̆) = w1h (zh ) and w0l (z̆) = w1l (zl ). Since we have
already learned that the vacancies are unaffected by any small movement in new hire wages, so
a term that involve δvs (z) does not show up in the above expression. The question is whether
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such perturbation can raise the expected net total surplus, which is given by

F=

∑

Z h
πs

i
( As z̃ − w0s (z̃))(1 − λsE + λsE F1s (w0s (z̃)))`0 (z̃) dG (z̃)

s=l,h

+

Z h

v(z̃)λsF (χ + (1 − χ) F0 (w1s (z̃)))( As z̃ − w1s (z̃)) − cs (v(z̃); z̃)

i

dG (z̃) + µ(1 − λU
s ) As b

The changes in net surplus can be computed as
misallocation

z
dF =

∑

h

}|

0
As (zs − z̆) λsE F1s
(w1s (zs ))`0 (z̆)

i

{
δw1s (zs )

s=l,h



+
|

µλU
s

+ λsE



Z
z̃

`0 (z̃)dG (z̃)

u0 (w0l (z̆))
−1
u0 (w0h (z̆))
{z

aggregate risk-sharing



vl (zl )
g(zl )δw1l (zl ) .
Vl
}

The first term, which I labeled the misallocation, comes from the fact that there is cyclical misallocation in my model. As we have seen in Proposition 3, if workers are risk-averse, incumbent
firms’ wages respond less than the new hire firms with the same productivity. Therefore, workers can flow toward a less productive firm in booms, and reject the offer from a more productive
firms in recessions. That is, zs − z̆ is negative for s = h and positive for s = l. If the planner
forces new hire firms to respond less to the aggregate productivity, this will alleviate the misallocation. The second term, which I labeled the aggregate income risk-sharing, comes from
the fact that new hire firms do not internalize their contribution to the aggregate income risk.
As is the case with idiosyncratic income risk externality, if the planner could force new hire
firms to be less aggressive, this would alleviate the limited commitment friction of the contract
between incumbent firms and workers. As long as u is strictly concave, this term is positive for
δw1h (zh ) < 0 and δw1l (zl ) > 0. This leads me to conclude:
Proposition 9 (New hire wages are too flexible). Consider the equilibrium with aggregate risk.
Assume the elasticity of vacancy creation, ι, is sufficiently small. There exists a perturbation featuring
lower new hire wages in some firms in the high state, δw1h (zh ) < 0, and higher new higher wages in the
low state, δw1l (zl ) > 0, that yields a Pareto improvement if and only if workers are risk averse, γ > 0.
That is, the new hire wages are too flexible in equilibrium. Despite my model generates
endogenous new hire wage rigidity, the planner improves the welfare by making new hire
wages even more rigid. We have seen that more new hire wage rigidity has no consequence for
unemployment fluctuations, but it still improves welfare.
Incumbent wage flexibility. Although it is of great interest to understand whether incumbent
wages are too rigid or too flexible in equilibrium, I can only analytically study this for a special
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.

case. The complication arises in taking into account endogenous responses of job creation associated with the changes in incumbent wages. When vacancies are inelastic, ι → 0, I can shut
off this channel. Appendix B shows that incumbent wages are also too flexible in equilibrium.
Intuitively speaking, incumbent firms move around wages with aggregate productivity in order to block poaching from new hire firms. However, such competition is business stealing. If
firms could collectively focus on insuring workers, this would raise the welfare.

6

Quantitative Exploration

To quantity the mechanisms, I extend the previous two-period model to a infinite horizon
model in continuous time. I first describe the environment where there is no aggregate shock
and consider the one-time unanticipated aggregate shock.

6.1

From Two-period to Infinite Horizon

Preferences and technology. The economy is populated by a mass of workers and a mass of
entrepreneurs. Workers are risk-averse with preferences
W0 =
where u(c) =

c1− γ
1− γ

Z ∞
0

e−ρt u(cwt )dt,

as before, and entrepreneurs are risk neutral,
Z ∞
0

e−ρt ckt dt.

The flow value of the unemployed is Ab, where A is the aggregate productivity. Firms operate the linear production technology, y = Azl, and z is the firm’s permanent productivity
distributed according to the cumulative density function G (z).
E
Unemployed and employed workers meet with a firm with Poisson intensity λU
t and λt ≡
ζλU
t , respectively. Employed workers exogenously separate with firms with Poisson intensity
δ. Similarly to Moscarini and Postel-Vinay (2016a) and Gertler et al. (2020), I also introduce
reallocation shock with intensity ϰ. When hit by the reallocation shock, the worker is forced to
move to another firm with the same productivity and inherits the same wage contracts. This is
meant to capture the fact that not all job-to-job transitions are for climbing up the job ladders
and appear for various other reasons (e.g. spousal moving). This assumption is not solely for
realism. Without reallocation shock, the employer-to-employer transition rate observed in the
data implies that firms face strong competition with each other. This makes it difficult to match
the observed degree of wage cyclicality in the data.
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Firms post a vacancy with convex cost, Ac(v; z), which scales with the aggregate labor
productivity, as before. This assumption ensures balanced growth, in which the permanent
changes in the aggregate productivity, A, leave the long-run unemployment rate unchanged.
Each vacancy meets with a worker with intensity λtF . As before, among the workers firms meet
µ
with, fraction χt = µ +ζ (1t −µ ) is unemployed and the remaining fraction 1 − χt is employed.
t
t
The total number of meetings between firms and workers is given by a CRS matching technology M(µ̃t , Vt ).
Contracts and markets. Firms compete for workers by posting wage contracts, w. I assume
a wage contract can only depend on labor productivity, Az, and thus excluding the possibility
of wage-tenure contracts studied in Burdett and Coles (2003). In principle, firms would like
to make wages contingent on tenure to backload the incentives. Although studying such full
dynamic contracts would be interesting, I believe such consideration is largely orthogonal to
my focus: aggregate risk sharing.25 Moreover, Burdett and Coles (2010) show that wage-tenure
contracts with heterogenous firms massively complicates the analysis. For example, the equilibrium wage distribution need not necessarily be smooth.
The contract specifics the utility that firms deliver to workers at each point in time rather
than the path of the wages. While this assumption is innocuous under perfect foresight equilibrium, it matters when hit by an unanticipated shock. Under the assumption that utility is
specified in the contract, there is room for rewriting the contracts to adjust wages. Finally, as
before, workers cannot commit to the contracts, and the possibility of counter-offers are excluded. With constant productivity and constant wage contracts, workers accept the arriving
wage offers if and only if the offer is higher than the current wage.
Equilibrium objects. The unemployment rate, µt , evolves according to
∂ t µ t = δ (1 − µ t ) − µ t λU
t ,
µ

(23)

∂y

where χt ≡ µ +ζ (1t −µ ) and ∂t yt ≡ ∂tt are the short-hand notation for the time derivative for
t
t
any yt . Let Pt (w) denote the employment weighted wage distribution function. It follows the
following law of motion:
∂t Pt (w) = −δPt (w) − λtE (1 − Ft (w)) Pt (w) +
25 One

1
µ t λU
t Ft ( w ).
1 − µt

(24)

can justify my assumption if I let workers’ elasticity of intertemporal substitution to be zero. Then,
as Burdett and Coles (2003) showed, the optimal wage-tenure contract features a constant wage throughout the
tenure.
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The value of a firm with productivity z per unit of employee that offers wage w satisfies26
ρJt (w, z) = At z − w − (δ + ϰ + λtE (1 − Ft (w))) Jt (w, z) + ∂t Jt (w, z).
The firm choose what wages to offer and how much vacancies to post at time t by solving

{wt (z), vt (z)} ∈ arg max vλtF Qt (w) Jt (w, z) − At c(v; z),

(25)

w,v

where Q(w) ≡ χt I(w ≥ wt ) + (1 − χt ) Pt (w) and w is the reservation wage for unemployed.
The a worker’s value function with wage w, W (w), satisfies
ρWt (w) =

u(wt ) + δ {Ut − Wt (w)} + λtE

Z

max {0, W (w̃) − W (wt )} dFt (w̃) + ∂t Wt (w),

(26)

where the value of unemployment, Ut , is given by
ρUt =

u ( A t b ) + λU
t

Z

max {0, Wt (w̃) − Ut } dFt (w̃) + ∂t Ut .

(27)

The reservation wage for the unemployed, wt , must be such that workers are indifferent between being employed and unemployed Wt (wt ) = Ut .
Appendix E.1 defines the perfect-foresight equilibrium and characterizes the steady state of
this economy with At = A.
Transition Dynamics in Response to Aggregate Shocks. As in the two-period model, I consider the following experiment. Before t ≤ 0, the economy is in its steady-state. At t = 0,
the economy experiences an unanticipated one-time increase in the variance of the aggregate
productivity. The aggregate productivity for t > 0 is given by

ln A = ln A + d ln A
h
ln At =
ln A = ln A − d ln A
l

with probability πh ≡ 1/2
with probability πl ≡ 1/2

.

That is, the aggregate productivity is either permanently high or low for t > 0. The focus on
permanent productivity shocks has been common in the search and matching literature (e.g.,
Ljungqvist and Sargent, 2017; Kehoe et al., 2019), and it is empirically reasonable given the high
persistence on the productivity process.
Once firms and workers anticipate the aggregate risk, firms that already hire incumbent
26 I assumed away the possibility of endogenous separation (or exits). In principle, firms would like to fire
workers if J (w, z) < 0. However, since firms at the exist threshold, z = z, employ zero workers, even if I allow for
the possibility of endogenous separation, there is no first order effect on the equilibrium outcomes.
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workers (re)write a state-contingent wage contracts at t = 0 that solve
max

∑

inc }
{w0s
s∈{ h,l }

s.t.

∑

πs J0s (w0s , z)

inc
πs W0s (w0s
) ≥ W (w(z)),

s∈{ h,l }

where s = h and s = l denote the state with high and low productivity, respectively. In other
words, firms offer a state-contingent wage that promise at least the same expected utility to
a worker as before to maximize its expected profits. This is because I made an assumption
that contracts are written in terms of the utility to be delivered. The optimal incumbent wage
inc ( z ) satisfy the following first order condition:
responses w0s
inc
0
inc
(w0s
∂w J0s (w0s
(z), z) + η (z)W0s
(z)) = 0,

(28)

where η (z) is the Lagrangian-multiplier on the promise-keeping constraint. After t > 0 onwards, given the incumbent wages as initial conditions, the equilibrium follows the perfect
foresight path described above.
It is again worth noting that without aggregate risk-sharing (i.e., risk-neutral workers) or
there is no on-the-job search, the economy exhibits no fluctuation in unemployment. Formally,
Propositions 3 and 4 continue to hold, as established in Appendix A.14. This ensures that it is
precisely the complementarity between risk-sharing and on-the-job search that drives nontrivial labor market dynamics in my model. In what follows, I explore this complementarity by
assuming γ > 0 and ζ > 0.

6.2

New Solution Method

As is well-known, solving the transition dynamics of the wage posting model has been considered as a challenge because of the need to keep track of the endogenous evolution of distribution. I develop a general and efficient computational approach to solve the transition dynamics
of a wide class of wage posting job ladder models. Throughout, I focus on first order responses,
which is crucial for my approach.
The key idea behind the computational algorithm is the same as how I solved the twoperiod model. Although it is widely believed that one needs to keep track of the path of wage
and employment distribution to compute the equilibrium, I argue this is not the case. As long
as we focus on the first order response, no firm cares about the entire distribution per se. Firms
only care about the wages and vacancies of their neighbors. That is, best responses can be still
represented as a system of ODEs in the infinite horizon model.
Figure 7 shows the DAG (directed acyclical graph) representation of the equilibrium, fol-
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dw

dV

Aggregate vacancy

dV

dA, dw
exog. dA
endog. dV, dw,
dw(z2), …, dw(zN ), dv(z1), …, dv(zN )
dV
Matching function

Firms zN
⋮
dw(z2), dV̄(z2)
Firms z2
dw(z1), dV̄(z1)
Firms z1

dμ, dλ E, dλ F

dw(zN )

dw(z2)

Reservation wage

dw(z1)

dλ U, dλ E
Figure 7: DAG representation of first order responses of the economy
Note: Figure 7 shows a directed acyclical graph (DAG) representation of the first order equilibrium
responses, following Auclert et al. (2019). The economy takes the productivity shock dA as an exogenous input, and two endogenous variables, aggregate vacancy dV and the reservation wage dw, as
endogenous inputs. Given dV, one can compute the sequence of unemployment rates, dµ, and meeting probabilities, dλ E , dλU , dλ F . Given dw, dλ E , dλU , dλ F , and dA, one can compute the path of the
distribution of wage and vacancies, {dw(z), dv(z)}, through a system of ODEs. Then, we can compute
the implied aggregate vacancy and reservation wages to check the consistency. The key observation
is that we do not need take the entire wage and vacancy
R z distribution {dw(zi ), dv(zi )}i as inputs (as
indicated by a red diagonal line). In the figure, dV̄ (z) ≡
d(v(z̃)/V )dG (z̃) is the cumulative vacancy
distribution.

lowing Auclert et al. (2019). Instead of solving the fixed points of the entire distribution wages
and vacancy, {dw(z), dv(z)}, if I have a guess of the reservation wage, dw, I can compute what
the least productive firms would offer, dw(z1 ) = dw. If I know the behavior of the least productive firms, I know the wages and the vacancy of second least productive firms through the
linearized best response, which is a system of ODEs. By continuing this logic, I can compute
the entire path of the wage and vacancy distribution just by computationally climbing up the
job ladder. In this process, I also need a guess of the path of aggregate vacancy, dV, to compute
the path of matching probabilities. Given the wage and vacancy distribution, I can compute
the implied reservation wage and the aggregate vacancy to check the consistency. Therefore,
I only need to iterate over a sequence of two endogenous variables, {dwt (w), dVt }, instead of
infinitely many endogenous variables. In solving for a fixed point of {dwt (w), dVt }, I build on
Auclert et al. (2019) to use the sequence-space Jacobian. Auclert et al. (2019) note that not covering wage posting models is a limitation of their methodology.27 My contribution is to show
27 In

fact, they write “For instance, in the model of on-the-job search in Burdett and Mortensen (1998), agents
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that it is entirely possible for their methodology to cover wage posting models.
Among others, two key advantages of my approach are worth emphasizing. First, the computation is extremely efficient. It typically takes less than a second to compute the transition
dynamics with a small number of grid points. Even with a large number of grid points, it only
takes 1-5 seconds. While I do not pursue here, the efficiency of computation enables one to
fully estimate the model using business cycle moments. Second, my approach does not require
approximation of the distribution. An alternative approach to solve the first order transition
dynamics of Burdett and Mortensen (1998) is to use Reiter’s (2009) method to approximate the
wage distribution with a few parameters, as done by Morales-Jiménez (2019). However, the
accuracy of such approximation is not known because there has been no approach to solve this
without an approximation.28 This is especially concerning because the best response of firms
depend on the entire shape of the wage distribution, as I showed in Lemma 3.29
There is also an alternative approach by Moscarini and Postel-Vinay (2016b) that solves the
non-linear dynamics. However, their methodology relies on a fairly restrictive set of assumptions. For example, the workers need to be risk-neutral; therefore, cannot be applied to my
model. Appendix C describes the solution method in more details.

6.3

Calibration

Functional form assumptions. The vacancy cost function is parametrized as the iso-elastic
1+1/ι
function, c(v; z) ≡ c̄zιz 1v+1/ι . The matching function is assumed to be a Cobb-Douglas form,
M(µ̃, V ) = m̄µ̃1−κ V κ . The firm’s productivity distribution is parametrized as a Pareto distribution, G (z) = 1 − (b/z)Λ with Λ > 1 being the tail parameter.
Parameter values. Table 1 describes the calibration. The time frequency is monthly. I first set
the elasticity of the matching function to κ = 0.6 following Blanchard and Diamond (1989). The
discount rate is set to match the 5% annual interest rate, ρ = 0.004. The separation rate is set
to 1.6%, δ = 0.016, corresponding to the average of the BLS labor status flow from employed to
unemployed over the period of 1990-2019. I also set the matching efficiency parameter, m̄ = 0.1,
which is a normalization. The elasticity of vacancy creation is set to ι = 1, following Kaas and
Kircher (2015) and Gertler and Trigari (2009), and I normalize b ≡ 1. The tail parameter of
productivity is set so that the standard deviation of log productivity is 0.2, which corresponds
to the lower end of the value reported in Foster, Grim, Haltiwanger, and Wolf (2016). I set ϰ
so that half of job changers experience wage increases, which follows Gertler et al. (2020) and
Moscarini and Postel-Vinay (2016a).
take the full distribution of wages as an input to their decision problem, and it is impossible to represent this via a
DAG of feasible dimension.” To the contrary, I show it is possible, as I do in Figure 7.
28 Now, one can use my approach to test the accuracy of this approach.
29 In contrast, in Bewly-Hugget-Aiyaragari models, only the mean of the (asset) distribution matters for interest
rates and wages.
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Parameter Descripton
Panel A. Externally assigned
κ
Elasticity of matching function
ρ
Dicount rate
δ
Separation rate
ι
Elasticity of vacancy cost function
Λ
Pareto tail of productivity distribution
ϰ
Reallocation shock
m̄
Matching efficiency
b
Outside option of unemployed

Value

Source/Target

0.6
0.004
0.016
1
5
0.0075
0.1
1

Blanchard and Diamond (1989)
5% annual interest rate
1.6% EU rate
Kaas and Kircher (2015)
S.d. of log productivity 0.2
Share of EE with wage increase 1/2
Normalization
Normalization

Panel B. Internally calibrated parameters
c̄
Vacancy cost parameter
ιz
Vacancy cost parameter
ζ
Relative efficiency of on-the-job search
γ
Relative risk aversion

0.035
8
0.08
15

Unemployment rate 6%
Aggregate profit share 14%
1.5% EE rate
Wage volatility relative to output 38%

Table 1: Parametrization
Note: Table 1 describes the choice of the parameter values and their sources or targeted moments.
Panel A shows the parameters exogenously assigned. Panel B shows the parameters that are internally
calibrated to match the data moments.

I choose {c̄, ι z , ζ, γ} to match the (i) steady-state unemployment rate of 6%; (ii) monthly
job-to-job transition rate of 1.5%; (iii) the aggregate profit share of 14% reported by Gutiérrez
and Philippon (2018) for the US; and (iv) the relative standard deviation of average real wage
growth to the real output growth of 0.38. I use the real output in the non-farm business sector as
a measure of the real output, and average hourly earnings of production and nonsupervisory
employees deflated by PCE as a measure of the real wage. Both series are obtained from BLS.
I explicitly target the profit share because this is the key determinant of fluctuations in job
creation for the given level of wage rigidity, as can been from equation (15) (see also Ljungqvist
and Sargent (2017)). To match the relative volatility of real wages, the model requires a relative
risk aversion of 15. This value is higher than the most macro models, but is fairly consistent
with the value used in the finance literature. The reason why I need a relatively high risk
aversion is that the presence of on-the-job search implies that between firm competition acts as
a strong force in preventing effective risk-sharing. This is in contrast to Rudanko (2009). She
uses a model with risk-sharing but without on-the-job search and shows that the model tends
to deliver too rigid wages compared with the data.
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Figure 8: Impulse response to the realization of a 1% negative productivity shock
Note: Figure 8 shows the impulse response of the economy to the realization of a 1% negative productivity shock.

6.4

Results

Figure 8 shows the impulse response function for the realization of a 1% negative productivity shock. The left-top panel shows the dynamics of average wages in the blue solid line and
the average new hire wages in the dashed green line. The average wage is substantially sluggish mainly because firm insurance induces a muted incumbent wage response. The new hire
wage response is also dampened through the strategic complementarity highlighted in the twoperiod model. Compared with the fully flexible case, the initial new hire wage response is
dampened by 15-20%. The magnitude is smaller than the two-period model because when new
hire firms decide on their wage offers, this not only takes into account the competition with
incumbent firms but also with the subsequent new hire firms. Since wages need to eventually
adjust fully in the long-run, subsequent new hire firms offer more flexible wages. To prevent
being poached by those firms, current firms have an incentive to offer more flexible wages than
the two-period model.
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Figure 9: Decomposition of the unemployment response
Note: Figure 9 shows the decomposition of the impulse response of the unemployment rate. The green
dash-dotted line assumes new hire wages respond one for one with the aggregate productivity, holding
the incumbent wages the same as the basline response. The purple dashed line assumes the incumbent
wages respond one for one with the aggregate productivity, holding the new hire wages the same as
the basline response.

The right-top panel shows the response of unemployment rate. Note that with risk-neutral
workers, γ = 0, there should not be any response of unemployment rate. As in two-period
model, as soon as we move away toward risk-averse workers, the model does generate unemployment fluctuations, which is in stark contrast to the conventional wisdom that long-term
contracts should not contribute to unemployment fluctuations. The bottom left and the bottom
right panels show the UE rate and the EE rate with a wage increase, respectively. EE rate with a
wage increase declines more sharply and recovers more slowly than the UE rate. This collapse
in the number of workers who climb up the job ladder is consistent with the fact documented
in Haltiwanger et al. (2018). They show that the firm wage ladder is strongly procyclical, and
my theory provides a natural explanation of this.30
Decomposing unemployment response. The model generates a sluggish adjustment in both
incumbent and new hire wages as well as volatility in unemployment. It is then natural to
ask what drives unemployment fluctuation: is it incumbent wage rigidity or new hire wage
rigidity? The answer to this question was stark in the two-period model, but it is not in an
infinite horizon model. In the infinite horizon model, sluggish adjustments in future new hire
wages lowers the probability of being poached in the future for the current firms, which raises
30 See

also Barlevy (2002), Mukoyama (2014), and Nakamura et al. (2019) for related evidence.
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Moments
Model
Panel A. Relative s.d. to real output growth
average real wage growth
0.38
UE rate
1.36
log vacancy
7.36
unmployment rate
0.30
constant seperation unmployment rate
0.30
Panel B. Autocorrelation
real wage growth
0.10
UE rate
0.97
unemployment rate
0.99
log vacancy
0.95
Panel C. Correlation with unemployment
real wage growth
-0.20
UE rate
-0.96
log vacancy
-0.93

Data
0.38
6.97
37.9
2.23
1.61
0.18
0.96
0.99
0.98
-0.13
-0.83
-0.52

Table 2: Business cycle moments
Note: Table 2 shows the business cycle moments in the model and in the data. The real output measure is the real output in nonfarm business sector from BLS. The real wage is average hourly earnings
of production and nonsupervisory employees deflated by PCE, also from BLS. The constant separation unemployment rate assumes the EU rate is constant at δ = 1.6%. Vacancy data comes from the
composite Help-Wanted index by Barnichon (2010).

the incentive to create jobs.
To shed light on this issue, I exogenously change each of the incumbent wage and the path
of new hire wages separately and simulate the model. In the first experiment, I force all the
incumbent firms to adjust wage one for one with productivity holding the path of new hire
wages fixed. In the second experiment, I force all the new hire wages to adjust one for one with
productivity, holding incumbent wages fixed. Figure 9 shows the response of unemployment
under each counterfactual scenario. One can immediately see that most of the unemployment
response disappears if incumbent wages are flexible. In contrast, the response is barely affected
even if new hire wages are fully flexible. This decomposition shows that my results are indeed
driven by incumbent wage rigidity.
Business cycle moments. Table 2 compares the business cycle moment of the model to the
data. By design, the model matches the standard deviation of real wage growth. The model
generates roughly 20% of the volatility in the UE rate and vacancy. Since the volatility in the
unemployment rate not only comes from the UE rate but also fluctuations in separation rate,
which I abstract from, my model generates volatility in unemployment rate smaller than 20%
of the data. To make a fair comparison, I construct a time-series of the unemployment rate
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that assumes constant separation rate, following Shimer (2012). Specifically, the adjusted unadj
adj
adj
employment rate is given by ut+1 = δ(1 − ut ) + (1 − UEt )ut , where δ = 1.6% and UEt is the
UE rate taken from the data. The model explains roughly 20% of volatility of this variable.
The magnitude of volatility is relatively small compared with the data. This comes from two
reasons. The first reason is relatively standard. I have chosen parameters so that the aggregate
profit share is 15%, which is consistent with the data. As is well-known, search and matching
models require low surplus (profit share) to generate amplifications (Ljungqvist and Sargent,
2017). This is true in my model, as equation (15) crucially depends on α(z), the profit share. Using a standard DMP model with a representative firm, Hall (2005), Hagedorn and Manovskii
(2008), and others have been able to generate realistic volatility in labor market because they
have assumed that the profit share is less than 5%. It is difficult for the wage posting job ladder model to deliver such low profit share with reasonable heterogeneity in firm productivity.
Highly productive firms are profitable, so they become large in size, raising the aggregate profit
share. Since these channels are well understood and not my focus, I do not pursue an approach
to engineer my model to generate a low profit share.
Second reason comes from the type of wage rigidity that matters for unemployment fluctuations in my model. As I will shortly explain in detail in Section 6.5, my model gives an important role not only to incumbent wage rigidity but also to a full dynamic response of wages: how
much the wages will adjust over the very long horizon. Since wages will be fully flexible in the
long-run (after 4-5 years in my model), this tends to diminish the amplification of the model.
Fairness constraints. I revisit the question of whether the fairness constraint amplifies or
dampens unemployment fluctuations by using this quantitative model. This is interesting also
from the perspective of the literature. The literature that uses the wage posting job ladder model
to study business cycle almost always imposed fairness constraints, following the tradition of
Burdett and Mortensen (1998) (e.g., Moscarini and Postel-Vinay, 2013; Morales-Jiménez, 2019).
It is worth clarifying the role that such a constraint was playing in these papers.
I impose a restriction that firms cannot discriminate wages across employees. Firms commit
to a sequence of wage payments {ws } that delivers Wt of the expected lifetime utility to the
workers employed at the firm. Workers accept the job that offers a higher value. I delegate the
detail description of the environment to Appendix E.2.
Figure 10 shows the impulse response with fairness constraints. The top left panel shows
the wage response, and as one would expect, the wage response lies in the middle of new hire
and average wages in the baseline model. The right-top panel shows that fairness constraints
indeed dampens unemployment response by around 70%. This has two implications. First, the
common practice of imposing fairness constraints in the wage posting job ladder model tends
to worsen Shimer puzzle. Second, while some papers argue that fairness constraints amplify
unemployment fluctuations, the implications are reversed once we take into account on-the-job
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Figure 10: Impulse response with fairness constraints
Note: Figure 10 shows the impulse response of the economy to the realization of a 1% negative productivity shock with and without fairness constraints.

search. The bottom two panels show the response of the UE and the EE rate. As in the twoperiod model, fairness constraints dampen the EE response much more than the UE response.

6.5

Which Wage Rigidity Matters?

In this infinite horizon model, what type of wage rigidity is relevant for the incentive to create
jobs? The answer to this question helps us understand the above simulation results. I explain
it using the notion of how much job values are sensitive to wage changes at each point in time.
Let us focus on the baseline infinite horizon model without fairness constraints. I consider
its discrete time approximation where a period corresponds to a month. The value of job with
productivity z and a wage contract w is
Jt (w, z) = Az − w + (1 − (ρ̂ + λtE+1 (1 − Ft+1 (w))) Jt+1 ,
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where ρ̂ ≡ ρ + δ + ϰ. The optimality condition for vacancy creation at t = 1 is
λ1F Q1 (w) J1 (w, z) = Ac0 (v).
I consider the following thought experiment: Before t = 1, the economy is in a steady-state.
Suppose at t = 1, there is exogenous increase in A combined with the arbitrary changes in
wage distribution, {wt (z)}t,z , (including its own wage), with w0 (z) being the incumbent wages
of firm z. How do the changes in the wage distribution affect the value of job creation? The
exercise is the partial equilibrium, so I fix all other variables (λtF , λtE , and vacancies) fixed.
∂ ln( Q1 (w(z)) J1 (w(z),z))
. First, it is straightforward to
Therefore we are interested in E1,t (z, z̃) ≡
∂ ln wt (z̃)
see E1,t (z, z̃) = 0 for z 6= z̃: small wage changes of infra-marginal competitors do not affect the
job value. Second,
∞
1 − α(z)
∑ E1,s (z, z) = − α(z) ,
s =0
where α(z) ≡ ( Az − w(z))/Az is the profit share. I define
weightt ≡

Z

E1,t (z, z)
(v(z)/V )dG (z),
∞
∑s=0 E1,s (z, z)

(29)

which captures how much the value of job is sensitive to the wage changes at each point in time
after integrated using vacancy as density.
The blue bar in Figure 11 shows the weight in the baseline model. First, it places 35% of the
weight on incumbent wages (t = 0). Second, it places 0% of the weight on contemporaneous
wage changes. Third, the weight is spread over the entire period with each having 3-4%. The
first result indicates that the incumbent wage rigidity is the most important determinant of
job creation. The second result comes from the envelope theorem as in the two-period model.
The third result comes from the fact that firms face a constant threat of being poached and
that higher wage offers in the future makes this possibility more likely. All these results are
consequence of dynamic competition in the labor market. Firms that post a job today not only
compete with incumbent firms to poach workers, but also with future poaching firm.
The red bar in Figure 11 shows the same object in DMP model. In stark contrast, DMP
models put 100% weight on contemporaneous wage. The reason is that the labor market competition is completely absent in this class of models. The value of a job in DMP model is
JtDMP (w, z) = Az − w + (1 − (ρ + δ)) JtDMP
+1 ,
and the optimal vacancy creation is
λ1F J1DMP (w, z) = Ac0 (v),
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Figure 11: Relative sensitivity of job value to wage changes in each point in time
Note: Figure 11 plots weightt , defined in (29), which captures the relative sensitivity of job value to
wages in each point in time. Month 1 corresponds to the sensitivity to the new wages when the job is
created. Month 0 corresponds to the sensistivity to incumbent wages. Month t > 1 corresponds to the
sensitivity to wage offer at month t.

which does not depend on any other wages than its own wage, E1,s (z, z) = 0 for all s 6= 1. One
1− α ( z )
1− α ( z )
can also compute that E1,s (z, z) = − α(z) , so that ∑∞
s=0 E1,s ( z, z ) = − α(z) , which implies that
the total response is the same with the baseline model, but the importance of the wage rigidity
in each point in time completely differ.
This has an implication for measuring the theoretically relevant notion of wage rigidity.
Since Bils (1985), it has been common to estimate contemporaneous wage rigidity, which is the
contemporaneous correlation between wage changes and unemployment rate. While this is
theoretically well grounded from the viewpoint of DMP model, it is not if one believes in the
wage posting model with on-the-job search. As Figure 11 shows, the theory implies that we
need to measure intertemporal wage rigidity, which consists of (i) incumbent wage rigidity, and
(ii) how the wages at time s respond to the aggregate shock at time t < s. This comes from the
fact that in this class of the job ladder model, labor market competition is inherently dynamic.
Firms that intend to create jobs today need to compete with incumbent firms and future jobs.
Consequently, those competitors’ wage responses become the important determinant of job
creation.
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7

Conclusion

Is incumbent wage rigidity important for unemployment fluctuations? Conventional wisdom
says no. My paper says yes by arguing that the key missing piece in the conventional view
is on-the-job search. Models of wage rigidity have been abstracting from on-the-job search,
thereby mechanically shutting down any meaningful interaction between incumbent wages
and labor market dynamics. I showed that once we take into account on-the-job search in an
environment where firms insure incumbent workers, (i) both new hire and incumbent wages
are endogenously rigid; (ii) but only the latter form of wage rigidity is the key determinant for
unemployment fluctuations.
I operationalize the idea using a generalized version of Burdett and Mortensen’s (1998) job
ladder model featuring risk-neutral firms, risk-averse workers, and aggregate risk. Besides the
main messages, I showed a number of other results such as the fact that fairness constraints
and public insurance dampen unemployment fluctuations, and the novel source of inefficiency
makes wages too flexible in equilibrium. Overall, I believe my theory provides a useful starting point in rethinking the nature and the consequence of wage rigidity in an arguably more
realistic labor market model than the canonical DMP model.
I conclude by discussing several avenues for future research. First, my model features wage
rigidity that is symmetric between booms and recessions, because of the first order approximation. I conjecture that my model will feature downward wage rigidity with a higher order
approximation, through the mechanism of Harris and Holmstrom (1982). Since downward
wage rigidity is the pervasive feature of the data, it would be promising to study its interaction
with the labor market dynamics in a micro-founded manner. Second, while it has been common to assume an exogenously incomplete market in the heterogenous household literature,
my model features an endogenously incomplete market through firm insurance subject to limited commitment frictions. It would be interesting to add consumption and saving decisions
in my model to study the interaction between aggregate demand, equilibrium wage rigidity,
and labor market dynamics. Third, while I mostly focused on theoretical aspects, my theory
provides a new angle for looking at the data. For example, it would be fruitful to look into
the relationship between the prevalence of on-the-job search, wage rigidity, and employment
fluctuations at various levels of disaggregation.

56

References
A CEMOGLU , D. (2001): “Good Jobs versus Bad Jobs,” Journal of Labor Economics, 19, 1–21. [Cited
on page 39.]
A CEMOGLU , D. AND R. S HIMER (1999): “Holdups and Efficiency with Search Frictions,” International Economic Review, 40, 827–849. [Cited on pages 15 and 83.]
A DDARIO , S. D., P. K LINE , R. S AGGIO , AND M. S ØLVSTEN (2020): “It Ain’t Where You’re from,
It’s Where You’re at: Hiring Origins, Firm Heterogeneity, and Wages,” Working paper. [Cited
on page 15.]
A UCLERT, A., B. B ARDÓCZY, M. R OGNLIE , AND L. S TRAUB (2019): “Using the Sequence-Space
Jacobian to Solve and Estimate Heterogeneous-Agent Models,” Working Paper 26123, National Bureau of Economic Research. [Cited on pages 6, 10, 46, and 81.]
A ZARIADIS , C. (1975): “Implicit Contracts and Underemployment Equilibria,” Journal of Political Economy, 83, 1183–1202. [Cited on pages 2 and 9.]
B AGGER , J., F. F ONTAINE , M. G ALENIANOS , AND I. T RAPEZNIKOVA (2020): “Vacancies, Employment Outcomes and Firm Growth: Evidence from Denmark,” SSRN Scholarly Paper ID
3599258, Social Science Research Network, Rochester, NY. [Cited on page 15.]
B AGGER , J., F. F ONTAINE , F. P OSTEL -V INAY , AND J.-M. R OBIN (2014): “Tenure, Experience,
Human Capital, and Wages: A Tractable Equilibrium Search Model of Wage Dynamics,”
American Economic Review, 104, 1551–1596. [Cited on page 8.]
B AILY, M. N. (1974): “Wages and Employment under Uncertain Demand,” The Review of Economic Studies, 41, 37–50. [Cited on pages 2 and 9.]
B ALEY, I., A. F IGUEIREDO , AND R. U LBRICHT (2019): “Mismatch Cycles,” SSRN Scholarly
Paper ID 3441280, Social Science Research Network, Rochester, NY. [Cited on page 8.]
B ARLEVY, G. (2002): “The Sullying Effect of Recessions,” The Review of Economic Studies, 69,
65–96. [Cited on pages 28 and 50.]
B ARNICHON , R. (2010): “Building a Composite Help-Wanted Index,” Economics Letters, 109,
175–178. [Cited on page 51.]
B ARRO , R. J. (1977): “Long-Term Contracting, Sticky Prices, and Monetary Policy,” Journal of
Monetary Economics, 3, 305–316. [Cited on pages 2, 4, 7, and 31.]

57

B ASU , S. AND C. L. H OUSE (2016): “Chapter 6 - Allocative and Remitted Wages: New Facts
and Challenges for Keynesian Models,” in Handbook of Macroeconomics, ed. by J. B. Taylor and
H. Uhlig, Elsevier, vol. 2, 297–354. [Cited on page 7.]
B EAUDRY, P. AND J. D I N ARDO (1991): “The Effect of Implicit Contracts on the Movement of
Wages Over the Business Cycle: Evidence from Micro Data,” Journal of Political Economy, 99,
665–688. [Cited on page 9.]
B ERGER , D. W., K. F. H ERKENHOFF , AND S. M ONGEY (2019): “Labor Market Power,” Working
Paper 25719, National Bureau of Economic Research. [Cited on pages 10 and 39.]
B EWLEY, T. F. (1999): Why Wages Don’t Fall during a Recession, Harvard University Press. [Cited
on pages 5 and 33.]
B ILAL , A., N. E NGBOM , S. M ONGEY, AND G. V IOLANTE (2019): “Firm and Worker Dynamics
in a Frictional Labor Market,” Tech. Rep. w26547, National Bureau of Economic Research,
Cambridge, MA. [Cited on pages 8 and 15.]
B ILBIIE , F. O. (2020): “Monetary Neutrality with Sticky Prices and Free Entry,” Review of Economics and Statistics. [Cited on page 83.]
B ILS , M., Y. C HANG , AND S.-B. K IM (2016): “How Sticky Wages In Existing Jobs Can Affect
Hiring,” Working Paper 2016rwp-91, Yonsei University, Yonsei Economics Research Institute.
[Cited on page 8.]
B ILS , M. J. (1985): “Real Wages over the Business Cycle: Evidence from Panel Data,” Journal of
Political Economy, 93, 666–689. [Cited on page 55.]
B LANCHARD , O. AND J. G ALÍ (2010): “Labor Markets and Monetary Policy: A New Keynesian
Model with Unemployment,” American Economic Journal: Macroeconomics, 2, 1–30. [Cited on
pages 12 and 31.]
B LANCHARD , O. J. AND P. D IAMOND (1989): “The Beveridge Curve,” Brookings Papers on Economic Activity, 1989, 1–76. [Cited on pages 47 and 48.]
B LOESCH , J. AND B. TASKA (2019): “Which Workers’ Wages Track Productivity? The Role of
Position Specificity and On-the-Job Search,” 44. [Cited on page 24.]
B ONTEMPS , C., J.-M. R OBIN , AND G. J. V. DEN B ERG (1999): “An Empirical Equilibrium Job
Search Model With Search on the Job and Heterogeneous Workers and Firms,” International
Economic Review, 40, 1039–1074. [Cited on page 8.]
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FABERMAN , R. J., A. I. M UELLER , A. Ş AHIN , AND G. T OPA (2020): “Job Search Behavior
among the Employed and Non-Employed,” Working Paper 23731, National Bureau of Economic Research. [Cited on pages 4 and 15.]
F OSTER , L., C. G RIM , J. H ALTIWANGER , AND Z. W OLF (2016): “Firm-Level Dispersion in Productivity: Is the Devil in the Details?” The American Economic Review, 106, 95–98. [Cited on
page 47.]
G AUTIER , P. A., C. N. T EULINGS , AND A. V. V UUREN (2010): “On-the-Job Search, Mismatch
and Efficiency,” Review of Economic Studies, 77, 245–272. [Cited on pages 37 and 39.]
G ERTLER , M., C. H UCKFELDT, AND A. T RIGARI (2020): “Unemployment Fluctuations, Match
Quality, and the Wage Cyclicality of New Hires,” The Review of Economic Studies, 39. [Cited
on pages 4, 7, 24, 42, and 47.]
G ERTLER , M. AND A. T RIGARI (2009): “Unemployment Fluctuations with Staggered Nash
Wage Bargaining,” Journal of Political Economy, 117, 38–86. [Cited on pages 8, 33, and 47.]
G OLOSOV, M., P. M AZIERO , AND G. M ENZIO (2013): “Taxation and Redistribution of Residual
Income Inequality,” Journal of Political Economy, 121, 1160–1204. [Cited on page 39.]
G OUIN -B ONENFANT , E. (2020): “Productivity Dispersion, Between-Firm Competition and the
Labor Share,” Tech. rep. [Cited on pages 10 and 25.]
G RIGSBY, J., E. H URST, AND A. Y ILDIRMAZ (2019): “Aggregate Nominal Wage Adjustments:
New Evidence from Administrative Payroll Data,” Working Paper 25628, National Bureau of
Economic Research. [Cited on pages 4, 7, and 24.]

60

G UTIÉRREZ , G. AND T. P HILIPPON (2018): “How European Markets Became Free: A Study of
Institutional Drift,” Working Paper 24700, National Bureau of Economic Research. [Cited on
page 48.]
H AEFKE , C., M. S ONNTAG , AND T. VAN R ENS (2013): “Wage Rigidity and Job Creation,” Journal of Monetary Economics, 60, 887–899. [Cited on pages 2, 7, and 24.]
H AGEDORN , M. AND I. M ANOVSKII (2008): “The Cyclical Behavior of Equilibrium Unemployment and Vacancies Revisited,” American Economic Review, 98, 1692–1706. [Cited on pages 9
and 52.]
H ALL , R. E. (2005): “Employment Fluctuations with Equilibrium Wage Stickiness,” American
Economic Review, 95, 50–65. [Cited on pages 6, 9, 27, 31, and 52.]
——— (2017): “High Discounts and High Unemployment,” American Economic Review, 107,
305–330. [Cited on page 9.]
H ALL , R. E. AND A. B. K RUEGER (2012): “Evidence on the Incidence of Wage Posting, Wage
Bargaining, and On-the-Job Search,” American Economic Journal: Macroeconomics, 4, 56–67.
[Cited on pages 4 and 15.]
H ALL , R. E. AND P. R. M ILGROM (2008): “The Limited Influence of Unemployment on the
Wage Bargain,” American Economic Review, 98, 1653–1674. [Cited on pages 6 and 9.]
H ALTIWANGER , J. C., H. R. H YATT, L. B. K AHN , AND E. M C E NTARFER (2018): “Cyclical Job
Ladders by Firm Size and Firm Wage,” American Economic Journal: Macroeconomics, 10, 52–85.
[Cited on pages 28 and 50.]
H ARRIS , M. AND B. H OLMSTROM (1982): “A Theory of Wage Dynamics,” The Review of Economic Studies, 49, 315–333. [Cited on pages 9, 15, and 56.]
H AZELL , J. AND B. TASKA (2019): “Downward Rigidity in the Wage for New Hires,” Mimeo,
MIT Economics Department. [Cited on pages 4, 7, and 24.]
H EISE , S. AND T. P ORZIO (2019): “Spatial Wage Gaps and Frictional Labor Markets,” SSRN
Scholarly Paper ID 3467682, Social Science Research Network, Rochester, NY. [Cited on
page 8.]
H OSIOS , A. J. (1990): “On the Efficiency of Matching and Related Models of Search and Unemployment,” The Review of Economic Studies, 57, 279–298. [Cited on page 40.]
J AROSCH , G. (2015): “Searching for Job Security and the Consequences of Job Loss,” 57. [Cited
on page 8.]
61

J AROSCH , G., J. S. N IMCZIK , AND I. S ORKIN (2019): “Granular Search, Market Structure, and
Wages,” Tech. Rep. w26239, National Bureau of Economic Research, Cambridge, MA. [Cited
on page 10.]
K AAS , L. AND P. K IRCHER (2015): “Efficient Firm Dynamics in a Frictional Labor Market,”
American Economic Review, 105, 3030–3060. [Cited on pages 47 and 48.]
K ARAHAN , F., S. O ZKAN , AND J. S ONG (2019): “Anatomy of Lifetime Earnings Inequality:
Heterogeneity in Job Ladder Risk vs. Human Capital,” SSRN Electronic Journal. [Cited on
page 8.]
K EHOE , P. J., P. L OPEZ , V. M IDRIGAN , AND E. PASTORINO (2019): “Asset Prices and Unemployment Fluctuations,” 54. [Cited on pages 9, 12, 31, and 44.]
K ENNAN , J. (2010): “Private Information, Wage Bargaining and Employment Fluctuations,”
The Review of Economic Studies, 77, 633–664. [Cited on pages 7 and 24.]
K UDLYAK , M. (2014): “The Cyclicality of the User Cost of Labor,” Journal of Monetary Economics,
68, 53–67. [Cited on pages 7 and 24.]
L AMADON , T. (2016): “Productivity Shocks, Long-Term Contracts and Earnings Dynamics,”
Working paper. [Cited on pages 9 and 15.]
L AMADON , T., M. M OGSTAD , AND B. S ETZLER (2019): “Imperfect Competition, Compensating
Differentials and Rent Sharing in the U.S. Labor Market,” Tech. Rep. w25954, National Bureau
of Economic Research. [Cited on page 10.]
L ISE , J. AND J.-M. R OBIN (2017): “The Macrodynamics of Sorting between Workers and Firms,”
American Economic Review, 107, 1104–1135. [Cited on page 8.]
L JUNGQVIST, L. AND T. J. S ARGENT (2017): “The Fundamental Surplus,” American Economic
Review, 107, 2630–2665. [Cited on pages 9, 27, 44, 48, and 52.]
L UENBERGER , D. G. (1969):
“Optimization by Vector Space Methods | Wiley,”
https://www.wiley.com/en-us/Optimization+by+Vector+Space+Methods-p9780471181170. [Cited on page 68.]
M ANNING , A. (2003): Monopsony in Motion. [Cited on page 10.]
M ARTELLINI , P., G. M ENZIO , AND L. V ISSCHERS (2020): “Revisiting the Hypothesis of High
Discounts and High Unemployment,” Working paper. [Cited on page 9.]
M ENZIO , G. (2004): “High-Frequency Wage Rigidity,” Working paper. [Cited on pages 8 and 33.]

62

M ENZIO , G. AND E. R. M OEN (2010): “Worker Replacement,” Journal of Monetary Economics,
57, 623–636. [Cited on pages 7 and 24.]
M ENZIO , G. AND S. S HI (2011): “Efficient Search on the Job and the Business Cycle,” Journal of
Political Economy, 119, 468–510. [Cited on pages 8 and 15.]
M OEN , E. R. (1997): “Competitive Search Equilibrium,” Journal of Political Economy, 105, 385–
411. [Cited on pages 15 and 83.]
M ONGEY, S. (2017): “Market Structure and Monetary Non-Neutrality,” Tech. Rep. 558, Federal
Reserve Bank of Minneapolis. [Cited on page 8.]
M ORALES -J IMÉNEZ , C. (2019): “Dynamic and Stochastic Search Equilibrium,” . [Cited on pages
8, 10, 47, and 52.]
M ORTENSEN , D. (1982): “The Matching Process as a Noncooperative Bargaining Game,” NBER
Chapters, National Bureau of Economic Research, Inc. [Cited on page 4.]
M OSCARINI , G. AND F. P OSTEL -V INAY (2013): “Stochastic Search Equilibrium,” Review of Economic Studies, 80, 1545–1581. [Cited on pages 8, 10, and 52.]
——— (2016a): “Did the Job Ladder Fail after the Great Recession?” Journal of Labor Economics,
34, 55–93. [Cited on pages 42 and 47.]
——— (2016b): “Wage Posting and Business Cycles: A Quantitative Exploration,” Review of
Economic Dynamics, 19, 135–160. [Cited on pages 8 and 47.]
——— (2018): “On the Job Search and Business Cycles,” SSRN Scholarly Paper ID 3261712,
Social Science Research Network, Rochester, NY. [Cited on page 8.]
——— (2019): “The Job Ladder: Inflation vs. Reallocation,” . [Cited on page 8.]
M UKOYAMA , T. (2009): “A Note on Cyclical Discount Factors and Labor Market Volatility,” .
[Cited on page 9.]
——— (2014): “The Cyclicality of Job-to-Job Transitions and Its Implications for Aggregate
Productivity,” Journal of Economic Dynamics and Control, 39, 1–17. [Cited on pages 28 and 50.]
N AKAMURA , A., E. N AKAMURA , K. P HONG , AND J. S TEINSSON (2019): “New Evidence on
the Cyclicality of Employer-to-Employer Flows from Canada,” AEA Papers and Proceedings,
109, 456–460. [Cited on pages 28 and 50.]
P ISSARIDES , C. A. (1985): “Short-Run Equilibrium Dynamics of Unemployment Vacancies, and
Real Wages,” American Economic Review, 75, 676–690. [Cited on page 4.]
63

——— (2009): “The Unemployment Volatility Puzzle: Is Wage Stickiness the Answer?” Econometrica, 77, 1339–1369. [Cited on pages 2, 7, 9, 25, 26, 27, and 31.]
P OSTEL –V INAY , F. AND J.-M. R OBIN (2002): “Equilibrium Wage Dispersion with Worker and
Employer Heterogeneity,” Econometrica, 70, 2295–2350. [Cited on page 15.]
R EITER , M. (2009): “Solving Heterogeneous-Agent Models by Projection and Perturbation,”
Journal of Economic Dynamics and Control, 33, 649–665. [Cited on pages 10 and 47.]
R OTEMBERG , J. J. (1983): “Aggregate Consequences of Fixed Costs of Price Adjustment [Sticky
Prices and Disequilibrium Adjustment in a Rational Model of the Inflationary Process],”
American Economic Review, 73, 433–436. [Cited on page 8.]
R UDANKO , L. (2009): “Labor Market Dynamics under Long-Term Wage Contracting,” Journal
of Monetary Economics, 56, 170–183. [Cited on pages 2, 4, 7, 9, 31, and 48.]
——— (2019): “Firm Wages in a Frictional Labor Market,” SSRN Scholarly Paper ID 3321608,
Social Science Research Network, Rochester, NY. [Cited on pages 8 and 33.]
S CHAAL , E. (2017): “Uncertainty and Unemployment,” Econometrica, 85, 1675–1721. [Cited on
page 8.]
S CHOEFER , B. (2016): “The Financial Channel of Wage Rigidity,” Tech. Rep. 1605, Society for
Economic Dynamics. [Cited on page 8.]
S HIMER , R. (2005): “The Cyclical Behavior of Equilibrium Unemployment and Vacancies,”
American Economic Review, 95, 25–49. [Cited on page 9.]
——— (2010): “Labor Markets and Business Cycles,” Tech. rep., Princeton University Press.
[Cited on page 12.]
——— (2012): “Reassessing the Ins and Outs of Unemployment,” Review of Economic Dynamics,
15, 127–148. [Cited on page 52.]
S NELL , A. AND J. P. T HOMAS (2010): “Labor Contracts, Equal Treatment, and WageUnemployment Dynamics,” American Economic Journal: Macroeconomics, 2, 98–127. [Cited
on pages 8 and 33.]
T HOMAS , J. AND T. W ORRALL (1988): “Self-Enforcing Wage Contracts,” The Review of Economic
Studies, 55, 541–554. [Cited on page 9.]
B ERG , G. J. AND G. R IDDER (1998): “An Empirical Equilibrium Search Model of the
Labor Market,” Econometrica, 66, 1183–1221. [Cited on page 8.]

VAN DEN

64

WANG , O. AND I. W ERNING (2020): “Dynamic Oligopoly and Price Stickiness,” National Bureau
of Economic Research Working Paper Series. [Cited on page 8.]
W RIGHT, R., P. K IRCHER , B. J ULIEN , AND V. G UERRIERI (2019): “Directed Search and Competitive Search Equilibrium: A Guided Tour,” Journal of Economic Literature. [Cited on page 83.]
YAMAGUCHI , S. (2010): “Job Search, Bargaining, and Wage Dynamics,” Journal of Labor Economics, 28, 595–631. [Cited on page 8.]
YASHIV, E. (2000): “Hiring as Investment Behavior,” Review of Economic Dynamics, 3, 486–522.
[Cited on page 9.]

65

Appendix
A
A.1

Proofs
Proof of Lemma 1

The derivation of (9) and (10) are provided in the main text. We need to show that the secondorder condition for the new hire firms
F000 (w(z))( Az − w(z)) − 2F00 (w(z)) < 0
is satisfied. Totally differentiating (7) gives
F000 (w(z))( Az − w(z)) = − F00 (w(z)) A

1
w0 (z)

+ 2F00 (w(z)).

Therefore the second-order condition is
F000 (w(z))( Az − w(z)) − 2F00 (w(z)) = − F00 (w(z)) A

1
w0 (z)

<0
since F 0 (w(z)) > 0 and w0 (z) > 0.
Now consider incumbent firms. We have to guarantee that the promise-keeping constraint
is binding. It is enough to impose the following assumption.
Assumption 1. Parameters are such that Π0 (w; z) ≡ ( Az − w)(1 − λ E + λ E F1 (w)) is decreasing in
R
w for all z, where F1 (w) ≡ w≥w(z) v(z̃)/VdG (z̃), and w(z), v(z), λ E , V are given by (9), (10) and
(11).
The assumption is always satisfied as long as λ E is small enough. In fact, if the cost of
vacancy is such that the vacancy is constantly proportional to employment, v(z) = v̄`0 (z),31
it is sufficient to have λ E < 1 − χ. Empirically, the share of employer-to-employer transitions
among new hires is 40%, which implies 1 − χ = 0.4, while employer-to-employer transition rate
at the quarterly frequency is around 5%, which implies λ E ≈ 0.1.32 Therefore the assumption is
arguably natural to impose. Under Assumption 1, equation (4) implies that the constraint must
31 This

is empirically reasonable. Davis, Faberman, and Haltiwanger (2013) document that vacancy rate
(v(z)/`0 (z)) is uncorrelated with firm-size measures.
32 Under the constant vacancy rate, v ( z ) / ` ( z ), the half of workers transition to new employer conditional on
0
meetings.
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be binding, η (z) > 0. As the worker’s utility is strictly increasing in w0 (z), if
E

W̄0 (z) = (1 − λ )u(w(z)) + λ

E

Z

max{u(w(z)), u(w(z̃))}(v(z̃)/V )dG (z̃),

the incumbent firms have to set w0 (z) = w(z). These complete that the equilibrium has the the
properties claimed.

A.2

Proof of Lemma 2

The set of equilibrium conditions are
0
(w1s (z))( As z − ws (z)) − (χ + (1 − χ) F0s (w1s (z))) = 0
(1 − χ) F0s

∑

0
−(1 − λsE + λsE F1s (w0s (z))) + ( As z − ws (z))λsE F1s
(w0s (z))
h
i
+η (z) (1 − λsE )u0 (w0s (z)) + λsE F1s (w0s (z))u0 (w0s (z)) = 0


Z
E
E
πs (1 − λs )u(w0s (z)) + λs max{u(w0s (z)), u(w̃)}dF1s (w̃) = W̄0 (z)

s∈{ h,l }

( As z − w1s (z))λsF (χ + (1 − χ) F0s (w1s (z))) = c0s (vs (z); z)
λsF =

1
M(µ̃, V ),
V
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λE = ζ

M(µ̃, V )
µ̃

with V =

Z

v(z)dG (z)

Applying the generalized implicit function theorem (Luenberger, 1969) jointly to {w0s (z), w1s (z), vs (z), Vs , λ
with respect to d ln A, we have
d ln w0s (z)
w(z) d d ln w0s (z)
d ln w1s (z)
= θ1a (z)(I(s = h) − I(s = l )) + θ1w (z)
− θ1a (z)α(z) 0
d ln A
d ln A
w (z) dz d ln A
d ln w0s (z)
d ln w1s (z)
w(z) d d ln w1s (z)
= θ0a (z)(I(s = h) − I(s = l )) + θ0w (z)
− θ0a (z)α(z) 0
d ln A
d ln A
w (z) dz d ln A
E

d ln λh
+ θ0a (z)α(z) 1 − θλ,p (z)
d ln A
!
Z
1
dvs (z̃)
1 dVh
+ θ0a (z)α(z)θλ,r (z) R z
dG (z̃) −
d ln A
V d ln A
v(z̃)dG (z̃)


1
1
dvh (z) − dVh
+ θ0a (z)α(z)
v(z)
V
h
i dη (z)
E 0
E
0
+ θ0a (z) (1 − λ )u (w0 (z)) + λ F1 (w0 (z))u (w0 (z))
d ln A
d
ln
w
(
z
)
0s
0 = (1 − λ E + λ E F1 (w(z)))u0 (w(z))w(z) ∑
d
ln
A
s

+

Z

∑
s

d ln λsE
max{u(w(z)), u(w̃)}dF1 (w̃) − u(w(z))
d ln A


Z
1 dvs (z̃) v(z̃) dVs
+ λ E u(w(z̃) ∑
− 2
dG (z̃)
V d ln A
V d ln A
z
s



d ln λsF 1 − α(z)
d ln w0s (z)
=ι
+
I( s = h ) − I( s = l ) −
d ln A
α(z)
d ln A
1 dVs
= (κ − 1)
V d ln A
1 dVs
=κ
V d ln A
Z
dvs (z)
=
dG (z),
d ln A

+λ

1 dvs (z)
v(z) d ln A
d ln λsF
d ln A
d ln λsE
d ln A
dV
d ln A

d ln w1s (z̃)
(v(z̃)/V )dG (z̃)
d ln A

E

Z



where I used the assumption that πs = 1/2. One can see that all the endogenous variables
enter symmetrically between two states. We also know that at the top, wage offers must be
symmetric
Lemma 4. To a first order,

d ln w1h (z̄)
d ln A

=

d ln w0h (z̄)
d ln A

w1l (z̄)
w0l (z̄)
= − d lnd ln
= − d lnd ln
A
A

Proof. I proceed in four steps.
Step 1: w1s (z̄) ≤ w0s (z̄) for s ∈ { h, l } in equilibrium. Suppose not: w1s (z̄) > w0s (z̄) holds in
equilibrium. Then the new hire firms can strictly increase profits by slightly lowering the wage
(no change in labor supply, but lower costs). This is a contradiction.
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Step 2: to a first order,
straint at the top:

d ln w0h (z̄)
d ln A

w0l (z̄)
= − d lnd ln
A . This is implied by the promise-keeping con-

∑

πs u(w0s (z̄)) = W̄0 (z̄)

(30)

s∈{ h,l }

because the first step implies that there cannot be higher wage offers than w0s (z̄) in equilibrium.
Step 3: w0h (z̄) = w0l (z̄). Suppose to the contrary w0h (z̄) > w1h (z̄). Then by slightly reducing
w0h (z̄) and raising w0h (z̄) by the same amount will (i) weakly increases the labor supply, and
(ii) relaxes the constraint ∑s∈{h,l } πs u(w0s (z̄)) ≥ W̄0 (z̄). This is a contradiction that w0h (z̄) was
optimally set. Combined with Claim 1, w1h (z̄) = w0h (z̄).
d ln w (z̄)
d ln w (z̄)
d ln w (z̄)
d ln w (z̄)
Step 4: d ln0lA = d ln1lA . Suppose to the contrary that d ln0lA > d ln1lA . Then consider
d ln w (z̄)
a perturbation of incumbent firms strategy that changes d ln0lA by ∆w0l (z̄) < 0 and changes
d ln w1l (z̄)
by ∆w0h (z̄) > 0, with ∆w0l (z̄) = −∆w0h (z̄). Around a symmetric steady-state, this
d ln A
does not impact worker’s welfare to a first order, and therefore does not affect the constraint
(30):

∑

πs u(w0s (z̄)) = πs u0 (w(z̄))w(z̄) (∆w0l (z̄) + ∆w0h (z̄))

s∈{ h,l }

= 0.
However, this has the first order increase in labor supply:
∆(labor supply) =

0 × ∆ŵ0l (z̄)
{z
}
|

+

because there was no mass in the neighborhood

F 0 (w(z̄)) × ∆ŵ0h (z̄)
|
{z
}

because there is a mass of competittors (from Step 3)

which in turn implies that this has a first order increase in profits. This is a contradiction that
d ln w0l (z̄)
d ln A was optimum.
From Step 2, 3 and 4, we confirm
d ln w1h (z̄)
d ln w0h (z̄)
d ln w1l (z̄)
d ln w0l (z̄)
=
=−
=−
.
d ln A
d ln A
d ln A
d ln A

Therefore Lemma 4 implies that at the boundary, z = z̄, wage responses must be symmetric
between two states. Then given all the coefficients in the system of ODEs enter symmetrically
between two states, any solution has to be symmetric as well.
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,

A.3

Proof of Lemma 3

Linearizing the new hire firms’ FOC (5) gives
0
(1 − χ) F0s
(w1s (z))( As z − ws (z)) − (χ + (1 − χ) F0s (w1s (z))) = 0



w(z) − F000 (w(z))( Az − w(z)) + 2F00 (w(z)) ŵ1s

(31)

= F00 (w(z)) Az Â + ( Az − w(z))∂w0 F0s (w(z)) − ∂w0 F0s (w(z)),

(32)

where ∂w0 denote the partial derivative with respect to entire distribution of {w0 (z)}. Using
the fact that
∂w0 F0s (w0s (z)) = − F00 (w(z))w(z)ŵ0s (z)


`0 ( z ) g ( z )
0
∂w0 F0s (w0s (z)) = ∂w0
w0 (z)
 0s


= ∂w0 




`0 ( z ) g ( z )
d ln w (z)
w0s (z) dz0s






(where ζ 0s is the inverse function of w0s )

z=ζ 0s (w)

`0 ( z ) g ( z )

∂
=−
d
ln
w
(
z
)
−
0s
d ln w(z)
∂z
w(z)
dz

`0 ( z ) g ( z )

−

w(z)

d ln w(q)
dz

1

d
d ln w(z)
dz

d ln w(z)
w(z) dz

ζ 00 (w0 (z))w0 (z)d ln w0s (z)

d ln w0s (q)
dz

`0 ( z ) g ( z )

∂
= − F00 (w(z))d ln w0s (z) −
∂z

− F00 (w(z))

!

`0 ( z ) g ( z )

d ln w(z)
w(z) dz

!

1
w0 (z)

w(z)d ln w0 (z)

w(z) d ln w0s (z)
d
w0 (z)
dz

= − F00 (w(z))d ln w0s (z) − F000 (w(z))w(z)d ln w0 (z) − F00 (w(z))

w(z) 0
ŵ (z),
w0 (z) 0

on can rewrite (31) as

[2(1 − α(z)) − α(z)ηF0 (z)] ŵ1 (z) = Â + [2(1 − α(z)) − α(z)ηF0 (z) − 1] ŵ0 (z) − α(z)
Rearranging, one obtains (12).
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w(z) 0
ŵ (z).
w0 (z) 0

Similarly, linearizing incumbent firms’ FOC (4),

−λ E F 0 (w(z))w(z)ŵ0s (z) − λ E ∂w1 F1s (w) + Azλ E F 0 (w) Âs
0
+( As z − ws )λ E F 00 (w)wŵ0s (z) + ( As z − ws )λ E ∂w1 F1s
(w0s )

+η (1 − λ E )u00 (w)wŵ0s (z) + ηλ E F (w)u00 (w)wŵ0s (z) + ηλ E f (w)u0 (w)ŵ0s (z)
h
i
+ηλ E u0 (ws )∂w1 F1s (w0s ) + dη (z) (1 − λ E )u0 (ws ) + λ E F (ws )u0 (ws ) = 0.
One can use symmetry from Lemma 2 to eliminate dη (z):

−λ E F 0 (w(z))w(z)ŵ0 (z) − λ E ∂w1 F1s (w) + Azλ E F 0 (w) Â
0
+( Az − w(z))λ E F 00 (w)wŵ0 (z) + ( Az − w(z))λ E ∂w1 F1s
(w0s )

+η (z)(1 − λ E )u00 (w(z))wŵ0 (z) + η (z)λ E F (w)u00 (w(z))w(z)ŵ0 (z) + η (z)λ E F10 (w(z))u0 (w(z))ŵ0 (z)
+η (z)λ E u0 (w(z))∂w1 F1s (w0s (z)) = 0.
Using
∂w1 F1s (w0s (z)) = − F10 (w(z))w(z)ŵ1s (z)
0
∂w1 F1s
(w0s (z)) = − F10 (w(z))d ln w1s (z) − F100 (w(z))w(z)d ln w1 (z) − F10 (w(z))

and the Lagrangin multipliers at the steady-state, η (z) =
rearranging, one obtains

w(z) 0
ŵ (z)
w0 (z) 1

(1−λ E +λ E F (w(z)))+( Az−w(z))λ E F 0 (w(z))
and
u0 (w(z))[(1−λ E )+λ E F (w(z))]


γ
2(1 − α(z)) − α(z)η F1 (z) − {(1 − α(z)) + α(z)ηλ (z)} +
{(1 − α(z)) + α(z)ηλ (z)} ŵ0 (z)
ηλ ( z )
w(z) d 0
ŵ (z).
= Â + [2(1 − α(z)) − α(z)ηF1 (z) − 1 − {(1 − α(z)) + α(z)ηλ (z)}] ŵ1 (z) − α(z) 0
w (z) dz 1


Define
ω1 (z) ≡ 2(1 − α(z)) − α(z)η F1 (z) − {(1 − α(z)) + α(z)ηλ (z)}
1
ω2 ( z ) ≡
{(1 − α(z)) + α(z)ηλ (z)} ,
ηλ ( z )
d ln F10 (w(z))
d ln F00 (w(z))
and η F1 (z) =
are the elasticity of density of wage distrid ln w
d ln w
E
E
d ln(1−λ +λ F1 (w))
≡
is the elasticity of worker’s staying probability, and γ is the
d ln w

where η F0 (z) =

butions, ηλ (z)
relative risk aversion of workers. Then we obtain (13).
Now, I turn to the boundary conditions. Lemma 4 shows the boundary condition at the
top is ŵ0 (z̄) = ŵ1 (z̄). Regarding the bottom, it must be the case that either ŵ1 (z) = Â or
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ŵ0 (z) = Â as an interior solution. Because of the constraint that wages must be higher than
the outside option of being unemployed, ŵ1 (z) ≥ Â and ŵ0 (z) ≥ Â. Suppose that ŵ1 (z) > Â
and ŵ0 (z) > Â. Then one of the firms offering lower wages can lower wages without affecting
the labor supply, contradicting to the optimality. If ŵ1 (z) = Â at an interior, then it must be the
constraint ŵ0 (z) ≥ Â must be (weakly) binding (not at an interior solution) because if ŵ0 (z) >
Â, then it would contradict the presumption that ŵ1 (z) = Â was an interior solution. in this
case, the boundary of the incumbent firms is w0 (z + dz) and by continuity of wage strategy, it
must be w0 (z + dz) ≤ Â. Similarly, ŵ0 (z) = Â at an interior solution, then ŵ1 (z + dz) ≤ Â.
Finally, I claim that ŵ1 (z) = Â is the appropriate boundary condition, and ŵ0 (z + dz) is a free
jump variable for the bottom of incumbent firms. Suppose to the contrary that ŵ0 (z) = Â is
the boundary condition, then the system of ODEs imply that for any γ > 0, ŵ1 (z) < Â and
ŵ0 (z) > Â for all z. To prove this, starting from ŵ0 (z) = Â and ŵ1 (z + dz) ∈ [0, Â], ŵ00 (z) > 0
at ŵ(z) = Â for any ŵ1 (z) ∈ [0, Â] and ŵ10 (z) < 0 at ŵ1 (z) = Â for all ŵ0 ≥ Â. Therefore the
path needs to feature ŵ1 (z) < Â and ŵ0 (z) > Â for all z, but then it would never be able to
satisfy the boundary condition at the top, ŵ1 (z̄) = ŵ0 (z̄), a contradiction. Therefore ŵ1 (z) = Â
is an appropriate boundary condition.

A.4

Proof of Proposition 1

Since all the coefficients on linear ODEs are continuous in z, there must exist a unique solution.
Part (i) follows from the fact θ1a (z) + θ1w (z) = 1 and θ0a (z) + θ0w (z) = 1. Then one can easily
verify ŵ1 (z) = ŵ0 (z) = Â is a unique solution that satisfy boundary conditions.
In order to prove part (ii), consider whether there exists ζ such that ŵ0 (ζ ) > Â. There can
potentially be two such cases. First case is (ŵ0 (ζ ), ŵ1 (ζ )) with ŵ0 (ζ ) > Â and ŵ1 (ζ ) ≤ Â. Then
starting from such a point, it is not possible to satisfy the boundary condition at the top. This
is because ŵ00 (z) > 0 at ŵ(z) = Â for any ŵ1 (z) ∈ [0, Â] and ŵ10 (z) < 0 at ŵ1 (z) = Â for all
ŵ0 ≥ Â, and therefore the path features ŵ1 (z) < Â and ŵ0 (z) > Â for all z > ζ.
Second case is (ŵ0 (ζ ), ŵ1 (ζ )) with ŵ0 (ζ ) > Â and ŵ1 (ζ ) > Â, but such a point is never
reached. Starting from w1 (z) = Â and ŵ0 (z + dz) ∈ [0, Â], in order to reach such a point, it
needs to go through either (i) ŵ0 (z) = Â and ŵ1 (z) ∈ [0, Â] or (ii) ŵ0 (z) = Â and ŵ1 (z) > Â.
Case (i) is already excluded from the previous paragraph. Case (ii) is also not possible because
ŵ00 (z) < 0 and ŵ1 (z) < 0 at ŵ0 (z) = Â and ŵ1 (z) > Â. These arguments complete the proof
that ŵ0 (z) < Â.
In order to prove ŵ0 (z) < ŵ1 (z), suppose to the contrary that there exists ζ such that
ŵ0 (ζ ) > ŵ1 (ζ ). It is always true that in such a region, ŵ00 (ζ ) > 0. Then there can be potentially two cases: (i) ŵ10 (ζ ) < 0 or (ii) ŵ10 (ζ ) > 0. In the former case, it would never be able to
satisfy the boundary condition at the top. The latter case is never reached.
Lastly, since the path needs to end up with ŵ0 (z̄) < Â and ŵ1 (z̄) = ŵ0 (z̄), and the path is
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continuous, it is immediate to see that there must exist z̆ such that ŵ1 (z) < Â for z > z̆.

A.5

Proof of Proposition 1’

Note that
θ1a (z) = 2(1 − α(z)) − α(z)η F0 (w(z)).
Totally differentiating (7) with respect to z gives
2(1 − α(z)) − α(z)η F0 (w(z)) =
As z → ∞, w(z) → χAb + (1 − χ)

R∞
b

w(z)
.
w0 (z)z

Az̃d F̂ (z̃). From (8), we have

1
 (1 − χ) F̂00 (z)( Az − w(z))z
χ + (1 − χ) F̂0 (z)
1
 (1 − χ) F̂00 (z) Az2
≤
χ + (1 − χ) F̂0 (z)

w0 (z)z =

Taking the limit, z → ∞,
lim w0 (z)z ≤ lim

z→∞

z→∞

1
 (1 − χ) F̂00 (z) Az2
χ + (1 − χ) F̂0 (z)

=0
where the last inequality follows from the assumption of finite variance. Therefore
lim θ1a (z) =

z→∞

w0 (z)z
w(z)

= 0,
which completes the proof.

A.6

Proof of Proposition 2

The optimality condition for vacancy creation is

( As z − w1s (z))λsF (χ + (1 − χ) F0s (w1s (z))) = As c̄(z)(vs (z))1/ι .
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Taking log derivative,
1
λ̂ +
Â +
α(z)
F


(1 − χ) F00 (w(z))w(z)
w(z)
−
ŵ1exo (z)
(χ + (1 − χ) F0 (w(z))) Az − w(z)
{z
}
|



=0 (from FOC of wages)
(1 − χ) F 0 (w(z))w(z)

−

⇔

1
ŵ0exo (z)) = Â + v̂(z)
ι
(χ + (1 − χ) F (w(z)))

1 − α(z)
1
λ̂ F +
Â − ŵ0exo (z)) = v̂(z),
α(z)
ι

which is the firm-level vacancy response. To derive the aggregate response, note λ̂ F = (κ −
1)V̂. After multiplying both sides by v(z)/V and adding up for all z, we obtain the aggregate
response.

A.7

Vacancy response in DMP models

Without on-the-job search and with wage bargaining, the optimality condition for vacancy creation is
( As z − w1s (z))λsF = As c̄(z)(vs (z))1/ι .
Taking log-derivative,
1
1 − α(z)
( Â − ŵ1 (z)) + λ̂sF = v̂(z).
α(z)
ι
To derive the aggregate response, note λ̂ F = (κ − 1)V̂. After multiplying both sides by v(z)/V
and adding up for all z, we obtain the aggregate response.

A.8

Derivations of equilibrium conditions with endogenous vacancy

The incumbent firm’s FOC is
0
−(1 − λsE + λsE F1s (w0s )) + ( As z − ws )λsE F1s
(w0s ) + η
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h

(1 − λsE )u0 (w0s ) + λsE F1s (w0s )u0 (w0s )

i

= 0.

Linearizing using symmetry,


γ
2(1 − α(z)) − α(z)η F1 (z) − {(1 − α(z)) + α(z)ηλ (z)} +
{(1 − α(z)) + α(z)ηλ (z)} ŵ0 (z)
ηλ ( z )
w(z) d 0
ŵ (z)
= Â + [2(1 − α(z)) − α(z)ηF1 (z) − 1 − {(1 − α(z)) + α(z)ηλ (z)}] ŵ1 (z) − α(z) 0
w (z) dz 1




1
1
0
(1 − F1 (w(z))) + ( Az − w(z)) F1 (w(z)) − 1 + ( Az − w(z))
η (z) (1 − F1 (w(z))) λ̂ E
AzF 0 (w)
w(z) λ

 

1
V̄ (z)
α(z)
η (z) d
w(z) λ
V


v(z)
1
d
,
α(z)
v(z)/V
V


which I can rewrite further to obtain

2(1 − α(z)) − α(z)η F1 (z) − {(1 − α(z)) + α(z)ηλ (z)} +


γ
{(1 − α(z)) + α(z)ηλ (z)} ŵ0 (z)
ηλ ( z )
w(z) d 0
= Â + [2(1 − α(z)) − α(z)ηF1 (z) − 1 − {(1 − α(z)) + α(z)ηλ (z)}] ŵ1 (z) − α(z) 0
ŵ (z)
w (z) dz 1


λ E (1 − F (w))
+ α(z) 1 −
λ̂ E
E
E
1 − λ + λ F (w)


 
E
λ F (w)
V̄ (z)
α(z)
d
V
1 − λ E + λ E F (w)
α(z)(v̂(z) − V̂ ),

which is the one in the lemma. To complete the proof that boundary conditions are unchanged,
note that if
θ0a (z) Â + θ0w (z) Â

+ θ0a (z)α(z) 1 − θλ,p (z) λ̂ E + θ0a (z)α(z)θλ,r (z) V̂ (z) − V̂ + θ0a (z)α(z) v̂(z) − V̂ < Â,
|
{z
}




≡B

then the same argument as in Lemma 3 applies because it only relied on the fact that ŵ10 (z) = 0
locus in the phase diagram shifts downward. I can always guarantee this if ι is small enough,
as limι→0 B = 0.

A.9

Proof of Proposition 3

We can verify that ŵ0 (z) = Â, ŵ1 (z) = Â, v̂(z) = 0, and V̂ = 0 are the solutions the ODEs with
γ = 0. The proposition follows because there is a unique solution. Next, as γ → ∞, ŵ0 (z) → 0
almost everywhere. Then combined with Proposition 2, we have the claim.
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A.10

Proof of Proposition 4

As the new hire firms only hire from unemployed, the wage offer to unemployed is w1s (z) =
As b. Then the vacancy creation condition is
λsF ( As z − As b) = As c̄(v)1/ι ,
in which As cancel out. Therefore vacancy is a constant, which implies the unemployment rate
is a constant in response to the shock to aggregate productivity.

A.11

Proof of Proposition 4.1

The first order condition with binding fairness constraint is


0
(ws (z))( As z − ws (z)) − (χ + (1 − χ) F0s (ws (z)))
λsF v(z) (1 − χ) F0s

0
−`0 (z) (1 − λsE + λsE F1s (w0s (z))) + ( As z − ws (z))λsE F1s
(ws (z))
h
i
E 0
E
0
+η (z) (1 − λs )u (ws (z)) + λs F1s (ws (z))u (ws (z)) = 0
Taking the first order approximation, we have
λ

F

v(1 − χ) F00 (w)



w(z)
Â − ŵ(z) − α(z) 0 ŵ0 (z))
w (z)



"

w(z) 0
ŵ (z) − γθλ (z)ŵ(z)
w0 (z)




E
α(z) 1 − θλ,p (z) λ̂ + α(z)θλ,r (z) V̂ (z) − V̂ + α(z) v̂(z) − V̂ = 0.

+λ E F 0 (w)`(z) Â − ŵ(z) − α(z)

Rearranging, we obtain the expression in the proposition.

A.12

Proof of Proposition 8

In order to leave workers indifferent, the set of perturbation must satisfy




(1 − λ ) + λ F1 (w0 (z̃)) u0 (w0 (z̃))dw0 (z̃)
E

E

+I(z < z̃)u(w1 (z̃)) g(z)(λ E /V )dv(z) + I(z > z̃)u(w1 (z)) g(z)(λ E /V )dv(z)
∂(λ E /V )
dv(z) = 0
∂v(z)
z̃
Z
∂(λU /V )
(1 − λU )u0 ( Ab) Ad[ + u(w1 (z)) g(z)(λ E /V )dv(z) + u(w1 (ζ ))(v(ζ )/V ) g(ζ )dζ
dv(z) = 0
∂v(z)
z̃

−u(w0 (z̃))λ

E

Z

∂(λ E /V )
v(z̃)dG (z̃)
dv(z) +
∂v(z)
z
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Z

u(w1 (ζ ))v(ζ ) g(ζ )dζ

The effect on net total surplus is

−

Z



( Az̃ − w(z̃)) λ

E



Z

v(ζ )dG (ζ ) dG (z̃)
Z
h
i
− ( Az̃ − w(z̃)) λ E I(z > z̃) dG (z̃)
z̃

dF = −c0 (v(z)) g(z)

Z 
Z
∂λ E /V
E
+ ( Az̃ − w(z̃))λ I(z < z̃) `0 (z̃)dG (z̃)
+
−( Az̃ − w(z̃)) v(ζ )dG (ζ )
∂v(z)
z̃

+ λ F (χ + (1 − χ) F0 (w1 (z)))( Az − w1 (z))

Z 
∂λ F
dG (z̃)
+
v(z̃)(χ + (1 − χ) F0 (w1 (z̃)))( Az − w1 (z̃))
∂v(z)
Z
∂λU /V
− µ( Ab − A[) v(ζ )dG (ζ )
∂v(z)
z
Z z

( Az̃ − w(z̃))`0 (z̃)dG (z̃)dv(z) − µλU ( Ab − A[)dv(z)
Z n
o
E
E
−
(1 − λ + λ F1 (w0 (z̃)))dw0 (z̃) `0 (z̃)dG (z̃) − µ(1 − λU )d[

Z 
Z
Z
∂λ E /V
∂λU /V
=−
( Az̃ − w(z̃)) v(ζ )dG (ζ )
+ µAb v(ζ )dG (ζ )
`0 (z̃)dG (z̃)
∂v(z)
∂v(z)
z̃
z
|
{z
}
−λ

E

(1)

+
|

Z 

(2)

−λ E
|
−
|

∂λ F
v(z̃)(χ + (1 − χ) F0 (w1 (z̃)))( Az − w1 (z̃))
∂v(z)
{z

Z z

Z n


dG (z̃)
}

( Az̃ − w(z̃))`0 (z̃)dG (z̃)dv(z) − µλU ( Ab − A[)dv(z)
{z
}
(3)

E

o

E

(1 − λ + λ F1 (w0 (z̃)))dw0 (z̃) `0 (z̃)dG (z̃) − µ(1 − λU )d[,
{z
}
(4)

where I used FOC of vacancy creation in the last equality. The first line (1) is
∂λU /V
∂λ E /V
−
( Az̃ − w(z̃)) v(ζ )dG (ζ )
+ µAb v(ζ )dG (ζ )
∂v(z)
∂v(z)
z̃
z
Z 


Z z̃
∂(M/V )
=−
w(z̃) P0 (z̃) −
w(ζ )dP0 (ζ ) v(z̃)dG (z̃)
∂v(z)
Z 

Z

Z

77



`0 (z̃)dG (z̃)

Rz
where P0 (z) ≡ χI(z > z) + (1 − χ) 1−1 µ
`0 (z̃)dG (z̃) is the cumulative employment distribution, and I used the expression of steady-state w(z). The second line (2) is
∂λ F
v(z̃)(χ + (1 − χ) F0 (w1 (z̃)))( Az − w1 (z̃))
∂v(z)
Z
∂M/V
= {v(ζ )( Aζ − w(ζ )) P(ζ )} dG (ζ )
∂v(z)
Z 


dG (z̃)

The third line is

−λ

E

=−λ

F

Z z
Z z

( Az̃ − w(z̃))`0 (z̃)dG (z̃)dv(z) − µλU Abdv(z)
[w(z) − w(z̃)] dP0 (z̃)dv(z)

The forth line is
Z n
o
−
(1 − λ E + λ E F1 (w0 (z̃)))dw0 (z̃) `0 (z̃)dG (z̃) − µ(1 − λU )d[


 Z Z z̃
Z 
u0 (w(ζ ))
∂M/V
u(w(ζ ))
= −
dP(ζ )v(z̃)dG (z̃) +
v(ζ ) 0
P(ζ ) dG (ζ )
dv(z)
0
u (w(z̃))
u (w(z̃))
∂v(z)

Z z
1
1
F
u(w(z)) − 0
u(w(z̃))dP(z̃) dv(z)
+λ
u0 (w(z̃))
u (w(z̃))

Combining, we obtain the desired expression.
Z z̃ 

Z 



1
∂(M/V
dF =
( Az̃ − w(z̃)) P(z̃) −
(w(z̃) − w(ζ )) − 0
(u(w(z̃)) − u(w(ζ ))) dP(ζ ) v(z̃)dG (z̃)
u (z̃)
∂v(z)

Z z
1
+ λF
[u(w(z)) − u(w(z̃))] − [w(z) − w(z̃)] dP(z̃)
u0 (w(z̃))

A.13

Proof of Proposition 9

Provided in the main text.

A.14

Neutrality Result in Infinite Horizon setup

Assume workers are risk-neutral. Let w(z) = Aw̄(z). Then we can guess and verify that in the
steady-state, all the value functions are homogenous in A:
W (w) = AW (w̄),

U = AŪ,

J (w, z) = AJ (w̄, z).

Now consider aggregate risk with { Ah , Al } Since the cost of vacancy scales with A, if {w(z), v(z)}
is a steady-state equilibrium with A, { As /Aw(z), v(z)} for s = h, l is also an equilibrium with
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no transition dynamics. Finally, (28) and the promise keeping constraint are satisfied as value
functions are homogenous in A. Therefore we have that wages scale with aggregate productivity and no changes in employment and vacancy distribution. Without on-the-job search, wages
are concentrated at w(z) = Ab for all z. Therefore again, the value functions scale with A.

B

Inefficiently flexible incumbent wages

I assume ι = 0 and consider a small perturbation of incumbent wages of a particular firm z,
dw0h (z) and dw0l (z). In order to leave workers indifferent, such perturbation must satisfyFor
incumbents,


E
E
∑ πs 1 − λ + λ F1s (w0s (z)) u0 (w0s (z))dw0s (z) = 0 .
s

Then changes in net total surplus can be computed as
0
−1
dF = − v(z)λ F (1 − χ) F0h
(w0h (z)))( Ah w1h
(w0h (z)) − w0h (z))dw0h (z)
−1
− v(z)λ F (1 − χ) F0l0 (w0l (z)))( Al w1l
(w0l (z)) − w0l (z))dw0l (z)

!
0 ( w ( z )) 1 − λ E + λ E F ( w ( z ))
u
0h
0h
h
h 1h
 d w0h (z),
= −v(z̃)λhF (χ + (1 − χ) F0h (w0h (z))) 1 − 0
E
E
u (w0l (z)) 1 − λl + λl F1l (w0l (z))
|
{z
}
<0

where I used new hire firm’s FOC in the last equality. Therefore dw0h (z) < 0 and dw0l (z) > 0
improves welfare. We thus conclude
Proposition 10. Assume ι → 0. Consider the equilibrium with aggregate risk. There exists a small
perturbation of new hire wages dw0h (z), dw0l (z) with dw0h (z̃) < 0 and dw0l (z̃) > 0 that yield Pareto
improvement.

C

Details of solution method in infinite horizon model

I first log-linearize all the optimality condition. The first order approximation of the firm’s value
function that hired a worker at time τ is given by
ρ f dJt (w, z) = Azd ln At − wd ln w − λ E (1 − F (w)) J (w, z)d ln λtE

+ λ E J (w, z)dFt (w) − (δ + λtE (1 − Ft (w)))dJt (w, z) + ∂t dJt (w, z),
where
dFt (w) = − F 0 (w)wd ln wt (z) +
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1
1
dV̄t (z) − 2 dVt ,
V
V

and dV̄t (z) ≡

Rz

dv(z̃)dG (z̃). The response of ∂w Jt (w, z) is

ρ f d∂w Jt (w, z) = −λ E F 0 (w)∂w J (w, z)d ln wt (z)
n
o
E
E 0
+ λt (1 − F (w)))∂w J (w, z) + λ F (w) J (w, z) d ln λtE

+ λ E J (w, z)dFt (w) + λ E J (w, z)dFt0 (w) − (δ + λtE (1 − Ft (w)))d∂w J (w, z)
+ λtE Ft0 (w)dJ (w, z) + ∂t d∂w Jt (w, z),
where
w(z) d
(d ln wt (z))
dFt0 (w) = − F 0 (w)d ln wt (z) − F 00 (w)wd ln wt (z) − F 0 (w) 0
w (z) dz


1
1
d
0
+ F (w)
(dV̄t (z)) − dVt
v(z) g(z) dz
V
The response of employment distribution is




dPt (w) − λ E (1 − F (w)) Pt (w)d ln λtE


1
1
E
U
+ λ P(w) +
µλ
dFt (w) +
λU F (w)dµt + δF (w)d ln λU
t
1−µ
(1 − µ )2

∂t dPt (w) = −

δ + λtE (1 − Ft (w))

and the response of Pt0 (w) is




∂t dPt0 (w) = − δ + λtE (1 − Ft (w)) dPt0 (w) + F 0 (w) Pt (w) − λ E (1 − F (w)) Pt0 (w) d ln λtE


E 0
E 0
E
+ λ F (w)dPt (w) + λ P (w)dFt (w) + λ P(w) + δ dFt0 (w)

+

1
λU F 0 (w)dµt + δF 0 (w)d ln λU
t .
(1 − µ )2

The unemployment rate follows
∂t dµt = −(λU + δ)dµt − λU µd ln λU
t ,
and the matching function implies
E
d ln λU
t = d ln λt = −κd ln µ̃t + κd ln Vt .

Therefore the first order response of new hire wages solve
Q(w)d∂w Jt (w, z) + (1 − χ)∂w J (w, z)dPt (w) + (1 − χ) J (w, z)dPt0 (w)

+(1 − χ) P0 (w)dJt (w, z) + (1 − P(w))∂w J (w, z) − P0 (w) J (w, z) dχt = 0,
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(33)

where dχt ≡

n

ζ
(ζ (1−µt )+µt )2

o

dµt . As in the two-period model, the above expression only de-

d
d
pends on a few number of variables, {d ln wt (z), dVt , dV̄t (z), dz
d ln wt (z), dz
dV̄t (z), dµt , d ln λt }.
Crucially, it does not depend on the wage distribution, and only depends on the wages of the
neighboring competitors. The first order approximation of the optimality condition for vacancy
creation is

λ F P̂t (w) J (w, z)d ln λtF + λ F J (w, z)dQt (w) + λ F Q(w)dJt (w, z) = Ac00 (v(z))

1 d
(dV̄t (z)).
g(z) dz
(34)

The incumbent’s wage response is
d∂w J0 (w, z) −

∂w J (w, z)
dW00 (w) = 0,
0
W (w)

(35)

where dWt (w) is given by
ρw dWt0 (w) = u0 (wt )d ln w − δdWt0 (w) − λtE (1 − Ft (w))dWt0 (w) + λ E W 0 (w)dFt (w) + ∂t dWt0 (w).
The boundary conditions are
d ln wt (z) = d ln wt
d ln w0inc (z̄) = d ln w0 (z̄).
I solve the transition dynamics using the following algorithm. First, I guess the sequence
of two aggregates: {d ln wt , dVt }. Given these two aggregates, one can immediately compute
F
{dµt , dχt , d ln λtE , d ln λU
t , d ln λt } using the matching function. Then I solve a system of linear
ODEs, (33), (34) and (35) to obtain {d ln wt (z), dV̄t (z)}. I iterate over the guess of {d ln wt , dVt }
until I have Wt (wt ) = Ut and dV̄t (z̄) = dV. In practice, I simply invert the matrix to find
equilibrium {d ln wt , dVt }. This takes less than a second to compute the transition dynamics.
Following Auclert et al. (2019), figure 7 shows the directed acyclical graph (DAG) representation of the first order responses of the economy.
With fariness constraint. Let ω1t and ω2t denote the Lagrangian multipliers on the constraint
(38) and (39), respectively. The optimality conditions of firm’s problem are

eq

∂t `t = −(δ + λtE (1 − Ft (Wt ))`t + vλtF χt + (1 − χt ) Pt (Wt )

ρw Wt = u(wt ) + δ {Ut − Wt } + λtE

Z
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max 0, W̃ − Wt dFt (W̃ ) + ∂t Wt ,

−` − ω2 u0 (w) = 0


( Az − w) − ω1 δ + λtE (1 − Ft (Wt )) = ρ f ω1 − ω̇1

n
o

E
E 0
F
0
ω1 λt F (W )` + vλ (1 − χt ) P (W ) + ω2 ρw + δ + λ (1 − Ft (W )) = ρ f ω2 − ω̇2

eq
λtF χt + (1 − χt ) Pt (Wt ) ω1t = c0 (v).
The initial condition W0 is pinned down by the risk-sharing condition:


ω1 λtE F 0 (W0 )` + vλ F (1 − χt ) P0 (W0 ) + ω2 + η = 0,
where η is the Lagrangian multiplier constraint on the promise-keeping constraint.
As before, linearizing the equilibrium conditions to obtain the system of linear ordinary
differential equations.






λtE F 0 (W )` + vλ F (1 − χt ) P0 (W ) u0 (w)dω1 + ω1 λtE F 0 (W )` + vλ F (1 − χt ) P0 (W ) u00 (w)wd ln w

+u0 (w)ω1 λtE `dF 0 (W ) + u0 (w)ω1 λtE ` F 0 (W )d ln λtE + u0 (w)ω1 λtE F 0 (W )d`
+λ F (1 − χt ) P0 (W )u0 (w)ω1 dv + vλ F (1 − χt ) P0 (W )u0 (w)ω1 d ln λ F
+vλ F (1 − χt )u0 (w)dP0 (W ) − vλ F ω1 u0 (w) P0 (W )dχ
o
n
o
E
E
− ρw + δ + λ (1 − Ft (W )) d` − λ (1 − Ft (W )) `d ln λ E − γ∂t d ln wt = 0
n

J (z)
V
F
E
E
+ (χt + (1 − χt ) Pt (Wt )) λt dv − λt (1 − Ft (Wt ))`t d ln λt + (χt + (1 − χt ) Pt (Wt )) λtF vd ln λtF

∂t d`t = −(δ + λtE (1 − Ft (Wt ))d`t + vλtF (1 − Pt (Wt ))dχt + λtE `t d

+ vλtF (1 − χt )dPt (Wt )

0

E

E

Z

max{dW̃t , dWt }dF eq (W̃t )
∂t dW = u (w)d ln w − (ρ + λ + δ)dWt+∆ + δdŪt+∆ + λ


Z
Z
E
eq
+ λ −W (ws ) + max{W̃, W }dF (W̃ ) d ln λ E + λ E max{W (z̃), W }d F̂ 0 (z̃)dz̃
dω1,t = Azd ln At − wd ln w − (ρ + δ + λ E (1 − F eq (W ))dω1,t − ω1 λtE (1 − Ft (Wt ))d ln λtE + ω1 λtE d F̂ (z)




λtE F 0 (W0 )` + vλ F (1 − χt ) P0 (W0 ) dω1 + ω1 d λtE `d + vλ F (1 − χt ) P0 (W0 ) + dω2 + dη = 0,
and the rest of the equilibrium conditions are unchanged from the one without fairness constraint.
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D
D.1

Importance of New hire wage rigidity in other environments
Competitive search

Consider the following model with competitive search (Moen, 1997; Acemoglu and Shimer,
1999) without on-the-job search. The model is static that follows Wright, Kircher, Julien, and
Guerrieri (2019). Each firm with productivity z posts wage w, and workers see all the wages
and direct their search. Let q(w) denote the unemployment-to-vacancy ratio in the sub-market
with wage w. Then λ F (w) ≡ M(q(w), 1) denote the meeting probability of a firm when the firm
posts w, and λU (w) ≡ q(1w) M(q(w), 1) is the meeting probability of unemployed. Unemployed
workers earn Ab. Workers must be indifferent across sub-markets:
Ū = λU (w)w + (1 − λU (w)) Ab
1
1
=
M(q(w), 1)w +
(1 − M(q(w), 1)) Ab,
q(w)
q(w)
which defines q(w) implicitly.
If they can, then firms set wages so as to
w∗ = arg max Π(w; A, z) = M(q(w), 1)( Az − w).
w

The optimal amount of vacancy creation for a given wage w is that
v∗ (w; A, z) = arg max Π(w; A, z)v − c(v; A, z).
v

Then by envelope theorem, if the firm was setting the wage optimally, there is no first order
effect of wages on profits:
∂Π(w∗ , A)
= 0,
∂w
which implies that vacancy is unaffected by wage as well
∂v∗ (w∗ ; A, z)
= 0.
∂w
In this environment, what matters for the vacancy creation of a particular firm is not whether
that firm can adjust wages or not, but that whether other firms can adjust wages. How the
wages of other firms determined? In the baseline competitive search environment, there is a
perfectly elastic free-entry, c00 = 0. If those entrants can freely choose wages, then there cannot
be any equilibrium new hire wage rigidity. Similar results hold in the context of price-setting,
as studied by Bilbiie (2020). One can work with new hire wage rigidity with inelastic entry, but
this also kills the tractability of competitive search.
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E

Quantitative Infinite-Horizon Setup

E.1

Perfect-foresight Equilibrium and Steady-state Characterization without Fairness Constraints

The wage offer distribution is
1
Ft (w) =
Vt

Z

ζλU
t ,

1
= M(µ̃t , Vt ),
Vt

z:w(z)≤w

vt (z)dG (z).

(36)

The meeting probabilities are
λU
t

1
= M(µ̃t , Vt ),
µ̃t

λtE

=

λtF

where Vt ≡

Z

vt (z)dG (z).

(37)

Equilibrium definition is as follows:
Definition 2. Equilibrium with constant aggregate productivity consists of a sequence of {wt (z), vt (z)},
E
F
U
E
F
{ Pt (w), Ft (w), wt , µt }, {λU
t , λt , λt } such that (i) given { Pt ( w ), Ft ( w ), λt , λt , λt , wt }, { wt ( z ), vt ( z )}
solve (25); (ii) the reservation wages satisfy Wt (wt ) = Ut , where Ut and Wt are given by (26) and (27),
respectively; (iii) the unemployment, the wage employment distribution, Pt (w), and the wage offer distribution, Ft (w), satisfy (23), (24), and (36), respectively; and (iv) meeting probabilities are given by
(37).
The steady-state unemployment rate is given by µ =
weighted wage distributions are
P(w) =

δF (w)
,
δ + λ E (1 − F (w))

Q(w) =

δ
.
δ + λU

The steady-state employment

δ
.
δ + λtE (1 − Ft (w))

The firm’s Bellman equation in the steady-state is
J (w, z) =

Az − w
.
ρ f + δ + ϰ + λ E (1 − F (w))

Using the above expressions, one can rewrite firms’ FOCs as
λ E F 0 (w)

Az − w(z)
Az − w(z)
E 0
+
λ
F
(
w
)
=1
δ + λ E (1 − F (w(z)))
ρ + δ + ϰ + λ E (1 − F (w(z)))

and
λ F Q(w(z)) J (w(z), z) = Ac0 (v(z)).
Because firms’ profits are log-supermodular in (w, z), wages are increasing in firm’s productivity. Therefore, as in Burdett and Mortensen (1998), the steady-state equilibrium is rank84

preserving in a sense that workers always move toward more productive firms. Defining
Rz
F̂ (z) ≡ F (w(z)) = V1
v(z̃)dG (z̃) and Q̂(z) ≡ Q(w(z)), we can write the steady-state equilibrium wage and vacancy distribution {w(z), F̂ (z)} as the solution to the following system of
ODEs:
λ E F̂ 0 (z)

Az − w(z)
Az − w(z)
E 0
+
λ
F̂
(
z
)
= w0 (z)
E
E
δ + λt (1 − F̂ (z))
ρ + δ + ϰ + λt (1 − F̂ (z))
λ F Q̂(z) J (w(z), z) = Ac0 V F̂ 0 (z)/g(z)



with the boundary conditions w(z) = w, where w satisfies W (w) = U, and F̂ (z) = 0. One
still needs to solve fixed point in terms of aggregate vacancy, V, because meeting probabilities,
λ F and λU , and unemployment rate µ, using (37). Note that in the steady-state, workers’ risk
aversion, γ, plays no role.
Given the wage and vacancy distributions, workers value function in the steady-state are
given by
ρW (w) = u(w) + δ {U − W (w)} + λ
ρU = u( Ab) + λU

E.2

Z

E

Z

max {0, W (w̃) − W (w)} dF (w̃)

max {0, W (w̃) − U } dF (w̃).

Environment with Fairness Constraints

I impose a restriction that firms cannot discriminate wages across employees. Firms commit to a sequence of wage payments {ws } that delivers Wt of the expected lifetime utility
to the workers employed at the firm. Workers accept the job that offers a higher value. Let
R
eq
Ft (W ) ≡ V1t z:Wt (wt (z))≤W vt (z)dG (z) denote the cumulative distribution function of the offer
eq
distribution. The employment distribution of worker value Pt evolves in an analogous manner
as in (24):
eq

eq

eq

eq

∂t Pt (W ) = −δPt (W ) − λtE (1 − Ft (W )) Pt (W ) +

1
eq
µ t λU
t Ft (W ).
1 − µt

The employment in a particular firm z evolves according to
eq

eq

∂t `t = −(δ + λtE (1 − Ft (Wt ))`t + vλtF χt + (1 − χt ) Pt (Wt )



For a given W0 , a firm chooses its wage policy and vacancies to maximize profits
Π(W0 ; z) ≡

max

{Wt ,wt ,vt }

Z

e−ρt {( Azt − wt )`t − c(vt )} dt

85

(38)

subject to (38) and the worker’s Bellman equation:
ρw Wt =

u(wt ) + δ {Ut − Wt } + λtE

Z


eq
max 0, W̃ − Wt dFt (W̃ ) + ∂t Wt .

(39)

The rest of the models are unchanged from before. Appendix E.2 characterizes the steady-state
of this economy.
Again, I consider the following dynamics. At t = 0, the economy is at the steady-state.
Then there is a news that the aggregate productivity could be permanently high or low in the
following periods. Firms insure workers by writing state contingent wage contracts that deliver
the expected utility that is at least as large as promised in the steady-state:
max

∑

{Wts } s∈{h,l }

s.t.

πs Π(W0s ; z)

∑ πs Wts ≥ W (z).
s

Given the initial W0s , the economy follows the perfect foresight equilibrium described above.
Differently from before, wages are not fixed during the tenure period. Rather, firms offer the
same time-varying wages to both incumbent workers and new hires.
As before, the steady-state is rank-preserving: more productive firms offer higher wage (valRz
ues) to workers. The steady-state wages w(z) and wage offer distribution F̂ (z) ≡
v(z̃)/VdG (z̃)
solve the following system of ODEs:
2λ E F̂ 0 (z)

Az − w(z)
=1
δ + λ E (1 − F̂ 0 (z))
λ F Q̂(z) J (w(z), z) = Ac0 (V F̂ 0 (z)/g(z)).

Compared with the model without equal treatments, we can immediately see that as ρ → 0, the
steady-state equilibrium coincide. I focus on a symmetric steady-state, in which firms with the
same productivity employ the same number of workers. Let W (z) denote the utility that a firm
with productivity z promises to workers in the steady-state.
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