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Abstract
This paper studies a class of linear panel models with random coefficients. We do not restrict
the joint distribution of the time-invariant unobserved heterogeneity and the covariates. We
investigate identification of the average partial effect (APE) when fixed-effect techniques cannot
be used to control for the correlation between the regressors and the time-varying disturbances.
Relying on control variables, we develop a constructive two-step identification argument. The
first step identifies nonparametrically the conditional expectation of the disturbances given
the regressors and the control variables, and the second step uses “between-group” variations,
correcting for endogeneity, to identify the APE. We propose a natural semiparametric estimator
of the APE, show its

?n

asymptotic normality and compute its asymptotic variance. The

estimator is computationally easy to implement, and Monte Carlo simulations show favorable
finite sample properties. Control variables arise in various economic and econometric models,
and we provide variations of our argument to obtain identification in some applications. As an
empirical illustration, we estimate the average elasticity of intertemporal substitution in a labor
supply model with random coefficients.
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Introduction

This paper considers a random coefficient panel model whose outcome equation is
yit

 x1it µi

αi

it ,

i ¤ n, t ¤ T,

(1)

where the impact of the vector xit of covariates on a scalar dependent variable yit is linear in µi ,
vector-valued time-invariant unobserved heterogeneity. The scalar it is a time-varying disturbance.
We assume that the number of periods T is fixed and the number of units n is large. We adopt a fixed
effect approach, that is, we do not impose assumptions on the joint distribution of pµi , pxit qt¤T q.
This positions (1) in the class of correlated random coefficient (CRC) models.
In this class of models, one parameter of interest is the average partial effect (APE). The
APE is defined in Wooldridge (2005b) as Eq rB Epyt |xt , qt q{B x|xt x̄ s, where the outer expectation
is over the vector of unobservables qt

 pµ, α, tq.

It is an average of the partial effect of xt on

yt over the distribution of the unobserved heterogeneity qt . In the correlated random coefficient

model (1), the average partial effect is equal to Epµq. A discussion of the APE in CRC models

can be found in Graham and Powell (2012). As they highlight, identifying the average partial
effect is not a straightforward task because regressors and unobserved heterogeneity are potentially
correlated. For instance, a linear least squares regression computed with a single cross-section will
not consistently estimate Epµq.
Various versions of (1) are studied in Mundlak (1978), Chamberlain (1992), and more recently in
Arellano and Bonhomme (2012) and Graham and Powell (2012). Chamberlain (1992) identifies the
average partial effect when some of the coefficients are known to be deterministic, hence constant
across individuals, and the number of periods is strictly greater than the number of regressors. His
identification method is divided in two steps. The first step exploits within-variation to identify the
common parameters, and in a second step, a between-group regression uses these values to obtain
the APE. This identification argument requires a strict exogeneity condition on the regressors. In
model (1), the strict exogeneity condition can be written Epit |xi1 , ..., xiT q

 01and we argue that

this condition is restrictive. First, note that under the strict exogeneity condition, the covariates

pxitqt¤T can be correlated with the vector of unobservables pαi, µ1i, pitqt¤T q through their correlation
with pαi , µ1i q. This correlation can be controlled for by a fixed effect transformation because pαi , µ1i q
is time-invariant. Loosely speaking, the endogeneity of the model can be “captured by a fixed
effect”. However, in many cases such an assumption does not hold. One such case is the presence
of time-varying omitted variables correlated with the regressors xit and appearing linearly in (1).
1

In a model more general than (1), where the partial derivative B Epy |x, q q{B x depends on the time-varying dis-

turbance, Graham and Powell (2012) allows for a correlation between this disturbance and the regressor xit , but a
marginal stationarity condition must be satisfied.
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Consider for example an assessment of the impact of maternal time input on an outcome variable
measuring child cognitive development, such as test score. This effect may be heterogeneous due to
variation in unobserved skills of the mother. Moreover, the time allocation of the mother may be
correlated with time-varying unobservables, e.g., stress from the workplace, that also affect child
development. In this example, the regressor is correlated with the time-varying disturbance and the
strict exogeneity condition does not hold. This paper seeks to relax the strict exogeneity condition
and to allow for what we call “time-varying endogeneity”.
When instruments satisfying an orthogonality condition are available, one might be tempted to
estimate the average effect using a fixed-effect instrumental variables estimator or a first-difference
instrumental variables estimator (see, e.g, Wooldridge, 2010). But due to the randomness of the
unobserved effect and its potential correlation with the regressors and the instrument, this estimator
will be asymptotically biased. Counterfactual computations based on this estimator will be biased
as well. The core idea of this paper is to use the control function approach (CFA) to control for
endogeneity. More specifically, we assume the existence of control variables such that, conditional on
the control variables at all time periods, the time-varying disturbance at time t is conditionally mean
independent of the regressors at all time periods. Under this assumption, we show identification of
the average partial effect using a two-step approach. We provide a consistent estimator.
Section 2 lays out the two steps of the identification argument. The first step exploits the time
variation of the regressors for each individual and “differences away” the individual unobserved heterogeneity in order to nonparametrically identify the conditional expectation of the disturbances
given regressors and control variables. The second step corrects for endogeneity using the nonparametric function identified in the first step and uses “between-group” variation to identify the
average effect. Because this procedure suffers from the curse of dimensionality, we adapt the identification argument to the case where some of the endogenous regressors are known to have constant
coefficients. We also adapt it to the case where the number of periods is larger than the minimum
number required for identification.
In Section 3, we illustrate the usefulness of this identification argument. It is valid in a model
with time-varying omitted variables, and we discuss a model of a heterogeneous production function
as an application. Additionally, our approach to identification relies on the existence of control
variables but does not use their exact specification. This information is in fact not part of the
model under study. We argue that thanks to this flexibility, the two-step argument can be applied
to variations of model (1) and is not limited to endogeneity due to time-varying omitted variables.
A similar argument allows us to identify the average effect in models where the current value of the
regressor is affected by the outcome in the previous period. Thus, we relax the strict exogeneity
condition maintained in the literature. We also adapt our two-step approach to panel models with
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random coefficients where sample selection is a source of endogeneity.
The identification argument is constructive, and its structure suggests a natural multi-step estimator. We define the estimator in Section 4 and study its asymptotic properties in Sections 5
through 7. The steps are as follows. We construct first estimates of the control variables, then
we estimate nonparametrically the conditional expectation of the time-varying disturbance given
the regressors using nonparametric sieve regressions. Finally, we estimate the average effect with
a sample analog of the “between-group” regression. The derivation of the asymptotic properties
of our estimator is challenging due to the presence of nonparametric regression estimators using
nonparametrically estimated regressors. This relates to a broad literature on estimation with generated covariates in which to our knowledge, there are no results on the asymptotic distribution of
sample moments depending on nonparametric two-step sieve estimators. We therefore prove that
the estimator is consistent and asymptotically normally distributed. This estimator is computationally easy to implement as it uses closed-form expressions and does not require optimization.
Monte Carlo simulations show favorable finite sample properties in Section 8.
Section 9 turns to an empirical illustration. Using the Panel Study of Income Dynamics, we
estimate the average elasticity of intertemporal substitution in a labor supply model with random
coefficients.
We review here the literature this paper is connected to. Linear panel models with random coefficients, such as (1), are sometimes refered to as models with individual-specific slope
or variable-coefficient models. They are surveyed for example in Wooldridge (2010) and Hsiao
(2014). Wooldridge (2005a) shows that consistency of the standard fixed-effects estimator in these
models require the random coefficients to be mean independent of the detrended regressors. Important recent results on correlated random coefficient panel models are in Arellano and Bonhomme
(2012) and Graham and Powell (2012). Both papers build upon Chamberlain (1992), which studies
efficiency bounds in semiparametric models. As an example, Chamberlain (1992) derives the semiparametric variance bound of the APE in a correlated random coefficient model and provides an
efficient estimator. Arellano and Bonhomme (2012) investigate a model very similar to (1) under
strict exogeneity. They obtain identification of the variance and of the distribution of the unobserved effect by leveraging information on the time dependence of the time-varying disturbances.
They require that the number of periods be strictly greater than the number of regressors (including a constant if any), an assumption that we maintain. On the other hand, Graham and Powell
(2012) focus on identification of the APE when T is exactly equal to the number of regressors. In
this case, identification is irregular and the method developped in Chamberlain (1992) cannot be
applied. They develop an alternative identification argument and construct an estimator. Another
example of a fixed effect approach in panel data is Evdokimov (2010) which studies identification
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and estimation of a model where the outcome variable depends nonparametrically on regressors
and scalar time-invariant unobserved heterogeneity. Alternatively a correlated random effect approach imposes restrictions on the conditional distribution of the unobserved heterogeneity given
the regressor. Examples are Altonji and Matzkin (2005) and Bester and Hansen (2009).
As stated earlier, papers studying correlated random coefficients do not allow for time-varying
endogeneity. To the best of our knowledge, we are the first to prove identification of the APE in
CRC models with time-varying endogeneity. However the use of exclusion restrictions or of the
control function approach (see, e.g, Newey, Powell, and Vella, 1999, Blundell and Powell, 2003)
in models with random coefficients is not new. Cross section models include Wooldridge (1997),
Wooldridge (2003) and Heckman and Vytlacil (1998). They impose an exclusion restriction on the
random coefficient and homogeneity conditions on the impact of the instruments on the regressors,
and identify the average treatment effect. More recently, Masten and Torgovitsky (2016) specify a
nonseparable dependence between the regressors and control variables. An analogous approach in a
panel model is employed in Murtazashvili and Wooldridge (2016) which studies a random coefficient
model with endogenous regressors and endogenous switching. Additionally, Murtazashvili and
Wooldridge (2008) show that the fixed-effect instrumental variables estimator is consistent only
under a similar set of assumptions. Exploiting the panel aspect of the data to “difference away”
the time-invariant unobserved heterogeneity allows us to avoid imposing such restrictions on the
joint distribution of the unobserved heterogeneity, the regressors, and the instruments.

2

Model and Identification

The following section sets up the model and the control function approach. Section 2.2 lays out the
identification argument, imposing an invertibility condition which is then studied in more details
in Section 2.3. Finally in Section 2.4, we show how to improve upon the identification method in
some cases where more is known about the data generating process.

2.1

Model

We restate the model we consider in this paper. For a sample of units indexed by i, for i ¤ n, the

outcome variable in period t, for t ¤ T , is given by
yit
where xit

P Rd

x

 x1it µi

αi

it ,

is a vector of observed variables, it is a time-varying disturbance, and µi is a

time-invariant vector which represents individual unobserved heterogeneity. We consider the case
where T is fixed and n large, and we assume T

¥ dx
5

2. Denoting by yi

 pyi1, .., yiT q1 the vector

 pxi1, .., xiT q1 the matrix of regressors, and i  pi1, .., iT q1 the vector of
error terms, we can rewrite (1) as yi  Xi µi αi 1T i where 1T is the vector of size T composed
of outcomes of unit i, Xi
of ones.
The parameters of interest are the average effects Epµi q and Epαi q. Note that (1) is a particular
case of the model yit

 x̄1it βi

it with x̄it

 px1it, 1q1 and βi  pµ1i, αiq1.

Arellano and Bonhomme

(2012) study this general model when some of the regressors are known to have homogeneous
impact. One of their objects of interest is the average effect, and their identifying assumption is the
strict exogeneity condition Epit |X̄i , βi q  0. If there is an intercept in the vector of regressors, such

a condition does not restrict the joint distribution of pXi , αi q hence does not preclude endogeneity.
That is, the conditional mean of the additive unobserved error term αi

it given the regressors

is not required to be uniformly zero. However, this correlation cannot be due to the presence
of time-varying omitted variables, as argued in Section 1. We seek to relax this strict exogeneity
condition. We will assume the availability of instrumental variables zit

P Rd

z

satisfying the following

assumption, where we write Zi for the individual matrix of instruments and xit,d for each scalarvalued regressor so that xit

 pxit,dqd¤d

x

.

Assumption 2.1.
1. pXi , Zi , i , µi , αi q is i.i.d. accross i, and (1) holds with Epit q

 0.

For all d

¤ dx, xit,d is a

continuous random variable,
2. For each t

¤ T , there exists an identified function Ct such that, defining vit  Ctpxit, zitq P

Rdv ,

Epit | xi1 , ..xiT , vi1 , ..viT q  ft pvi1 , ..viT q.

Assumption 2.1 (2) is a control function approach (CFA) assumption and vit is a control variable.
Besides its panel aspect, this assumption is similar to the condition imposed in Newey et al. (1999)2 .

 pvi11 , ..viT1 q1. If for all t ¤ T , a cross section control function assumption is satisfied,
that is, Epit |xit , vit q  ht pvit q, and if pxit , it , vit q is i.i.d. over both i and t, then Assumption 2.1
(2) is satisfied with ft pVi q  ht pvit q. Note that we normalized Epit q  0 so Epft pVi qq  0 for all
t ¤ T . This is without loss of generality since a constant is not separately identifiable from Epαi q.
Define Vi

Control variables satisfying Assumption 2.1 (2) are typically provided by a first-step selection
equation. We will provide a few examples of such selection equations in Section 3. We mention here
a particular case of primary interest that will be our baseline model for the estimation. Consider
yit
2

 x1it 1 µ1i

x2it 1 µ2i

it ,

A slight difference is that they impose Epi |zi , vi q

variables in the conditioning set.

(2)

 f pvi q in a cross section regression, without endogenous
Their definition of the control variable as vi  xi  Epxi |zi q implies Epi | xi , vi q 

f pvi q, which is a cross section version of the condition we impose.

6

x2it
where x1it

P Rd

1

 Epx2it|x1it, zitq

vit ,

Epi |Vi , Xi q  f pVi q,

is the vector of exogenous regressor and x2it

P Rd

2

can be endogenous. We can

 px1it 1, x2it 1q1, µi  pµ1i 1, µ2i 1q1 and vit P Rd as
defined. Then Assumption 2.1 (2) is satisfied with Ct px, z q  x2  Epx2it |x1it  x1 , zit  z q. The
control variables in this model is the residual of the regression of x2it on px1it , zit q. Note that another

rewrite (2) as (1) taking dx to be d1

d2 , xit

2

choice of control variable studied in Blundell and Powell (2003) and Imbens and Newey (2009) is
vit

 Fx |x ,z px2it|x2it, zitq, and in that case vit P R.
2

1

Note 2.1. Unlike this particular case, Model (1) and our general definition of the control variables as

 C pxit, zitq in Assumption 2.1 (2) do not make explicit which of the regressors are endogenous.
Nor does the condition Epit | Xi , Vi q  ft pVi q. Our general identification results will not distinguish
vit

endogenous from exogenous variables as this information is embedded in the specific definition of
the control variables, which is determined outside of the model. This deliberate lack of precision
is offset by a gain in flexibility and we will present in Section 3 a variety of specifications to which
our identification argument applies.

 it  ftpViq and ui  pui1, .. , uiT q1. By Assumption 2.1,
Epui |Xi , Vi q  0. We also write f pVi q  pf1 pVi q, .. , fT pVi qq1 , where Vi is of dimension pT dv q. The
vector of primitives for each unit i is Wi  pXi , Zi , Vi , µi , ui q.
Time differencing: Define uit

The model (1) can be rewritten
yit

 x1it µi

ft pVi q

αi

uit .

The extra term ft pVi q captures the “time-varying endogeneity”: it is an unobserved time-varying
ft pVi q is composed of

random variable correlated with the regressors. The random variable αi

two unobserved elements. First, αi , which is time invariant but varies accross individuals. Second,
ft pVi q, which varies with both i and t

¤ T.

Thus for any νi random variable such that Epνi q

 0,

the model with αi and pf pVi qqt¤T is observationally equivalent to a model where αi is replaced with
αi

νi  Epνi |Vi q and pf pVi qqt¤T is replaced with pft pVi q

Epνi |Vi qqt¤T . Thus, f pVi q and Epαi |Vi q

are not separately identifiable. However,we normalized Epf pVi qq



0, which should intuitively

guarantee that f pVi q and Epαi q are separately identifiable. Our identification procedure will indeed
prove this fact. First, we exploit the time invariance of αi and take time differences to eliminate

this term. We will then later obtain identification of Epαi q using Epf pVi qq

 0.

From now on, we therefore look at a first-differencing transformation of the model, that is, for
t¤T

 1,
yi t

1

 yit  rxi t 1  xits1 µi
yit  xit1 µi gt pVi q
9

9

ft
u9 it ,
7

1

pViq  ftpViq

ui t

1

 uit,
(3)

 yi t 1  yit, xit  xi t 1  xit, gtpViq  ft 1pViq  ftpViq, and uit  ui t 1  uit.
We write the model in vector form, defining Xi  pxi1 , .., xi T 1 q1 a pT  1q  dx matrices, and
the pT  1q 1 vectors yi  pyi1 , .. , yi T 1 q1 , g pVi q  pg1 pVi q, .. , gT 1 pVi qq1 and ui  pui1 , .. , ui T 1 q1 .
By assumption, Epui |Xi , Vi q  0. Equation (3) can be rewritten as
with y9 it

9

9

9

9

9

9

9

9

9

9

9

9

y9 i

 Xiµi

g pV i q

9

u9 i .

(4)

Note 2.2. Assumption 2.1 (2) does not require the regressors to be strictly exogenous. Indeed, the
conditional expectation Epit |Xi , Vi q is allowed to depend on each of the vis , s ¤ T . In Section 3, we
take adantage of this property of Assumption 2.1 (2) and obtain identification in a class of models
similar to (1) without contemporaneous endogeneity but where the strict exogeneity condition does
not hold and only sequential exogeneity is imposed.

2.2

Identification

2.2.1

Two-step identification

For identification, we need to define two matrices. First, the pT  1qpT  1q matrix Mi defined as
Mi

 IT 1  XipXi1Xiq1Xi1
9

9

9

9

if X9 i is of full rank or Mi

9

9

if not, where X9 i is the Moore

 Xi). And second, defined only if Xi has full column rank, the
 pXi1Xiq1Xi1. These matrices are such that MiXiµi  0, and QiXiµi  µi.

Penrose inverse (implying X9 i X9 i X9 i

dx pT  1q matrix Qi

 I  XiXi

9

9

9

9

9

9

9

Our two-step approach will exploit these properties and first use within-group variations with Mi
to identify the function g. Then g will be plugged in in a between-group regression using Qi to

identify Epµi q.

Before explaining the details of the identification method, we mention here some of the limita-

tions of using the matrix Qi . Whether or not X9 i1 X9 i is invertible, Mi is an orthogonal projection
matrix. This implies that the norm of Mi is bounded with probability 1. However, the norm of the
matrix q pX q  pX9 1 X9 q1 X9 is not uniformly bounded as a function of X as can be seen from the fact

that ||q pX q|| goes to infinity as detpX9 1 X9 q Ñ 0. In particular, this implies that the norm of q pX q is

 kx. However the
second step of the identification argument multiplies the vector of outcome variables by Qi  q pXi q.
Taking any expectation to identify the average effect will require that Ep||Qi ui ||q 8. Given the
not bounded when X lies in a compact subset of the space of matrices of size T

9

properties of Qi that we highlighted, this is a strong condition. This issue is discussed in details
in Graham and Powell (2012). A second issue they raise is that in their model the semiparametric
variance bound which depends on Qi might not be bounded as well, implying that Epµi q is not
regularly identified. We acknowledge these issues and proceed in the following way. In this section,
we focus on the identification properties of our model and we assume that the needed moments
are finite. However, since regular identification requires assumptions which might not hold in the
8

data, we point out that Epµi | detpX9 i1 X9 i q ¡ δ q is also identified under standard assumptions and we
suggest an estimator for this parameter, the asymptotic properties of which we will study in more
details using these standard assumptions. Note that this is also the object estimated by Arellano
and Bonhomme (2012).
Assumption 2.2. Ep||u9 i ||q

8, Ep||Qiui||q 8, Ep||QigpViq||q 8, and Ep||pµ1i, αiq||q 8.
9

Note that Assumption 2.2 implicitly imposes a rank condition on the regressors, since for
Ep||Qi u9 i ||q to exist, Qi must be well defined with probability one. That is, X9 i must be of full
column rank with probability one. With expectations now properly defined, since Mi and Qi are
function of X9 i , we use Assumption 2.1 (2) to obtain

 MigpViq Miui, EpMiui|Xi, Viq  0,
 µi QigpViq Qiui, EpQiui|Xi, Viq  0.

Mi y9 i

9

Qi y9 i

(5)

9

9

(6)

9

The role of these matrices is the following. Equation (5) is a within-group transformation that
allows to separate g from µi and to identify it, while equation (6) isolates µi from X9 i and uses the

knowledge of g to identify Epµq by taking population average.
2.2.2

Identification of gt p.q

We start by identifying gt . This function itself is not an object of interest in the model, but the
procedure developed here to identify the average partial effect requires its identification as a first
step. Note that (5) gives
EpMi y9 i |Xi , Vi q  Mi g pVi q,

(7)

 IT 1  XipXi1Xiq1Xi1 is an observed pT  1q  pT  1q matrix function of the matrix
Xi , which is in the conditioning set of the conditional expectation. For V a given value of Vi , g pV q
is a pT  1q  1 vector and our goal is to recover the function g using the conditional expectation.

where Mi

9

9

9

9

However, Mi is singular because it is a projection matrix projecting onto the space orthogonal to
the columns of X9 i . It is therefore not possible to identify g pVi q directly using (7).
Instead of using EpM y9 |X, V q, we focus on k pV q  EpM y9 |V q which satisfies
EpM y9 |V q

 Ep M |V q gpV q  MpV qgpV q,

(8)

 Ep Mi |Vi  V q  Ep M pXiq |Vi  V q  Ep I  XipXi1Xiq1Xi1 |Vi  V q.
If MpV q is invertible for a given value V of Vi , then (8) gives a closed form expression for g pV q.
where we write MpV q

9

9

9

9

9

This suggests the following invertibility condition to obtain identification of the whole function,
Assumption 2.3. The matrix MpVi q is invertible, PV a.s.
9

Note that this assumption is a condition solely on observables, and can therefore be tested using
available data. Under Assumptions 2.1, 2.2 and 2.3, we obtain
g pVi q  MpVi q1 EpMi y9 i |Vi q, PV a.s.

(9)

Intuitively, Assumption 2.3 precludes g pVi q from being of the form X9 i βi and distorting a proper

identification of Epµi q. Indeed, g pVi q

 Xiβi ñ MigpViq  0 ñ MpViqgpViq  0 ñ gpViq  0 by
invertibility of MpVi q, which cannot hold if βi  0. This means that the term Xi µi is separately
identifiable from g pVi q by Assumption 2.3.
Note 2.3. If we did not use time differences, defining apVi q  Epαi |Vi q, M̃i  IT  Xi pXi1 Xi q1 Xi1
and M̃pV q  EpM̃i |Vi  V q, then (8) would become EpM̃i yi |Vi q  M̃pVi qrf pVi q apVi qs EpM̃i rαi 
apVi qsq, where the second term on the RHS is guaranteed to be 0. Hence one cannot use the above
9

9

explained method to identify f
2.2.3

a and must exploit the time invariance of αi .

Identification of average effects

Average partial effect Epµq
Under Assumption 2.1, 2.2 and 2.3, gt p.q is identified for t

¤ T 1

and the matrix Qi is

well-defined with probability 1. Equation (6) implies
µi

 Qiyi  QigpViq 
9

Qi u9 i ,

(10)

where by the law of iterated expectations and Assumption 2.2, EpQi u9 i q  0. This implies
Epµq

 EpQiyi  QigpViqq,

(11)

9

which identifies Epµq because all elements on the right hand side are observed.
Result 2.1. Under Assumptions 2.1, 2.2 and 2.3, the average effect Epµq is identified.
As mentioned in Section 2.2.1, one might be worried that the conditions Ep||Qi u9 i ||q

Ep||Qi g pVi q||q

8 of Assumption 2.2 do not hold.

In this case, we propose an alternative object

of interest which is identified under standard conditions. We define δi
Qδi

 δiQi. Then

Epµ|δ q

8 and

 1pdetpXi1Xiq ¡ δ0q and
9

9

 PpdetpXi1Xiq ¡ δ0q1EpδiQiyi  δiQigpViqq  PpdetpXi1Xiq ¡ δ0q1EpQδi yi  Qδi gpViqq,
9

9

9

9

9

9

(12)
which identifies Epµ|δ q because all the terms on the rightmost side of (12) are identified. The

required conditions are Ep||Qδi u9 i ||q

8 and Ep||Qδi gpViq||q 8, which one can show are satisfied
in particular if Xi has bounded support, Ep||ui ||q 8 and Ep||g pVi q||q 8.
9

10

It remains to identify Epαi q, which we obtain using the variables in period 1. We multiply (10)
with xi1 and substract yi1 ,
yi1  x1i1 µi
The model gives yi1  x1i1 µi

 αi

 yi1  x1i1 rQiyi  QigpViq  Qiuis .
9

it where Epit q

Epαi q  Epyi1

9

 0. Combining the two, we obtain

 x1i1 rQiyi  QigpViqsq,
9

where the right hand side is observable. This identified Epαi q. That is, even if only the difference
gt

 ft 1  ft is identified and not ft for each t, the normalization EpftpViqq  0 identifies Epαiq.
Average effect of an exogenous intervention

Consider a policy intervention that changes xit for each unit i in a given period t. The average
effect of this exterior intervention is an object of interest to analyze such policies and Blundell
and Powell (2003) studies its identifiability in different models when the change in covariates is
exogenous, i.e, independent of the unobservable error terms. The unobservables in the CRC model
we sudy in this paper are pµi , αi , pit qt¤T q, and an exogenous shift can be a variation ∆i independent
of pαi , µi , pit qt¤T q in which case the average impact of the policy is Epµi qEp∆i q. However it

might be of interest to consider policy interventions where the variation ∆ is correlated with xit ,

hence correlated with pµi , αi q while exogenous in the sense that it is independent of pit qt¤T . For

example, consider an exogenous intervention that shifts xit to lpxit q. The average outcome after
this intervention is Eplpxit q1 µi

αi

it q. It depends on the joint distribution of pµi , xit q where µi

is unobservable and could potentially be challenging to obtain since we left this joint distribution
unrestricted. However the second step of the proof of identification derived Equation (10), which
expresses µi as a function of the primitives. Once more it can be plugged in to obtain average
effects. The change in expected outcome is
Eplpxit q1 µi

αi

it  rx1it µi

αi

it sq

 Eprlpxitq  xits1µiq,
 Eprlpxitq  xits1rQiyi  QigpViq  Qiuisq,
 Eprlpxitq  xits1rQiyi  QigpViqsq,
9

where the second equality holds by exogeneity of the change in regressors. All elements in the last
expectation are identified, thus identifying the average change in outcome.

2.3

Invertibility of MpV q

We now provide conditions satisfying Assumption 2.3 under which the matrix MpV q is nonsingular
almost surely in V . We first state a set of high level conditions and prove that they satisfy
11

Assumption 2.3. We will then explore on a case-by-case basis situations in which these high-level
conditions are satisfied. We also provide some extensions. We use the notation Intpq to refer to the
interior of a set, SW |V̄ refers to the support3 of the random variable W conditional on the variable
V taking the value V̄ . Rank pAq refers to the column rank of a matrix A, and pW |V p.|.q is the
conditional density of a random variable W conditional on the variable V .
We will write, for two random variables A and B, SA the support of A and SA|b the support of
the A conditional on B
2.3.1

 b.

High-level Condition

Assumption 2.4. The following holds almost surely in V .


1. Int SX9 |V

 H,

 pe1, .., eT 1q of RT 1 such that for each t ¤ T  1, there exists
such that pX |V pX ptq |V q ¡ 0, Rank pX ptq q  dx and X ptq 1 et  0.

2. There exists a basis e
X9 ptq

P Int



SX9 |V

9

9

9

9

Result 2.2. Under Assumption (2.4), MpV q is nonsingular almost surely in V .

 Ep M |V q  Ep M pX q |V q where we define M pX q  IT 1X pX 1X q1X 1
is an orthogonal projection matrix. M pX q projects onto the space orthogonal to the kx columns of
X, where each column k corresponds to the T  1 values of the scalar r.v xi.,k . By the properties
of orthogonal projection matrices, M pX q  M pX q1  M pX q2  M pX q1 M pX q. This implies that
MpV q  Ep M pX q1 M pX q |V q. Thus, for a given V P SV ,

Proof. Recall that MpV q

9

9

9

9

9

MpV q R GLT 1 pRq

ô Dc P RT 1,
ñ D c P R T 1 ,
ñ D c P R T 1 ,
ñ D c P R T 1 ,

c  0, , MpV q c
c  0,
c  0,
c  0,

0
, c 1 M pV q c  0
, Ep c1 M pX q1 M pX qc | V q  0
, Ep ||M pX q c||2 | V q  0,

and since ||M pX q c||2 is a positive function, this implies that ||M pX q c||  0 with probability 1 on
the support of X9 conditional on V , i.e PX9 |V a.s. That is,
M pX q c

 0,

PX |V -a.s .

This result is very useful here, it implies that if a sum of orthogonal projections of a given vector
x is zero, then each of the orthogonal projections of x is zero. This allows us to exploit variations
3

The support of a continuous r.v Z with density pZ is defined as the closure of the set where pZ takes nonzero

values.

12

9

of X conditional on V , focusing on the kernels of the matrices M pX q to show that the intersections
of all of them as X varies is the trivial set t0u.



P SV satisfying Assumption
2.4 (1) and (2). Int SX |V  H and there

exists a basis e  pe1 , .., eT 1 q and X ptq P Int SX |V such that for each t ¤ T 1, pX |V pX ptq |V q ¡ 0,
Rank pX ptq q  dx and X ptq 1 et  0.
Consider a draw of V

9

9

9

9

9

9

SX |V is a subset of RpT 1qdx , the continuity arguments will therefore be in RpT 1qdx . Fix
X9 ptq is of full column rank kx implies that detpX9 ptq1 X9 ptq q

¤ T  1.

t



0. The determinant

function being continuous, as well as the density pX9 |V p.|V q, this implies that there exists an open


 Int SX |V such that (1) X ptq P Bt, (2) @ X P Bt, pX |V pX |V q ¡ 0, and (3) @ X P
Bt , Rank pX q  kx .
Take c P RT 1 such that MpV qc  0. Then we know that M pX q c  0, PX |V -a.s . Since the
density pX |V p.|V q is strictly positive on Bt , M pX q c  0, for all X in Bt except on a set of measure
0. Additionally, since for all X in Bt , X is of full rank, then M pX q c is a continuous function of
X. Those two facts imply that M pX q c is uniformly 0 on Bt , and in particular, M pX ptq q c  0.
Moreover X ptq 1 et  0 implies M pX ptq qet  M pX ptq q1 et  et . Thus,
ball Bt

9

9

9

9

9

9

9

9

9

9

9

9

9

9

9

@t ¤ T  1,

M pX ptq q c

 0 ñ @t ¤ T  1,
ñ @t ¤ T  1,
ñ c  0.

et1 M pX ptq q c
et1 c

 0,

 ct  0,

Hence MpV q is invertible and this holds almost surely in V .
Note 2.4. In this note, we discuss the conditions imposed in Assumption 2.4.
1. If e is the canonical basis of RT 1 , that is, e1
X9 1 dt



0 is equivalent to xi t

equal, yi t

1

1



 yi t  i t 1  i t and
Epyi t

1

xi t

1

 p1, 0, ..., 0q1, ... and eT 1  p0, ..., 0, 1q1, then

 x̄.

In this case, the terms x1it µi and x1it

1 µi

are

 yi t|xi t  xi t 1  x̄, Vi  V q  ft 1pV q  ftpV q  gtpV q.

The condition pX9 |V pX9 ptq |V q ¡ 0 is similar to a condition in Evdokimov (2010), which studies a
nonparametric panel model with scalar time-invariant unobserved heterogeneity and additively
separable time-varying disturbance. The difference, due to the linear structure of the model we
study here, is that we require this condition to hold only for a finite number of points (T

 1,

exactly) and we do not use these values of x̄ to obtain identification, we simply need their
existence.
2. We impose the full rank condition on the draws X9 ptq to be able to use the continuity of the
function M p.q. Indeed M p.q is not continuous at the points X
13

P SX

such that X is not of full

rank because the Moore Penrose inverse function is not a continuous function. This condition
might look strong and unintuitive. It might seem unnecessary as well, since the invertibility of
MpV q yields identification of g and not of µ; an explicit full rank condition on the regressors
should therefore not be needed. However, note that linear dependence between the regressors is
assumed away in Assumption 2.2 to obtain identification of Epµq in the second step.
3. The existence of a draw X9 ptq such that X9 ptq is of full column rank dx and X9 ptq et
requires the number of columns of X9 ptq to be lower than T

 0 implicitly

 2, i.e dx ¤ T  2 as we imposed.

Moreover, note that if we do not consider a first-differencing transformation of the model and
use a vector form of (1), then the column p1, .., 1q1 is always included in the matrix Mi . This

would imply that the matrix MpVi q is singular.

4. The statement here is about invertibility of MpV q, almost everywhere on the support of V . In
Section 4, we will construct an estimator, and to study its asymptotic properties we will assume
that MpV q is invertible for all V

P SV

to ensure that λmin pMpV qq is bounded away from zero

uniformly in V .
2.3.2

Examples and Variations of the Conditions

Examples

 0. We write
xit  bt pzit q vit . We consider first the scalar case, where xit and zit are real. Write Xi  B pZi q Vi ,
so Xi is a column vector of size T  1.
We focus here on the model (2) when there are no exogenous regressors, i.e, d1

9

9

9

9

Assumption 2.5.
1. Almost surely in V , Int SZ |V



 H,

2. For all t ¤ T , bt is a continuously differentiable function,
3. Almost surely in V , there exists Z̄

P Int



SZ |V such that pZ |V pZ̄ |V q ¡ 0, X9̄

 1, Xt  0 and dbtpz̄itq{dzt  0.
Result 2.3. Under Assumption 2.5, MpV q is nonsingular PV a.s.
and for some t ¤ T

 B pZ̄ q
9

V9

 0,

9̄

Proof. We define for a draw of V and the corresponding Z̄ defined in Condition (3) of Assumption
2.5, an open ball B around X9̄ such that for all X9

P B, X  0 and pX |V pX |V q ¡ 0.
9

9

9

The function

M p.q which maps X to the orthogonal projection matrix projecting onto the space orthogonal to
9 is continuous on B by the same argument as in the proof
the space generated by the columns of X,

of Result 2.2. As in this proof, for c such that MpV qc  0, we have ||Mi c||  0 for all X9
0.

P B.
For this same draw of V and the corresponding Z̄, there exists t ¤ T  1 such that dbt pz̄it q{dzt 
For δ small enough, Z δ  pz̄i1 , .., z̄it1 , z̄it δ, z̄it 1 , .., z̄iT q1 P B. Define X δ  B pZ δ q V . All
9

14

9

components of X9 δ are the same as those of X9̄ but two. Therefore there exists δ such that X9 δ and

 0 implies that c and X are collinear, and
M pX qc  0 also implies that c and X are collinear, which would imply, if c  0, that X and X are
collinear. Therefore c must be 0. This implies that MpV q is nonsingular.
X9̄ are not collinear and X9 δ

 0.

9̄

However M pX9 qc

9

9̄

9̄

9

We now give conditions in the case where xit is vector valued, xit

P Rd

x

and z

P Rd , but where
z

bt is assumed to be a linear function, i.e,
xit
with At of size dx

 dz .

 Atzit

vit ,

Epvit |zit q  0,

(13)

Taking the basis e to be the canonical basis of RT 1 , Condition (2) of

Assumption 2.4 implies that almost surely in V there exists X ptq

P SX | V

such that e1t X9 ptq

for all t ¤ T

1 ) has full rank, implying dz

 0 for all

ptq
t ¤ T , which is equivalent to x9 it  0. In the case of the linear control function approach in (13), it
ptq  A z ptq v9  0,
imposes for almost all draws of V the existence of Z ptq P SZ |V such that At 1 z
it
t

 1, . This condition will be satisfied if At (or At

and if Int Szt |pV,zt



1



it 1

it

¥ dx,

q (or Int Szt 1 |pV,zt q ) is rich enough. A stronger version of these arguments

is the following assumption.
Assumption 2.6.
1. The matrices pAt qt¤T have full column rank,

2. Almost surely in V , for all t ¤ T , Int Szt |pV,zt

1

q



 Rk .
z

Result 2.4. If (13) holds and Assumption 2.6 is satisfied, then Assumpion 2.4 holds.
Note that Condition (2) of Assumption 2.6 does not allow the instrument to be time-invariant.
However identification can still be obtained for a constant instrument and for example one of our
applications in Section 3, studying sequential exogeneity, uses x1 as an instrument for all time

 z does not vary over time in (13), one can see that the condition e1tX ptq  0
vit  0: At 1  At must be of full rank, i.e, At 1 has to be “different
1  At q z
9

periods. If zit
becomes pAt

9

enough” from At . The same intuition applies to our sequential exogeneity example. On the other
hand if At

1

 At, what is needed is that zit 1  zit has rich enough support conditional on V : z

must vary sufficiently over time.
Deterministic relation between regressors
The support condition in Assumption 2.4 does not allow any regressor to be a function of other
regressors. We now show that if some regressors do depend deterministically on others, it is possible
to rewrite the model and obtain sufficient conditions guaranteeing invertibility of the matrix.

15

 px1it, .. , xsit, xsit 1, .. , xdit q, where the first s components of xit do not have functional dependence, while there are dx  s functions plk qs 1¤k¤d such that for s 1 ¤ k ¤ dx ,
xkit  lk px1it , .. , xsit q. We define X s  px1i , .. , xsi q the collection of time differences for the first s
x

We write xit

x

9

9

9

components of xit . With this new setting we can now rewrite Assumption 2.4.
Assumption 2.7. The following holds almost surely in V .


 H,
For all s 1 ¤ k ¤ dx , lk is a continuous function,
For all t ¤ T  1, there exists X ptq such that pX ptq qs P
Rank pX ptq q  dx and X ptq 1 et  0.

1. Int SX9 s |V
2.
3.

9

9

9



Int SX9 s |V , pX9 |V pX9 ptq |V q

¡

0,

9

Note that the support condition is on X9 s while the orthogonality condition is on the whole
9
collection of columns of X.
Assuming full rank implies that the lk functions cannot be linear. The

proof of invertibility of M under Assumption 2.7 follows the same steps as under Assumption 2.4,
using now continuity of the functions plk qs

¤¤

1 k dx .

Discrete distributions
Because of the support conditions they include, the various sets of assumptions we suggested do
not handle the case where the conditional distribution of X given V is discrete. This implies that
if the control variable comes from a selection equation xit

 cpzit, vitq, then zit cannot be a discrete

random variable. It is however possible to extend the previous framework to obtain invertibility of
MpV q when z is a discrete random variable. We point out this compatibility here, which extends
to the overall identification argument, but throughout the rest of the paper we will assume for
convenience that x, z and v are continuously distributed. We assume here that xit

 cpzit, vitq, and

z is a discrete random vector that takes finitely many values. More precisely, we assume that the
vector Zi takes N pV q values with positive probability, conditional on Vi
For each value ZpN q , N

V.

¤ N pV q, we denote by XpN q and MpN q the corresponding matrix of
9

regressors and projection matrix. Using the fact that each MpN q is an orthogonal projection matrix,

we look at the singularity condition on MpV q. For a given V
MpV q R GLT 1 pRq

P SV ,

ô Dc P RT 1, MpV q c  0
ñ D c P R T 1 , c 1 M p V q c  0
¸
ñ D c P R T 1 ,
c1 Mp1N q MpN q c  0
¤ p q

N N V

ñ

Dc P R  ,
T 1

¸

¤ p q

||MpN q c||2  0 ñ @N ¤ N pV q, MpN q c  0.

N N V

An assumption yielding invertibility of MpV q, PV
16

 a.s, is the following.

Assumption 2.8. Almost surely in V ,
For each t ¤ T

 1, there exists NtrV s ¤ N pV q such that Xp1N rV sqdt  0.
9

t

Result 2.5. If Assumption 2.8 holds, then MpV q is nonsingular PV a.s.
The proof of this result follows as in the proof of Result 2.2, without the continuity arguments.
Moreover, we can use the argument of Result 2.3 if xit is scalar: indeed in this case, what is

required for invertibility of MpV q is that there are two draws X9 N 1 and X9 N 2 from the conditional
distribution of X9 given V , such that the intersection of the null spaces of MN 1 and MN 2 , the

corresponding projection matrices, is the trivial set t0u. That is, if xit is scalar, MpV q is invertible

if conditional on V , there are two draws X9 N 1 and X9 N 2 that are not collinear.

2.4

Extensions

2.4.1

Combining random coefficients with common parameters

If it is known to the researcher that the random coefficients associated to some covariates lit

P Rd

l

have a degenerate distribution, we propose a different procedure. Consider the model
yit
where xit

 px1it, x2itq P Rd

x

 lit1 b

x1it µi

2
lit

P Rd

l2

(14)

P Rd are exogenous regressors and x2it P Rd
 plit1 , lit2 q P Rk where lit1 P Rd is exogenous,

where as in Model (2), x1it

are allowed to be endogenous, and we also write lit

it ,
1

2

m

l1

is endogenous.

In what follows we explain how to proceed when lit is either exogenous or endogenous. In the
case where the control variables are the residuals of the regression of x2it , these extensions are useful
for two reasons. First, if all coefficients are assumed heterogeneous, T is required to be greater
than or equal to dx
at least pdl2

d2 qpdx

dl
dl

2, which means that the vector of control variables will be of dimension
2q. V is an argument of the function g which will be nonparametrically

estimated. A high dimension of V is undesirable because of the curse of dimensionality. However
if lit is known to have homogeneous impact, T needs to be higher than pdx

2q which is a less

restrictive requirement. Moreover, the nonparametric regressions necessary to construct g pV q will
only be conditional on the vector of control variables constructed for x2t as our extensions do not
require the construction of control variables for lt2 . We will show that the dimensions of conditioning
sets in that case does not have to exceed d2 pdx

dx

2q (which is reached if T is taken to be exactly

2).
We modify Assumption 2.1 (2) and impose Epit |ZiL , Xi , Vi q

 ftpViq, where as before, Vi is

an identified function of the regressors Xi and the instruments Zi , and ZiL is composed of L1i and
instruments for L2i . The matrices Mi and Qi are the same objects and depend on X9 i .
17

The within-group operation gives
Mi y9 i

 MiLib

Mi g p V i q

9

Mi u9 i , with EpMi u9 i |ZiL , Xi , Vi q  0,

(15)

which implies
EpMi y9 i |Vi q

 E pMiLi|Viq b MpViqgpViq
ñ Mi MpViq1EpMiyi|Viq  Mi MpViq1E pMiLi|Viq b MigpViq,
9

9

9

where the first equality holds by the law of iterated expectations since Mi is function of Xi .

The left multiplication by Mi MpVi q1 creates the term Mi g pVi q, which also appears in (15).

This suggests a modification of the procedure developed in Robinson (1988) for the identification
of b. Indeed, defining ∆y9 i

 yi  MpViq1EpMiyi|Viq and ∆Li 
9

9

9

L9 i  MpVi q1 E pMi L9 i |Vi q, we

obtain

 Mi ∆Lib Miui.
Since EpZiL Mi ui q  EpZiL Mi Epui |ZiL , Xi , Vi qq  0, (note that the multiplication is simplified by
Mi  Mi1  Mi2 ) we obtain
9

Mi ∆y9 i

9

9

9

9

9

b

 EpLWi 1 Mi ∆Liq1EpZiL 1 Mi∆yiq,
9

9

9

9

(16)

under the assumption that EpZ9 iL 1 Mi ∆L9 i q is nonsingular.

Once b is identified, then identification of g and Epµi q will be obtained by applying the results

1 b.
of Sections 2.2.2 and 2.2.3 to yit  lit

 1, that is, the researcher is interested in relaxing the homogeneity assumption for one
endogenous regressor, then it is required that T ¥ 3. If the other regressors are exogenous, vit will
be scalar. Taking T  3, then the dimension of the conditioning set for the identification of δ is 3,
If dx

independently of the number of regressors in lit .
2.4.2

Case where T

¡ dx

2

The identification method developed here is constructive and suggests natural estimators. However
a first step requires the identification of g, function of a T k2 dimensional vector. If T is too
large, identification would still hold but estimation of conditional expectations, conditioning on a
set of variables of high dimension, has undesirable properties by the curse of dimensionality. For
identification, it is required that T

¥ kx

2, so if T

¡ kx

2, one can select kx

2 time periods

among the T available and obtain identification. However, it is possible4 to use the T time periods
without increasing the dimension of the conditioning set.
4

I thank Donald Andrews for this suggestion.
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We assume here that T

¡ kx

T
kx 2

2. The cardinality of T is

kx

write τ

2, and denote T the set of subsets of t1, .. , T u of cardinality


. Consider τ

 pt1, ... , tk 2q where t1,   

tkx

x

2.

P T , a subset of kx

2 time periods that we

We write with a superscript τ the vectors that

are defined using only the time periods in τ . For instance, Viτ

 pvit , .. , vit
1

kx

2

q. Then the model

implies
yiτ

 Xiτ µi

τi .

Now we modify the control function assumption.
Assumption 2.9. There exist a set of functions phτt q tPτ and identified functions pCt qt¤T such

P

τ T

 Ctpxit, zitq P Rd ,
@ τ P T , @ t P τ, Epit | Xiτ , Viτ q  hτt pViτ q.
Indeed the assumption that we used in the main model is Epit | Xi , Vi q  ft pVi q, which does

that, defining vit

v

not imply Assumption 2.9. If Assumption 2.1 (2) holds, then by the law of iterated expectations
Epit | Xiτ , Viτ q

 EpftpViq | Xiτ , Viτ q which is not necessarily a function of Viτ

only. However, the

independence assumptions we make in all our applications directly satisfy Assumption 2.9.

 hτt 1  hτt , identification of the vector of
functions g τ follows from the same first step provided that Mτ pV τ q is invertible. In the main model,
identification of Epµi q follows from (10), which would become Epµi q  EpQτi yiτ  Qτi g τ pViτ qq. But
For a given τ in T , changing the definition of gt to gtτ

9

since this holds for all subset τ , we can also write
Epµi q



1
T
kx 2

3



¸

P

EpQτi y9 iτ

 Qτi gτ pViτ qq.

τ T

Applications and Variations of the model

In this section, we propose direct applications of the model where we suggest control variables and
give conditions under which the identification assumptions, Assumptions 2.1, 2.2 and 2.3, hold. We
also describe some models, different from the main model studied in the identification section, but
where, using the appropriate control variables, the two-step approach also provides identification
results under some conditions.

3.1

Omitted variables

As we explained in the introduction, the model studied in this paper fits particularly well a framework in which the endogeneity of x2it is caused by time-varying omitted variables. Indeed, we
introduce an unobserved variable rit , and consider the following model
yit

 x1it 1 αi1

x2it 1 αi2
19

rit

uit .

(17)

Equation (17) is a special case of (1), where it
and two functions gt and ht such that x2it
and take the control variable to be vit

 rit

 gtpx1it, zitq
 htprit, νitq.

uit . Assume there exists an instrument zit

ht prit , νit q, with Epht prit , νit q|x1it , zit q  0,

The control variable is identified as the

residual of the regression of x2 on x1 and z. We also assume the strict exogeneity condition
Epuit |νi , Ri , Xi1 , Zi q

|ù

 0, as well as Eprit|Vi, Xi1, Ziq  ftpViq, which will be satisfied in particular
if for all t ¤ T , prit , νit q px1is , zis qs¤T . This is a possible formalization of x2 being endogenous
because of omitted variables. Under these assumptions,
Epit |Vi , Xi q  EpEpit |Vi , Xi1 , Zi q|Vi , Xi q  ft pVi q

EpEpuit |Vi , Xi1 , Zi q|Vi , Xi q  ft pVi q,

which satisfies Assumption 2.1.
In this model the endogeneity is caused by an omitted variable: if rit is not constant over time,
the endogeneity cannot be controlled for using a fixed-effect transformation. In a later part of this
section, we provide an example in which the strict exogeneity condition imposed in Arellano and
Bonhomme (2012) is relaxed.

3.2

Heterogeneous production function

Consider a decision variable xit chosen by an agent and an outcome variable yit realized after the
choice of xit , given by
yit

 x1itµi

it .

Such a production function can be used to model an education outcome, where xit is any type
of parental investment, and the random coefficients represent an heterogeneity in the returns to
investment, at the child level. But yit can also be a firm or farm output, with xit being capital,
labor and/or land inputs.
The use of a triangular system in such a model is suggested in Imbens and Newey (2009) and
we follow this example here, using for each time period the decision problem to obtain a selection
equation. An important difference is that we assume that the agent does not know pµi , it q at the
time of the decision. Instead, she has information about it contained in ηit
variable. Writing yit

P R, scalar random

 qpxit, µi, itq, and Ctpx, zq a cost function with z cost shifters, the choice

of xit maximizes an expected profit,
xit

 argmax E pqpx, µi, itq  Ctpx, zitq | zit, ηitq .

(18)

x

This implies the existence of a function Ht such that xit



Ht pzit , ηit q. We assume that for

¤ T , Htpzit, ηq is strictly monotonic in η with probability 1, ηt is continuously distributed
and its CDF is strictly increasing. We also assume that pηit , it qt¤T pzit qt¤T and defining vit 
|ù

all t

20

Fxt |zt pxit |zit q

 Fη pηitq, these assumptions imply that it is independent of Zi conditional on Vi.
t

Therefore,
Epit |Vi , Xi q

 E pEpit|Vi, Ziq|Vi, Ziq  EpEpit|Vi, Ziq|Xi, Viqq : ft pViq .

This proves that the model studied here satisfies the control function assumption, Assumption
2.1. If in addition the invertibility assumption, Assumption 2.3, holds, the identification results
obtained in the previous section apply, and the average returns to input are identified. Note however
that the level of generality of this result is restricted. First, ηit , which could be the productivity
in the standard model, is scalar, while there is more than one scalar unknown to the agent. And

pzitqt¤T , while one might reasonably want to allow zit

|ù

second, we need to impose pηit , it qt¤T
to be correlated with pηit , it q.

1

Note that a direct application of the identification results in Imbens and Newey (2009) would

pµi, it, ηitq, while we do not impose any con-

|ù

require the instruments to satisfy the condition zit

ditions on the joint distribution of pµi , xi , zi q. In a model of heterogenous production function,

finding instruments independent of the unobserved heterogeneity µi might be challenging. In this
case and if the panel is long enough, our two-step approach would guarantee identification.

3.3

Sample selection

Now consider a panel model with random coefficients and sample selection. Loosely speaking, if the
selection is correlated with the disturbance of the main equation, an endogeneity problem arises,
since the regressors of the selected individuals will be correlated with the disturbance as well. Das,
Newey, and Vella (2003) study a nonparametric model of sample selection in a cross sectional
setting, specifying a selection equation which provides them with a control variable.
Our selection equation will be similar, so some of our arguments closely follow theirs, but our
model differs in some respects: it includes random coefficients and the outcome equation depends
linearly on the regressors. Moreover, we consider a panel model while theirs is a cross-section. This
is non negligible as we will for instance consider selection in all periods in addition to selection in
each period separately.
The selection model we consider is


yit
dit
yit

 xit1 µi αi it,
 1 pηit ¤ Ctpxit, zitqq ,
 dit yit ,

 pditqt¤T , and write di  1 to denote the event that dit  1 for

dit | x1it , zit  P pηit ¤ Ct pxit , zit qq, Pi  ppit qt¤T , and assume that

where zit is an instrument. Let di
all t

¤ T.

Also, let pit



E

(19)

21

for each t there is a function ft such that for all t ¤ T ,
E pit |di

 1, Xi, Piq  ftpPiq.

(20)

pXi, Ziq and if the cdf of
 Fη,tpηitq, νi  pνitqt¤T , pit 
|ù

Note that this assumption is satisfied in particular if pis , ηis qs¤T
ηt , Ft , is strictly increasing. Indeed, in this case defining νit
Fη,t pCt pxit , zit qq, and dit
E pit |di

 1 pνit ¤ pitq, then

 1, Xi, Piq  E pE pit|νi, Xi, Ziq |di  1, Xi, Piq  E pE pit|νiq |νi ¤ Piq : ftpPiq,

which is as desired (where by an abuse of notation we write the inequality νi

¤ Pi to denote the

inequality component by component). The joint distribution of pit , ηq is unrestricted under these
assumptions. The conditional expectation has a form similar to the control function assumption we
maintained in the identification section on the main model, where the control variable is now pit and
is identified through a cross sectional regression of dit , for each period t. We write uit

 it  ftpPiq.

The identification argument in this selection model will have a two-step structure similar to that
of the main model. The important difference is that all the conditional expectations are evaluated

 1, that is, the subsample of individuals who are selected in all
periods. To be more precise, define x̃it  di t 1 xi t 1  dit xit , g̃t pPi q  di t 1 ft 1 pPi q dit ft pPi q, and
similarly, ũit and the matrices and vectors X̃i , ũi , g̃ pPi q, M̃i and Q̃i . Note that for the subsample
such that di  1, we have X̃i  Xi . Hence,
for the subsample such that di

9



E M̃i y9 i | pdi



 1q, Pi  E M̃iX̃iµi

 E MiXiµi
9

where we define MpPi q

M̃i g̃ pPi q

M̃i ũi | pdi

 1q, Pi
Mi g pPi q Mi ui | pdi  1q, Pi  MpPi qg pPi q,
9

 E pMiỹi | pdi  1q, Piq.

This is the first step equation. The second step

equation will be given by


E Q̃i ỹi  Q̃i g̃ pPi q|di
Assumption 3.1. E pt |d  1, X, P q

 1  E pµi|di  1q .

 ftpP q, and MpP q is invertible almost surely in P .

Result 3.1. Under Assumption 3.1, E pµ|d  1q is identified.
The identified object is the average effect conditional on selection, Epµ|d

|ù

general different from Epµq unless µ

 1q which is in
pη, X, Z q. Comparing an estimated value of Epµ|d  1q with

an estimate derived from a model without random coefficients would allow one to test whether
or not there is heterogeneity. The type of counterfactual that one can compute with this object
would describe the effect of policies which impact the intensive margin, not the extensive margin,
i.e, which do not affect whether individuals are selected. If T
22

¡ dx

2, we recommend using the

procedure described in Section 2.4.2 and computing the average effect conditional on being selected
in a subset of time periods. Averaging over all subsets identifies a conditional average effect under
some additional conditions. This avoids using only the subsample of individuals for whom dit

for all t ¤ T , which can be quite small if T is large (and still fixed).

1

Note that the model allows for regressors sit to be suject to selection as well, that is, regressors
not observed for the population such that dit



0 (for example, the wage variable is not defined

for unemployed individuals). As long as these regressors are not arguments of the function Ct and
the condition E pt |d  1, X, S, P q

 ftpP q holds, the identification argument remains valid.

This sample selection model can also be adapted to the case where some of the regressors are
endogenous. If these regressors are not multiplied by random coefficients, the argument of Section
2.4.1 can be applied. If they are accompanied by random coefficients, on the other hand, we suggest
using the control function approach on the endogenous regressors, the control variables being for
instance the residuals of the regression of the endogenous regressors on the exogenous regressors
and instruments. The identification method developed above would then use a vector of control
variables which include these residuals in addition to the propensity scores.
One last case worth mentioning, to which our two-step approach can be adapted, is when some
regressors are endogenous and subject to selection. We briefly explain how to construct the control
variables. The model is
yit
x2it
dit

 dit yit , with yit  x1it 1 µ1i x2it 1 µ2i it,
 dit x2it, with x2it  πt2px1it, zit1 q vit,

 1 νit ¤ ptpx1it, zit1 , zit2 q  1 pνit ¤ pitq ,

(21)

|ù

 U r0; 1s. Assume that pis, νis, visqs¤T px1is, zis1 , zis2 qs¤T . In this model, x2 is the endoge
1 , z 2  p . Moreover
nous regressor. Identification of pit holds by E dit | x1it , zit
it
it
with νit

E vit |dit
implying E x2it |dit





 1, x1it, zit1 , zit2  E E pvit|νitq |pνit ¤ pitq, x1it, zit1 , zit2 : φtppitq,


 1, x1it, zit1 , zit2  πt2px1it, zit1 q
x2it  E x2it |dit

φt ppit q. This gives


 1, x1it, zit1 , zit2  vit  φtppitq : v̄it,

(22)

where v̄it is identified. That is, the residuals for individuals selected in the sample are also control
variables. The corresponding estimator will not need generated covariates. We define again νi

pνisqs¤T , and similarly di, Pi, V̄i, Xi  p
pVi, Piq ÞÑ pV̄i, Piq is one-to-one. Therefore,

Xi1 , Xi2

E it |di



 1, Xi, V̄i, Pi  E



q and φpPiq  pφtppitqqt¤T . Note that the function

E it |νi , Vi , Xi1 , Zi1 , Zi2
23



| pνi ¤ Piq, Xi, Vi, Pi



 E pE pit|νi, Viq | pνi ¤ Piq, Xi, Vi, Piq : FtpVi, Piq,
 FtpV̄i φpPiq, Piq : ftpV̄i, Piq.
This conditional expectation is as required by Assumption 2.1 to use our two-step method, where
the control variables are pV̄i , Pi q.
This double use of the control function approach is already suggested in Das et al. (2003). We
presented here a slight modification such that the identification requires two steps instead of three.
This allows us to use our formula for the asymptotic variance provided that π 2 is not an object of
interest. Indeed, increasing the number of steps changes the asymptotic variance matrix.

3.4

Relaxing a strict exogeneity condition

Instead of focusing on contemporaneous endogeneity, that is relaxing restrictions on the joint dependence of pit , xit q, one can use our framework to relax restrictions on the joint dependence of

pit, xit 1q.

This corresponds to relaxing the strict exogeneity condition imposed in Arellano and

Bonhomme (2012), while keeping the contemporaneous exogeneity.
The model is
yit
where Epit |xit q

 xit1 µi

αi

it ,

(23)

 0 but where the strict exogeneity condition Epit|Xiq  0 fails to hold because

there is a feedback effect. For instance, xit

1

can be impacted by it . As in the main model, the idea

is to look for an identified vector Vi such that Epit | xi1 , ..xiT , vi1 , ..viT q  ft pvi1 , ..viT q  ft pVi q.
We consider the case where xit is a Markov process. We write xi t

1

1 ¤ t ¤ T 1, where ηit are i.i.d over time. One could alternatively consider xi t


1

mt pxit q

ηi t

1,

 mt 1pxit, ηi t 1q

with η scalar and mt strictly monotonic in η and use the control variable suggested in Imbens
1 , .. , ηiT

q pxi1, .. , xitq. That is, the innovations giving the evolution of x after time t and
t are independent of past values of x. However the joint distribution of pit , ηi t 1 , .. , ηiT q is not
|ù

pit, ηi t

q pxi1, ηi2, .. , ηitq, which implies that

|ù

and Newey (2009). We also assume that pit , ηi t
1 , .. , ηiT

restricted, which corresponds to relaxing the above-mentioned strict exogeneity. Then, for all t less
than T ,
Epit | xi1 , .. , xiT , ηi2 , .. , ηiT q

 Epit|xi1, ηi2, .. , ηiT q  Epit|ηi t
: ft pηi2 , .. , ηiT q : ft pVi q,

1 , .. , ηiT

q

where the first equality holds by the Markov structure of x, and the second equality holds by the
independence assumption on the error terms. We define Vi

 pηi2, .. , ηiT q to be the control variable.

Note that the ηit are all identified as the residuals of reduced form regressions. Conditional mean
independence is sufficient, that is, Epit |xi1 , ηi2 , .. , ηiT q being independent of xi1 .
24

Defining as previously Mi

gt pVi q

 I  XipXi1Xiq1Xi1 , MpViq  EpMi|Viq, uit  it  ftpViq and
9

9

9

9

 ft 1pViq  ftpViq, (23) together with the independence assumptions guarantees, as in the

main model,
EpMi y9 it |Vi q

 MpViqgpViq,

and EpQi y9 i q  Epµi q

EpQi g pVi q.

(24)

A two-step procedure, as in the main model, requires MpV q to be nonsingular: a first step identifies
the vector of functions g and a second step identifies the average effect.
The method applies as long as MpV q is nonsingular. By definition, Vi

 pηi2, ..ηiT q while Mi

is constructed using the vector of variables Xi : therefore the expectation of Mi conditional on Vi

is an expectation over xi1 only, which is the instrument here. The invertibility of MpV q might
not seem intuitive. To show that this invertibility condition can actually hold, let us look more
closely at the case where xt is a scalar AR(1) process, that is, xi t

q pxi1, ηi2, .. , ηitq. By definition, Mi 

|ù

pit, ηi t

1 , .. , ηiT

xit  ρ  xi1

ţ

t 1

ρ  ηis ñ xi t
t s



1

 ρxit

 pρ  1qxi1
1  xit  ρ
t 1



T sη
is
s 2ρ



p ρ  1q



ρts ηis

ηi t

1,

ηi T q1

 rρ  1sp1, ρ, .. , ρT 2q1 P RT 1 and C2pV q  pηi2, rρ  1sηi2

P RT 1, we can write
x9 i

For a given value of V̄

ţ
s 2

therefore defining the two vectors C1
°T

with ρ  1 and

1

9

s 2

ηi3 , .. , rρ  1s

ηi t

I  Xi Xi1 {pX9 i1 X9 i q. Moreover,
9

 xi1C1

C 2 pV i q.

(25)

P SV , we proved in Section 2.3 that

MpV̄ q R GLT 1 pRq

ô D apV̄ q P RT 1, apV̄ q  0, MpV̄ q apV̄ q  0,
ñ DapV̄ q, M apV̄ q  0 PX |V V̄ a.s,
ñ DapV̄ q, apV̄ q is collinear to x PX |V V̄ a.s.
9

9

9

are the sum of two vectors, C2 pV̄ q which is fixed since the draws are conditional on V

 V̄ , and

x1 C1 which is proportional to the constant vector C1 . Note that Sx1 |V V̄

|ù

The draws of x9 from PX9 |V V̄ , as can be seen in (25), differ only in the value of x1 : these draws

 Sx

1

since x1

there are at least two nonzero points x1 and x1 in Sx1 such that apV̄ q is collinear to x1 C1

C2 pV̄ q

 0, this implies that either C1 and C2pV̄ q are
proportional, or C2 pV̄ q  0. Note that C2 pV̄ q 
0 implies V̄ * 0, and one can show that if C1 and
" 1
C2 pV̄ q are proportional, this implies that V̄ P a. ... |a P R : D. Hence, the existence of such
1
x1 and x1 implies V̄ P D, and D is a subset of RT 1 , which has PV measure 0 if Vi is continuously

and to x1 C1

C2 pV̄ q, then since apV̄ q  0 and C1

V . If

distributed on RT 1 . We summarize the arguments in the following assumption and result.

25

Assumption 3.2.
and pXi , µi , αi , i , ηi q is i.i.d,

1

 ρxit

ηi t

1

with ρ  1, pit , ηi t

q pxi1, ηi2, .. , ηitq,

|ù

1. (23) holds and for all t ¤ T , xi t

1 , .. , ηiT

2. Either xi1 has a discrete distribution with support including two nonzero points, or xi1 is
continuously distributed and IntpSx1 q  H. Moreover, pηi2 , .., ηiT q is continuously distributed
on RT 1 , and ft is continuous.

Result 3.2. Under Assumption 3.2, Epµ1i , αi q is identified.
Proof. Under Assumption 3.2, for a given value V̄ , if MpV̄ q is not invertible, there exist two nonzero
draws of x1 , x1 and x1 , with positive density in the continuously distributed case, or probability in
the discretely distributed case, such that x1 C1

is, if MpV̄ q is not invertible then V̄

P D:

C2 pV̄ q and x1 C1

C2 pV̄ q are proportional. That

the function g is identified over SV zD. However, g is

continuous and the support of V is dense in RT 1 , which allows us to identify g over SV . Since g

is identified, the second identification step described in Section 2 allows for identification of Epµi q

and Epαi q.

This result is an example of the case where identification does not require the instrument to

 xi1 on xit is not the same for each time period.
Indeed, one can write xi2  m2 pxi1 q ηi2 , xi3  m3 pm2 pxi1 q ηi2 q
ηi3 , ... For this reason, we
imposed the condition ρ  1 in the case xi t 1  ρxit ηi t 1 .
vary over time, but where the impact of zit

4

Estimators

In this section, we explain how to construct an estimator of the average partial effect and provide
implementation details in a particular case.
At each step of the argument, the proofs were constructive. To construct an estimator of
the APE, our suggestion is therefore to follow the structure of the identification proof replacing
population moments with their sample analogs. We assumed that the control variables are given

 Ctpxit, zitq where Ct is identified: for Ĉt an estimator of this function, either parametric or
nonparametric depending on the form of the control variables, vit is estimated with v̂it  Ĉt pxit , zit q.
The conditional expectation functions MpV q  Ep Mi |Vi  V q and k pV q  EpMi yi |Vi  V q
by vit

9

are estimated nonparametrically using the generated values of V as regressors and the function

 M1k is estimated plugging in the estimators M̂pV q and k̂pV q in this formula. The estimator
for Epµ|δ q will be a sample analog of Equation (12), plugging in the estimator of g. As we highlighted
in Section 2.2.1, the condition Ep||Qi ||2 q 8 may not hold in the data so out of caution we estimate
Epµ|δ q, where we defined δi  1pdetpXi1 Xi q ¡ δ0 q. Allowing for δ0 Ñ 0, as in Graham and Powell
(2012), to estimate Epµq without imposing Ep||Qi ||2 q 8 is the subject of further research.
g

9

9
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It is clear that the asymptotic properties will depend on the definition of the control variables.
In the remaining part of the paper, we focus on a model with random coefficients on both strictly
exogenous and endogenous regressors. The control variables in this model are the residuals of
the nonparametric regression of the endogenous regressors on the exogenous regressors and the
instruments. We consider this model to be the leading example in the class of models satisfying
(1) and Assumption 2.1. Indeed as explained in Section 3.1 it can describe a situation in which
regressors and disturbances covary due to the presence of omitted variables. More specifically, the
model is

 x1it1 µ1i x2it1 µ2i αi it,
(26)
x2it  bt px1it , zit q vit ,
Epvit |x1it , zit q  0,
where x1it P Rd , x2it P Rd , zit P Rd , and where Assumption 2.1 holds. Here the regressors x1 are
exogenous while x2 can be endogenous. Note that vit  x2it  Epx2it |x1it , zit q. The estimators we define
yit

1

z

2

for our asymptotic analysis are as described above, where the estimator v̂it is the residual from the
nonparametric regression estimation of x2it , and all estimators of the nonparametric regressions will
be series estimators. We provide details on implementation in what follows.

4.1

Series estimator of Vi

 pvi11 , .. , viT1 q1 P RT d , where vit  x2it  Epx2it|x1it, zitq. We write
ξit  px1it , zit q. Consider the L  1 vector of approximating functions rL pξt q  pr1L pξt q, .. , rLL pξt qq1 .
We define the series estimators of the regression function Epx2it |ξit  ξt q  bt pξt q to be β̂t1 rL pξt q
where β̂t is L  d2 , and
¸
β̂t  pRt Rt1 q1 rL pξit qx2it1  pRt Rt1 q1 Rt Xt2 1 ,
(27)

The vector of control variables is Vi

where Rt

 p pξ1tq
rL

2

i

, .. , rL

pξntqq is L  n and Xt2  px21t, .. , x2ntq is d2  n.

The control variables are defined as the residuals of the regression of x2t . Later, we will assume
that the support SV of V is bounded. However, the values obtained using the estimated residuals
might not be in SV : it will be convenient for the asymptotic analysis to introduce a transformation
τ of the generated variables to ensure that their transformed values lie in SV . Specifically, we
d2

 rvtd , v̄td s so that the support of V is SV 
1
1 1
T d2 , then τ pV q P RT d2 and the
d¤d2 , t¤T rv td , v̄td s. We define τ such that for V  pv1 , .. , vT q P R

assume that the support of vt is of the form



pd2pt  1q

d 1

dqth component of τ pV q satisfies
τ pV qpt1qd2

$
'
'
'vt,d ,
'
&

d

 'vtd,
'
'
'
%v̄ ,
td

27

P rvtd; v̄tds,
if vt,d ¤ v td ,
if vt,d ¥ v̄td ,
if vt,d

where vt,d is the dth component of vt .

 rLpξitq and b̂it  β̂t1 rit. We define bit  btpξitq and b̂t  β̂t1 rL. We also define the
1 , .. , ṽ1 q1 . Our estimator for Vi will be V̂i  τ pṼi q: τ pṼi q is
residuals ṽit  x2it  b̂it , and Ṽi  pṽi1
iT
the projection of Ṽi onto SV such that if Ṽi lies outside of SV , the function τ pṼ q is the point on
the boundaries of the support that is the closest to V . Note that for all draws of Vi , τ pVi q  Vi
and ||V̂i  Vi || ¤ ||Ṽi  Vi ||.
Write rit

4.2

Series estimator of M and k

For a real-valued random variable wi , we propose a series estimator using the generated V̂i as

regressors for the conditional expectation hW pV q  Epwi |Vi

Vq .

Let
pV q  pp1K pV q, .. , pKK pV qq1 denote a K  1 vector of approximating functions. An
estimator of hW pV q is pK pV q1 π̂ W where π̂ W is a vector of size K given by
pK

π̂ W

 pP̂ P̂ 1q1

¸

pK pV̂i q Wi1

 pP̂ P̂ 1q1P̂ W,

i

where P̂

 ppK pV̂1q, .. , pK pV̂nqq is K  n and W  pw1, .. , wnq1 is a vector of size n.

Using this general definition, we construct component by component estimators M̂ and k̂ for

the matrix and vector valued functions M and k. We obtain pK pV q1 π̂ M,st an estimator of the ps, tq

component of the matrix M, taking wi to be pMi qs,t . Similarly, an estimator of the sth component

of k will be pK pV q1 π̂ k,s , choosing wi

4.3

 pMiyiqs.
9

Construction of ĝ and µ̂

Under Assumptions 2.1 and 2.3, we have g pV q  MpV q1 k pV q. A straightforward estimator of g
is ĝ pV q

 M̂pV q1 k̂pV q.

The closed-form expression (12) suggests the use of a sample average to estimate Epµ|δ q, plug-

ging in the nonparametric estimator of g evaluated at the generated values. The estimator is
µ̂



°n



r  ĝpV̂iqs 

i y9 i
i 1 δi Q
°n
i 1 δi



°n

r  ĝpV̂iqs .

δ̄ y9
i
i
i 1 Q°
n
i 1 δi





In the next three sections, we study the asymptotic properties of our estimator. Section 5
establishes the rates of convergence of the nonparametric two-step sieve estimators k̂ and M̂,
and of ĝ. Section 6 uses this analysis and states consistency of µ̂. Section 7 focuses on proving
asymptotic normality and deriving the asymptotic variance.
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5

Convergence rates of the nonparametric two-step estimators

The multi-step estimation procedure only uses closed form expressions: its ease of implementation
comes with a layered asymptotic analysis, as each step needs to be analyzed one by one. This type
of asymptotic analysis is the subject of the literature on semiparametric estimation with generated
covariates. A review of this literature can be found in Mammen, Rothe, Schienle, et al. (2012) and
Mammen, Rothe, and Schienle (2016). Among important recent contributions, Hahn and Ridder
(2013) derives a general formula of the asymptotic variance of such estimators. However they
do not provide results on how to obtain asymptotic normality for given classes of nonparametric
estimators. Mammen et al. (2016) establish the asymptotic normality of GMM type estimators
depending on a nonparametric nuisance parameter, which is estimated with a nonparametric twostep estimator where the second step is a kernel regression. Hahn, Liao, and Ridder (2018) focuses
on sieve estimators.
We introduce some notations. For a vector a P Rp , ||a|| is its Euclidean norm. We also denote by

||.||F the Frobenius norm (the canonical norm) in the space of matrices MppRq, and ||.||2 the matrix
norm induced by ||.|| on Rp (the spectral norm). We recall that for a given matrix A P Mp pRq,

1{2
 trpA1Aq1{2. To avoid tedious notations, we will regularly omit the
||A||F  °i,j¤p a2ij
subscript F , ||A|| without index implies that the norm considered is the Frobenius norm. The
index will be displayed when clarity requires it. We define λmin pAq to be the smallest eigenvalue of
the matrix A (when it has one), similarly λmax pAq, as well as λ1 pAq ¤ ... ¤ λp pAq all the eigenvalues
ranked by increasing order (when they exist).
We will use the following results. First, for all A P Mp pRq, ||A||2

¤ ||A||F . This inequality also
holds for nonsquare matrices. Also, for A a symmetric matrix, ||A||2  |λmax pAq| and ||A||2F 
°p
2
i1 λi pAq . By definition of ||.||2 , ||A a|| ¤ ||A||2 ||a||.
We also write, for g a vector of functions of x P Sx  Rk , ||g ||8  supS ||g p.q||. For
°
l  pl1 , .. , lk q P Nk , we define |l|  kj1 lj , and the partial derivative B l g pxq  B |l| g pxq{B l x1 ...B l .
We will use the norm |g |d  max|l|¤d supxPS ||B l g pxq||. We denote by B g pxq the Jacobian matrix pB g pxq{B x1 , ..., B g pxq{B xk q. In what follows, T will denote the triangular inequality, M the
x

1

k

x

Markov inequality, CS indicates the use of the Cauchy Schwarz inequality, LLN the weak law of
large numbers, C a generic constant (whose value can change from one line to another), and we
follow Imbens and Newey (2009) in denoting with CM (for Conditional Markov) the result that if


E |an | bn



 OPprnq then |an|  OPprnq. For a sequence pcnqnPN P RN, the notation cn Ñ 0 should
be understood as cn ÑnÑ8 0.
The proof of consistency of µ̂ is split in several steps. We start by deriving the convergence
rates of the step estimators V̂ , M, k̂ and ĝ.
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5.1

Sample mean square for estimator of the control variables

The generated covariates V̂i are constructed as the estimated residuals of T regressions. Newey
et al. (1999) uses similar two step series estimators, and we use some of their results for each of the
T nonparametric estimations.
Assumption 5.1.
1. pXi , Zi q is i.i.d, Varpx2t |ξt q is bounded, and ξt is continuously distributed,

2. There exists a LL nonsingular matrix Γ1t such that for RL pξt q  Γ1t rL pξt q, then EpRL pξt qRL pξt q1 q
has smallest eigenvalue bounded away from zero uniformly in L,

3. There exist γ1 and βtL such that supSξ ||bt pξt q  βtL1 rL pξt q|| ¤ CLγ1 ,

4. For a1 pLq such that supSξ ||RL pξt q|| ¤ a1 pLq,

a

L{n a1 pLq ÑnÑ8 0.

OP L{n

L2γ1



°n

|| vit  ṽit ||2 
a
 OPp∆2nq, and maxi || vit  ṽit ||  OPpa1pLq∆nq, where ∆n  L{n Lγ .

Under Assumption 5.1, Lemma A1 of Newey et al. (1999) shows that

1
n



i 1

1

Note that the same result implies
sup ||bt  b̂t ||  OP pa1 pLq∆n q

(28)

Sξt

Define Ṽi

 pṽi1, ..., ṽiT q. Since ||V̂i  Vi|| ¤ ||Ṽi  Vi||, the cited result implies
ņ

1
n



|| Vi  V̂i ||2  OP L{n

L2γ1



 OPp∆2nq.

i 1

max || Vi  V̂i ||
i

 OPpa1pLq∆nq.

When bt is continuously differentiable up to order p, writing dξ
(3) holds with γ1

(29)

 p{dξ for different choices of sieve basis.

(30)

 d1

dz , then Assumption 5.1

Conditions satisfying Assumption 5.1 (2) typically require the support of ξt to be bounded and
the density of ξt to be bounded away from 0 on its support. This restriction is not desirable. Indeed,
in applications where the density of the regressors goes to 0 at the boundaries, regressors will be
trimmed to consider only a subset of Sξ where the density is bounded away from 0. However, we

are interested here in the identification and estimation of the average effect Epµq, which are useful

when a researcher is interested in counterfactuals involving average effects. Trimming on regressors
to estimate a conditional effect is contrary to this goal, and the trimming is arbitrary.
We therefore provide a set of conditions allowing the density of the regressor to go to 0 at the
boundary of its support when the support is bounded. We follow Imbens and Newey (2009) which
develops an argument of Andrews (1991) (Example II) in assuming a polynomial lower bound on
the rate of decrease of the density.
We assume that Sξt
assume that for all ξt



Rdξ is of the form

P Sξt,

fξt pξt q

¥

dξ

Πdξ1 pξdt
d

30

 rξ td ; ξ¯td s and defining fξt the density of ξt ,

d 1

 ξdtqαpξ¯dt  ξdtqα.

Under these conditions, a

slight modification of Lemma S.3 of Imbens and Newey (2009) shows that if rL is a polynomial
basis of functions, there exists a nonsingular L  L matrix Γ̃ξt such that for r̃L pξt q

 Γ̃ξtrLpξtq,
Epr̃L pξt qr̃L pξt q1 q  IL , implying that Assumption 5.1 (2) holds. They also obtain supS ||r̃L pξ q|| ¤
a1 pLq with a1 pLq  CLα 1 . In this case, the set of conditions in Assumption 5.1 can be modified
ξ

as follows.
Assumption 5.2.
1. pXi , Zi q is i.i.d, Varpx2t |ξt q is bounded, and ξt is continuously distributed,

@ ξt P Sξt, fξ pξtq ¥ Πdd1pξdt  ξdtqα pξ¯dt  ξdtqα ,
There exists γ1 and βtL such that supS ||bt pξt q  βtL1 rL pξt q|| ¤ CLγ ,
a
For a1 pLq  Lα 1 , L{n a1 pLq ÑnÑ8 0.

2. rL p.q is the power series basis, and
3.
4.

ξ

1

1

1

ξ

1

Under Assumption 5.2, (29) and (30) hold. Allowing for unbounded support is a desirable
extension as well, and is possible using a method similar to Chen, Hong, and Tamer (2005) and
Chen, Hong, Tarozzi, et al. (2008).

5.2

Convergence rates of two-step series estimators

The estimator of the conditional expectation Epwi |Vi

 Vq 

hW pV q is constructed using the

generated control variables. This two-step strucure where each step is nonparametric is very similar
to the estimators studied in Newey et al. (1999), aside from the panel aspect. However, they impose
an orthogonality condition which will not hold for our choices of wi . More specifically, our model
is

 0,
and Newey et al. (1999) imposes additionally that EpeW |X 1 , V, Z q  0, that is, eW is conditionally
w

 hW pV q

eW , EpeW |V q

mean-independent of the variables used in the first step. This assumption has implications for the
convergence rate of the two-step estimator and, as will be obvious in a later part of the paper, on
the asymptotic variance of a linear functional of this estimator. This condition does not hold for
our choices of wi , as wi is either a component of the matrix M

 I  X pX 1 X q1 X 1
9

9

9

9

or of the

9 and
vector M y,

EpM |X 1 , X 2 , Z q

 M  EpM |V q  MpV q,
EpM y |X 1 , X 2 , Z q  M g pV q M Epu|X 1 , X 2 , Z q  EpM y |V q  k pV q  MpV q g pV q.
9

9

9

This difference has been documented for instance in Hahn and Ridder (2013) and Mammen et al.
(2016). To account for the extra term EpeW |X 1 , V, Z q  EpeW |X 1 , X 2 , V q, we write
w

 hW pV q

eW , EpeW |V q  0, w

 hW pV q

ρW pX, Z q
31

eW  , EpeW  |X 1 , X 2 , Z q  0.

(31)

Note that ρW pX, Z q

 Epw|X 1, X 2, Z q  Epw|V q.

As in Section 4.2, we first state our results

under generic assumptions then show that they are satisfied when the regressors have bounded
support and their joint density goes to 0 at the boundary of the support.
Assumption 5.3.

 is i.i.d, V is continuously distributed, EppeW  q2 | X 1 , X 2 , Z q is bounded, ρW p.q is bounded
1. eW
i
i
over the support of pX 1 , X 2 , Z q,

2. hW is Lipschitz on SV ,

3. There exists a K K nonsingular matrix Γ2 , such that for P K pV q  Γ2 pK pV q, then EpP K pV qP K pV q1 q
has smallest eigenvalue bounded away from zero uniformly in K,

K | ¤ CK γ2 ,
4. There exists γ2 and π K such that supSV |hW pV q  pK pV q1 πW

5. For supSV ||P K pV q||
and

a

¤ b1pK q and

K {n b1 pK q ÑnÑ8 0.

||BP K pV q{BV || ¤ b2pK q,

supSV

?

K b 2 pK q∆ n

ÑnÑ8 0

Result 5.1. Under Assumption 5.1 and 5.3,
» 
 W
ĥ V

2

V  dF V

p qh p q
W

p q  OPpK {n

sup |ĥW pV q  hW pV q|

P

V SV

 OP

K 2γ2



b1 pK qpK {n

∆2n b2 pK q2 q,
K 2γ2

∆2n b2 pK q2 q1{2 .

(32)
(33)

Proof. The proof follows the steps of the proof of Theorem 12 of Imbens and Newey (2009) (IN09
1
2
thereafter), but we adapt some of their claims to our model where EpeW
i |Xi , Xi , Zi q  0.

 pK pViq, P  pp1, .. , pnq, Q  P P 1{n, p̂i  pK pV̂iq, Q̂  P̂ P̂ 1{n, ρWi  ρW pXi1, Xi2, Ziq,
W 1
W  pρW , .. , ρW q1 and eW   peW  , .. , eW  q1 . Note
as well as the vectors eW  peW
n
n
1 , .. , en q , ρ
1
1
W
W
W

that e  ρ
e . Because the series estimator is unchanged by a linear transformation of the
basis of functions, we can assume that pi pVi q  P K pVi q. As argued in Newey (1997), we can assume
K1
without loss of generality under Assumption that 5.3 EppK
i pi q  IK . By construction, V̂i P SV ,
Define pi

and under Assumption 5.1, (29) holds. Therefore, as in Lemma S.5 of Imbens and Newey (2009),
we have
a

||Q  IK ||  OPpb1pK q K {nq,
a
||P 1eW {n||  OPp K {nq,
||P̂  P ||2{n  OPpb2pK q2∆2nq,
?
||Q̂  Q||  OPpb2pK q2∆2n Kb2pK q∆nq.

(34)
(35)
(36)
(37)

Hence by Assumption 5.3 (5), ||Q̂  IK ||  oP p1q and as in Lemma S.6 of Imbens and Newey (2009),
with probability going to 1, λmin pQ̂q ¥ C and λmin pQq ¥ C.

We now show how the rate of convergence is impacted by the conditional mean dependence of
K ||, where we recall π̂ W
eW on pX, Z q by deriving the rate of ||π̂ W  πW
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 Q̂1P̂ W . We define H W 

phW pV1q, .. , hW pVnqq1, Ĥ W  phW pV̂1q, .. , hW pV̂nqq1, π̃W  Q̂1P̂ Ĥ W {n, π̄W  Q̂1P̂ H W {n.

We

decompose

||π̂W  πW K || ¤ ||loooooomoooooon
π̂ W  π̄ W || loooooomoooooon
||π̄W  π̃W || looooooomooooooon
||π̃W  πW K || .
pAq

pB q

pC q

The first term can in turn be decomposed as
eW  {ns.

pAq  Q̂1P̂ rρW {n


W
W 2
Since pXi , Zi , eW
i q are i.i.d, we have Epei |X1 , Z1 , .. , Xn , Zn q  0, Eppei q |X1 , Z1 , .. , Xn , Zn q 
2
W W
EppeW
i q |Xi , Zi q ¤ C, and Epei ej |X1 , Z1 , .. , Xn , Zn q  0. This gives

Ep||Q̂1{2 Q̂1 P̂ eW  {n||2 |X1 , Z1 , .. , Xn , Zn q  trpQ̂1{2 P̂ EpeW  eW  1 |X1 , Z1 , .. , Xn , Zn q P̂ 1 Q̂1{2 q{n2 ,

¤ C trpP̂ 1pP P 1q1P̂ q{n ¤ CK {n,

where the last inequality holds by P̂ 1 Q̂1 P̂ being an orthogonal projection matrix. This implies by
a

M that Q̂1{2 Q̂1 P̂ eW  {n  OP p K {nq, and by λmin pQq ¥ C w. p. a 1, that
a

Q̂1 P̂ eW  {n  OP p K {nq.
This rate is the same as Lemma S.7 (i) of IN09, which holds since eW  is by definition conditionally
mean-independent of the regressors generating V . As for the second term appearing in pAq, we
write

Q̂1 P̂ ρW {n  Q̂1 P ρW {n

Q̂1 pP

 P̂ qρW {n.
W
W
2
Since EpρW
i |Vi q  0 and pρi , Vi q is i.i.d, we know that as in (35), ||P ρ {n||  OP pK {nq. Therefore,
a
by λmin pQq ¥ C w. p. a 1, ||Q̂1 P ρW {n||  OP p K {nq.
°
K W
Moreover, pP  P̂ qρW {n  n1 ni1 pp̂K
i  pi qρi and
ņ

1
|| pp̂K
n i1 i

 q || ¤
pK
i

ρW
i

ņ

1
||pp̂Ki
n i1

¤ Cb2pK q



 q || ¤ C
pK
i



ρW
i

ņ

1
||pV̂i  Viq||2
n i1

ņ

1
||pp̂Ki
n i1

{

1 2

 q||
pK
i

{

1 2

2

ņ

1
|ρW |2
n i1 i

{

1 2

,

||ρ||8  OPpb2pK q∆nq.

¥ C w. p. a 1 that Q̂1pP  P̂ qρW {n  OPpb2pK q∆nq. This gives a
convergence rate for pAq, ||π̂ W  π̄ W ||2  OP pK {n K {n b2 pK q2 ∆2n q  OP pK {n b2 pK q2 ∆2n q.
By Lemma S.7 (ii) and (iii) of IN09, pB q  OP p∆n q since hW p.q is Lipschitz, and pC q 
OP pK γ q using Assumption 5.3 (4). This implies that
This implies by λmin pQq

2

||π̂W  πW K ||2  OPpK {n

b2 pK q2 ∆2n

∆2n
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K 2γ2 q  OP pK {n

K 2γ2

b2 pK q2 ∆2n q,

K 2γ2

which differs from the rate pK {n

∆2n q obtained in IN09. Clearly, the structure of the

proof showed that the extra term b2 pK q∆n comes from the correlation between eW and P̂

 P,

which is nonzero because P̂ is constructed using the estimated V̂ which themselves depend on the
covariates pX 1 , X 2 , Z q. Deriving a rate of convergence requires linearizing the term P̂

1
2
were true that EpeW
i |Xi , Xi , Zi q

 0,

then EppP̂

 P qν q  0 would hold,

 P.

If it

which would yield a

simpler convergence rate.
We can now conclude that
» 
 W
ĥ V

2

V  dFV V

p qh p q
W

p q¤

» 
 W
ĥ V

p

¤ pπ̂ 
W

»



2
q  p pV q1 πWK  dFV pV q
K

»

K
πW

 K
p V

q1r pK pV qpK pV q1dFV pV qspπ̂W
K 2γ2

 OPpK {n



p q1 πWK  hW pV q2 dFV pV q

 πWK q

CK 2γ2

∆2n b2 pK q2 q,

where the last line holds by the normalization EpQq  IK . Moreover
sup |ĥW pV q  hW pV q|

¤

P

V SV







K
sup ĥW pV q  pK pV q1 πW


P

V SV

¤ OP



b1 pK qpK {n

K 2γ2

OP pK γ2 q
∆2n b2 pK q2 q1{2 .

As highlighted in the proof, the rate we obtained is different from the rate derived in NPV99
because of the absence of conditional mean independence condition. The following corollary, stating
the rate of convergence of the first order partial derivative of the two step nonparametric estimator,
will be used in the proof of asymptotic normality.
Corollary 5.1. Under Assumption 5.1 and 5.3, and assuming moreover that supSV

K 1 B pK pV q| ¤ CK γ2 , then sup
πW
V P SV

|BĥW pV qBhW pV q|  OP b2pK qpK {n

K 2γ2

|BhW pV q 

∆2n b2 pK q2 q1{2 .

As we mentioned earlier, Assumption 5.3 (4) is often shown to hold for regressors with bounded
support and density bounded away from 0 on their support. For reasons stated earlier, we prefer
avoiding any trimming on covariates. We therefore give a set of conditions allowing the density
of the regressors to go to zero on the boundaries of the support. Recall that the support of V is
SV

 d¤d , t¤T rvtd, v̄tds.
2

Assumption 5.4.

 is i.i.d, V is continuously distributed, EppeW  q2 | X 1 , X 2 , Z q is bounded, ρW p.q is bounded
1. eW
i
over the support of pX 1 , X 2 , Z q,

2. hW is Lipschitz on SV ,
34

3. pK p.q is the power series basis, and forall V
vt,d qα2 ,

P SV ,

fV pV q

¥

Πd¤k2 , t¤T pvt,d  v td qα2 pv̄td 

K such that sup
W
K1 K
γ2 ,
4. There exists γ2 and πW
SV |h pV q  πW p pV q| ¤ CK

5. K α2

{

7 2∆

n

ÑnÑ8 0 and K α

2

{

3 2

{?n ÑnÑ8 0.

Result 5.2. Under Assumptions 5.1 and 5.3, (32) and (33) hold.
As mentioned earlier, b1 pK q



K α2

1

and b2 pK q



K α2

3,

therefore Assumption 5.4 (5)

implies Assumption 5.3 (5), and together with Assumption 5.4 (3), implies Assumption 5.3 (3).
For these results to apply to our choice of wi

 pMiqs,t and wi  pMiyiqt for 1 ¤ s, t ¤ T  1,
9

we adapt Assumption 5.4 to the model primitives.
Assumption 5.5.
1. V is continuously distributed, Epu9 |X 1 , X 2 , Z q and Varp||u9 || |X 1 , X 2 , Z q are bounded,
2. M and k are Lipschitz,
3. pK p.q is the power series basis, and for all V
vt,d qα2 ,

f V pV q

¥

Πd¤k2 , t¤T pvt,d  v td qα2 pv̄td 

K
K such
¤ T  1, πM,st
and πk,t
γ ,
K1 K
K 1 pK pV q| ¤ CK γ and sup
πM,st
S |kt pV q  πk,t p pV q| ¤ CK
?
K α 7{2 ∆n ÑnÑ8 0 and K α 3{2 { n ÑnÑ8 0.

4. There exists γ2 and, for 1

¤

P SV ,

s, t

that supSV |Mst pV q



2

2

V

5.

2

2

Under Assumptions 2.1, 5.2 and 5.5, the convergence rate of M̂ and k̂ in sup norm and mean
square norms are therefore given by (32) and (33).

5.3

Convergence rate for ĝ

We defined ĝ pV q

 M̂pV q1 k̂pV q. The rate of convergence of ĝp.q will be obtained using continuity

arguments. We will assume the following set of conditions.
Assumption 5.6. M and g are continuous on SV , SV is a compact set and MpV q is invertible
for all values V

P SV .

This implies that k



M g is continuous as well and that

||m||8, ||M||8

and

||g||8

exist.

Note that the continuity assumption somewhat overlaps with Assumption 5.3 (4) as the existence
of a linear approximation relies on smoothness assumptions. Moreover, we assume that MpV q is
invertible for all values in the support while Assumption 2.3 requires the matrix to be invertible
only PV a.s. I prove the following results.
Result 5.3. Under Assumption 5.6, the function V

35

P SV ÞÑ λminpMpV qq is continuous.

Proof. For all V , MpV q is symmetric. Using the Weilandt-Hoffman inequality for the 2-Schatten
norm, for two values V and V 1 ,



T¸1 





p p qq  λipMpV 1qq 2 ¤ ||MpV q  MpV 1q||2F ,

 λi M V

i 1

where we index the eigenvalues pλi qTi11 by increasing order. This implies

 λmin M V



p p qq  λminpMpV 1qq ¤ ||MpV q  MpV 1q||1F{2.

(38)

Since Mp.q is a continuous function, this concludes the argument.
The Lipschitz inequality (38) will be used in the proof for the convergence rates.
Result 5.4. Under Assumption 5.6, there exists c ¡ 0, such that for all V

P SV , λminpMpV qq ¥ c.

Proof. Under Assumption 5.6, MpV q is nonsingular for all V

λmin pMpV qq

¡ 0.

Since SV

P SV . This implies that for all V P SV ,
is a compact set, using Result 5.3, the function V ÞÑ λmin pMpV qq

is continuous, therefore it has a minimum and reaches it. That minimum cannot be 0, hence

D c ¡ 0, @ V P SV , λminpMpV qq ¥ c.
Result 5.5. Under Assumptions 5.1, 5.3 and 5.6, and assuming b1 pK q2 pK {n K 2γ2 ∆2n b2 pK q2 q ÑnÑ8
0,
»

||ĝpV q  gpV q||2 dF pV q  OPpK {n

K 2γ2

||ĝpV q  gpV q||8  OPpb1pK qpK {n

∆2n b2 pK q2 q,
K 2γ2

∆2n b2 pK q2 q1{2 q.

Proof. Under Assumptions 5.1 and 5.3, writing Γ2n and γn respectively the mean square and sup
norm rates of convergence, we know that
mpV q||

OP pγn q,



OP p

³ 
γn , M̂ V

q

³

||m̂pV q  mpV q||2 dF pV q  OPpΓ2nq, supV PS ||m̂pV q 
p q  OPpΓ2nq, and supV PS M̂pV q  MpV qF 

2

M V  dF V

p q p q

F

V

V

since the Frobenius norm and the Euclidean norm are square roots of the sum of squared
elements, and this rate was obtained for each element of MpV q and mpV q.


We write

1n  1 minV PSV λmin pM̂pV qq ¡
λmin pM̂pV qq

c
2

. Using (38), we have





¡ λminpMpV qq   ||M̂pV q  MpV q||F 8,


ñ Vmin
λmin pM̂pV qq ¡ c   ||M̂pV q  MpV q||F 8 ,
PS
V

where the last implication uses Result 5.4. Hence
Assumptions 5.1 and 5.3, γn

1n

Ñ 0 which implies 1n  1
36





¥ 1  ||M̂pV q  MpV q||F 8 ¤ c{2
w. p. a 1.

. By

To obtain the sup norm rate, we write,

@ V P SV , gpV q  ĝpV q  MpV q1 mpV q  M̂pV q1m̂pV q


 MpV q1 M̂pV q  MpV q M̂pV q1 mpV q

M̂pV q1 r mpV q  m̂pV q s ,

which gives, using T, the norm inequality and definition of induced norm,


1n ||ĝpV q  gpV q||8

¤ 1n c 2c  ||M̂pV q  MpV q||F

This implies that ||ĝ pV q  g pV q||8

1n

»

8 ||m||8

1n

c
||m  m̂||8.
2

 OPpγnq. To obtain the mean square error rate, we write

||ĝpV q  gpV q||2dF pV q


» 
1n M V

p q1

¤ 1n
which implies

6




c
c ||m||8
2
³



2




M̂pV q  MpV q M̂pV q1 mpV q

» 

M̂ V

2

M V  dF V

p q p q

p q

F

1n

»

c
2

M̂pV q1 r mpV q  m̂pV q s dF pV q

||m̂pV q  mpV q||2 dF pV q,

||ĝpV q  gpV q||2 dF pV q  OPpΓ2nq.

Consistency of µ̂

Recall that, writing δi

 1pdetpXi1Xiq ¡ δ0q and Qδi  δiQi, we defined the estimator for Epµ|δq to
9

9

be
µ̂
Assumption 6.1. Assume Ep||

Qδ

°n

r  ĝpV̂iqs .

δ y9
i
i
i 1 Q°
n
i 1 δi







||q 8 and Ep||Qδ y||q 8.
9

ÑnÑ8 0 and a1pLq∆n ÑnÑ8
0. If additionally g is continuously differentiable on SV , then µ̂ ÑP Epµ|δ q.
Result 6.1. Suppose Assumptions 5.1, 5.3, 5.6, and 6.1 hold, with γn

Proof. To prove consistency, we need to show that
LLN,

1
n

°n



i 1 δi

ÑP PpdetpXi1Xiq ¡ δq,
9

9

1
n

°n

δ
i 1 Qi



ĝ pV̂i q

ÑP EpQgpV qδq.

and by Assumption 6.1 and the LLN,

EpQ y9 δ q, consistency would follow from Equation (12).

1
n

Then by the

°n

δ
i 1 Qi y9 i



We decompose
ņ

1
Qδ ĝ pV̂i q
n i1 i

 EpQgpV qδq 

ņ

1
Qδ rĝ pV̂i q
n i1 i

:  An

 gpViqs

ņ

1
Qδ g pVi q
n i1 i

 EpQgpV qδq

Bn .

We have


||An||   n1

ņ



Qδi r ĝ pV̂i q  g pV̂i q s

i 1
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1
Qδi r g pV̂i q  g pVi q s 
n i1
ņ

ÑP

¤ ||ĝ  g||8 n1
 OPpγn

ņ



||Qδi ||

C max ||V̂i  Vi ||
i

i 1

a1 pLq∆n q

ņ

ņ

1
||Qδi ||2
n i1

1
||Qδi ||2,
n i1

where the first term in the inequality follows from V̂i

P SV

by design, and the second sum term

follows from g being continuously differentiable on a compact set, hence Lipschitz continuous on
this set. The last equality follows from Equation (30) and Result (5.5). By Assumption 6.1, γn
and a1 pLq∆n

7

Ñ 0 as n goes to infinity, and we obtain ||An||  oPp1q.

Ñ0

Asymptotic normality

In this section we derive the asymptotic normality of µ̂. We carry out the analysis in several steps.
First, we modify the trimming function. We then express the dependence of our estimator on a
sample moment that depends on the nonparametric two-step sieve estimators. We explain how
to linearize it. We turn to the general case of a linear functional of nonparametric two-step sieve
estimator, derive the asymptotic distribution, then apply the obtained results to the linearized part
of our estimator. Finally we prove that the linearization is valid, and derive asymptotic normality
of µ̂.

7.1

Trimming

We will require the supports of V and pξt qt¤T to be bounded. Before getting into the details of the
proof of asymptotic normality, we introduce a slight modification of the estimator V̂i of the control
variables V .

 τ pṼiq, where Ṽi  pṽitqt¤T is the vector of residual from the

on ξit  px1it , zit q and τ projects onto SV  d¤d , t¤T rv td ; v̄td s. The proof

Recall that we defined V̂i
sieve regression of

x2it

2

of asymptotic normality will use the smoothness properties of τ and will require it to be twice
differentiable, which is not the case when τ is as defined in Section 4.1. We change the definition

¡ 0, and τς : x P R ÞÑ ς pex {p2ς q x{ς  1q. Note that limxÑ8 τς pxq  ς,
limxÑ 8 τς pxq  ς and we also have τς p0q  0, τς1 p0q  1 and τς2 p0q  0. For V P RT d , the
pd2pt  1q dqth component of τ pV q is given by
2

of τ . Define ς

2

2

τ pV qpt1qk2

$
'
'
vt,d ,
'
'
&

d

 'vtd
'
'
'
%v̄

td

P rvtd; v̄tds,
if vt,d ¤ v td ,
if vt,d ¥ v̄td ,
if vt,d

τς pvt,d  v td q,

 τς pv̄td  vt,dq,
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and define as before V̂i


¤ rvtd  ς; v̄td

¤

d d2 , t T

 τ pṼiq. The support of τ is RT d and we now
ς s. We will refer to SVς as the “extended support”.
2

have V̂i

P

SVς



Each component of τ is a twice differentiable function of V , implying that τ itself is twice

P SV , Bτ {BV  IT k which will imply that the
derivative of the function m composed with τ evaluated at V , mpτ pV qq, is equal to the derivative
of mpV q whenever V P SV . On the extended support, that is for all V P SVς , |B τ {B V | ¤ C and
|B2τ {BV 2| ¤ C for some constant C.

continuously differentiable. Moreover for all V

2

It will also be convenient to use extensions of the various regression functions used at differ-

Ñ Rk (for any given k) such that m is twice
continuously differentiable on SV , we define mς : SVς Ñ Rk an extension of m, twice continuously
differentiable. That is, for all V in SV , mς pV q  mpV q, and mς must be twice continuously differentiable on the extended support SVς . Note that if there exists a sequence of functions pmn qnPN
converging uniformly to mς on the extended support SVς , the sequence of restrictions of pmn qnPN
ent places in our proofs. For a function m : SV

on SV converges uniformly to m. We previously used, for g a function of the variable V , the norm

|g|d  max|l|¤d supV PS ||Bl gp.q||. A corresponding norm for the extended functions will change the
supremum to a supremum over the extended support, i.e., |g |ςd  max|l|¤d supV PS ||B l g p.q||.
Note that as was the case with our previous definition of τ , ||V̂i  Vi || ¤ ||Ṽi  Vi ||. This
V

ς
V

guaranteees that our results on the sup-norm convergence rates of the nonparametric two-step
estimators M̂ and k̂, and their derivatives, remain valid. This simply requires some changes
provided some changes are made to the definition of the vector of basis functions pK p.q and to the

approximation condition (4) of Assumption 5.3. First, pK p.q is defined on the extended support,
and the bounds b1 pK q and b2 pK q are also defined as bounds on the sup norm over the extended

support. Second, the approximation condition must be imposed on the extended functions Mς and
k ς . Under these modified conditions, the rate of convergence of ĝ is unchanged and consistency of
µ̂ holds.

7.2

Linearization

We study the asymptotic normality of

?npµ̂  Epµqq, where µ̂ is a sample average of a function of

the nonparametric estimate ĝ evaluated at the generated values V̂ . It is a semiparametric estimator
where the infinite dimensional nuisance parameter is estimated with generated covariates. General
conditions for asymptotic normality of semiparametric estimators are given for instance in Newey
(1994b), Chen, Linton, and Van Keilegom (2003), Ai and Chen (2003) and Ichimura and Lee
(2010). Many other references exist. However, the conditions given in these papers are “high-level”
conditions and cannot be directly applied to estimators using generated covariates. Mammen et al.
(2016) studies the asymptotic normality of a general class of semiparametric GMM estimators with
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generated covariates. Our estimator of the APE µ̂ belongs to this class of estimators, although of
a simpler form since it has a closed-form expression. The infinite dimensional nuisance parameter
in Mammen et al. (2016) is a conditional expectation which they estimate with a local polynomial
estimator and they do not specify an estimator for the generated covariates. To the best of our
knowledge, there are no such results for two-step series estimators. We will therefore develop the
results that are needed for asymptotic normality of our specific estimator.
The estimator of the average effect Epµ|δ q was defined as



°n

r  ĝpV̂iqs 



i y9 i
i 1 δi Q
°n
i 1 δi

°n

r  ĝpV̂iqs  °

δ y9
i
i
i 1 Q°
n
i 1 δi



1

δ

µ̂ ,


 {n
°
where µ̂δ  ni1 Qδi ryi  ĝ pV̂i qs{n. To obtain the asymptotic distribution of µ̂  Epµ|δ q, we will
first study µ̂δ  Epµi δi q. We write G  ppbt qt¤T , k, Mq for a vector of generic functions with
bt : Sξt ÞÑ Rd , k : SVς ÞÑ RT 1 and M : SVς ÞÑ MT 1 pRq. For clarity we choose to write
G0  ppb0t qt¤T , k0 , M0 q, for the true values of these functions, that is, for the nonparametric
µ̂

n
i 1 δi

9

2

primitives of the model. Note that the functions we consider here are functions on the extended
support. We dropped the exponant ς and will display it to avoid confusion whenever necessary.
We decompose

?npµ̂δ  Epµ δ qq  ?1
i i
n
 ?1n



ņ



ņ



Qδi ry9 i  ĝ pV̂i qs  Epµi δi q,

i 1
ņ

rδiµi  Epµiδiqs



i 1
ņ

ņ

Qδi u9 i

i 1

 ?1n rδiµi  Epµiδiqs
i1

ņ

?1n Qδi u9 i
i1



ņ

?1n rQδi gpViq  EpQδ gqs  rQδi ĝpV̂iq  EpQgpV qqs ,
i1
i1
 ?n XnpĜ q  XnpG0q ,
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where we define

 Qδi M τ px2it  btpξitqqt¤T 1 k
X pG q  EpχpWi , G qq  EpχpWi , G0 qq,


χpW i , G q

Xn pG q





τ



px2it  btpξitqqt¤T



,

ņ

1
rχpWi, G q  EpχpWi, G0qqs,
n i1

and where τ is as defined in Section 7.1. The function τ ensures that the argument of M and k lies

 pXi, ui, Vi, Zi, µi, αiq stands for the whole vector of primitive variables.
Note that X pG0 q  0. We write the variables as column vectors, e.g Vi  pVi11 , ... , ViT1 q.
in SVς . We recall that Wi

The decomposition as well as our choice of arguments in X make explicit the dependence of our
estimator on the functions pbt qt¤T . Indeed, the generated covariates are defined as the vector of
vit

 x2it  btpξitq, and pbtqt¤T

are nuisance parameters. The use of generated covariates in place of

the true value of the variables has a twofold impact on semiparametric estimators such as µ̂. First
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the nuisance parameter M and k are estimated using the generated values. Second the estimators
M̂ and k̂ are evaluated at the generated values when plugged in in the sample average that defines
µ̂. The dependence of X on pbt qt¤T highlights the latter aspect.
The two first terms in Equation (39) are normalized sums of i.i.d random variables. Their
asymptotic normality can be established by a standard CLT argument. We focus on the last term,

?nX pĜ q  X pG q, which has a standard form except for its dependence on a composition of
n
n 0
the infinite dimensional nuisance parameters. Arguments yielding asymptotic normality typically
require a fast enough rate of convergence of the estimators of the nuisance parameters, a stochastic
equicontinuity condition that imposes restrictions on the class of functions the parameters can lie
in, and an asymptotic normality condition for linear functionals of the nonparametric estimates of
the nuisance parameters. Specifically, we define a class of continuous functions H endowed with a
pseudometric ||.||H such that G

P H. As we just described, we require the following set of conditions
for our asymptotic analysis. Define Hδ  tG P H : ||G  G0 || ¤ δ u.
Assumption 7.1.

¤δn ||Xn pG q  X pG q  Xn pG 0 q||  oP pn1{2 q.
2. The pathwise derivative of X at G0 evaluated at G G0 , X pGq pG0 qrG G0 s, exists in all directions
rG  G0s, and for all G P Hδ with δn  op1q, ||X pG q  X pGqpG0qrG  G0s || ¤ c||G  G0||2 , for

1. For all δn

 op1q, sup||GG ||

0 H

some constant c ¥ 0,

3.

H

n

||Ĝ  G0||H  oPpn1{4q.

Result 7.1. Under Assumption 7.1,

?nX pĜ q  X pG q  ?n X pGqpG qrĜ  G s
n
n 0
0
0

oP p1q.

Proof. This proof is a special case of Theorem 2 in Chen et al. (2003). By Assumption 7.1 (3), there

 op1q such that Pp||Ĝ G0|| ¡ δnq Ñ 0. Take 1n  1p||Ĝ G0|| ¤ δnq. 1n||XnpĜ qXnpG0q
p
G
q
X pG0 qrĜ  G0 s|| ¤ 1n ||Xn pĜ q  X pG q  Xn pG0 q|| 1n ||X pG q  X pGq pG0 qrĜ  G0 s||  oP pn1{2 q by
Assumption 7.1. Hence ||Xn pĜ q  Xn pG0 q  X pGq pG0 qrĜ  G0 s||  oP pn1{2 q.

exists δn

The definition of H and in particular of ||.||H is not straightforward here. The choice of H
will be driven by the stochastic equicontinuity condition, that is, Condition (1) of Assumption 7.1,
following Chen et al. (2003) and the choice of ||.||H will be driven by Condition (2). We examine
this in more details in Section 7.4.2.
Under Assumption 7.1, the asymptotic distribution of µ̂ depends on the asymptotic behavior

? pGq
pGq
of n X rĜ  G s, where we write X
0

0

0

for the pathwise derivative of X at G0 . It is a linear

functional of a nonparametric estimator, an object that has been widely studied (see, e.g, Newey
(1994a) for kernel estimators and Newey (1997) for series estimators). However the pathwise
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derivative is evaluated at the constructed two-step nonparametric estimators and its asymptotic
distribution cannot be obtained directly. Hahn et al. (2018) derives asymptotic normality results
for nonlinear functionals of two-step nonparametric sieves estimators when the sieve estimators are
from a general class of nonlinear sieve regression estimators. They however do not specify a formula
for the asymptotic variance, arguing that it might not exist. This is not an issue in our case and
we derive using a different type of proof the asymptotic normality and asymptotic variance of our
linear sieve estimators.
The structure of our asymptotic analysis is as follows: we first derive the asymptotic distribution

? pGq
of n X rĜ  G s by studying the general case of a linear functional of the two-step sieve estimator
0

0

of a nonparametric regression function and obtain its asymptotic variance. We then specify our
choice of H and ||.||H , show that Assumption 7.1 holds for this choice. Using Result 7.1, we obtain
the asymptotic distribution of the standardized µ̂.
We therefore focus on the linearized term. The pathwise derivative applied to the estimators can
be decomposed as the sum of T

2 partial pathwise derivatives applied to each nonparametrically

pM q
pbtq
pk q
estimated function. We define χ0 pWi qrk̃ s, pχ0 pWi qrb̃t sqt¤T and χ0 pWi qrM̃sq to be the partial

pathwise derivatives of χ respectively with respect to k, bt and M at the true value G0 , evaluated
respectively at k̃, b̃t and M̃. We have

pkq pW qrk̃s :
i
pbtq
χ pW qrb̃ s :
χ0
0

i

t

χpkq pWi , G0 qrk̃ s

 Qδi M0pViq1k̃pViq,
Bg
χp2tq pWi , G0 qrb̃t s  Qδi
Bv pViqb̃tpξitq
t

pM q
χ0 pWi qrM̃s : χpM q pWi , G0 qrM̃s  Qδi M0 pVi q1 M̃pVi q M0 pVi q1 k0 pVi q
 Qδ M0pViq1 M̃pViqgpViq  rgpViq1 b pQδ M0pViq1qs VecpM̃pViqq,
i

i

where vt denotes the tth component of V , and where

Bg
BV pVi q is a Jacobian matrix of size pT 1qT d2 .

Note that the function τ does not appear in the above formula, nor does any of its partial order
derivatives. This is because when evaluated at the true value of V , by design τ simplifies to the
identity function on SV while its Jacobian simplifies to the identity matrix.

pkq rk̃s the partial pathwise derivative of X with respect to k at G and evaluated
0
p
Mq
p
btq
at k̃, and similarly X0 rM̃s and pX0 rb̃t sqt¤T . Assuming one can interchange expectation and
We define X0

differentiation, we follow Mammen et al (2016) and write

pGq rG  G

X0

0

s  X0pkqrk  k0s


pM q rM  M

X0

0

s

Ţ



pbtq rb

X0

t 1

»
V

rλMpvq
Ţ



»

t 1 ξt

Vec ppM  M0 qpv qqs dFV pv q
λbt pξt q pbt  b0,t qpξt qdFξt pξt q,
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t

»
V

 b0,ts,
rλk pvq pk  k0qpvqs dFV pvq
(40)

where the functions λ. are defined using the partial pathwise derivatives as


 E gpViq1 b pQδi M0pViq1q | Vi  v  gpvq1 b rEpQδi |Vi  vqM0pvq1s,
λk pv q  EpQδi M0 pVi q1 | Vi  v q  EpQδi | Vi  v qM0 pv q1 ,

B g pV i q | ξ  ξ .
λbt pξt q  E Qδi
Bv it t

λM p v q

t

pkq and X pM q are evaluated at functions defined on the extended

We point out the fact that even if X0
support

SVς ,

0

they are unaffected by the values of these functions when evaluated at V

R

SV .

Therefore it will not be necessary to consider extended functions. The following section studies
the general case of a linear function applied to a (non extended) nonparametric two-step sieve
estimator.

7.3

Linear application of a nonparametric two-step sieve estimator

We consider the model (31) described in Section 5.2. The object of interest in this section is the value
of a linear function ap.q evaluated at hW where hW p.q

 EpW |V  .q. We use the nonparametric
two-step sieve estimator ĥW . The estimator of aphW q will be apĥW q, and the purpose of this section

is to write, under general conditions on the random variables W, V, eW  , the functions hW and ρW ,

?npaphW q  apĥW qq as ?1

°n

W
 si,n oP p1q. Treating this general case first will allow us
pM q rM̂  M s.
pkq
to apply the derived results to X rk̂  k s and X

the term

n

i 1

0

0

0

0

To obtain our asymptotic normality result, we will use Lemma 2 of Newey et al. (1999).
However as mentioned earlier, an essential orthogonal condition they assumed, namely the independence of the conditional mean of w  Epw|V q on pX, Z q, does not hold in our model. For
W
this reason we obtain an extra term in sW
i,n , which depends on ρ . Note that V is composed

of T generated covariates coming from T different cross-section regressions. We treat the case

 btpξitq, bt  pb1t, ..., bntq, the vector
W
W
W
W
W
W
hW
ς  ph pV1 q, .. , h pVn qq  phς pV1 , .. , hς pVn qq, for hς p.q the functional extension of h p.q,
W
W
W
W
and the vector ĥW
vt  pv1t , .., vnt q. Finally
ς  phς pV̂1 q, .. , hς pV̂n qq. Define ρi  ρ pXi , Zi q and ~
where w

P

R, V

P

RT d2 , aphq

P

Rda . We define bit

we define the following matrices,
HW
t


HtW

ņ

1
p̂i pB hW
ς pVi q{B vt b rit q

A

1
1 q,
p̂i pB hW pVi q{B vt b rit
n i1

dP W
t

 n1



i 1
ņ

 papp1K q, .. , appKK qq,


BpK pViq b r1
it
B vt
 K
B p pV i q b r 1 q,
W
W
dPt  Epρi
it
B vt

 Erpi pBhWς pViq{Bvt b rit1 qs
 Erpi pBhW pViq{Bvt b rit1 qs,
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ņ

1
ρW
n i1 i

,

where vt is the tth generated covariate, and the equalities on the first two matrices hold by definition of hς as a convenient functional extension of h. We point out that this section, and our
asymptotic normality analysis in general, will use series estimators without specifying the basis of
approximating functions. We showed consistency under two sets of conditions, one using a general
sieve basis, and one using power series and allowing the density of the regressors to go to zero on
the boundaries of their support. Unlike the latter assumptions however, the assumptions we impose
for asymptotic normality use rates on the sup norm of the functions as well as of their derivatives
when the suprema are defined over the extended support. This rules out a direct application of
the results allowing the density of the regressors to go to zero on the boundaries of their support.
Indeed these results use a linear transformation of the power series and provide rates on the bounds
of the norms of the vector of functions which are valid on the support, not on the extended support.
Computing rates on the extended support is beyond the scope of this paper. We therefore remain
silent on the choice of the basis. Recall that by ||τ pv1 q  τ pv2 q||
5.1 we have

1
n

°n

2
 ||vi  v̂i ||  OP L{n

i 1

L2γ1



 OPp∆2nq.

¤ ||v1  v2||, under Assumption

Assumption 7.2.
1. The data Wi is i.i.d,
2.

||apgq|| ¤ C |g|0,

3. hW is twice continuously differentiable and the first and second derivatives are bounded, ρW
is bounded,

¤ T , supS ||btpξtq  βtL 1rLpx1t , ztq|| ¤ CLγ .
K such that sup
W
K
1 K
γ ,
There exists γ2 , πW
S ||hς pv q  p pv q πW || ¤ CK
For all t ¤ T , there exists Γ1t , a L  L nonsingular matrix such that for RtL pξt q  Γ1t rtL pξt q,
EpRtL pξt qRtL pξt q1 q has smallest eigenvalue bounded away from zero uniformly in L. Similarly, there exists Γ2 , a K  K nonsingular matrix such that for P K pV q  Γ2 pK pV q,
EpP K pV qP K pV q1 q has smallest eigenvalue bounded away from zero uniformly in K,
||A|| is bounded,
For |RtL pξt q|0 ¤ a1 pLq, |P K pV q|ς0 ¤ b1 pK q, |P K pV q|ς1 ¤ b2 pK q, |P K pV q|ς2 ¤ b3 pK q, we have
?nK γ  op1q, maxp?K, ?Lb pK qq a pLqaL{n  op1q, b pK qraL{n Lγ srK Ls 
2
1
2
o p1 q,
? ?nL2γ s  op1q, b pK q2?K raL{n Lγ s  op1q,
?
b2 pK q nLγ  op1q, b3 pK qrL{ n
2
2

For all ξt , Ep||vit || |ξit  ξt q ¤ C and for all pX, Z q, VarpeW
i |Xi  X, Zi  Z q ¤ C.

4. There exists γ1 and βtL such that for all t

1

ξt

2

ς
V

5.

6.
7.

2

1

1

8.

1

1

As stated above, we do not specify the sieve basis but for simplification in the computations,
we assume that b1 pK q ¤ b2 pK q ¤ b3 pK q.
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Lemma 7.1. Under Assumptions 5.1 and 7.2,

?nrapĥW q  aphW qs 



ņ

Ţ

?1n A Eppip1iq1 pieWi
i1



pHtW  dPtW qpIk b Epritrit1 q1q pvit b ritq



2

o P p1 q.

t 1

Proof. As argued in the proof of Result 5.1, under Assumption 7.2 (5), we can impose without loss
of generality the normalization Eppi p1i q

 IK and Epriri1 q  IL.
a
a
?
We define ∆BP  b2 pK q L{n, ∆Q  b2 pK q2 ∆2n
Kb2 pK q∆n b1 pK q K {n, ∆Q1  a1 pLq L{n
a
?
and ∆H  b2 pK q∆n L a1 pLq K {n. Recall that ∆2n  L{n L2γ . Under Assumption 7.1 (3),
?nK γ  op1q and
a
a
?
? ?
K∆Q  Op K r Kb2 pK q∆n b1 pK q K {nsq  OpKb2 pK qr L{n Lγ sq  op1q,
?
?
?
?
∆BP L  b2 pK qL{ n  op1q,
b2 pK q∆Q1 L  b2 pK qa1 pLqL{ n  op1q,
?
b2 pK q∆n  Opb2 pK q nLγ
∆BP q  op1q,
a
a
?
? ?
L∆H  Opb2 pK qLp L{n Lγ q maxp K, Lb2 pK qq a1 pLq L{nq  op1q,

a
a
?
∆Q b2 pK q  O b2 pK q2 K rLγ
L{ns b2 pK q2 K {n  op1q,
?nb pK q∆2  b pK qrL{?n ?nL2γ s  op1q.
a

1

2

1

1

1

1

3

1

3

n

These results also imply ∆BP

 op1q, ∆Q  op1q, ∆Q1  op1q and ∆H  op1q. The convergence of

all these rates to zero as n grows will be used in several steps of the proof.
From the results stated in the proof of Result 5.1, we obtain ||Q1  IL ||

and ||Q̂  IK ||



OP p∆Q q

 o P p1 q.



OP p∆Q1 q

 o P p1 q

This implies, as argued in NPV99, that the eigenvalues of Q̂

are bounded away from 0 w. p. a 1, therefore ||B Q̂1 || ¤ ||B ||OP p1q and ||B Q̂1{2 || ¤ ||B ||OP p1q for
any matrix B. Using
ņ

||H Wt  HtW || ¤|| n1 pp̂i  piqpBhWς pViq{Bvt b rit1 q||


i 1

|| n1

with || n1

°n



i 1

ņ

1 q  Erpi pBhW pVi q{Bvt b r1 qs||,
pi pB hW pVi q{B vt b rit
it


pp̂ipiqpBhW pViq{Bvtbr1 q|| ¤
ς

i 1
it

1
n

||P̂ P || supS ||BhWς || trpRR1q1{2  OPpb2pK q∆n
ς
V

?

Lq,

and
Ep||

ņ

1
1 q  Erpi pBhW pVi q{Bvt b r1 qs||2 q
pi pB hW pVi q{B vt b rit
it
n i1

¤ Eptr



1
n2

ņ



1 q pBhW pVi q{Bvt b r1 q1 p1
pi pB hW pVi q{B vt b rit
it
i

i 1
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q ¤ C n1 Eptrppiri1 rip1iqq ¤ Ca1pLq2K {n,

we obtain ||H W
t

 HtW ||  OPp∆H q.

 HtW ||  oPp1q.
1 rit q  EptrpIL qq  L, we have for all t ¤ T ,
since ρW p.q is a bounded function and Eprit
Ep||dP t  dPt ||

2

q¤

C
n2

ņ



By Assumption 7.2 (7), ||H W
t

Eptr

i 1



BpK pViq  BpK pViq
B vt
B vt

1

1 rit
rit

Moreover,

q ¤ Cb2pK q2L{n,

which implies by M that ||dP t  dPt ||  OP p∆BP q  oP p1q.
Since ap.q is linear, apĥW q

 Aπ̂W . Using Assumption 7.2 (2),

||appK p.q1 πWK q  aphW p.qq|| ¤ sup ||pK p.q1 πWK  gW p.q|| ¤ C sup ||pK p.q1 πWK  gςW p.q|| ¤ CK γ ,
2

SVς

SV

which implies using Assumptions 7.2 (7) that

?nrapĥW q  aphW qs  ?nF Arπ̂  πK s o p1q,
W
P
W
?
 AQ̂1P̂ pW  P̂ 1πWK q{ n oPp1q.
?n||AQ̂1{2|| ?n sup ||pK p.q1 πK 
1 K
1
W
1 K
Since ||AQ̂1 P̂ pĥW
S
ς  P̂ πW q|| ¤ ||AQ̂ P̂ ||||ĥς  P̂ πW || ¤
W
?
W

1
W
1
K
h p.q||, AQ̂ P̂ pĥ  P̂ π q{ n  o p1q by ||A|| bounded. Therefore we obtain as in NPV99,
ς
V

ς

W

P

?npapĥW q  aphW qq  AQ̂1P̂ eW {?n

?

loooooooomoooooooon

W
A
Q̂1 P̂ phW
ς  ĥς q{ n
loooooooooooooomoooooooooooooon

(B)

(C)

oP p1q.
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We first focus on the term (B), which we decompose

?

(B)  AP 1 eW { n

?

A
pQ̂1  I qP eW { n
loooooooooooomoooooooooooon

pB1q

?

A
Q̂1 pP̂  P qeW  { n
looooooooooooomooooooooooooon

pB2q

?

A
Q̂1 pP̂  P qρW { n .
looooooooooooomooooooooooooon

pB3q

 pv1, .. , vnq. Since Ep||P eW {?n||2q  1{n trrEpP eW peW q1P 1qs  1{n trrEpP EpeW peW q1|~v q P 1qs ¤
?
C trrIk s  OpK q by Assumption 7.2 (8), we have by the Markov inequality ||P eW { n||  OP pK 1{2 q.
Define ~v

Therefore,

||pB1q|| ¤ ||AQ̂1|| ||IK  Q̂|| ||P {?n||  ||A||OPp1q ||IK  Q̂|| ||P {?n||  OPp∆QK 1{2q
ñ pB1q  oPp1q,
under Assumption 7.2 (8).
We now look at the extra terms (B2) and (B3), where we decomposed eW as ρW

eW  since eW

itself is not conditionally mean independent of pP̂  P q, while eW  is. Indeed, since EpeW  |~x, ~zq  0,
Ep||pP̂

 P qeW {?n||2|~x, ~zq  1{n trrEppP̂  P qeW peW q1pP̂  P q1|~x, ~zqs
 1{n trrpP̂  P q EpeW peW q1|~x, ~z q pP̂  P q1s ¤ C {n||P̂  P ||2.
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By the proof of Result 5.1, ||P̂  P ||2 {n  OP pb2 pK q2 ∆2n q (the difference is that now b2 pK q is defined

||pP̂  P qeW {?n||  OPpb2pK q∆nq.
||AQ̂1pP̂  P qeW {?n|| ¤ ||AQ̂1|| ||pP̂  P qeW || {?n  ||A||OPp1q||pP̂  P qeW ||{?n
ñ pB2q  OPpb2pK q∆nq  oPp1q.
?
? °
We now focus on (B3). We have pP̂  P qρW { n  1{ n n pp̂K  pK qρW and a second order
as the sup rate over the extended support SVς ) hence by CM,



i

i 1

i

i

Taylor expansion gives
K
||pp̂Ki  pKi q  Bp BpτVpViqq BτBpVViq pṼi  Viq|| ¤ Cb3pK q||Ṽi  Vi||2,
Bp pV q pṼ  V q|| ¤ Cb pK q||Ṽ  V ||2 , since V P S
K
which can be rewritten as ||pp̂K
i
i
3
i
i
i
V
i  pi q 
Bv
K

i

and

we chose τ so that its Jacobian matrix is the identity matrix on SV . Hence

BpK pViq pṼ  V qρW s || ¤ CO p1qb pK q ņ ||Ṽ  V ||2{?n
i
i i
3
i
i
P
BV
i1
i1
 OPp?nb3pK q∆2nq  oPp1q,
°
?
Therefore pB3q  AQ̂1 n Bp pV q pṼ  V qρW { n o p1q. We can

||AQ̂1 ?1n rpP̂  P qρW 

ņ

K



by Assumption 7.2 (7).

i 1

Bv

i

i

i

i

P

decompose

p1qpṽit  vitq  β̂t1 rit  bit  pQ1t1RtrXt2 1  Rt1 βtLs{nq1rit βtL 1rit  bit,
 rpQ1t1Rt~vt1 {nq1rits rpQ1t1Rtrpbtq1  Rt1 βtLs{nq1rits rβtL 1rit  bits,
and then apply this decomposition to pB.3q, pB.3q  rpB3.1q

pB3.1q 

Ţ



t 1
Ţ

AQ̂1

ņ



i 1
ņ

pB3.2q pB3.3qs
BpK pViq Q1R rpb q1  R1 β Ls{n1 r {?n
ρW
t
t
it
i
t t
1t
Bv

oP p1q, where

t

BpK pViq rβ L 1r  b s{?n
Bvt t it it
t1
i1
Ţ
ņ
K


pB3.3q  AQ̂1 ρWi BpBvpViq Q1t1Rt~vt1 {n 1 rit{?n
t
t1
i1
pB3.2q 

AQ̂1

ρW
i

The first term in this expression of pB.3q can be rewritten

BpK pViq Q1R rpb q1  R1 β Ls{n1 r {?n
t
t
it
t t
1t
B vt
t1
i1
 K
Ţ
ņ

11
W
 AQ̂ n ρi BpBvpViq b rit1 VecpQ1t1Rtrpbtq1  Rt1 βtLsq{?n
t
t1
i1
Ţ
 AQ̂1dP pI b Q1R q Vecppb q1  R1 β Lq{?n,

pB3.1q 

Ţ



AQ̂1

ņ

ρW
i

t

k2

1t

t

t

t 1
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t t

?n sup ||b p.q β L 1rLp.q|| ¤ ?nLγ . Defining, for d ¤ d , the mat
2
S
t
B
p pV q 1
1 °n
th
W
trix dP td  n i1 ρi Bv rit where vtd is the d component of vt , then dP t  pdP t1 , .. , dP tk q,
where || Vecppbt q1  Rt1 βtL q|| ¤
K

1

ξt

i

2

td

and we can write

||AQ̂1dP tpId b Q1t1Rtq||2 

d2
¸

2



||AQ̂1dP tdQ1t1Rtq||2 

d 1
d2
¸

n



d2
¸



1
1 1 1 1 1
trpAQ̂1 dP td Q
1t Rt Rt Q1t dP td Q̂ A q

d 1
1
1 1 1
trpAQ̂1 dP td Q
1t dP td Q̂ A q,

d 1
1
1
and dP td Q
t dP td



 °
n
1
n

W B p pVi q r 1
i1 ρi
Bvtd it
K

°n

1
i1 rit rit

1
n

By Rt1 pRt Rt1 q1 Rt being an orthogonal projection matrix,
dP td Q1 dP 1

td ¤

t

B p q r1 1 .
it
B

1  1 °n

K
1
2 B p pV i q
p
ρW
q
n i1 i
Bvtd
ņ



n

K
W p Vi
i 1 ρi
vtd



BpK pViq
Bvtd

1
,

1{2 || ¤ b pK q and
2

implying ||dP td Qt

1
1
1 1 1
trpAQ̂1 dP td Q
t dP td Q̂ A q ¤

ņ

K
pAQ̂1 Bp pViq



BpK pViq
Bvtd

1

Q̂1 A1 q
Bvtd
ņ
K
¤ n1 ||AQ̂1||2 pρWi q2|| BpBvpViq ||2  OPp1q b2pK q2,
td
i1
n i1

p q

2
ρW
tr
i

||AQ̂1dP tpIk b Q1t1Rtq||2 

since ρW p.q is bounded. Hence

2

OP pnb2 pK q2 q and we obtain by

Assumption 7.2 (7),

||pB3.1q||  OPp?nb2pK q?nLγ {?nq  OPpb2pK q?nLγ q  oPp1q.
1

1

Focusing now on the second term in the expression of pB3q,

BpK pViq rβ L 1r  b s{?n ¤ ||AQ̂1||nb pK q CLγ {?n
2
Bvt t it it
t1
i1
 OPp1qb2pK q?nLγ  oPp1q,


||pB3.2q||  

Ţ

AQ̂1

ņ

ρW
i

1

1

again by Assumption 7.2 (7). This implies that pB3q  pB3.3q

oP p1q, with

b Q1t1q VecpRt~vt1 q{?n.
t1
?
?
First, by Ep||vit ||2 |ξit  ξt q bounded, ||Rt~vt1 { n||  OP p Lq, which gives
Ţ
|| AQ̂1dP trIk b Q1t1  Ik Ls VecpRt~vt1 q{?n||,
pB3.3q 



2

AQ̂1 dP t pIk2

2

t 1

¤ ||AQ̂1||

Ţ

Ţ



||dP tpIk b Q1t1{2q|| ||pIk b Q1t1{2|| ||Ik b pIL  Q1tq|| ||Rt~vt1 {?n||,
2

2

t 1
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2

¤ OPp1qCb2pK qOPp1q∆Q1

?

?

L  OP pb2 pK q∆Q1 Lq  oP p1q,

by Assumption 7.2 (7). Similarly

||

?

Ţ



?

?

AQ̂1 pdP t  dPt q VecpRt~vt1 q{ n|| ¤ C ||AQ̂1 || ||dP t  dPt || ||Rt~vt1 { n||  OP p∆BP Lq  oP p1q.

t 1

Finally, we write dPtd





K
1
th component of v and
E ρW
it
i B p pVi q{B vtd rit , as well as vitd the d

 pv1td, .., vntdq1. Then
?
Ep||dP R ~v 1 { n||2 q  tr

~vtd

td



1 |~x1 , ~zqR1 dP 1
dPtd E Rt Ep~vtd~vtd
t
td

t td



¤ C dPtddPtd1  CE hWi BpK pViq{Bvtdrit1 Epritrit1 q1E
¤ CEppρWi q2BpK pViq{BvtdpBpK pViq{Bvtdq1q ¤ Cb2pK q2,



{n ¤ C tr dPtdE RtRt1

K
1
ρW
i rit B p pVi q {B vtd



1
dPtd



{n

where the second to last inequality follows from taking the orthogonal projection matrix argument

?

1 { n||  OP pb2 pK qq, and
to the limit.This implies that ||dPtd Rt~vtd

||

Ţ



?

d2
¸

Ţ

ApQ̂1  Ik2 qdPt VecpRt~vt1 q{ n|| ¤

||AQ̂1pIk  Q̂qdPtdRt~vtd1 q{?n||
2

 
¤ ||AQ̂1|| OPp∆QqOPpb2pK qq  OPp∆Qb2pK qq  oPp1q,

t 1

t 1d 1

by Assumption 7.2 (7). We can now write

pB3.3q 

Ţ

?1n A dPt VecpRt~vt1q
t1

o P p1 q 

ņ

Ţ

?1n A dPtvit b rit
i1 t1

o P p1 q,

where the term appearing in the sum over n, were the weight matrices not normalized, would
become

°

1 1
¤ AEppi pi q dPt pIk2

b Epritrit1 q1q vit b rit.

t T

obtains,
(B) 



ņ

Adding all terms appearing in pB q, one

Ţ

?1n A pieWi
i1



 dPt pvit b ritq oPp1q.
t1
?
?
The remaining term in the expression of npapĥW q  aphW qq is pC q  AQ̂1 P̂ phW  ĥW q{ n.
ς

ς

This term is similar to the second term in equation pA.16q of NPV99, p598, where the regression
function is becomes hW
ς . Since v

ÞÑ hWς pτ pvqq is by composition twice continuously differentiable

and has bounded second order derivative on the extended support, one obtains using NPV99
(C) 

?1n

ņ



i 1

Ţ

A

HtW pvit b rit q



oP p1q,

t 1

adapting to the fact that hW
ς is here function of T generated covariates instead of one and using

?nLγ , ?nb pK q∆2 , ?L∆
1

1

n

Q1 ,

?

K∆Q and

?

L∆H converge to zero as n goes to infinity. Note

that, absent the normalization of the weight matrices, the term summed over n in the previous
equation would become A Eppi p1i q1

°T

W
t 1 Ht



pIk b Epritrit1 q1q pvit b ritq.
2
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Compared to the linearization obtained in Newey et al. (1999), there is an extra term dPtW which

would be zero if ρW pX, Z q

 0.

This refers to the absence of the above mentioned orthogonality

condition. Another difference is the sumation over t of the HtW and dPtW terms: this is due to
vector of control variables being composed of T estimated residuals.
Assumption 7.2 (6) is a condition on the functional a applied to the elements of the approximating basis. The functionals applied to our estimators are derived from the linearization of X ,
which is the sum of linear functionals applied to the conditional expectations M and k. These
functionals take the form of an expectation aphW q



³

λa pv qhW pv qdFV pv q. This corresponds to

the mean square continuity condition of Newey (1997) under which he obtains

?n asymptotic

normality of a linear functional of a linear sieve estimator. We exploit properties implied by this
specification of a but instead obtain an intermediary result on the mean square convergence of the


°T

W
W
1 1
t1 pHt  dPt q pIk b Eprit rit q q pvit b rit q

term Eppi p1i q1 pi eW
i

2



. This term is the sum of

three elements, and we give separate results for each element. These results will then be used in
the following section to show that Condition (6) of Assumption 7.2 holds and to obtain the total
asymptotic variance matrix of

?nX pGqrĜ  G s.
0

0

Assumption 7.3.
2.

³

Þ Rd such that aphW q  λapvqhW pvqdFV pvq,
Ñ
|λapV q  ιKa pK pV q|1  OpKγ q, there exist ιLaht and ιLaρt such that
There exists ιK
a such that



L
2 Ñ 0 and E ||E ρW B λ pV q |ξ  ιL r L pξ q||2 Ñ 0
E ||E λa pV q BhBv pV q |ξt  ιL
t
t
aρt
i
aht r pξt q||
Bv
as L Ñ 8,
b2 pK qK γ  op1q,
For all V , VarpeW
i |V q ¤ C.

1. There exists a function λa : RT d2

a

3

W

a

td

3.
4.

td

3

Note that Condition (2) is a stronger condition than Ep||λa pV q

?
would usually be assumed to obtain n asymptotic normality.

 ιKa pK pV q||2q Ñ

0, which

Indeed, Assumption 7.3 (2) is a

sup norm rate condition on both λa and B λa {B V . The dPtW term we obtained in Lemma 7.1
includes derivatives of the vector of basis functions. Loosely speaking, left multiplication of dPtW
by the matrix A, which is the matrix of expectations of λa multiplied by the functions, will yield
an approximation of the derivative of λa under Condition (2), which will appear in the asymptotic
variance of our estimator when applied to specific functionals.
This mathematical intuition will be made explicit in the proof and requires the definition of the

 A Eppip1iq1 pK pvq, λ̃Ba,tdpξtq  A Eppip1iq1HtdW Epritrit1 q1 rLpξtq and B λ̃a,tdpξtq 
W Epr r 1 q1 r L pξ q.
A Eppi p1i q1 dPtd
it it
t

functions λ̃a pv q
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2
Lemma 7.2. Under Assumption 7.2 and 7.3, as K, L Ñ 8, Ep||eW
i pλ̃a pV q  λa pV qq|| q Ñ 0,



||vi,tdpλ̃Ba,tdpξtq  E

E



λa pV q BhBvtdpV q |ξt
W

q||2 Ñ 0, and Ep||vi,tdpB λ̃a,td  E



Bλa pV q |ξ
ρW
i
Bvtd t



q||2q Ñ 0.

1 q  IL . Note that
Proof. By Assumption 7.2 (5), we can assume wlog that Eppi p1i q  IK and Eprit rit


λ̃a pv q  A pK pv q  E λa pV qpK pV q1 pK pV q is the mean square projection of λa on the functional
2
space spanned by pK . As in Newey (1997), Theorem 3, this implies that Ep||eW
i pλ̃a pV qλa pV qq|| q ¤

CEp||πaK pK pV q  λa pV q||2 q Ñ 0, using Assumption 7.3(4).



 A HtdW rLpξtq  E λ̃apV q BhBv pV q b rLpξtq1 rLpξtq,

and since E rλ̃a pV q  λa pV qs BhBv pV q b rL pξt q1 rL pξt q is the mean square projection of Epλ̃a pV q 
λa pV q|ξt q on the functional space spanned by rL , by properties of projection we have

2

B
hW pV q
 B
L
1
L
E λ̃a,td pξt q E λa pV q
b r pξtq r pξtq
B
vtd


W
¤ E ||rλ̃apV q  λapV qs BhBv pV q ||2 ¤ CE ||rλ̃apV q  λapV qs||2 Ñ 0,
Following NPV99, noticing that λ̃Ba,td pξt q

W

td

W

td

td

where the last inequality holds by Assumption 7.2 (3).

W
As for the λ˜a , since E λa pV q BhBvtdpV q b rL pξt q1 rL pξt q is the mean square projection of




E λa pV q BhBvtdpV q |ξt , then
W

 

E E λa V



W
p q BhBv pV q b rLpξtq1
td

r

L

 
2
B
hW pV q
pξtq E λapV q Bv |ξt 
td


W
¤ Ep||ιLahtrLpξtq  E λapV q BhBv pV q |ξt ||2q Ñ 0.
td



This implies E

||λ̃Ba,tdpξtq  E



λa pV q BhBvtdpV q |ξt
W

||2 Ñ 0, and, by Assumption 7.2 (8),





Bh
E ||vi,td pλ̃Ba,td pξt q  E λa pV q

pV q |ξ q||2 Ñ 0.
t
Bv
W

td

For the third result, we need
Ep||

Bλ̃apViq  BλapViq ||2q ¤2Ep||Epλ pV qpK pV q1q BpK pViq  ιK BpK pViq ||2q
a
a
Bvtd
Bvtd
Bvtd
Bvtd
K
Bp pViq  BλapViq ||2q,
2Ep||ιK
a
Bv
Bv
td

td

where the second term in the sum converges to 0 by Assumption 7.3 (2). The first term is


E E λa V

2
K
pr p q  ιKa pK pV qspK pV q1q BpBvpViq  ¤ b2pK q2Ep||rλapV q  ιKa pK pV q||s
td

 Opb2pK q2K 2γ q Ñ 0,
3

which implies that Ep|| Bλ̃BavptdVi q

 BλBvpV q ||2q Ñ 0.
a

i

td

51

Since B λ̃a,td pξt q

 A dPtdW rLpξtq  EpAρWi



BpK pvi q b r1 qrL pξ q, we have by property of MSE
t
it
Bvtd

projection,

B
E  λ̃a,td ξt

p q E



BλapViq b rLpξ q1
ρW
t
i
Bvtd

rL p



¤ E |ρWi |  Bλ̃BavpViq  BλBavpViq  Ñ 0

2

ξt 

q



2

td

td

by Assumption 7.2 (3) and the result obtained above. Moreover,
 
λa Vi

E E ρW
i

B p q b r L pξ q1
t
Bvtd



r

L

 
B
λ a pV q
2
pξtq E
|
ξt 
Bvtd


L L
W B λ a pV q
¤ Ep||ιaρtr pξtq  E ρi Bv |ξt ||2q Ñ 0,

ρW
i

td

which implies Ep||B λ̃a,td

E



Bλa pV q |ξ
ρW
i
Bvtd t



||2q Ñ 0, and Ep||vi,tdpB λ̃a,td  E



Bλa pV q |ξ
ρW
i
Bvtd t



q||2q Ñ

0.

7.4

Application to the model

7.4.1

Asymptotics of the linear part

We use the results derived in the previous section to obtain an asymptotic equivalent of
G0 s. Indeed, (40) expresses
of G

X0G

?nX GrĜ 
0

rG  G0s as a sum of linear functionals applied to the components

 ppbtqt¤T , k, Mq, and we estimate both k and M with two-step sieve estimators.

We will first apply Lemma 7.1 for these estimators, choosing wi to be either a component of

Mi y9 i or of Mi . By analogy with the general model, to apply Lemma 7.1 to X0M rM̂s we define the
following objects

 Mi  EpMi|Viq  Mi  M0pViq,
  Mi  EpMi |X 1 , X 2 , Zi q  0,
eM
i
i
i
ρM pXi1 , Xi2 , Zi q  EpMi |Xi1 , Xi2 , Zi q  EpMi |Vi q  Mi  M0 pVi q,
eM
i

and similarly for X0k rk̂ s, we define

 Miyi  EpMiyi|Viq  rMi  M0pViqsgpViq Miui,
eki   Mi yi  EpMi yi |Xi1 , Xi2 , Zi q  Mi rui  Epui |Xi1 , Xi2 , Zi qs,
ρk pXi1 , Xi2 , Zi q  EpMi yi |Xi1 , Xi2 , Zi q  EpMi yi |Vi q  rMi  M0 pVi qsg pVi q
eki

9

9

9

9

9

9

9

9

9

Mi Epu9 i |Xi1 , Xi2 , Zi q.

It will be convenient to assume Epu9 i |Xi1 , Xi2 , Zi q  0. We define now the analogs of the matrices

A, dPtW and HtW . Write for a given v, λjM pv q the j th column of the matrix λM pv q. We will need
the following matrix
ΛM



» 
v

pT 1q2 pvqpK pvq, ... , λpT 1q2 pvqpK pvq dF pvq,
V
1
K
M

1
K
λ1M pv qpK
1 pv q, ... , λM pv qpK pv q, ... , λM
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which is of dimension dx  K pT
index the columns of λM

 1q2. Similarly, we define the matrix Λk . We will interchangeably
as λdM with d ¤ pT  1q2 and as λst
M with 1 ¤ s, t ¤ T  1. We will also

need



B
k0 pVi q
B
VecpM0 pVi qq
1
k
1
b pi b rit , Ht  E Bv b pi b rit ,
E
B
vt
t



K
Bp pViq b r1 , dP k  E ρk b BpK pViq b r1  .
dPtM  E VecpρM
q
b
i
it
t
i
it
Bv
Bv


HtM

t

t

The regression functions b0t are estimated nonparametrically and the asymptotic distribution

of functionals of such objects is studied in Newey (1997). For those, writing for a given ξt , λjbt pξt q
the j th column of the matrix λbt pξt q, we define for each t,
Λbt



» 
ξt



L
λ1bt pξt qr1L pξt q, ... , λ1bt pξt qrL
pξtq, ... , λTbt1pξtqr1Lpξtq, ... , λTbt1pξtqrLLpξtq dFξt pξtq.

We now state the assumptions required to apply Lemma 7.1 on the functionals X0M and X0k
applied respectively to M̂ and k̂ where mentioned in the discussion before Assumption 7.2, we do
not specify the basis of approximating functions.
Assumption 7.4.
1. Wi

 pXi, Zi, Vi, µi, uiq are i.i.d, Sξt for all t ¤ T

and SV are bounded,

2. M0 and g are twice continuously differentiable and bounded, and their first and second order
derivatives are bounded,
3. Ep||Qδi ||q
4.

8, and for all pX, Z q, Ep||ui|| |Xi1, Xi2, Ziq C,
There exists γ1 and βtL such that for all t ¤ T , supS ||b0t pξt q  βtL 1 rL pξt q|| ¤ CLγ . There
ς
γ and supS ||kς pvq 
K
1 K
K and π K such that sup
exists γ2 , πM
S ||M0 pv q  p pv q πM || ¤ CK
0
k
pK pv q1 πkK || ¤ CK γ ,
For all t ¤ T , there exists a L  L nonsingular matrix Γ1t such that for RtL pξt q  Γ1t rtL pξt q,
EpRtL pξt qRtL pξt q1 q has smallest eigenvalue bounded away from zero uniformly in L. Similarly,
there exists a K K nonsingular matrix Γ2 such that for P K pV q  Γ2 pK pV q, EpP K pV qP K pV q1 q
9

1

ξt

2

ς
V

ς
V

2

5.

has smallest eigenvalue bounded away from zero uniformly in K,
6.
7.

||ΛM ||, ||Λk ||, and ||Λbt|| are bounded,
For |RL pξt q|0 ¤ a1 pLq, |P K pV q|ς ¤ b1 pK q, |P K pV q|ς ¤ b2 pK q, |P K pV q|ς ¤ b3 pK q, we have
?nK tγ  op1q, maxp?K, ?Lb0 pK qq a pLqaL{n 1 op1q, b pK qraL{n2 Lγ srK Ls 
2
1
2
o p1 q,
?
? ?nL2γ s  op1q, b pK q2?K raL{n Lγ s  op1q,
b2 pK q nLγ  op1q, b3 pK qrL{ n
2
2
For all ξt , Ep||vit || |ξt q ¤ C and for all pX, Z q, Ep||ui  Epui |Xi , Zi q||2 |Xi , Zi q ¤ C,
2

1

1

8.

1

1

9

Applying Lemma 7.1, we obtain the following linearization.
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9

Result 7.2. Under Assumptions 2.1, 2.3, 5.6 and 7.4,

?nX pGqrĜ  G s  o p1q
0
P
0
?1n
?1n

ņ

ΛM pIpT 1q2



i 1
ņ Ţ



 

i 1t 1

b Θq VecpeMi q b pi ?1n

ΛM pIpT 1q2

b ΘqpHtM  dPtM q

ņ



Λk pIT 1 b Θq eki b pi

(42)

i 1

Λk pIT 1 b ΘqpHtk  dPtk q



pIk b Θ1q vit b rit,
2

where we define Θ  Eppi p1i q and Θ1
Proof.

 Epriri1 q.
³
p2tq
We first focus on the functional X0 rbt s  ξ λbt pξit qbt pξit qdFξ pξt q.

Λbt

t

Newey (1997) shows

pbtq rb s||

in the proof of Theorem 2 (equation (A.7) p164 and the subsequent text) that if ||X0

¤
t
a
?
?
pbtq
C |bt |0 , nLγ Ñ 0, ∆Q1  a1 pLq L{n Ñ 0, and ||Λbt || is bounded, then nX0 pb̂t  b0t q 
°
?
pbtq
Λbt ni1 rit b vit { n oP p1q. For all t ¤ T , under Assumption 7.4 (2) and (3), ||X0 rbt s|| 
||EpQi BBvg pViqbtpξitqq|| ¤ C |bt|0. The other required conditions hold by Assumption 7.4.
1

t

pkq and X pM q
0

We now check that the conditions of Assumption 7.2 hold for the functionals X0

applied to the two-step estimators k̂ and M̂. Under Assumption 5.6 we have by Result 5.4 that

¥ C. Together with Assumption 7.4 (2) and (3), this guarantees that ||X0pkqrk̃s|| 
||EpQiM0pViq1k̃pViqq|| ¤ C |k̃|0 and ||X0pM qrM̃s||  ||EpQiM0pViq1M̃pViqdf pViq|| ¤ C |M̃|0.
Moreover ρM pXi1 , Xi2 , Zi q  Mi  M0 pVi q where Mi  I  Xi pXi1 Xi q1 Xi1 if Xi is of full rank,
or Mi  I  Xi Xi if not, with Xi is the Moore Penrose inverse. In either case, ||Mi ||2 ¤ 1
implying ||Mi ||F ¤ C, as well as M0 pVi q  EpMi |Vi q, ensuring that ρM is a bounded func-

λmin pMpV qq

9

9

9

9

9

9

9

9

tion for the norm considered here. By the same argument and Assumption 7.4 (2) and (3),
ρk pXi1 , Xi2 , Zi q

 rMi  M0pViqsgpViq

Mi Epu9 i |Xi1 , Xi2 , Zi q is uniformly bounded. Hence As-

sumption 7.2 (2) holds for each functional.

1
By Assumption 2.1 and 2.3, k0 pV q  M
0 pV qg pV q therefore by Assumption 7.4 (2), k is twice

continuously differentiable, implying that Assumption 7.2 (3) holds for each functional. Also,
Ep||eM  ||2 |X, Z q

 0 for all pX, Z q, and by Assumption 7.4 (8), for all pX, Z q, Ep||ek||2|X, Z q 
Ep||M ru  Epu|X, Z qs||2 |X, Z q ¤ C, ensuring that Assumption 7.2 (8) holds for each functional.
9

9

The other conditions of Assumption 7.2 are more direct consequences of Assumption 7.4.
Assumption 7.4 (6) requires ||ΛM ||, ||Λk ||, and ||Λbt || to be bounded : this condition is not a
direct restriction on primitives of the model. We apply Lemma 7.2 to obtain such restrictions. This
lemma will also be useful to obtain the asymptotic variance matrix of our estimator in the next
section. Recall that

?npµ̂δ  Epµ δ qq 
i i

rδiµi  Epµδqs ?1n ni1 Qδi u9 i  ?n XnpĜ q 


°
°
? pGq
Xn pG0 q . Under Assumption 7.4, we can write ?1n ni1 rδi µi  Epµδ qs ?1n ni1 Qδi u9 i  nX0 rĜ 
°
G0 s as ?1n ni1 si,n oP p1q where
rδiµi  Epµδqs

Qδi u9 i  ΛM pIpT 1q2

si,n

?1n

°n

°

i 1

b Θq VecpeMi q b pi  Λk pIT 1 b Θq eki b pi
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Ţ



t 1



ΛM pIpT 1q2

b ΘqpdPtM  HtM q

We also define Ω  Varpsi,n q.
We define the following objects, Q̃δi

Epµδ qs



°T

Q̃δi u9 i



t 1E



Q̃δi BgBpvVti q | ξit vit .

Λk pIT 1 b ΘqpdPtk  Gkt q  Λbt

Qδi

 EpQδi |ViqM0pViq1Mi,



pIk b Θ1q vit b rit.
2

and Ω0





Var

rδiµi 

Assumption 7.5.
1. For each function λa p.q, column of λM p.q and λk p.q, λa p.q is continuously differentiable and

 OpK γ q. Moreover,
there exists ιL
and ιL
aρt


 aht
B
h pV q
B
λ pV q
L
L
2
W
L
L
such that E ||E λa pV q Bv |ξt  ιaht r pξt q|| Ñ 0 and E ||E ρi Bv |ξt  ιaρt r pξt q||2
Ñ 0 as L Ñ 8.

2 Ñ 0 as
L L
For all t ¤ T , bt is continuous and there exists ιL
2t such that E ||λbt pξt q  ιbt r pξt q||
L Ñ 8,
b2 pK qK γ  op1q,
EpQδi ||2 q 8, Ep||µi ||2 q 8, and there exists C ¡ 0 such that Ω0 ¥ CId ,
Epui |Xi1 , Xi2 , Zi q  0.
K K
there exists ιK
a such that |λa pV q ιa p pV q|1





3



a

a

td

2.
3.
4.

td

3

x

9

Assumption 7.5 (4) is imposed to simplify computations. It amounts to strengthening the control
function assumption, that is, Assumption 2.1 (2). The condition Ω0
Varpµi |Xi , Zi , ui , Vi q

¥ CId

x

for some C

¥ CId

x

holds if for instance

¡ 0, or if a similar condition holds on the conditional

variance of u9i , as is typically assumed. We now state the result giving the asymptotic variance of
the estimator, as well as the boundedness condition needed in the previous result. The boundedness
of the two last matrices is added for later results on asymptotic normality.

ÑnÑ8 Ω01{2. Moreover, ||ΛM ||,
b ΘqpHtM  dPtM q||, and ||Λk pIT 1 b ΘqpHtk  dPtk q|| are bounded.

Result 7.3. Under Assumptions 2.1, 2.3, 5.6, 7.4 and 7.5, Ω1{2

||Λk ||, ||Λbt||, ||ΛM pIpT 1q

2

Proof. Under Assumptions 7.5, Conditions (1), (2) and (3) of Assumption 7.3 holds for wi
and wi

 pMiqst associated respectively

that ρM and ρk are bounded, as well as
all V , VarpeM
i |V q

p||

¤ C and Varpeki |V q ¤ C.

 ||

|

q

p|| || |

Condition (4) of Assumption 7.3 is also satisfied for

We now use Equation (42) to construct the asymptotic variance. Define

 rδiµi  Epµδqs

k
Qδi u9 i  λM pVi q VecpeM
i q  λk pVi qei
Ţ



t 1

 

E

q

q

our choices of wi , hence we can apply Lemma 7.2.

si

p

Mi y9 i t
s,t
t
with λk and λM . We showed that Assumption 7.4 implied
E eM 2 X, Z and E ek 2 X, Z : this implies that for

BλMpV q VecpρMq|ξ   E λ pV q BM0pV q |ξ 
it
M
i
B vt
B vt t
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E

Bλk pV q ρk |ξ   E λ pV q Bk0pV q |ξ   λ pξ q
k
bt it
Bvt i it
B vt t

where, by a convenient abuse of notation, we denote with

vit ,

j
BλM pV q VecpρM q the sum °
M B λM p V q
i
j ¤pT 1q2 ρi,j
B vt
Bvt

th component of the vector VecpρM pX 1 , X 2 , Z qq, and similarly for λ . We will, in a
with ρM
i
k
i,j the j
i
i

later step of this proof, simplify the formula for si .

For a constant vector c P Rdx , |c1 rEpsin s1in q Epsi s1i qsc| ¤ Eprs1in c  s1i cs2 q 2Eprs1i cs2 q1{2 Eprs1in c 

s1i cs2 q1{2 . We conveniently decompose the difference si,n  si as
si,n  si

 λMpViq VecpeMi q  ΛM pIpT 1q b Θq VecpeMi q b pi
λk pVi qeki  Λk pIT 1 b Θq eki b pi

Ţ
BM0pV q |ξ  v  ΛM pI
M
E λM pV q
t
it
pT 1q b ΘqHt pIk b Θ1 q vit b rit
B
v
t
t1


Ţ
B
k 0 pV q
|ξt vit  Λk pIT 1 b ΘqHtk pIk b Θ1q vit b rit
E λk pV q
B
v
t
t1


Ţ
B
λ M pV q
M
M
M
Λ pIpT 1q b ΘqdPt pIk b Θ1 q vit b rit  E
Bvt Vecpρi q|ξit vit
t1


Ţ
B
λk p V q k
k
k
Λ pIT 1 b ΘqdPt pIk b Θ1 q vit b rit  E
Bvt ρi |ξit
t1
λbt pξit qvit  Λbt pIk b Θ1 q vit b rit ,
2

2

2

2

2

2

2

2

where each line in this sum is of one of the three types of elements analyzed in Lemma 7.2, except
for the last line. Ep||si,n

 si||2q is bounded by the sum of the expected squared norms of the

elements of each line. To show that it converges to zero as n goes to infinity, we use the fact that
Assumption 7.3 holds for each λa , where λa is a column of either λM or λk . By Assumption 7.5
(1) and Assumption 7.4 (8), the expected squared norm of the term in the last line also converges
to 0 as n Ñ 8.

These arguments imply that Ep||si,n  si ||2 q

Ñ 0.

By the proof of Result 7.2 and Assumption

7.5 (1), the functions multiplying the residuals appearing in the definition of si are all bounded.
Together with Assumption 7.5 (3), this guarantees Eprs1i cs2 q

0, and Epsin s1in q  Epsi s1i q Ñ 0. That is, Ω Ñ Varpsi q.

8. Hence, |c1rEpsins1inqEpsis1iqsc| Ñ

We can now simplify the formula for si using the primitives of the model. Indeed, note that

 EpQδi |ViqM0pViq1Miui,
BM0pV q λ pV q Bk0pV q  EpQδ |V q BgpViq ,
λM p V q
k
i i
B vt
B vt
B vt
BλMpV q VecpρMq Bλk pV q ρk  EpQδ |V qM pV q1pM  M pV qq BgpViq ,
0 i
i
0 i
i
i i
Bv
Bv i
Bv

λM pVi q VecpeM
i q

t

λk pVi qeki

9

t

t
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and since λbt pξit q  E Qδi BgBpvVti q | ξit
si

 ξt

Qδi u9 i  EpQδi |Vi qM0 pVi q1 Mi u9 i

rδiµi  Epµδqs


Ţ



E

, we obtain

B p q |ξ
Bvt it

Ţ
B g pV i q | ξ v .
E Q̃δi
Bvt it it
t1

Qδi  EpQδi |Vi qM0 pVi q1 Mi

t 1

rδiµi  Epµδqs

Q̃δi u9 i

By our definition of Ω0 , we have Varpsi q

 Ω0 .

1{2 ¤ C 1{2 I .
obtain Ω1{2 ÑnÑ8 Ω0
kx

 g V
i

This implies Ω

vit ,

ÑnÑ8 Ω0, and by Ω0 ¥ CId

x

, we

We again use Lemma 7.2 to prove that ||ΛM ||, ||Λk ||, and ||Λbt || are bounded. Indeed, since wlog

 IL, we have ||Λbt||2  trpΛbtΛbt 1q  trpΛbtpIk b Θ1qΛbt 1q. Using
the notation of


°
j
j
j
j
1
L
1
l
bt
2
p
ξ
q
.
p
ξ
q
λ̃
E
λ̃
Lemma 7.2 with λ̃bt pξ q  Epλbt pξt qr pξt q q r pξ q, this gives ||Λ ||  tr
j ¤T 1
bt t bt t
However, by Lemma 7.2, we know that Ep||λ̃jbt pξt q  λjbt pξt q||2 q Ñ 0, under Assumption 7.5. The
same reasoning we used for Epsin s1in q  Epsi s1i q applies, and since λjbt p.q is a bounded function, we


obtain E λ̃jbt pξt qλ̃jbt pξt q1 ÑnÑ8 E λjbt pξt qλjbt pξt q1 .


1{2 ¤ C. Hence ||Λbt ||2 is
1{2 °
Therefore ||Λbt ||2 ÑnÑ8 tr Ω0
E
λjbt pξt qλjbt pξt q1 Ω0
j ¤T 1
we can assume Θ1

2

bounded. The same arguments applied to the functions λM , λk , as well as to









B
λM pV q
B
M 0 pV q
B
λ k pV q k
B
k 0 pV q
M
E
Bvt Vecpρi q|ξit , E λMpV q Bvt |ξt , E Bvt ρi |ξit and E λk pV q Bvt |ξt ,
would imply that ||ΛM ||, ||Λk ||, ||ΛM pIpT 1q b ΘqpHtM  dPtM q||, and ||Λk pIT 1 b ΘqpHtk  dPtk q||
2

are bounded.
We now know that under Assumption 7.5, Assumption 7.4 (6) holds. We will write Assumption
7.4’ for Assumption 7.4 without its condition (6): our previous results imply that under Assumption
7.4’ and Assumption 7.5, Equation (42) on
7.4.2

?nX pGqrĜ  G s holds.
0

0

Asymptotic distribution of µ̂

We now assemble the arguments of Section 7.2 and 7.4.1. We showed that

°n

 rδi µi  Epµi δi qs

?n X pĜ q
n
°n
?
?
p
Gq
1
δ
Xn pG0 q  nX0 rĜ  G0 s oP p1q will guarantee that npµ̂  Epµi δi qq  ?n i1 si,n oP p1q.
?

1
n

°n

δ9
i
i 1 Qi u



 ?nX pGqrĜ G s  ?1

?1n

0

0

n

°n



i 1 si,n

i 1

oP p1q. Recall that Result 7.1, that is,

Let us show that Assumption 7.1 and Result 7.1 hold. We restate here Assumption 7.1 for
G

 ppbtqt¤T , k, Mq.

Assumption 7.1.
1. For all δn

 op1q, sup||GG ||

0 H

¤δn ||Xn pG q  X pG q  Xn pG 0 q||  oP pn1{2 q.
57

2. The pathwise derivative of X at G0 evaluated at G G0 , X pGq pG0 qrG G0 s, exists in all directions

3.

rG  G0s, and for all G P Hδ
some constant C ¥ 0,
||Ĝ  G0||H  oPpn1{4q.

n

with δn

 op1q, ||X pG q  X pGqpG0qrG  G0s || ¤ C ||G  G0||2H, for

Condition (1) is a stochastic equicontinuity condition. We follow Section 4 in Chen et al. (2003)
(CLVK thereafter) in our choice of the space H, as they establish easy-to-check conditions implying
stochastic equicontinuity in some spaces. For SW a bounded subset of Rk , we define a function
r
qBr gpw1 q|
g : SW ÞÑ R, and % ¡ 0, the norm ||g ||8,%  |g |t%u max|r|t%u supww1 |B ||gwpw
w1 ||%t%u . We define
%
Cc% pSW q to be the set of continuous functions g : SW ÞÑ R such that ||g ||8,% ¤ c. The set H2t,c


Cc% pSξt qk2 will be the class of vector valued functions taking values in Rk2 , each component of which

lies in Cc% pSξt q. We recall that the generic functions k and M are defined on the extended support

 Cc%pSVς qpT 1q Xtg : @w P SW , λminpMgpwqq ¡ c1u, where Mgpwq is the
%
%
ς T 1
q . Finally, for the entire vector
matrix formed by the coefficients of g pwq, and HM
Y,c  Cc pSV

%
%
%
%
 HM,c,c
of infinite dimensional parameter G, we define the set Hc,c1  t¤T H2t,c
1  HM Y,c and
2

%
SVς . Hence we define HM,c,c
1

%
take H to be Hc,c
1.

Our choice of ||.||H is justified by Condition (2). The functional X is a function of M, k and

pbtqt¤T , it is an expectation over values at which these functions are evaluated, but where M and
k are composed with pbt qt¤T . These compositions imply, as was clear in the computations, that
the linearization will involve the first order partial derivatives of M0 and k0 . It also implies that
the difference between X pG q and X pG q X pGq pG0 qrG  G0 s can be easily controlled by, among other

terms, the distance between first order partial derivatives of these functions. A natural norm is
therefore ||G ||H

 °pjT1 1q |Mj  M0,j |ς1
2

°T 1

ς
 |kj  k0,j |1

j 1

°

¤

t T

°d2

 ||bt,j  b0,t,j ||8 where by

j 1

an abuse of notation Mj is the j th component of VecpMq. This norm is our choice of norm in the
remainder of this section.
Assumption 7.6. % ¡ maxpT d2 , dz

d1 q{2.

%
Result 7.4. Defining H  Hc,c
1 and ||.||H as described, if Assumption 7.5 (3) and Assumption 7.6

hold, then Assumption 7.1 (1) and (2) hold.
Proof. We start by showing that the stochastic equicontinuity condition, Condition (1), holds.
Lemma 1 of CLVK shows that if pWi qni1 is i.i.d, Assumption 7.1 (1) holds if : (A) the class
³

b

8
%
 tχpW, G q : G P Hc,c
1 u is P-Donsker, i.e it satisfies 0 log Nrs p, F, ||.||L pP q qd 8, where
Nrs p, F, ||.||L pP q q is the covering number with bracketing, and if (B) χp., G q is L2 pP q continuous at
G0 , that is, Ep||χpWi , G q  χpWi , G0 q||2 q Ñ 0 as ||G  G0 ||H Ñ 0. We now check that each of these

F

2

2

conditions is satisfied by our assumptions.
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tχl pW, G q : G P
u is P-Donsker for each component l of χp.q. Recall that χpWi, G q 
 2
1


δ
Qi M τ pxit  bt pξit qqt¤T
k τ px2it  bt pξit qqt¤T . We examine χpWi , G q  χpWi , G0 q and
write, by an abuse of notation and only in this proof, Vi  px2it  bt pξit qqt¤T and V0,i  px2it 
b0,t pξit qqt¤T . Note that V0  τ pV0 q. We decompose
Condition (A): We use j, l to index vectors. As in CLVK, it is enough to prove that Fl
%
Hc,c
1

χpWi , G q  χpWi , G0 q  Qδi Mpτ rV sq1 rk pτ rV sq  k0 pτ rV sqs

Qδi Mpτ rV sq1 rM0 pτ rV sq  Mpτ rV sqsM0 pτ rV sq1 k0 pV0 q

(43)

Qδi M0 pτ rV sq1 rM0 pV0 q  M0 pτ rV sqsM0 pV0 q1 k0 pV0 q

Qδi Mpτ rV sq1 rk0 pτ rV sq  k0 pV0 qs.

%
%
Since pG, G0 q P Hc,c
1  Hc,c1 , the norms of each functional and its first order derivatives are bounded.

Moreover the derivatives of τ are bounded. This implies that ||M0 pV0 q  M0 pτ rV sq||

¤ c||V0 
V ||, and the same result holds for k. Hence, using (43), |χl pWi , G q  χl pWi , G0 q| ¤ ||χpWi , G q 
°
°d
°T 1
°pT 1q
ς
χpWi , G0 q|| ¤ C ||Qδi || p j 1 |Mj  M0,j |ς0
t¤T
j 1 ||bt,j  b0,t,j ||8 q, where
j 1 |kj  k0,j |0
the constant C depends on c and c1 . By Assumption 7.6, Ep||Qδi ||2 q 8 which implies by the proof
2

2

of Theorem 3 of CLVK that
Nrs p, F, ||.||L2 pP q q ¤ N {cQ , Cc% pSVς q, ||.||8

pT 1q2



T 1

Πt¤T N {cQ , Cc% pSξt q, ||.||8

where N p, Cc% pSW q, ||.||8 q denotes the covering number of the class Cc% pSW q, and cQ
T

1

T d2 s Ep||Qδi ||2 q, is the size of the brackets constructed in CLVK.

d2

,

 2rpT  1q2

It is known that for SW a bounded subset of Rk , log N p, Cc% pSW q, ||.||8 q ¤ k{% . By Assumption

7.6, %

¡ maxpT d2, dz

d1 q{2, which implies that Fj is P-Donsker. Therefore, Condition (A) is

satisfied.
Condition (B) : By Ep||Qδi ||2 q

¤ C and using once more the decomposition
Ep||χpWi , G q  χpWi , G0 q|| q ¤ C ||G  G0 ||2H which gives the wanted result.

given by (43),

2

We now show that Assumption 7.1 (2) holds. This condition is on the remainder of the lin-

earization, ||X pG q  X pGq pG0 qrG  G0 s ||. Note that
X pG q  X pGq pG0 qrG  G0 s



EpQδi Mpτ rV sq1 rk pτ rV sq  k0 pτ rV sqsq  EpQδi M0 pV0 q1 rk pV0 q  k0 pV0 qsq

Bk0
BV0 pV0qrV  V0sq
EpQδi Mpτ rV sq1 rM0 pτ rV sq  Mpτ rV sqsM0 pτ rV sq1 k0 pV0 qq
 EpQδi M0pV0q1 rM0pV0q  MpV0qsM0pV0q1k0pV0qq
EpQδi M0 pτ rV sq1 rM0 pV0 q  M0 pτ rV sqsM0 pV0 q1 k0 pV0 q
EpQδi Mpτ rV sq1 rk0 pτ rV sq  k0 pV0 qsq  EpQδi M0 pV0 q1
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0
 Eprk0pV0q1M0pV0q1 b pQδi M0pV0q1qs Vecp BBM
pV0qqrV0  V sq.
V
0

We use this decomposition and we bound each line separately. We show here how to find upper
bounds for the first and second lines, both of which will be less than ||G  G0 ||2H up to a multiplicative
constant. The upper bounds for the third and forth lines of this decomposition can be obtained
in a similar fashion. By the triangular inequality, this will give ||X pG q  X pGq pG0 qrG

C ||G  G0 ||2H , as desired. First,


E Qδ M V 1 k τ V
k0 V
i

E Qδ M τ V 1 M0 τ V
i

E Qδ M0 τ V

p

 G0s || ¤



p q r p r sq  p qsq  EpQδi M0pV0q1rkpV0q  k0pV0qsq

p r sq r p r sq  Mpτ rV sqsM0pτ rV sq1rkpτ rV sq  k0pV qsq
 p

p i p r sq1rM0pV0q  M0pτ rV sqsM0pV0q1rkpτ rV sq  k0pτ rV sqsq


EpQδ M0 pV0 q1 rpk  k0 qpτ rV sq  pk  k0 qpV0 qsq
i


¤ CEp|| ||q p
Qδi



pT¸
1q2


|Mj  M0,j |ς0qp

j 1


T¸
1

|kj  k0,j ||ς0q

j 1

d2
¸ ¸

p



T¸1

||bt  b0,t||8qp

¤ 



|kj  k0,j |ς0q

j 1

t Tj 1



T¸1

p



|kj  k0,j |ς1qp

j 1

d2
¸ ¸

¤ 

||bt,j  b0,t,j ||8q ¤ C ||G  G0||2H.

t Tj 1

As for the second line of the decomposition of X pG q  X pGq pG0 qrG  G0 s, we write

p r sq1rk0pV q  k0pV0qsq  EpQδi M0pV0q1 BBVk0 pV0qrV  V0sq



E Qδ M τ V
i

p


E Qδ M τ V
i

 p

pr



0


sq1rMpV0q  Mpτ rV sqsMpV0q1rk0pτ rV sq  k0pV0qsq




E Qδ M V0
i

p q1rM0pV0q  MpV0qsM0pV0q1rk0pV q  k0pV0qsq


EpQδ M0 pV0 q1 rk0 pτ rV sq  k0 pV0 q  B k0 pV0 qrV  V0 ssq
i
BV

p

0

¤ CEp||Qδi ||q p

d2
¸ ¸

¤ 

||bt,j  b0,t,j ||8q2

t Tj 1

p

d2
¸ ¸

¤ 

||bt,j  b0,t,j ||8qp

pT¸
1q2

t Tj 1



|Mj  M0,j |ς0q

j 1

p

¸

d2
¸

¤ 

||bt,j  b0,t,j ||8q2 ¤ C ||G  G0||2H,

t Tj 1

where the inequality for the third term in this equation holds by the Jacobian of τ being the
identity matrix when evaluated at V0 (since V0

P SV ) and by the second order derivative of τ being

bounded.
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We provided a set of conditions satisfying Conditions (1) and (2) of Assumption 7.1 for our
choice of H and ||.||H . Condition (3) is a condition on the convergence rate of the estimators b̂t ,

k̂ and M̂. The rate of convergence of ||b̂t,j

 b0,t,j ||8 for all pt, j q is given by Equation (28). The
rates of convergence of |k̂j  k0,j |ς1 and |M̂j  M0,j |ς1 are given by Corollary 5.1. As explained
in Section 7.1, the conditions required to apply this corollary must be adapted to the extended
support. Assumption 7.4 already includes most of these conditions as it specifies an approximation
rate of M0 and k0 over the extended support and defines the rates b1 , b2 and b3 as bounds on
sup-norms over the extended support. What we add is a slight modification of Condition (4) as
follows.

¤ T , supS ||g2tpξtq  βtL 1rLpξtq|| ¤ CLγ . There
K
K such that |Mς p.q  pK p.q1 π K |ς ¤ CK γ and |k ς p.q  pK p.q1 π K |ς ¤
exists γ2 , πM,st
and πk,t
st
t
0
0
M,st 1
k,t 1

γ
CK
, for all 1 ¤ s, t ¤ T  1”.
This modification is a stronger assumption, changing the approximation rate to be over the |.|1
“There exists γ1 and βtL such that for all t

1

ξt

2

2

norm instead of the sup norm. We incorporate it in the set of assumptions 7.4’. We can now state
the following result.
Result 7.5. Under Assumptions 2.1, 2.3, 5.6, 7.4’, 7.5, 7.6 and 7.7, assuming moreover that
a 1 pL q∆ n

 opn1{4q and b2pK qrK {n

K 2γ2

∆2n b2 pK q2 s1{2

rµ̂δ  Epµiδiqs  ?1n

ņ



 opn1{4q, then

oP p1q.

si,n

i 1

 PpdetpXi1Xiq ¡ δ0q1 and φn  n1 °ni1 δi. The estimator of the average effect
Epµ|δ q is µ̂  ° 1 δ {n µ̂δ {φn . We decompose

?nφ rµ̂  Epµ|δqs  ?nrµ̂δ  Epµδqs ?n Epµδq rΦ  φ s,
n
n
Φ


 ?n pI ; Epµ|δqq µ̂  Epµδq ,
(44)
9

Define Φ

9

n
i 1 i

δ

dx

where pIdx ; Epµ|δ qq is a matrix of size dx pdx

φn

1q. Equation (44) gives the asymptotic distribution

of µ̂  Epµ|δ q once the asymptotic distribution distribution of

 Epµq||4s
8, Er||Qδi ||4s
X, Zi  Z s ¤ C, for all ξt , Er||vit ||4 |ξit  ξt s ¤ C.
Assumption 7.7. Er||µi

We define Σ0

Φ

8.

?n  µ̂   Epµδq
∆
∆
δ

n



is known.

Also for all pX, Z q, Er||u9 i ||4 |Xi



 Var pps1i, δiq1q. Since Ω0 ¡ 0, then Σ0 ¡ 0.

Result 7.6. Under Assumptions 2.1, 2.3, 5.6, 7.4’, 7.5, 7.6 and 7.7, assuming moreover that
a1 pLq∆n

 opn1{4q and b2pK qrK {n K 2γ ∆2nb2pK q2s1{2  opn1{4q,
?nΣ1{2  µ̂   Epµδq  Ñd N p0, I q.
2

δ

0

φn

Φ
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dx 1

(45)

?n  µ̂   Epµδq   ?1 °n s  o p1q.
P
i1 δ ∆
n
∆
∆
1
1
Define Σn  Varppsi,n , δi  ∆q q. We obtain the asymptotic distribution in two steps. We prove
?  µ̂   Epµδq  Ñd N p0, I q. We show in a second step that Σ Ñ Σ ,
first that nΣn ∆
n
0
d 1
∆
δ

Proof. By Result 7.5,

i,n

i

n

δ

x

n

which will yield the wanted result. We follow Newey et al. (1999) in proving a Lindeberg condition
for c1 Σn ps1i,n , δi  ∆q1 for any constant vector c P Rdx

1{2 °n

1

such that ||c||  1. More precisely if for all

1
1 d
 psi,n , δi  Φq Ñ N p0, 1q, this first result will be a consequence the CramérWold theorem. Write Si,n  c1 Σn ps1i,n , δi  Φq1 , then EpSi,n q  0 and VarpSi,n q  1. Asymptotic

such c,

? 1 Σn
1
c
n

i 1

normality is a consequence of the CLT, provided that the Lindeberg condition holds for Si,n , i.e,

2 1p|S | ¡ ?nqq Ñ 0. Note that by ρM and ρk bounded under Assumption
¡ 0, EpSi,n
i,n
1
2
7.4, Epui |Xi , Xi , Zi q  0 and Er||ui ||4 |Xi  X, Zi  Z s ¤ C for all pX, Z q, Er||eki ||4 |Vi  V s ¤ C
4
and Er|| VecpeM
i q|| |Vi  V s ¤ C. Fix  ¡ 0. We normalize Θ  IK and Θ1  IL , and obtain
?
?
n2 EpS 2 1p|S | ¡  nqq ¤ EpS 4 1p|S | ¡  nqq ¤ EpS 4 q,

for any 
9

9

i,n

¤C



i,n

i,n

Er||µi  Epµq||4 s

i,n

i,n

Er||Qδi u9 i ||4 s

||ΛM ||4 Er|| VecpeMi q b pi||4s ||Λk ||4 Er||eki b pi||4s
||rΛM pHtM  dPtM q Λk pHtk  dPtk q Λbts ||4 Er||vit b rit||4s Er||δi  ∆||4s .

4 ||q ¤ CEp||r ||4 q by Assumption 7.7, and Ep||r ||4 q ¤
We can bound Ep||vit b rit ||4 q  Ep||rit ||4 ||vit
it
it

1 rit qq
a1 pLq2 trpEprit

 a1pLq2L. Similarly, by Assumption 7.7, Ep||eki b pi||4q  Opb1pK q2K q and
?
4
2
2
2
Ep|| VecpeM
i q b pi || q  O pb1 pK q K q. Therefore, by Result 7.3, n EpSi,n 1p|Si,n | ¡  nqq 
Opb1 pK q2 K a1 pLq2 Lq.
a
Assumption 7.4 (7) implies ∆Q  op1q and ∆Q1  op1q, in turn implying K {n b1 pK q Ñ 0
a
2 1p|S | ¡ ?nqq Ñ 0 holds.
and L{n a1 pLq Ñ 0. Therefore the condition EpSi,n
i,n
The second step to obtain (45) requires Σn Ñ Σ0 . This is a consequence of the mean squared
convergences obtained in the proof of Result 7.3.
By a delta method argument, we can use (44) with the previous result to obtain

?nφ rµ̂  Epµ|δqs Ñd N
n

hence

?nrµ̂  Epµ|δqs Ñd



0, pIdx ; Epµ|δ qq Σ0 pIdx ; Epµ|δ qq1 ,


N 0, Φ2 pIdx ; Epµ|δ qq Σ0 pIdx ; Epµ|δ qq1 . We can now state the main

result of this section,
Result 7.7. Under Assumptions 2.1, 2.3, 5.6, 7.4’, 7.5, 7.6 and 7.7, assuming moreover that
a1 pLq∆n

 opn1{4q and b2pK qrK {n K 2γ ∆2nb2pK q2s1{2  opn1{4q,
?nrµ̂  Epµ|δqs Ñd N p0, Φ2Ξq,

where Ξ  Ω0

2

Eppδi  Φqsi qEpµ|δ q1

Epµ|δ qEppδi  Φqsi q1
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pΦ  Φ2qEpµ|δqEpµ|δq1.

8

Monte Carlo simulations

We explore the properties of our multi-step estimator with Monte Carlo simulations when the model
is a specific case of the model studied in the asymptotic analysis, Model (26). More specifically,
the data generating process we consider is the following. The model is
yit

 x1it 1 µ1i

2 1 2
xit
µi

sin
p3vitq uit, i  1..n, t ¤ T.
looooooomooooooon

 it

where the random coefficients are drawn according to


 Aνi,

2 1
with A  
1 3

and νi1

 U r0, 1s,

νi2

 U r0, 1s,

ν 2,

ν1

|ù

µi

and the specification for the covariates, instruments and time-varying disturbances are, for all
t ¤ T,
and Xi1

|ù

 U r0, 1s, z̃it  U r0, 1s, vit  U r0.5, 0.5s,
x1it  5pµ1i q1{4 x̃1it ,
zit  pµ2i q1{4 z̃it ,
x2it  px1it 5zit q1{2 vit .
x̃1it

Zi ,

In this model, ft pVi q

 sinp3vitq which implies gtpViq  sinp3vit 1q  sinp3vitq. We also have
Ep q  1.5 and Ep q  2. This simulation design imposes the random coefficients and the
regressors to covary. To ensure that the condition Ep||Qi ui ||q 8 holds, we imposed zit and x1it
to depend multiplicatively on µ1i and µ2i raised to the power 1{4, following an observation made in
µ1i

µ2i

9

Graham and Powell (2012). Although there are, to our knowledge, no exact results on when this
condition does or does not hold, this choice should intuitively imply finiteness of the expectation.
We show here the results of R

 1000 simulations of two different sample sizes, n  1000 and

n  2000. Our choice of sieve approximating functions is a third order multivariate B-spline basis

for both estimation of the conditional expectation of x2 conditional on px1 , z q and estimation of
the functions Mp.q

 EpMi|Vi  .q and kp.q  EpMiyi|Vi  .q.
9

The conditional expectation of x2

is used to construct the generated covariates V̂i . Recall that g pV q

 M 1 pV q k p V q.

For each of

the simulation draw r, an estimate ĝ r of the function g is computed. We report in Figure 1 the
pointwise average of these esimates ḡ pV q

g 5 pV q and g 95 pV q for each value of V .

 °r¤R ĝr pV q{R as well as the 5th and 95th quantiles

For each draw r, the estimators µ̂1r and µ̂2r of the average partial effects Epµ1i q and Epµ2i q are

computed following the second step of our estimation procedure. That is, we plug in the estimator
of the function g in a sample analog of the formula (11). Figures 2 and 3 are smoothed histograms
of the obtained estimators of these average effects. For each coefficient, we used the same scale for
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Figure 1: Estimation of g, n  1000 (left) and n  2000 (right)
Plot of the true value g (red), the pointwise average ḡ (green) and the 90 percent MC
confidence bands g 5 and g 95 (blue). These functions are evaluated at V
where v1

P r0.5, 0.5s (in this case gpV q   sinp3v1 q).

 pv1 , 0, 0, 0q

We note the presence of a

boundary effect.

different sample sizes but did not use the same sample scale for each coefficient. These plots are
compatible with the asymptotic normality result of Section 7. It is noticeable that the variance
of the estimator of Epµ2i q, which is the average partial effect of the endogenous variable, is larger

than the variance of the estimator of Epµ1i q. However, this shows that even in small samples of size
1000, the estimator for the average partial effects performs relatively well and in particular does
not seem to be biased.
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Figure 2: Estimation of the average partial effect, Epµ1i q
Distribution of µ̂1r , with true value Epµ1i q

 1.5. n  1000 (left) and n  2000 (right).

Figure 3: Estimation of the average partial effect, Epµ2i q
Distribution of µ̂2r , with true value Epµ1i q

 2. n  1000 (left) and n  2000 (right).
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9

Empirical Example

As an empirical exercise, we apply our method to a model of labor supply with heterogenous
elasticity of intertemporal substitution (EIS). The EIS is an essential object of interest in the study
of labor supply as it quantifies how labor supply responds to variations of the wage rate over time.
More specifically, the model we consider is
ln hit

 αi

ln ωit µi

χ1it b

it ,

i  1..n, t  1..T,

(46)

where hit is the number of annual hours worked, ωit is the hourly wage, χit is composed of additional
demographics. The individual elasticity of intertemporal subsitution µi enters the individual utility
function, and heterogeneity in preferences may covary with ωit and χit . This justifies not restricting
the joint distribution of these random variables and taking a fixed effect approach to identification
and estimation. We allow for the log wage rate variable to be endogenous.
A version of (46) without random coefficient, i.e, where µi

 µ almost surely, is studied in Ziliak

(1997) which also focuses on estimation of the EIS. In this paper, the demographics are assumed to
satisfy the sequential exogeneity condition Epit |χis q  0, for all s ¤ t. On the other hand, the wage
variable is considered contemporaneously endogenous due to either nonlinear income taxes, omitted
variables or measurement error. The wage is therefore assumed to only satisfy Epit | ln ωis q  0 for
all s

t.

We will estimate Epµi q under a different set of conditions using the data set used in Ziliak
(1997) and the identification results of Section 2. Consider a panel of periods 1 to T , preceded by

1, ..., τ . Define vit  ln ωit  Epln ωit|χi1, ln ωi0q and Vi  pvitqt¤T .
there exists pft p.qqt¤T such that
periods 0,

for all t ¤ T, Epit |Vi , ln ωi0 , χi1 , χi0 , .., χi τ q  ft pVi q,

We assume that

(47)

where the normalization condition Epft pVi qq  0 holds. Here, pχi1 , χi0 , .., χiτ q corresponds to the
set of additional instruments mentioned in Section 2.4.2. By sequential exogeneity of χit , its values
in s for 2

¤s¤T

cannot be in this set of instruments.For the same reason, we do not use χit as

insrument to construct the control variables vit . Instead, we use the initial values χi1 and ln ωi0 .
This is similar to the approach described in Section 3.4. The conditional expectation equation

pvis1 , is1 qs1¥t, a condition which

|ù

(47) holds if for instance for all t, pln ωis1 , χis , χis1 , .., χi τ qs¤t
would also imply the moment conditions used in Ziliak (1997).
Defining Mi as in Section 2, we need T

¥ 3 for Mi not to be the null matrix with probability

1. Moreover, we use the log wage one period before the beginning of the panel as instrument to
construct the control variables. We also use values of χit drawn before period 1 as instrumental
variables to estimate b. These requirements imply that T must be greater than 4.
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The dataset constructed in Ziliak (1997) is described in Section 2.1 of the paper. It is a selected
sample from the Survey Research Center subsample of the Panel Study of Income Dynamics. It is
composed of 532 men aged 22 to 55, married and working at all periods of the panel. We define
the demographics χit as number of children, age and an indicator of bad health. We use a panel
of years 1979 to 1982 where period 1 is year 1980, period T is year 1982 and τ

 1. Note that the

sample size is not as large as is desirable in semiparametric estimation.
We start by estimating the generated covariates vit , writing
ln ωit

 γ1t ln ωi0

1 χGC
γ2t
i

vit ,

where χGC
includes χi1 and age2i1 . We choose this linear specification with a quadratic in age
i
instead of a fully nonparametric one to avoid the curse of dimensionality which potentially has
a strong impact given our small sample size. We then estimate successively the vector b, the
functions gt p.q

 ft 1p.q  ftp.q for t ¤ T  1, and the average partial effect Epµiq.

These steps

require estimation of conditional expectation functions conditional on V . We choose the same basis
of approximating functions of V (power series) and the same number of approximating terms for
each of these functions. The exact choice of approximating functions is decided using a leaveone-out cross-validation (CV) criterion. By design, the estimator of Epµi q depends on the inverse

of the matrix function Mp.q

 EpMi|Vi  .q while it depends linearly on the other conditional

expectations. For that reason, we chose as a criterion function the mean square forecast error of
the random variable Mi . The set of conditioning variables is pvi1 , vi2 , vi3 q, hence the terms that can
be included in the sieve basis are vit raised to various powers and interactions of those (in addition
to a constant term). We report the CV values for some specifications in Table 1. Our choice will
be the power series basis of degree 2.

Terms included

CV values

pvit, vit2 qt¤T , vi1vi2, vi2vi3
pvit, vit2 qt¤T
pvit, vit2 , vit3 qt¤T
pvit, vit2 , vit3 qt¤T , vi2vi3
pvitqt¤T , vi1vi2, vi2vi3
pvitqt¤T

252
262
332
278
269
264

Table 1: Cross-validation values
We follow the method developed in Section 2.4.1 to estimate the vector of coefficients b. The
set of instruments is Ziχ

 pχi1, χi0, age2i1, age2i0q.
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9
9 i as in
Defining the differences ∆lnh
i and ∆χ

{
y
χ9 i , our estimator of b is
Section 2.4.1, and their estimators as ∆ ln h9 i and ∆

b̂ 



ņ



y
χ9 i 1 Zi
∆

i 1

ņ



Zi1 Zi

ņ



y
χ9 i
Zi1 ∆

1 



i 1

i 1

ņ

y
χ9 i 1 Zi
∆

i 1

ņ



i 1

Zi1 Zi

ņ



Zi1 ∆ ln h9 i
{

,

i 1

and we obtain b̂  p0.035, 0.219, 0.025q. Finally we estimate Epµi q by the two-step approach as

1
9
9 bs |Vi
explained in the main body of the paper. We first estimate Mp.q and k p.q  EpMi rlnh
i χ
i

 .q
using a series approximation and plugging in the estimate b̂. Using these estimators M̂p.q and k̂ p.q,
our estimate of g is ĝ  M̂1 k̂. The final step to obtain the estimate of the average partial effect,

that is, of the average elasticity of intertemporal substitution, entails computing the sample analog

1
9
9 b  g pVi qsq
of the moment equality EpQi rlnh
iχ
i

 Epµiq.

This gives µ̂

 n1 °ni1 Qirlnhi  χ1ib̂ 
9

9

ĝ pV̂i qs  0.251. We note that this value is in the range of those reported in Ziliak (1997).

10

Conclusion

In this paper, we studied a correlated random coefficient panel model and relaxed the strict exogeneity condition imposed in the literature to allow for time-varying endogeneity. We proved identification of the average partial effect Epµi q. Moreover, we provided an estimator of Epµi | detpX9 i1 X9 i q
δ0 q, showed its asymptotic normality and computed its asymptotic variance.

¡

We highlight two directions for future research. First, our estimation focuses on Epµ|δ q, which

depends on a constant δ0 . However δ0 is arbitrarily fixed in the paper and we do not give directions on how to choose a value when implementing the estimator suggested in this paper. It
would be of interest to follow Graham and Powell (2012) and study the asymptotic properties of
Epµi | detpX9 i1 X9 i q

¡ δnq with δn Ñ

0. This could give a sense of an optimal choice for δn as a

function of the sample size n. Note that extending the asymptotic analysis of Graham and Powell
(2012) is nontrivial, as our estimation procedure includes an additional step with computation of
nonparametric two-step series estimators.
The identification argument required T

¡ dx

1. This can be quite restrictive, and long enough

panels might not be available to identify average partial effects in models with multiple covariates
with random coefficients. A second direction for future work would be to relax this condition and
obtain identification in the case T

 dx

1, as is done in Graham and Powell (2012).
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