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Abstract
Walrasian and statistical equilibrium have distinct methodologies
and the relation between the two equilibrium concepts has been unknown. We reformulate the concept of statistical equilibrium and
prove its existence under much less restrictive assumptions than in the
previous literature. As a corollary, we show that Walrasian equilibrium can be interpreted as a special case of statistical equilibrium, so
the latter is “general general equilibrium.” Considering the pervasive
use of Walrasian equilibria in economic analysis, statistical equilibrium
theory can explain even richer economic phenomena, in particular horizontal inequality such as the income distribution.
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Introduction

For centuries in human history, considerable inequality in income and wealth
distributions has been observed. Figure 1 shows the histogram of the 2008 US
family income together with the estimated gamma density, which apparently
ﬁts quite well. Where do such regularities come from? Pareto (1896) ﬁrst
quantitatively analyzed income distributions and discovered his celebrated
Pareto distribution. Champernowne (1953) proposed a theoretical model
∗
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deriving the Pareto distribution, but Salem and Mount (1974) empirically
showed that the gamma distribution ﬁts better. Despite the relevance of the
mechanism underlying horizontal inequality, however, economists have not
yet come up with a general, universally accepted theory that explains it. We
hope to provide one in this paper.
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Figure 1: Histogram and estimated gamma density for 2008 income, horizontal axis in $100,000.
Statistical equilibrium theory, ﬁrst developed by Foley (1994) and then
expanded by Toda (2009), is such a candidate. The term “statistical equilibrium” has sporadically appeared in the economics literature in diﬀerent
contexts (Simon, 1959; Green and Majumdar, 1975; Grossman and Stiglitz,
1980; Krebs, 1997; Silver et al., 2002). Although the deﬁnition of statistical
equilibrium varies across these authors, a common aspect is that the equilibrium concept is a distribution, not a point. The purpose of statistical
equilibrium theory in the sense of Foley (1994); Toda (2009) is to explain the
distribution of economic variables—such as consumption, income, or labor
supply—in a large economy in a general equilibrium context. The trading
process is a “black box” (Foley, 2003) except for that agents have private per2

ceptions about their trade opportunities, which are called oﬀer sets. If the
system is large and random, the distributions of outcomes typically become
the entropy-maximizing distributions, as in the case of the energy distribution of gas molecules in a given volume.
Thus statistical equilibrium theory has a diﬀerent set of axioms from
Walrasian equilibrium theory. The axioms of the latter are, simply put, as
follows:
1. agent optimization,
2. market clearing,
3. rational expectations (informational consistency),
4. absence of market power.
In statistical equilibrium theory, we replace Axiom 1 by
1’. entropy maximization,
and we may drop Axiom 4 in some cases.
Foley (1994) considered entropy maximization, market clearing, and the
absence of market power to be the axioms of statistical equilibrium theory.
Since, in general, agents’ perception of their trade opportunities depends on
the information they have, Toda (2009) introduced the concept of endogenous
oﬀer sets, i.e., oﬀer sets are not ﬁxed but change as agents gather information. Thus, Toda (2009) modiﬁed the equilibrium concept such that agents
make rational expectations, namely the information they initially have and
the information they collect from the market coincide in equilibrium: informational consistency is part of the new deﬁnition.
One major issue within statistical equilibrium theory has been the relationship between Walrasian and statistical equilibria. Foley (2003) made a
heuristic argument that Walrasian equilibria might be viewed as an asymptotic approximation to statistical equilibria. The present paper is the ﬁrst
contribution in the literature that rigorously resolves this issue. We reformulate the concept of statistical equilibrium and prove its existence in order
3

to clarify the connection between Walrasian and statistical equilibria. It
turns out that Walrasian equilibria are special cases of statistical equilibria. Since Walrasian equilibrium theory is completely contained in statistical
equilibrium theory (statistical equilibrium is “general general equilibrium”),
the latter can explain any phenomena that the former can, but not vice
versa. For instance, Walrasian equilibrium theory fails to explain horizontal
inequality; statistical equilibrium theory can.
The structure of the remaining of the paper is as follows. Section 2 deﬁnes
the basic concepts in statistical equilibrium theory. These concepts originate
from Foley (1994); Toda (2009) but we slightly modify them in order to derive
a general theory in later sections.
Section 3 is the core of this paper and contains our major contributions.
We prove the existence of statistical equilibria in Theorems 3.5 and 3.7 under
much less restrictive assumptions than in Toda (2009). We immediately obtain Corollary 3.9, which states that Walrasian equilibria can be interpreted
as special cases of statistical equilibria. Thus, we provide a rigorous mathematical foundation to Foley’s observation that Walrasian equilibria might be
viewed as an asymptotic approximation to statistical equilibria. In fact, the
Walrasian paradigm is integrated into (but not onto) the statistical paradigm.
Section 4 discusses some applications and Section 5 concludes. In Appendix A, we brieﬂy review the basic concepts in information theory. Although the material is standard, we felt the urge to include it since most
economists are not familiar with information theory. Appendix B deals with
mathematical details.

2

Definitions

In this section, we deﬁne the basic concepts in statistical equilibrium theory.
The deﬁnition of a statistical economy is formally the same as in Toda (2009)
but we give a new interpretation. We slightly modify the equilibrium concept
proposed in Toda (2009) to derive a general theory in later sections.
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2.1

Economy

Given agents, Foley (1994); Toda (2009) start by deﬁning oﬀer sets of agents,
which are interpreted as the sets consisting of all feasible and acceptable
transactions. In Foley (1994), oﬀer sets are ﬁnite sets and he puts a weight on
each point; Toda (2009) considers more general sets that can be turned into
regular Borel measure spaces,1 referred to as oﬀer spaces.2 This direction of
deﬁnition has a shortcoming, for we do not know how to choose the measures
from preferences.
To overcome this ambiguity, we reverse the direction: we start from a
regular Borel measure (oﬀer space) for each agent type and deﬁne its support3
to be the oﬀer set of that type. Formally, we deﬁne as follows.
Definition 2.1 (statistical economy). The object
{

E = I, {wi }i∈I , {µi,p }i∈I,p∈∆C−1

}

is called a statistical economy if
• I = {1, 2, . . . , I} is the set of agent types,
• wi is the weight (ratio) of type i agents, so wi > 0 and
{

∑I
i=1

wi = 1,

}

4
• ∆C−1 = p ∈ RC
is the set of the scarcity parameter p,5
+ : ∥p∥1 = 1
where C denotes the number of commodities,

• Given p ∈ ∆C−1 , µi,p is a regular Borel measure of type i agents over
their trade opportunities x ∈ RC . Oﬀer set Xi,p is the support of µi,p ,
1

See Folland (1999) for the concepts in measure theory that appear in this paper.
Note that the formulation of Foley (1994) is a special case of Toda (2009) since weights
on a ﬁnite set can be regarded as a counting measure, which is regular Borel.
3
The support of a regular Borel measure µ on a second-countable topological space X
is deﬁned as follows. Let U be a countable base of the topology (for the case of X = RC ,
it suﬃces to take the family
∪ of all open balls with rational radii and centers with rational
coordinates) and S = X\ U ∈U :µ(U )=0 U . Since U is the countable base of the topology,
it follows that S is closed, µ(S) = µ(X), and µ(U ∩ S) > 0 whenever U is open and
U ∩ S ̸= ∅. S is called the support of µ and is denoted by S = supp µ.
4
Hereafter, ∥·∥p will refer to the Lp norm.
5
This set is often referred to as the “price simplex” in Walrasian equilibrium theory,
but p may or may not be the price vector. For details, see Toda (2009).
2
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and the measure space (Xi,p , µi,p ) is called the oﬀer space.
Notice the ﬂexibility of our deﬁnition: since we have put no structure
whatsoever on µi,p , Deﬁnition 2.1 can be used to describe many diﬀerent
situations. For instance, the economy might be a pure exchange economy or
a production economy; agents might be consumers, producers, arbitrageurs,
or the government, etc; agents might be price takers or might have market
power; the market can be well-functioning or can have a lot of friction; agents
might or might not be rational, and so on.
We interpret that the measures {µi,p } are the complete description of
agents’ prior information over the transactions, for instance the degree of
perceived uncertainty or liquidity, technological feasibility, preference, likelihood of accepting a transaction that has been oﬀered, and so on. Following
Toda (2009), we do not answer to the question of how oﬀer spaces are determined: anything goes as far as they are regular Borel measures. Simply put,
the primitives of a statistical economy are agents and their beliefs over their
trade opportunities.
The natural interpretation of the oﬀer set Xi,p is the set of net transactions
that agents expect to be engaged in with positive probability. At this point
we deviate from the interpretation of the previous literature, Foley (1994);
Toda (2009), where oﬀer sets were viewed as the sets of net transactions that
agents are willing to execute. Dropping acceptability from the deﬁnition is
not as unnatural as it seems at the ﬁrst glance. For instance, quite often
investors incur losses in the stock market (the trades were unacceptable a
posteriori). However, investors were a priori well aware of the possibility
of losing: they simply invested in the stock market in the hope of making
proﬁts.
Although in application µi,p are typically absolutely continuous with respect to the Lebesgue measure, we may sometimes wish to treat the counting
measure or the product measure of such measures. Deﬁnition 2.2 ﬁxes the
terminology for such measures.
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Definition 2.2 (atomic/non-atomic parts). Let
{

E = I, {wi }i∈I , {µi,p }i∈I,p∈∆C−1

}

be a statistical economy with oﬀer sets Xi,p = supp µi,p . If µi,p has the form
µi,p = µni,p × δxai,p , where δx denotes the counting measure on the point x, and
{
}
n
× xai,p accordingly, then type i agents are
Xi,p has the form Xi,p = Xi,p
said to be atomic for the commodities included in xai,p and non-atomic for
others. We partition {1, 2, . . . , C} = Ai ∪ Ni such that Ai , Ni denote the set
of indexes of commodities for which type i agents are atomic and non-atomic,
respectively.
The natural interpretation of atomic agents for a commodity is that the
agents have so much information about that commodity market that they
believe they can trade optimally (such as the utility maximizing trade subject
to the budget constraint), thus reducing their oﬀer sets to single points,
namely the optima.6

2.2

Equilibrium

As the interpretation of the economy is modiﬁed, so is the deﬁnition of the
equilibrium. Before mentioning the new deﬁnition, we remark that the entropy of a collection of probability density functions h = {hi }i∈I (with respect to the reference measure µi,p ) and the associated average transaction
are deﬁned by
Hp [h] := −

I
∑
i=1

x̄p [h] :=

I
∑

∫

wi

hi log hi dµi,p ,

(2.1)

∫

xhi dµi,p ,

wi

(2.2)

i=1

6

We introduced the concept of atomic agents simply for the sake of mathematical
completeness. Since we shall use only non-atomic agents in the applications in Section
4, the reader may, without losing the essence, focus to the case where the atomic part is
empty.
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respectively.7 We follow Jaynes (1968); Toda (2009) to understand (2.1).
Suppose that there are ni agents belonging to type i, and let the total number
∑
of agents be n = i ni and the weight be wi = ni /n. In general, if two random
variables X, Y are independent, we have H(X, Y ) = H(X) + H(Y ) (see
Cover and Thomas (2006)). Therefore, if agents are acting independently,
the economy-wide entropy is
H=−

I
∑

∫

ni

hi log hi dµi,p .

i=1

Dividing this expression by n, we obtain the per capita entropy (2.1). The
rationale of (2.2) is the law of large numbers: if each type has a large number
of agents acting independently (or a type is atomic), then the economy-wide
per capita average transaction converges to (2.2) almost surely. Hence, the
implicit assumption is that non-atomic agents act independently conditional
on p and the action of atomic agents.
Next, we give the new deﬁnition of statistical equilibrium. Here, we classify statistical equilibria into two categories: genuine and degenerate equilibria. Genuine equilibria are precisely what Toda (2009) deﬁned to be statistical equilibria. Degenerate equilibria are intuitively the asymptotic limit
of genuine ones and correspond to Walrasian equilibria when the theory is
applied to standard Walrasian economies. By introducing the notion of degenerate statistical equilibria, we can integrate the Walrasian equilibrium
concept into the statistical one as we shall see later in Corollary 3.9.
Definition 2.3 (statistical equilibrium). Let
{

E = I, {wi }i∈I , {µi,p }i∈I,p∈∆C−1

}

be a statistical economy with oﬀer sets Xi,p = supp µi,p .
• A collection of probability density functions h = {hi }i∈I over oﬀer sets
and a pair of vectors (p, π) ∈ ∆C−1 × RC
+ are called a genuine statistical
equilibrium if
7

Unless otherwise speciﬁed, the integral sign always means the integration over the
whole space.
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1. {hi }i∈I solves the maximum entropy program (MEP) associated
with the scarcity parameter p, i.e., h = {hi }i∈I solves
max Hp [h] subject to x̄p [h] ≤ 0,

(2.3)

2. π is the entropy price for the MEP, i.e., π is the Lagrange multiplier to (2.3),8
3. π and p are collinear.9
The factor T ∈ [0, ∞] such that π = T1 p is referred to—using an analogy
from physics—as the economic temperature.1011
• A scarcity parameter p and a collection of points {xi }i∈I , where xi ∈
cl co Xi,p 12 for all i, are called a degenerate statistical equilibrium if
4.

∑I
i=1

wi xi ≤ 0, and pc = 0 if

∑I
i=1

wi xic < 0,

5. for all i ∈ I and x ∈ Xi,p , we have p′ x ≥ 0.
• A genuine statistical equilibrium or a degenerate statistical equilibrium
is simply called a statistical equilibrium.
Genuine equilibria are precisely what Toda (2009) deﬁned to be statistical equilibria, which have already been justiﬁed in Toda (2009) by rational
expectations or as stationary distributions in a dynamic economy. Thus we
only need to justify the deﬁnition of degenerate equilibria. The rationale we
provide is the analogy from Walrasian equilibrium theory. If p denotes the
8

Since (2.3) is an optimization problem in some functional space, it is not obvious that
the standard Karush-Kuhn-Tucker theorem applies. Appendix A in Toda (2009) provides
the relevant theorems.
9
Here we allow the possibility of π = 0 (thus T = ∞). This can happen when all goods
are “bads.” For instance, if the oﬀer sets of all agents consist of single points in −RC
++ ,
the solution of (2.3) is trivially autarkic and the entropy price (Lagrange multiplier) π is
0.
10
π does not appear in the deﬁnition of degenerate equilibria. In that case we define
T = 0.
11
Although we have used the term “temperature,” making an analogy between physics
and economics (which has a long history, for reference refer to Samuelson (1966); Saslow
(1999); Smith and Foley (2008) among others) is not our purpose.
12
cl A and co A denote the closure and the convex hull of A respectively.
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price system and Xi,p is the set of transactions that are at least as desirable
as the Walrasian excess demand, then conditions 4 and 5 precisely deﬁne
the Walrasian equilibrium. To see this, condition 4 implies that the market
clears and the price of a commodity in excess supply is zero; condition 5
implies that agents are optimizing.
A natural question arising from Deﬁnition 2.3 is whether the two equilibrium concepts—genuine and degenerate equilibria—are mutually exclusive.
In general the answer is negative. However, if at least one µi,p is absolutely
continuous with respect to the Lebesgue measure (which is almost always
the case in application), then the two concepts are mutually exclusive.13

3

Main Results

Our main results are divided into four parts. First, we show that solving
the minimum log-partition program (MLPP, which we shall deﬁne shortly in
Deﬁnition 3.2) is suﬃcient for solving the maximum entropy program (MEP).
This proposition has already been proved (Toda, 2009, Proposition 3.3), but
our proof is simpler since we do not use Gâteaux derivatives. We also improve
the suﬃcient condition for the existence of a solution to MLPP from what
was known before (Toda, 2009, Proposition 3.4). These results are crucial to
prove the equilibrium existence theorems.
Second, we state and prove the equilibrium existence theorems. In these
theorems, we weaken most of the assumptions of our previous result (Toda,
2009, Theorems 4.1 and 4.2) and strengthen others (such as the uniform
boundedness of oﬀer sets). Note, however, that the present formulation has
a broader range of applicability. Indeed, we can apply these theorems to prove
the existence of Walrasian equilibria in a standard competitive environment.
Third, we brieﬂy discuss the computational aspect of statistical equilibria
and provide a result that is general enough to analyze many economic situa13

To see this, if a statistical equilibrium is genuine as well as degenerate, then by conditions 1 and 5, we must have p′ x = 0 almost surely with respect to the probability measure
induced by the equilibrium distributions. However, this is impossible since the hyperplane
p′ x = 0 has Lebesgue measure 0.
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tions, yet special enough to obtain the equilibrium in an almost closed-form
solution.
Fourth, we deduce a striking corollary: Walrasian equilibria are special
cases of statistical equilibria. This corollary gives a rigorous mathematical
foundation to the observation in Foley (2003):
[. . . ] there may be a sense in which Walrasian equilibrium can be
viewed as an asymptotic approximation to statistical equilibrium.

3.1

MEP and MLPP

Proposition 3.1. Let {µi }i∈I be a collection of regular Borel measures on
RC . Suppose that there exist a collection of probability density functions
∗
−π ′ x
{h∗i }i∈I and π ∈ RC
for some Ci > 0,
+ such that hi (x) = Ci e
∗

x̄[h ] :=

I
∑

∫

xh∗i (x)dµi ≤ 0,

wi

i=1

and π ′ x̄[h∗ ] = 0. Then, {h∗i }i∈I solves the MEP (2.3).
Proof. Let h = {hi }i∈I be any collection of probability density functions such
that x̄[h] ≤ 0. Applying Lemma B.1 for a = hi and x = h∗i , we obtain
H[h] = −
=−

I
∑
i=1
I
∑

∫

wi
∫

wi

hi log hi dµi ≤
hi log h∗i dµi

i=1

= π ′ x̄[h] −

I
∑

=

I
∑
i=1
I
∑

∫

wi
∫

wi

i=1
I
∑

wi log Ci ≤ −

i=1

(h∗i − hi − hi log h∗i ) dµi
hi (π ′ x − log Ci )dµi

wi log Ci .

i=1

Since equality occurs if and only if hi (x) = h∗i (x) µi -a.e. for all i, we are
done.
Toda (2009) deﬁnes the minimum log-partition program as follows.
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Definition 3.2. Let {µi }i∈I be a collection of regular Borel measures on RC .
The functions
∫

Zi (ξ) :=
Q(ξ) :=

′

e−ξ x µi (dx),

I
∑

(∫

wi log

)

′

e−ξ x µi (dx)

i=1

are called the partition function and the log-partition function respectively.
The optimization problem
min Q(ξ)
(3.1)
ξ≥0

is called the minimum log-partition program (MLPP).
Proposition 3.3. Let {µi }i∈I be a collection of regular Borel measures on
RC such that µi is supported on Xi ⊂ RC . Suppose that Q(ξ) < ∞ for some
ξ ∈ RC
+ . Then, the MLPP (3.1) has a solution if
( I
∑

)

wi co Xi ∩ (−RC
++ ) ̸= ∅.

(3.2)

i=1

Conversely, if

( I
∑

)

wi co Xi ∩ (a − RC
++ ) = ∅

(3.3)

i=1

for some a ≫ 0, then the MLPP (3.1) has no solutions.
Proof. Since Q is lower semi-continuous by Proposition B.2, we only need to
know the behavior of Q as ξ → ∞.
∑
If (3.2) holds, take ϵ > 0 and xi ∈ co Xi such that Ii=1 wi xi ≤ −ϵ1 ≪ 0.
By Carathéodory’s theorem (Rockafellar, 1970, p. 155), we can express xi as a
∑
k
k k
convex combination of at most C +1 points: xi = C+1
k=1 αi xi , where xi ∈ Xi ,
∑
k
k
αik ≥ 0, and C+1
k=1 αi = 1. For each i and k, take an open neighborhood Ui
∑
∑
of xki small enough such that i wi k αik Uik ⊂ −RC
++ . By assumption, we
k
have µi (Ui ∩ Xi ) > 0 for all i, k. Thus, we obtain
′

vi (ξ) := inf {ξ x : x ∈ Xi } ≤

min ξ ′ xki
k
12

≤

C+1
∑
k=1

αik ξ ′ xki = ξ ′ xi .

(3.4)

By (3.4) and Proposition B.3, it follows that if ξ ≥ 0 and ∥ξ∥1 = 1, then
I
I
∑
∑
1
Q(tξ) = −
wi vi (ξ) ≥ −ξ ′
wi xi ≥ ξ ′ ϵ1 = ϵ ∥ξ∥1 = ϵ.
t→∞ t
i=1
i=1

lim

(3.5)

By (3.5), we get Q(tξ) → ∞ as t → ∞. Therefore, we may restrict our
search of the inﬁmum of Q(ξ) to a compact set, but since Q(ξ) is lower
semi-continuous, the minimum is attained.
∑
Conversely, suppose that (3.3) holds. Since Ii=1 wi co Xi and a − RC
++
are both convex and the latter contains an interior point, by the separating
hyperplane theorem (Rockafellar, 1970, p. 97), there exists ξ ∈ RC
+ \ {0} such
∑
I
that ξ ′ x ≥ ξ ′ a for all x ∈ i=1 wi co Xi . Since ξ > 0 and a ≫ 0, we have
ξ ′ a > 0. By a similar argument as above, we obtain
I
∑
1
wi vi (ξ) ≤ −ξ ′ a < 0.
lim Q(tξ) = −
t→∞ t
i=1

Consequently, Q(tξ) → −∞ as t → ∞. Since by deﬁnition Q(ξ) > −∞, we
get inf ξ≥0 Q(ξ) = −∞; however, the inﬁmum is never attained.
Corollary 3.4. Let everything be as in Proposition 3.3 and suppose that for
∫
′
all i ∈ I, e−ξ x dµi is diﬀerentiable with respect to ξ under the integral sign.14
′
If (3.2) holds, then the MEP (2.3) has a solution given by hi (x) = e−π x /Zi (π),
where π ∈ RC
+ is the solution of the MLPP (3.1). Furthermore, if h = {hi }i∈I ,
then we have H[h] = Q(π).
Proof. By Proposition 3.3, the MLPP (3.1) has a solution ξ = π. Let
L(ξ, λ) =

I
∑

(∫

wi log

−ξ ′ x

e

)

dµi − λ′ ξ

i=1

be the Lagrangian of (3.1), where λ ∈ RC
+ is the Lagrange multiplier. Since
Q(ξ) is convex by Proposition B.2, the Karush-Kuhn-Tucker condition implies
∫
′
I
∑
xe−π x dµi
wi ∫ −π′ x
= −λ
(3.6)
e
dµi
i=1
14

See Proposition B.5 in Toda (2009) for a suﬃcient condition.
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∫

′

and λ′ π = 0. If we deﬁne Ci−1 = Zi (π) = e−π x dµi > 0, then by (3.6), all
assumptions of Proposition 3.1 are satisﬁed. Thus, the MEP has a solution.
′
Substituting hi = e−π x /Zi (π) into (2.1) and using (3.6) and λ′ π = 0, we
immediately obtain H[h] = Q(π).

3.2

Existence of Statistical Equilibrium

The main theorems of this paper are Theorems 3.5 and 3.7 below. We ﬁrst
prove Theorem 3.5, which shows the existence of statistical equilibria when
all measures {µi,p } are ﬁnite: assuming ﬁniteness simpliﬁes the argument.
In practice, we typically wish to deal with inﬁnite measures such as the
Lebesgue measure. By assuming that the measures grow at most exponentially, Theorem 3.7 guarantees the existence of statistical equilibria in such
cases.
{

Theorem 3.5. Let E = I, {wi }i∈I , {µi,p }i∈I,p∈∆C−1
{

}

}

be a statistical econ-

n
n
omy with oﬀer sets Xi,p = Xi,p
× xai,p = supp µi,p , where xai,p and Xi,p
denote the atomic and non-atomic part, respectively. Let µi,p = µni,p × δxai,p
accordingly. Consider the following assumptions:

1. for all i ∈ I and p ∈ ∆C−1 , we have µi,p (RC ) < ∞,
2. for all i ∈ I, the partition {1, 2, . . . , C} = Ai ∪ Ni of commodities
for which type i agents are atomic and non-atomic is independent of
p ∈ ∆C−1 ,
3. Xi,p is uniformly bounded below, i.e., there exists a ∈ RC such that
x ≥ a for all i ∈ I, p ∈ ∆C−1 , and x ∈ Xi,p ,
4. for all p ∈ ∆C−1 , we have
(a) for all i ∈ I, inf {p′ x : x ∈ Xi,p } ≤ 0,
(b)

∑I
i=1

wi inf {p′ x : x ∈ Xi,p } < 0,

5. for all i ∈ I, the mapping p 7→ xai,p is continuous,
6. for all i ∈ I, the following conditions are satisﬁed:
14

(a) there exists a ﬁxed ﬁnite regular Borel measure µni on RNi such
dµn
that the Radon-Nikodym derivative dµi,p
(as a function of p) is
n
i
continuous in p for µni -a.e. x,
(b) for all p ∈ ∆C−1 , there exists a measurable function gi,p and a
neighborhood Up of p such that
µni -a.e. x, and we have

∫(

1+

∑

dµn
i,q
dµn
i

c∈Ni

≤ gi,p for all q ∈ Up and
)

|xc | gi,p dµni < ∞,

7. for all i ∈ I, the graph of the correspondence p 7→ cl co Xi,p is closed.
Then,
• Under assumptions 1–3, 4a, and 5–7, E has a statistical equilibrium.
• Under assumptions 1–3, 4b, 5, and 6, E has a genuine statistical equilibrium but no degenerate equilibria.
Only assumptions 3, 4a, and 4b are economically relevant; the others
are either about boundedness (of transactions and integrals) or continuity,
which are necessary for the rigorous mathematical argument but are diﬃcult
to interpret in terms of economics.
Assumption 3 means that agents’ net transactions are bounded below.
This is a constrained form of free disposal: agents are able to throw away
undesired commodities, but only up to a certain ﬁnite amount. It may also
be interpreted as limited arbitrage (Chichilnisky, 1995). This assumption
is not restrictive in practice at all, for in the world there is only a ﬁnite
amount of everything and hence there is no reason to think that agents wish
to dispose of commodities beyond that limit.
Assumption 4a implies that agents are “realistic” in the sense that they es{
}
sentially put a positive subjective probability on their budget set x ∈ RC : p′ x ≤ 0
in Walrasian environment, and assumption 4b is its variant. Assumption 4a
is crucial, for the market can never clear if all agents perceive trade opportunities only for tremendously large amounts.
Assumption 6b is equivalent to
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6b’. for all i ∈ I and p ∈ ∆C−1 , there exists a neighborhood Up of p such
that


∫
∑
dµni,q
1 +

|xc | sup
dµni < ∞.
n
q∈Up dµi
c∈Ni
To see why, see Proposition B.4.
The outline of the proof of Theorem 3.5 is as follows. Since we know
from Propositions 3.1, 3.3 and Corollary 3.4 that solving MLPP is enough
for maximizing entropy, we wish to construct a correspondence from p to the
Lagrange multiplier for MLPP and show the existence of a ﬁxed point (which
was precisely the idea in Toda (2009)). However, Proposition 3.3 shows that
MLPP may not always have a solution. To overcome this diﬃculty, we bound
MLPP by a constant and deﬁne a quasi equilibrium concept.
Definition 3.6 (b-quasi equilibrium). Let b > 0. The pair of vectors (p, π) ∈
∆C−1 × RC
+ is said to be a b-quasi equilibrium if
1. ξ = π solves
min Qp (ξ) :=

I
∑

(∫

wi log

′

e−ξ x dµi,p

)

subject to ξ ≥ 0, ∥ξ∥1 ≤ b,

i=1

2. π and p are collinear.
Thus, the deﬁnition of a b-quasi equilibrium is the same as that of a degenerate statistical equilibrium except for that the former solves the MLPP
bounded by b. We show by a standard ﬁxed point argument that a b-quasi
equilibrium always exists. Thus, we can take a sequence of b-quasi equilibria
such that b → ∞. We then show that either some b-quasi equilibrium becomes a genuine statistical equilibrium, or a subsequence of b-quasi equilibria
converges to a degenerate statistical equilibrium.
′

Proof of Theorem 3.5. We ﬁrst note that by assumption 3, we have e−ξ x ≤
∫
′
′
e−ξ a for all ξ ≥ 0, so e−ξ x dµi,p < ∞ by assumption 1. Thus, together with
∫
′
assumptions 5 and 6, we can show that the integrals e−ξ x dµi,p are continuously diﬀerentiable with respect to ξ by applying Lebesgue’s convergence
16

theorem to the non-atomic parts and by direct computation for the atomic
parts.15
Step 1. For all b > 0, a b-quasi equilibrium exists.
Since µi,p is a ﬁnite Borel measure, by assumption 3 we have Qp (ξ) <
∞ whenever ξ ≥ 0. By Proposition B.2, Qp (ξ) is convex and lower semi}
{
:
∥ξ∥
≤
b
is compact and
continuous in ξ. Since the set Xb := ξ ∈ RC
+
1
convex, the set
Π(p) := arg min Qp (ξ)
ξ∈Xb

is nonempty, compact and convex. If 0 ∈ Π(p) for some p ∈ ∆C−1 , since
p and 0 are collinear, obviously (p, 0) is a b-quasi equilibrium (actually a
genuine statistical equilibrium).
Assume 0 ∈
/ Π(p) for all p. By the remark at the beginning of the proof,
Qp (ξ) is continuous in (p, ξ) on ∆C−1 × RC
+ . Thus, by Berge’s maximum
C−1
⇒ Xb is upper semi-continuous.
theorem (Berge, 1959, p. 116), Π : ∆
Deﬁne Φ(p) := {ξ/ ∥ξ∥1 : ξ ∈ Π(p)}. Since 0 ∈
/ Π(p), Φ(p) is well-deﬁned.
C−1
C−1
Let us show that Φ : ∆
⇒∆
is nonempty, compact, convex and
upper semi-continuous. Φ(p) ̸= ∅ is trivial. Since Φ(p) is the intersection of
∆C−1 (a convex set) and the convex cone generated by Φ(p), it is convex. If
pn → p, qn ∈ Φ(pn ) and qn → q, take a sequence {ξn } ⊂ Π(pn ) such that
qn = ξn / ∥ξn ∥1 . Since {ξn } ⊂ Xb and Xb is compact, {ξn } has a convergent
subsequence ξnk → ξ. Since p 7→ Π(p) is upper semi-continuous, we have
ξ ∈ Π(p), so q = ξ/ ∥ξ∥1 ∈ Φ(p). Thus, p 7→ Φ(p) is upper semi-continuous.
In particular, by letting pn = p for all n, it follows that Φ(p) is closed, but
since Φ(p) ⊂ ∆C−1 , it is compact.
By Kakutani’s ﬁxed point theorem, there exists p∗ ∈ ∆C−1 such that
p∗ ∈ Φ(p∗ ). Thus, there exists t > 0 such that tp∗ ∈ Π(p), so (p∗ , tp∗ ) is a
b-quasi equilibrium.
Step 2.

15

Lebesgue’s convergence theorem does not apply to the counting measure in our context, which is why we needed to introduce atomic parts and treat them separately.
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Let {bn }∞
n=1 ⊂ (0, ∞) be a monotone increasing sequence tending to ∞.
By passing to a subsequence if necessary, we may assume that for each n,
there exists a bn -quasi equilibrium (pn , πn ) such that pn converges to some p ∈
∆C−1 . If πn ∈ arg minξ≥0 Qpn (ξ) for some n, then by Corollary 3.4 (pn , πn )
is a genuine statistical equilibrium. Therefore, without loss of generality we
may assume that for all n, minξ≥0 Qpn (ξ) has no solutions. Let
L(ξ, λn , θn ) =

I
∑

(∫

−ξ ′ x

wi log

e

)

dµi,pn − λ′n ξ + θn (∥ξ∥1 − bn )

i=1

be the Lagrangian of minξ∈Xbn Qpn (ξ), where λn ∈ RC
+ and θn ≥ 0 are Lagrange multipliers. By the Karush-Kuhn-Tucker theorem, we obtain
I
∑

∫

′

−xe−πn x dµi,pn
∫
− λn + θ n 1 = 0
e−πn′ x dµi,pn

wi

i=1

(3.7)

and λ′n πn = 0. Since (pn , πn ) is not a statistical equilibrium but a bn -quasi
equilibrium, ∥πn ∥1 ≤ bn is binding for all n.
Let us show that limn→∞ θn = 0. Let πn = tn pn . Since the constraint
∥πn ∥1 ≤ bn is binding, we have tn = ⟨tn pn , 1⟩ = ⟨πn , 1⟩ = bn . Multiplying
πn = tn pn as an inner product to (3.7) and dividing both sides by tn > 0, it
follows from λ′n πn = 0 that
I
∑

∫

wi

i=1

′

−p′n xe−tn pn x dµi,pn
∫
+ θn = 0.
e−tn p′n x dµi,pn
(∫

∑

(3.8)

)

′

Regard Qp (tξ) = Ii=1 wi log e−tξ x dµi,p as a function of t. Since Qp
is convex, Q′p (tξ) is increasing in t. Take any t > 0 and choose n suﬃciently
large such that tn > t. Then, by (3.8) we obtain
θn =

−Q′pn (tn pn )

≤

−Q′pn (tpn )

=

I
∑
i=1

∫

wi

′

p′n xe−tpn x dµi,pn
∫
.
e−tp′n x dµi,pn

(3.9)

Letting n → ∞ in (3.9), by the remark at the beginning of the proof, it
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follows that
lim sup θn ≤
n→∞

∫

′

p′ xe−tp x dµi,p
wi ∫ −tp′ x
= −Q′p (tp).
e
dµi,p
i=1

I
∑

(3.10)

Since t is arbitrary in (3.10), for any s > 0, take ts > 0 such that
Qp (sp) − Qp (0)
= Q′p (ts p),
s
which is of course possible by the mean value theorem. Then, (3.10) becomes
lim sup θn ≤ −
n→∞

Qp (sp) − Qp (0)
.
s

(3.11)

Letting s → ∞ in (3.11), by Proposition B.3 and assumption 4a or 4b we
obtain
lim sup θn ≤
n→∞

I
∑

wi inf {p′ x : x ∈ Xi,p } ≤ 0.

(3.12)

i=1

Since θn ≥ 0, we have θn → 0.
Step 3. Under assumptions 1–3, 4a and 5–7, if E has no genuine statistical
equilibria, then E has a degenerate statistical equilibrium.
C
Deﬁne the sequence {xni }∞
n=1 ⊂ R by

∫

xni
′

∫

′

xe−tn pn x dµi,pn
= ∫ −tn p′ x
.
n dµ
e
i,pn

′

Since e−tn pn x / e−tn pn x dµi,pn is a probability density function, xni ∈ co Xi,pn .
Since by assumption 3 we have xni ≥ a, it follows from λn ≥ 0 and (3.7) that
a ≤ (1 − wi )a + wi xni ≤

I
∑

wi xni ≤ θn 1 =⇒ a ≤ xni ≤

i=1

θn 1 − (1 − wi )a
.
wi

Since θn → 0, by taking a subsequence we may assume xni → xi for all i
∑
∑
and for some xi ∈ RC ; hence Ii=1 wi xni → Ii=1 wi xi ≤ 0. By assumption
7, p 7→ cl co Xi,p is closed, so we obtain xi ∈ cl co Xi,p for all i. By (3.8), we
∑
∑
have Ii=1 wi p′n xni = θn , so letting n → ∞ we get p′ Ii=1 wi xi = 0. Hence, if
19

∑I

wi xic < 0, it must be pc = 0 and condition 4 of Deﬁnition 2.3 holds.
∑
By (3.12), we obtain Ii=1 wi inf {p′ x : x ∈ Xi,p } = 0, but by assumption
4a it must be inf {p′ x : x ∈ Xi,p } = 0 or p′ x ≥ 0 for all x ∈ Xi,p . Thus,
condition 5 of Deﬁnition 2.3 holds. Therefore ({xi }i∈I , p) is a degenerate
statistical equilibrium.
i=1

Step 4. Under assumptions 1–3, 4b, 5 and 6, E has a genuine statistical
equilibrium but no degenerate equilibria.
If E has no genuine equilibria, by (3.12) and limn→∞ θn = 0, we obtain
′
i=1 wi inf {p x : x ∈ Xi,p } = 0. However, this contradicts to assumption
4b; hence a genuine equilibrium exists. There are no degenerate equilibria because assumption 4b and condition 5 of Deﬁnition 2.3 are mutually
exclusive.
∑I

There are two crucial ideas in the proof of Theorem 3.5. First, we deal
with b-quasi equilibria instead of statistical equilibria and take limits. Second, we take the limit of tn pn in (3.9) stepwise, namely ﬁrst with respect to
pn and then tn . Usually this kind of “partial limit argument” is unjustiﬁable,
but in this case it is legitimate because we are concerned only with an upper
bound as in (3.10) and Q is convex.
Theorem 3.7 below guarantees the existence of statistical equilibria when
at least one of the measures {µi,p } is inﬁnite.
Theorem 3.7. Let everything be as in Theorem 3.5. For all ϵ ∈ RC
+ , deﬁne
ϵ
ϵ
−ϵ′ x
the measure µi,p by µi,p (dx) = e
µi,p (dx). Suppose that
1’ for all p ∈ ∆C−1 , the following conditions are satisﬁed:
(a) for all ϵ ≫ 0 and i ∈ I, µϵi,p (RC ) < ∞,
(b) for all ϵ ≥ 0 such that ϵc = 0 for some c ∈
i ∈ I such that µϵi,p (RC ) = ∞,

∪
i∈I

Ni , there exists

6b’ for all p ∈ ∆C−1 , there exists a measurable function gi,p and a neighborhood Up of p such that
for all ϵ ≫ 0 we have

∫

−

e

dµn
i,q
dµn
i

∑

≤ gi,p for all q ∈ Up and µni -a.e. x, and

ϵ x
c∈Ni c c
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gi,p dµni < ∞.

Then, in addition to these assumptions,
• Under assumptions 2, 3, 4a, 5, 6a, and 7 of Theorem 3.5, E has a
statistical equilibrium.
• Under assumptions 2, 3, 4b, 5, and 6a of Theorem 3.5, E has a genuine
statistical equilibrium but no degenerate equilibria.
Remark. By the deﬁnition of µϵi,p , assumption 1’a is trivially implied by
assumption 6b’. However, in order to draw a parallel between Theorems 3.5
and 3.7, we mentioned assumption 1’a.
Proof. For all ϵ ≫ 0, deﬁne the statistical economy
{

E := I, {wi }i∈I ,
ϵ

{

}

}

µϵi,p
i∈I,p∈∆C−1

.

Since µϵi,p is a ﬁnite measure by assumption 1’a, and since assumption 6b for
E ϵ is implied by assumption 6b’ for E, by Theorem 3.5, E ϵ has a statistical
equilibrium. If the equilibrium is degenerate, since µi,p and µϵi,p have a common support and the support (oﬀer set) is all that matters in the deﬁnition
of degenerate equilibria (see Deﬁnition 2.3), E also has a degenerate equilibrium. Hence, for all ϵ ≫ 0, we may assume that E ϵ has a genuine statistical
equilibrium.
Let {ϵn } ⊂ RC
++ be a sequence such that ϵn → 0 as n → ∞. Let pn and
πn = tn pn be the equilibrium scarcity parameter and the entropy price of
E ϵn , respectively. By passing to a subsequence if necessary, we may assume
pn → p ∈ ∆C−1 and tn → t ∈ [0, ∞] as n → ∞.
If tn → ∞, by the same argument as in Step 3 of the proof of Theorem
3.5, we can show that a degenerate statistical equilibrium exists.
∪
If tn → 0 or tn → t < ∞ and pc = 0 for some c ∈ i∈I Ni , take any
∪
ξ ∈ RC
i∈I Ni . Since πn = tn pn solves the
+ such that ξc > 0 for all c ∈
MLPP, we obtain
I
∑
i=1

(∫

wi log

−tn p′n x−ϵ′n x

e

)

dµi,pn

≤

I
∑
i=1
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(∫

wi log

′

′

)

e−ξ x−ϵn x dµi,pn .

(3.13)

Taking lim inf of (3.13), by Fatou’s lemma and assumption 1’b, the lefthand side of (3.13) is bounded below by ∞. By assumption 6b, we may
apply Lebesgue’s convergence theorem to the non-atomic part and directly
compute the atomic part of the right-hand side of (3.13) to obtain
∞≤

I
∑

(∫

wi log

−ξ ′ x

e

)

dµi,p .

i=1

However, this contradicts to assumption 1’b. Therefore, it must be tn → t ∈
∪
(0, ∞) and pc > 0 for all c ∈ i∈I Ni . Again, letting n → ∞ in (3.13), by
either Lebesgue’s convergence theorem or direct computation, we obtain
I
∑

(∫

wi log

′

)

e−tp x dµi,p ≤

i=1

I
∑

(∫

wi log

′

)

e−ξ x dµi,p ,

(3.14)

i=1

or Qp (tp) ≤ Qp (ξ). (3.14) holds for all ξ ∈ RC
+ such that ξc > 0 for all
∪
c ∈ i∈I Ni , but by assumption 1’b, it trivially holds even if ξc = 0 for some
∪
c ∈ i∈I . Thus, (3.14) holds for all ξ ∈ RC
+ , and as such tp solves the MLPP
associated with p. Therefore, (p, tp) is a genuine statistical equilibrium.
If assumption 4b of Theorem 3.5 holds, by the same argument as in the
proof of Theorem 3.5, E has no degenerate statistical equilibria.
Since we have proved two existence theorems in this paper—Theorems
3.5 and 3.7—and Toda (2009) proved two others, it is worth mentioning
the relationship between the four existence theorems. The fact is that none
of the four theorems imply another, which can be seen as follows. First,
Theorem 3.5 is independent from others because Theorem 3.5 assumes that
all the measures are ﬁnite, whereas others assume that at least one measure
is inﬁnite. Second, Theorem 3.7 is not implied by the two in Toda (2009)
)
(∑
I
C
because the latter two assume
i=1 wi co Xi,p ∩ (−R++ ) ̸= ∅, which the
former does not. Third, Theorem 3.7 does not imply the two in Toda (2009)
because the oﬀer sets are uniformly bounded below in Theorem 3.7 but not
necessarily so in Toda (2009). Finally, the two theorems in Toda (2009) are
clearly independent.
Therefore, we have four diﬀerent existence theorems of statistical equi22

librium and thus the reader is free to choose which one to apply to speciﬁc
models. However, in our view Theorem 3.7 is the most useful because the assumptions are weak as well as economically intuitive, and we generally wish
to allow inﬁnite measures.

3.3

Computation of Statistical Equilibrium
∫

′

Since the exact evaluation of the integral e−ξ x dµi is impossible unless the
oﬀer set Xi = supp µi has a simple structure such as a translation of the
positive orthant RC
+ (or more generally, a polyhedron), Toda (2009) discusses
a numerical algorithm to compute statistical equilibria.
Here we provide a result that is general enough to analyze many economic
situations, yet special enough to obtain the equilibrium in an almost closedform solution. In this case the oﬀer spaces are simplest, namely the product
measure of the counting measure and the Lebesgue measure restricted to
translations of the positive orthant.
Corollary 3.8. Let everything be as in Theorem 3.5. Suppose that for all
i ∈ I and p ∈ ∆C−1 , there exists a point xi,p = (xni,p , xai,p ) ∈ RNi × RAi = RC
with the following properties:
{

}

n
a
i
1. the oﬀer space (Xi,p , µi,p ) has the form Xi,p = (xi,p
+ RN
+ ) × xi,p and
µi,p = µni,p × δxai,p , where µni,p is the restriction of the Lebesgue measure
n
i
on Xi,p
= xni,p + RN
is the counting measure,
+ and δxa
i,p

2. for all p ∈ ∆C−1 , we have
(a) p′ xi,p ≤ 0 for all i ∈ I,
(b) p′

∑I
i=1

wi xi,p < 0.

3. for all i ∈ I, the mapping p 7→ xi,p is continuous.
Then,
• Under assumptions 1, 2a, and 3, E has a statistical equilibrium.
• Under assumptions 1, 2b, and 3, E has a genuine statistical equilibrium
but no degenerate equilibria.
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Furthermore, if Ni ̸= ∅ for some i, then the economic temperature T is ﬁnite
∑
and the equilibrium can be obtained by solving the C +1 equations C
c=1 pc = 1
and
∀c ∈

∪

Ni ,

i∈I

∀c ∈

∩

∑

T

wi = −pc

I
∑

wi xic,p ≤ 0, pc ≥ 0, pc

i=1

i∈I

(3.15a)

wi xic,p ,

i=1

i:c∈Ni

Ai ,

I
∑

I
∑

(3.15b)

wi xic,p = 0,

i=1

with C + 1 unknowns p ∈ ∆C−1 and T ≥ 0. In particular, if Ai = ∅ for all
i ∈ I (thus all agent types are non-atomic for all commodities), then (3.15)
becomes
∀c,

T = −pc

I
∑

wi xic,p .

(3.16)

i=1

Proof. If Ni = ∅ for all i ∈ I, we can easily verify that E satisﬁes all assumptions of Theorem 3.5. (The least obvious assumption is the uniform
boundedness assumption 3, but this follows from assumption 3 and the compactness of ∆C−1 .) If Ni ̸= ∅ for some i ∈ I, E satisﬁes all assumptions
of Theorem 3.7. Thus, in either case there exists a statistical equilibrium.
In the case of a degenerate equilibrium, (3.15) holds by setting T = 0. In
the case of a genuine equilibrium, let p and π be the equilibrium scarcity
parameter and entropy price, respectively. The log-partition function is
Qp (ξ) =

I
∑



wi log 

i=1

=

I
∑



wi log 

i=1

=−

I
∑
i=1



∏ ∫
c∈Ni

∞

xic,p

∏ 1
c∈Ni

ξc

wi ξ ′ xi,p +

e−ξc xc dxc ×

∏
c∈Ai

e−ξc xic,p ×

∏



e−ξc xic,p 


e−ξc xic,p 

c∈Ai

∑



log ξc  .

(3.17)

c∈Ni

If Ni ̸= ∅ for some i, then by (3.17) we have Qp (0) = ∞. Thus, the economic
temperature deﬁned by π = T1 p must be ﬁnite. Then, (3.15) can be obtained
by applying the Karush-Kuhn-Tucker theorem to the minimization of Qp (ξ)
subject to ξ ≥ 0 and using the relation π = T1 p or 1/πc = T /pc imposed by
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Deﬁnition 2.3.
∑

Since Ii=1 wi xic,p is the inﬁmum average transaction of commodity c,
(3.16) implies that the value of the inﬁmum average transaction evaluated
at the equilibrium scarcity parameter p is common across all commodities
and that their absolute values are equal to the economic temperature. If
T = 0, then (3.15) is the condition of degenerate statistical equilibrium.
Hence degenerate equilibria are indeed “degenerate” in the sense that the
economic temperature is lowest, namely absolute zero.

3.4

Relationship between Walrasian and Statistical Equilibria

Now we are ready to answer the deep question: how are Walrasian and statistical equilibria related? Although Corollary 3.9 below is almost trivial by
Theorem 3.5, it has a strong philosophical implication: Walrasian equilibrium
theory is contained in statistical equilibrium theory.
Corollary 3.9. A Walrasian equilibrium is a statistical equilibrium. More
precisely, let E = {I, {ui } , {ei }} be an endowment economy, where ui : RC
+ →
R is a continuous, locally non-satiated utility function of type i agents (with
ratio wi > 0), and the endowments satisfy ei ≫ 0 for all i. Then,
1. there exists a statistical economy E ′ such that all Walrasian equilibria
of E are statistical equilibria of E ′ ,
2. the existence of Walrasian equilibria can be shown by using statistical
equilibrium theory.
Proof. Take b > 0 such that

∑I

i=1 ei

≤ b1. Let Xb = [0, b]C and

{

}

Xi,p = y ∈ Xb : ui (y) ≥ ′max′ ui (x) − ei
p x≤p ei

be the set of transactions that make type i agents at least as well oﬀ as the
best consumption bundle under the budget constraint. Obviously, Xi,p is a
compact set contained in [−b, b]C and the correspondence p 7→ Xi,p is closed.
25

Let µ be the Lebesgue measure on RC and deﬁne µi,p by dµi,p = χXi,p dµ,16
so µi,p is the restriction of the Lebesgue measure on Xi,p . Then, E ′ =
{I, {wi } , {µi,p }} is a statistical economy.
Now, any Walrasian equilibrium of E is a degenerate statistical equilibrium of E ′ by Deﬁnition 2.3, for in Walrasian equilibrium the price of the
commodity in excess supply must be zero, and by local non-satiation agents
must spend all their income. Thus, the ﬁrst part of Corollary 3.9 is shown.
For the second part, since all agent types are non-atomic, assumptions 2
and 5 of Theorem 3.5 are trivial. Assumption 3 follows from Xi,p ⊂ [−b, b]C ,
and assumption 4a is satisﬁed because the value of the Walrasian demand
is at most the budget. Assumption 7 is satisﬁed since the correspondence
p 7→ Xi,p is closed and Xi,p is compact. Since ui is locally non-satiated, the
indiﬀerence curve has measure zero, so χXi,p is continuous in p for µ-a.e. x,
thus assumption 6 is satisﬁed.
Since all assumptions of Theorem 3.5 are satisﬁed, there exists a statistical
equilibrium. Independent of whether the equilibrium is degenerate or not,
the aggregate average transaction is nonpositive and the average transaction
of type i agents belongs to Xi,p because Xi,p is compact. These points clearly
deﬁne a Walrasian equilibrium.
An alternative proof of Corollary 3.9 is to introduce atomic agents whose
oﬀer sets are the Walrasian excess demand functions (assuming they are
unique) and apply Corollary 3.8. This proof is essentially identical to the
standard ones as in Debreu (1987).
As is obvious by Corollary 3.9, we made no convexity assumptions in
establishing the existence of statistical equilibria. Therefore, in proving the
existence of Walrasian equilibria, we may completely dispose of convexity
provided that the number of agents within each type is suﬃciently large: in
fact, by Carathéodory’s theorem, it suﬃces to have at least C + 1 agents in
each type.
This result neither implies nor is implied by the result of Aumann (1966).
Our result rests on the assumption of a ﬁnite number of types, which Aumann
16

χA denotes the characteristic function of A.
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(1966) does not assume; on the other hand, we do not need the assumption
of preference saturation that Aumann (1966) requires.

4

Applications

In this section, we provide a few applications of statistical equilibria.

4.1

Information Centralization as Government’s Role

The commodity space is RC . There is only one agent type, consumers with
initial endowment e ∈ RC
++ and Cobb-Douglas utility function u(x1 , . . . , xC ) =
∑C
∑C
c=1 αc log xc , where αc > 0 and
c=1 αc = 1. The Walrasian demand given
∑
αc w
price p is obviously xc (p) = pc , where w = C
c=1 pc ec denotes the wealth.
Let 0 ≤ r ≤ 1 be the “safety margin” and deﬁne the oﬀer set by
{

}

Xp = x ∈ RC : ∀c, xc ≥ (1 − r)xc (p) − ec .
That is, the oﬀer set is a translation of the positive orthant RC
+ and agents
perceive the possibility of trading quantities smaller than the Walrasian demand by the factor 1 − r due to uncertainty, limited liquidity, or whatever
reasons. Assume that the measure is the Lebesgue measure restricted on Xp .
This example satisﬁes all assumptions of Corollary 3.8.17 By (3.16), we
obtain
∀c, T = −(1 − r)αc w + pc ec .
(4.1)
Summing up (4.1) with respect to c and using the deﬁnition of w, we obtain
∑
T = rw
. Substituting this back into (4.1) and using C
c=1 pc = 1, we ﬁnally
C

17

Strictly speaking, the oﬀer set is not well-deﬁned when pc = 0 for some c but it is easy
to justify by a “box argument” as in the proof of Corollary 3.9.
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get
[

w=

(
C
∑
1 r
c=1

ec

C

+ (1 − r)αc

rw
,
C(
)
1 r
pc =
+ (1 − r)αc w.
ec C
T =

)]−1

,

(4.2a)
(4.2b)
(4.2c)

As r tends to 0, by (4.2), both w and p are of the order O(1) and T = O(r).
The entropy price π = T1 p is O(r−1 ). Since the equilibrium distribution
′
is exponential with the exponent e−π x , its variance is of the order O(r2 ).
Hence the smaller the “safety margin” r is, i.e., the less uncertain and the
more liquid the economy, the smaller horizontal inequality. In the limit of
r → 0, the equilibrium distribution converges in probability to the Walrasian
transaction and horizontal equality is attained.
This simple example has an interesting policy implication. It is a common
practice in many countries to impose progressive income tax to mitigate the
unequal distribution of wealth, but according to statistical equilibrium theory, horizontal inequality is a necessity in an economy with some uncertainty
or limited liquidity, in which the oﬀer sets diverge from the “ideal” Walrasian
ones. If we were to believe statistical equilibrium theory, redistributive tax
policies fail to achieve their objectives.
If a government seeks to reduce horizontal inequality, there are two solutions. The ﬁrst one—which we do not recommend—is to become a totalitarian state and enforce people speciﬁc transactions. The second one is to
gather and publish information so that people can bring their oﬀer sets as
close as possible to the “ideal” situation, that is the Walrasian oﬀer sets.
Thus, from a normative point of view, an important role of the government
is information centralization.
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4.2

Gamma Distribution as a Model of Income Distribution

Let RC be the commodity space and assume that one of the agent types is
consumers. Suppose that the consumers’ oﬀer set is the positive orthant RC
+
and the measure is
µ(dx) = xα1 1 xα2 2 · · · xαCC dx1 dx2 · · · dxC ,
the Lebesgue measure multiplied by the power function. Then the partition
function is
Z(ξ) =

C ∫
∏
c=1 0

∞

xαc c e−ξc xc dxc =

C
∏

ξc−1−αc Γ(1 + αc ).

c=1

Hence, the density of the equilibrium distribution of transactions for consumers (with respect to the Lebesgue measure) is
C
dµ ∏
πc1+αc
h(x)
=
xαc e−πc xc ,
dx c=1 Γ(1 + αc )

(4.3)

the gamma density, where π is the entropy price. Since the expression (4.3) is
multiplicatively separable, the distribution of transactions of any commodity
is again a gamma distribution and is independent from other commodities.
Thus, in an empirical study we may sometimes separate one commodity
market from others and perform a partial equilibrium analysis.
The gamma distribution has been documented to ﬁt the income distribution well (Salem and Mount, 1974), which can also be seen in Figure 1.18
In Silver et al. (2002), the equilibrium distribution of transactions between
agents with Cobb-Douglas preference becomes a gamma distribution, but this
is an agent-based model. In contrast, our theory has a ﬁrm micro-foundation
and yet deduces the same result.

18

The gamma density in Figure 1 has been estimated by maximum likelihood.
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5

Conclusion

We reformulated the concept of statistical equilibrium advanced by Foley
(1994); Toda (2009), proved its existence and showed that it is “general general equilibrium.” Our theory potentially has a broad range of applicability
because: our formulation of statistical equilibrium theory is abstract; the
assumptions to ensure the existence of equilibria are weak as well as economically intuitive; there exists a simple algorithm to numerically obtain
the equilibria as proposed in Toda (2009); our theory contains Walrasian
equilibrium theory as a special case.
Although statistical equilibrium theory (statistical economics) is more
general than Walrasian equilibrium theory (neoclassical economics), this fact
of course does not invalidate the use of Walrasian equilibrium theory. For
instance, neoclassical economics provides us with strong positive results such
as the Pareto eﬃciency of equilibria. Therefore, the two ﬁelds simply have
diﬀerent philosophies and should be applied wisely depending on the problem
at hand.
A natural future research topic is to test statistical equilibrium theory
empirically. In Section 4, we suggested that the equilibrium distribution for
consumers be gamma. Since all equilibrium distributions (not necessarily the
gamma distribution) arising in statistical equilibrium theory belong to the
exponential family, the parameters can be easily estimated by maximum likelihood. Since Walrasian equilibrium theory has no predictive power regarding the distribution of outcome (e.g., income), statistical equilibrium theory
has stronger implications in comparative statics, which can be exploited in
empirical analyses.
A challenge of theoretical interest is to provide the micro-micro-foundation
of statistical equilibrium theory. In the present formulation we took entropy
maximization as axiom, but under what conditions do the ergodic distributions (of, say, a Markov chain) become the entropy-maximizing ones? A
diﬀerent but related theoretical issue is to consider a tâtonnement process
converging to the equilibrium. Since the log-partition function Q(ξ) is always
convex, we can expect such a process to converge globally. If this could be
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done, we will not only obtain another computational algorithm but also a
constructive proof of the existence of equilibria as hinted in Toda (2009).
We can introduce time and make the economy dynamic. Consider an
economy with a single agent type that lives to the next period with probability β < 1. Let Ωt be the information set at t. Then, the dynamic entropy
maximization program can be written in the form
{

H(Ωt ) = max −
h

}

∫

h log hdµt + β E[H(Ωt+1 )|Ωt ] .

As such, we can possibly deﬁne a concept that should be naturally called
recursive statistical equilibrium. Since the introduction of time necessarily
makes the number of commodities inﬁnite, yet another important issue is to
prove the existence of equilibria in economies with inﬁnitely many commodities. Methods as in Bewley (1972) might be helpful.

A

Review of Information Theory

A good starting point to expose oneself to the materials of information theory
that is related to statistical equilibrium theory is Chapters 2, 3, 12 of Cover
and Thomas (2006). In the information theory literature, the entropy of a
discrete distribution p = (p1 , . . . , pn ) is deﬁned by
H(p) = −

n
∑

pi log pi

(A.1)

i=1

and the entropy of a continuous distribution with probability density function
f (x) is deﬁned by
∫ ∞
H(f ) = −
f (x) log f (x)dx,
(A.2)
−∞

if the integral converges. (It is customary to deﬁne 0 log 0 = 0.) Although in
practice discrete or continuous distributions are most often used, there are
other probability distributions. Hence, if µ is a measure and P is a probability
measure that is absolutely continuous with respect to µ, we say that the
Radon-Nikodym derivative f = dP
is the probability density function of
dµ
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P with respect to µ, and we deﬁne the entropy of P (with respect to the
reference measure µ) to be
H(f ) = −

∫

f log f dµ,

(A.3)

if the integral converges. Obviously, (A.1) and (A.2) are special cases of (A.3)
when µ is either the counting measure or the Lebesgue measure on R.
For the time being assume that X1 , . . . , Xn are discrete i.i.d. random
variables with probability mass function p(x). By the law of large numbers, we can relate the logarithm of the joint probability p(X1 , . . . , Xn ) =
p(X1 ) · · · p(Xn ) to the entropy as
n
1
1∑
a.s.
− log p(X1 , . . . , Xn ) = −
p(Xi ) −−→ − E[log p(X)]
n
n i=1

=−

∑

p(x) log p(x) = H(p).

x

Hence we deﬁne the set
{

A(n)
ϵ

1
:= (x1 , . . . , xn ) : H(p) + log p(x1 , . . . , xn ) < ϵ
n

}

to be the typical set. Letting H = H(p), we can show (see Cover and
Thomas (2006) for details) that the number of elements in the typical set is
approximately enH . Hence the maximum entropy principle can be interpreted
as making the typical set as large as possible or obtaining the macrostate that
has the most microstates.

B

Mathematical Appendix

Lemma B.1. Let us deﬁne 0 · (±∞) = 0. Then, for all a, x ≥ 0, we have
x − a log x ≥ a − a log a with equality if and only if x = a.
Proof. If a = 0, the claim is obvious by deﬁnition. If a > 0, let f (x) =
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x − a log x. Obviously, f (0) = ∞ and f is C ∞ on (0, ∞). Since
(

f ′′ (x) = 1 −

a
x

f is strictly convex. Since f ′ (a) = 1 −
at x = a. Therefore,

)′

a
a

=

a
> 0,
x2

= 0, f attains its unique minimum

x − a log x = f (x) ≥ f (a) = a − a log a.
Proposition B.2. Let µ be a regular Borel measure on RC such that µ(RC ) >
0. Then,
(∫
)
−ξ ′ x
f (ξ) := log
e
µ(dx)
is convex and lower semi-continuous.
Proof. See Proposition B.4 in Toda (2009).
Proposition B.3. Let µ be a regular Borel measure on RC such that µ(RC ) >
∫
′
0 and supported on X = supp µ. If e−tξ x dµ < ∞ for some t > 0, then
1
log
t→∞ t

(∫

lim

)

′

e−tξ x dµ = − inf {ξ ′ x : x ∈ X} .

Proof. The proof consists of two steps.
{

{

}

}

Step 1. For all ξ ∈ RC , let v(ξ) = inf c : µ( x ∈ RC : ξ ′ x ≤ c ) > 0 .
Then,
(∫
)
1
−tξ ′ x
lim log
e
dµ = −v(ξ).
(B.1)
t→∞ t
{

}

Let En = x ∈ RC : ξ ′ x ≤ n . If µ(En ) = 0 for all n, then
∪∞

µ(RC ) = µ (

n=1

En ) = lim µ(En ) = 0,
n→∞

which is a contradiction. Therefore µ(En ) > 0 for some n, hence v(ξ) < ∞.
Let us prove (B.1) when v(ξ) > −∞. Let v = v(ξ) ∈ R and deﬁne
{

}

{

}

{

}

1
X = x ∈ R : ξ x ≥ v , X = x ∈ R : ξ x < v , Xn = x ∈ R : ξ x ≤ v −
.
n
+

C

′

−

C
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′

C

′

∪

Since X − = ∞
n=1 Xn and µ(Xn ) = 0 by the deﬁnition of v(ξ), we have
−
µ(X ) = 0. Obviously, X ± are disjoint and X + ∪ X − = RC , so µ(X + ) =
∫
′
µ(RC ) > 0. Fix t0 > 0 such that e−t0 ξ x dµ < ∞. Then, for all t > 0 we
obtain
∫
∫
′
−tξ ′ x
−tv
e−t(ξ x−v) dµ.
(B.2)
e
dµ = e
X+

Denote the integral over X + in (B.2) by I(t). Since ξ ′ x ≥ v for x ∈ X + ,
′
e−t(ξ x−v) is decreasing in t, so I(t) is decreasing in t. (In particular, 0 <
I(t) < ∞ for t ≥ t0 .) Hence for t ≥ t0 we obtain
1
log
t

(∫

e

−tξ ′ x

)

dµ ≤ −v +

1
log I(t0 ).
t

(B.3)

Letting t → ∞ in (B.3), we obtain
1
lim sup log
t→∞ t

(∫

−tξ ′ x

e

)

dµ ≤ −v.

(B.4)

Take any ϵ > 0 and let A = {x ∈ X + : ξ ′ x ≤ v + ϵ}. By assumption and
{
}
the deﬁnition of X ± , we have µ(A) = µ( x ∈ RC : ξ ′ x ≤ v + ϵ ) > 0. By
taking a compact subset of A if necessary, by the regularity of µ we may
assume 0 < µ(A) < ∞. Therefore we obtain
1
log
t

(∫

−tξ ′ x

e

)

(

)

∫
1
′
−t(v+ϵ)
dµ ≥ log e
e−t(ξ x−v−ϵ) dµ
t
A
1
≥ −(v + ϵ) + log µ(A).
t

(B.5)

Letting t → ∞ in (B.5) and noting that ϵ > 0 is arbitrary, we obtain
1
lim inf log
t→∞ t

(∫

−tξ ′ x

e

)

dµ ≥ −v.

(B.6)

By (B.4), (B.6), we obtain (B.1).
If v(ξ) = −∞, for arbitrary n > 0 deﬁne Xn = {x ∈ X : ξ ′ x < −n}. By
the deﬁnition of v(ξ), we have µ(Xn ) > 0. Then, we obtain the same result as
(B.5) with A replaced by Xn and v + ϵ replaced by −n. Since n is arbitrary,
(B.1) is obvious.
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Step 2. For all ξ ∈ RC , we have v(ξ) = inf {ξ ′ x : x ∈ X}.
Let u(ξ) = inf {ξ ′ x : x ∈ X}. For all ϵ > 0, there exists an x0 ∈ X
such that u(ξ) + ϵ > ξ ′ x0 . Since ξ ′ x is continuous in x, there exists an
open neighborhood U of x0 such that x ∈ U implies ξ ′ x < u(ξ) + ϵ. Since
µ(U ∩ X) > 0 by assumption, it follows that v(ξ) ≤ u(ξ) + ϵ. Since ϵ > 0 is
arbitrary, we obtain v(ξ) ≤ u(ξ).
On the other hand, by the deﬁnition of v, we have µ({x ∈ X : ξ ′ x ≤ v(ξ) + ϵ}) >
0. In particular, there exists an x0 ∈ X such that ξ ′ x0 ≤ v(ξ) + ϵ. Therefore,
u(ξ) = inf {ξ ′ x : x ∈ X} ≤ ξ ′ x0 ≤ v(ξ) + ϵ.
Since ϵ > 0 is arbitrary, we obtain u(ξ) ≤ v(ξ). Therefore u(ξ) = v(ξ).
Proposition B.4. Let (X, µ) be a measure space and Y be a separable topological space. Let f : X × Y → R ∪ {±∞} be such that for all y ∈ Y , f (·, y) :
X → R∪{±∞} is measurable, and for µ-a.e. x ∈ X, f (x, ·) : Y → R∪{±∞}
is lower semi-continuous. Then, g(x) = supy∈Y f (x, y) is measurable.
Proof. Let D be a countable dense subset of Y and deﬁne h(x) = supy∈D f (x, y).
Since D is countable, h is measurable. Since D ⊂ Y , we have h(x) ≤ g(x).
Therefore, in order to show that g is measurable, we only need to show that
g(x) ≤ h(x) µ-a.e. Fix any x ∈ X such that f (x, ·) is lower semi-continuous
and take any ϵ > 0. The set U = {y ∈ Y : f (x, y) > g(x) − ϵ} is open because f (x, ·) is lower semi-continuous and is nonempty by the deﬁnition of
g. Since D ⊂ Y is dense, there exists y1 ∈ U ∩ D. Therefore,
g(x) − ϵ < f (x, y1 ) ≤ h(x),
so letting ϵ → 0 we obtain g(x) ≤ h(x).
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